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. PREFACE

THE problems with which an active statistical department may have
_ to deal require, if their solutions are to be made Wldely accessible,
a great variety of special tables. A number of those in the presenti,
book are familiar to statisticians, and are already widely used. 7
presenting them in a convVenient form, the opportunity has been
‘taken to supplement them with a selection of others,; chosen as hkely .
also to be of value, and not accessible elsewhere. The volume is
completed with a number of tables of standard functions of geheral
utility. The experience of the authors of the problems arising in -
practical research, is the basis of the selection, from among thoge tables -
which from time to time have been computed for special purposes.

To perform their compilation, the main work has been to complete -
the tables in a form suitable for the general user, and, what is by no
means easy, to ensure their entire accuracy. In addition we have'.
been principally concerned with: the design of printing and arrange-
ment, which shall be suitable both for constant and for occasional
users. Comments from . both classes of reader will therefore be
especially valued. ' Lo

We are indebted to all workers at the Galton Laboratory,‘
and at the Statistical Laboratpry, Rothamsted, and’ espemally .
to W. L. Stevens, for assistance in the completlon of our task. " -

A C | . . RAF
-~ F. Y.
.Augu.rt 1938

PREFACE TO SECOND EDITION -

THE second edition contains as new material Tables V1 and V2 for.
the test of significance of the differences between two means obtained
by different methods ; {Eable VIII1, which supplies solutions of the
type of problem illustrated in Examples 1, 2 and 4, more direct than -
. those prev1ously available ; and Table VIIIz2, Wthh gives densities
of organisms estimated by the dilution method. o

The combinatorial solutions of Table XVII have been conslderably
extended and simplified in presentation by the more extensive use
of solutions of the cyclic type. The. correspondlng section of the
introduction now gives an account of Youden’s Squares, and of the

v , .



N PREFACE

‘method of utlhsmg mformauon, formerly dlscarded from comparlsons
between blocks. A : . »
For the convenience of owners of the first edmon, a list of errata
‘has been included showing all the errors of any importance that have
been) discovered in the first edition. Our thanks are due to those

~who have drawn our attentlon to thece errors B >
i e “, “‘ '! - “‘ Lo : ~,> ) . i‘ R. A- Fn

| January 3943 -
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- INTRODUCTION

TABLES I TO VII. TESTS OF SIGNIFICANCE BASED ON THE NORMAL DISTRIBUTION S

‘Tables I to-VII constitute a group of tables, based on the normal distributign, and now wrdely used
in making tests of significance. ‘The common uses of these tables are fully illustrated with numerical examples
in Fisher’s Statistical Methods for Research Workers, where they were first pubhshed F urther statlstlcal
problems soluble by the same tables are, however, constantly being discovered.,

If x is the deviation from the mean of a normal distribution having unit variance, the ordmate z, glven
in Table 11, is obtained from the algebraic expression

¥ “.__
[ Z=—-—£_—_.e"'*"‘ *
. . ’

2w —

The mtegral of this functlon gives the area of the curve, or the frequency of observatlons, between the
hmrts of i mtegratlon The fraction of the frequency falling outSIde the limits 4-x is, therefore ‘
o0

P = 2.{‘” zdx, - A - ' ‘ :

Table I grves the values of x correspondmg with various values of this fraction. -

The distribution of 7, due originally to ‘* Student,” is used to test the SIgmﬁcance of a dev1at10n when its

standard error is estimated from ike data ; 1t is the dev1atIon divided by its estlmated standard error. The

algebraic expression for the ordinate of the distribution is : St "
n—1

g | . . . , .

2 I oo
12 §(n + x?'

Table III gives the values of 7 corresponding with various values of the probability of a random value
. falling outside the limits =2 The integer # is the number of degrees of freedom ai/ailable for the estimation |
of error. ‘ ‘

The quantity x2, used to test goodness of fit, homogeneIty, and for a varIety of other purposes may be
regarded as the sum of the squares of z vanables which vary normally and independently about zero with
unit variance. It is a useful single measure of the aggregate of a set of deviations from expectatlon. The
element of frequency may be expressed as :

d

- ¥

xf)!(n—z)'e it 2.4 d3x).
. 2

When # is even the probability of exceedmg any given value x2 is reducible to the partIaI sum of a POISson
series § - :

P= fxzdf = {I+(§_"z)+2ig(éx’)2+ Pt ael

L

2

The mean of the whole Poisson series is 3 x2, the sum of the whole series is unity, and the number of terms .
in the partxal sum is 3z. In consequence the table of x (Table 1V), which gives the valués of x? for various
values of 2, can be used to findthe mean of a Poisson senes of which the ﬁrst a}n terms constItute a given
fraction of the whole. ' ‘ ‘ B . : N

. Example 1

Four serious floods have occurred in a glven region dunng a century’s expenence supposing the numbers
of floods expenenced in different centuries are distributed in a Poisson series, find the mean number for which
only one century in 20 would have four serious floods or less, and the mean number for which only one century
in 20 would have 4 floods or more. ~

In the first case we need the first five terms of the Poisson senes, SOz = I0; the .table shows the 5 per cent.
value of x2is 18-307 ; the expectation would be 9-154 floods per century. If, on the contrary, only one century
in 20 experienced 4 floods or more, the first four terms of the series would constitute 95 per cent. of the whole ;

' I | I A



for n=38, the 95 per cent. 2 is 2733, corresponding with a frequency of 1-366 serious floods per century.
Unless our experience has fallen in the upper, or the lower 5 per cent. range of the distribution, the expectation
lies between 1-366 and 9-154 floods per century, More or less stnngent probabilities might, of course, have
been chosen. Table VIII1 has been constructed to make this test d1rectly at the' 10 per cent., 2} per cent.
and } per cent. limits.-, Entering the table with ¢ = 4 a.nd N = o, for instance; the 2} per cent. limits of the
expectatxon are found to be 1- og and 10°24. ! :

R S

-

‘In testmg goodness of fit 32 is sxmply calculated from the numbers observed and expected in each.
dlstmgmshable class If m is the frequency expected and a that observed, then

xz S (ﬂ M?z — S (a’) —-S(a)

where the summatlon 1s taken over a.ll classes. , The number of degrees of freedom 1s the number of classes
the frequencies of which can be varied- mdependently without violating any totals, sub-totals, etc., which may
have been used in calculatmg the expectatlons It is inadvisable to use classes w1th expectations less than g,
so that these will usually be grouped in larger classes in applying the test. (See, however, Table VIII.)

The quantity s may be defined as the difference of one-half the natura}-loganthms of two different estimates
of variance, one based on 7, and the other on n, degrees of freedom. Table V gives values of z for different
values of the three variables #;, 7, and 2. The corresponding values of the variance ratio, e“, are given on the
opposite pages. We may usually consider a z test as a test whether one estimate of a variance based on #,
degrees of freedom significantly exceeds a second estimate based on 7z, degrees of freedom. We are indebted
to C. G. Colcord and L. S. Deming (g) for the’ extensmn of the z table to P == -oo1, and to H. W. Norton,
and Iowa State College, for P = -2.

The distributions of ¥ and of xé are eqmvalent to spec1al cases of the dlstnbutxon of z. Thus when
7y = 1, # = e* and 2 for n, degrees of freedom is the variance ratio. Equally, when 7, = 1, the variance
ratio is the value of 1/22 correspondmg with the probability 1—2. :

, When 1y = 00, the variance ratio is ;(z/n1 for-n; degrees of freedom ; and When nl = 00 it is the value
of 7y/52 for ny degrees of freedom, corresponding with the probablhty 1 —-P
- From the value 6 onwards the values of #, tabulated are in harmonic ‘progression ; z.e. they are the
numbers for which 24/z, takes the values 4, 3, 2, ¥ and o. As the corresponding values of z run smoothly
other values of .z, may be used by interpolating for the values of z4/7;. Similarly, the largest #, tabulated
are those for which ‘120/n, takes the values 4, 3, 2, 1 and o. The z values for ahy pair of numbers 7, and 7,
can thus be found from the table. With lower hccuracy the variance ratio may be similarly interpolated. For
hlgh values of 7, and 7, a useful approximation is glven below the table for each value of 2 tabulated.

In the table of z, like that of x2, the probability given, and most frequently wanted, is that of a single tail

"of the distribution beyond the tabulated value. For the tables of x and ¢ it is the sum of two equivalent tails.

In addition to its general use in the analysis of variance, the z table is related to the partial sum of a binomial
series in the same way as is that of x? to the Poisson series. The ratio of the sums of squares is #,/7, times the
variance ratio, or #,6%%/n,. If p : ¢ is the ratio of the sums of squares P is the sum of the first %nl terms of the
expa.nsmn of (g—l—p)“"l"'"-“z’ and 12 1is the sum of the remaining 37, terms.

. Example 2

An event has occurred 3 times -out of - 14 trials. ' The probability of its occurring 3 times or less, is
represented by the sum of the first four terms out of 15, hence 7, = 8, #, = 22. If P =1 per cent, the
‘table gives a variance ratio 345 ; hence the ratio of the sums of squares is 345X8/22 = 1255 = = plg. Thus
P = 1255[2°255 = -557. On the other hand, for the probability of its occurrmg 3 times or more, we need
ny = 24, 7y = 6, when the -variance ratio is 7-31, and ¢/p = 29-24, p = 1/30-24 =-0331. Unless our
experience has fallen in the upper or the lower 1 per cent. range of the dlstnbutlon the probability ef
occurrence lies between -0331 and -557. _

This type of problem also may be examined at other levels of significance by the use of Table VIII1.
Entering the table with @ = 3,.p = 3/14, = o214, we find that the limits of expectation, at the probability
level P = } per cent., are o360 and 826, giving the corresponding lnmts of the probablhty of occurrence as

-0257 and -590. If P : 2¢; per cent. the limits are -0466 and -508.

If the event had not occurred at all in 14 trials, it is still possible to assign an upper limit to the probab111ty
Entering Table VIII1 with ¢ = o, and 1/ = -0714, we find that the limits of expectation are 3-25 and
4742 for P = 2} per cent. and P 1 per cent. respecuvely, giving corresponding lnmts of -232 and -316 for
the probablhty ‘




Table VI gives the exact test of s1gn1ﬁcance for 1nter—class correlatlon coefﬁc1ents This is 'equivalent '
to the 7 test of the regression, which reduces to : SRR ‘

- o »\/n
g ) '\/1—72

for n’—2 degrees of freedom, where #’ is the number of pairs on which the correlat1on is based The results
often differ matenally from the comparison of 7 w1th 1ts standard error est1mated from the formula,

. 2, . : ' Py .

. 1—7 . » N

e o, = . . A T

. « . \/” T | . K o L .
® & .

Other compansons involving correlatlon coefﬁc1ents are best carried out by the 2. transformatmn prov1ded
by Table VII. ¥ :

TABLES VI AND V2. SIGNIFICANCE OF DIFFERENCE BETWEEN Two MEANS

Tables V1 and V2 give the test of 51gmﬁcance due originally to Behrens, for the difference of two means
for which the errors are due. to different causes, so that estimates of variance cannot properly be pooled In
general we need the percentile points of a distribution compotrnded of two Student d1str1but1ons with n1 and .
7y degrees of freedom. The ratio of the scale-factors s, and s is given by~ .= -~ o .

alp=tang, |
and the dxfference is judged to be significant if it exceeds a’\/slz—l-s2 - SRR

For each level of significance the value of & is required given the 3 known values 5, 7 and 0. Table VI
by P. V. Sukhatme gives the 5 per cent. and 1 per cent. pomts for 15° intervals of 6, and for the lattlce of values
6, 8, 12, 24 and oo for #, and #,. Four-point interpolation is sufficient for full accuracy R P SR

Table V2 deals more fully with the marginal case #, = 0o, where the d1str1but10n 1s compounded of a.
normal component of known variance and a component of Student’s type. This occurs when we compare -
estimates of a physical constant, one of which is based on a large quantity of data of low precision, while the

- other rests on few, but rather precise, observations. When the errors from thesé. two estimates are .of. com-
parable magmtude, both can be taken into account by finding the angle, deﬁned by T S T

tan 0 = ofs, - , ; o L
while the significant value for the observed difference is . D e e

d\/sz-l-c o ’ iy >
Thus for hlgh angles the distribution tends to normality and for low angles it tends to Student’s form.l .
Sukhatme’s values have been confirmed by the asymptotlc approach’ used in constructmg Table Vz,

but appear to have a very small positive bias, about *oor in 4. : ‘

R

o

Exam_ﬁle . : :
Let us suppose that a phys1cal constant evaluated by anew method g1ves a mean ,of twelve deterrmnauons, E

£=477383 . S
and that the sum of the squares of the deviations of these values from their mean 1s R
See—x)* = -o11580,
so that from 11 degrees of freedom the variance of the mean is estimated to be ,‘
‘ s% = 100008773, . ' coe
and the estimated standard deviation of the mean is ) B S

- ‘5—009366 o o < ,
For 11 degrees of freedom Student’s 7 is 2:718 at the 2 per cent. point, so that at this level of s1gmﬁcance
we should regard our observed mean as dlffermg s1gn1ﬁcantly from any value outs1de the limits

. Ay
! : T \; = 477383 % 02546 . ‘ X .
= 474837, 4°'79929- . ' L
If, now, numerous prev1ous determ1nat10ns, using a different method, have g1ven the value, :
A} . . A

. ~ B =4744, 5
" outside these limits, it would appear that there must be a real dlscrepancy betweemthe results from the ‘two
methods used. :
The comparison, however, is not complete if we reahse that u also is not a perfectly precise determination,
for it might be that though the value adopted is incompatible with the new observations, yet that both methods
might be similltaneously compatible with some intermediate value of the constant.
Behrens’ test enables this question to be answered, when the prec1sxon of p is known, by ‘averaging the

3

' L] k',

.‘, ;



~probability of obtaining so high a deviation, when pu is assigned a frequency distribution instead of.a fixed
value. If, for example, tbe value of p adopted, has a standard error, o, based on a large number of degrees
of freedom with . . , '
- o ='00382,"
we should find, - |
’ : . + . ,tan @ = c/.r = 4079,
< L . 0 = 22° 12’
and » . . , N ; N ‘ v : \ .
. &£—p  -02983 ‘ '
v d = = 2
o \/sz_h,,z *0I0I1§ 3949

Ta.ble V2 shows that at the 2 per cent. level of significance 4 is only 2-704. at 20° a.nd 2-637 at 30°, for
10 degrees of freedomy”. For 11 degrees of freedom lower values still would be significant.  The discrepancy
" obServed is therefore a SIgmﬁca.nt one, even when the errors to which g is liable are fully taken into account.

.
ot

g TABLE’ VIII TESTS OF, SIGNIFICANCE FOR 2X2 CONTINGENCY TABLES

Contmgency tables are norma.lly tested for 'sxgmﬁcant departures from mdependence by means of the
-2 test. Provided that more than one degree of freedom is involved this test is satxsfactory, even when the
. expectatIon in each class is quite small ; but with only a single degree of freedom (as in 2 X 2 contingency tables)
-. the number of possible sets of values satlsfymg the gwen marginal totals is small, so that the dIscontmuIty'\
of the resultant distribution is marked, whereas the 'y distribution, which is an apprommatlon to it, is
" Continuous.  The effect.of th1s dlscontlnmty can be overcome by applying Yates’s correction for continuity
when calculatmg x*. This.is done by reducing by } the values which are greater'thdn expectation and
" increasing by.} those which are less than expectation.
. The correction for continuity, *which should be applied when the smallest expectatlon is less than 500,
. conSIderably increases the effective range of the ordinary 2 test for a single degree of freedom ; but when the
. smallest expectation is less than 100, the possible asymmetry of the actual distribution assomated with gwen
margma.l totals becomes of importance. Such asymmetry Imphes that deviations of a given magnitude i in
one direction are less probable than those in the other.
‘' Table VIII allows this a.symmetry (and other slight deviations from the ordinary x? distribution) to be
taken into account.- It glves what are in effect the 2-5 per cent. and,o-5 per cent. points of x, (the square root
- of x’ corrected for continuity) for each tail separately. Since there are three independent marginal totals
in 'a 2X2z contingency table all possible contingency tables could only be completely coveréd by a three-
dimensional table of x, for each level of SIgmﬁcance In general, however, the distribution of x. is not very
different for sets of marginal totals which give the same smallest expectatIon and for which the observed
value'in any one cell can assume the same number of values' (.e. tables in which the smallest marginal total
is ;he same, this bemg one less than the pOSSIble number of values).

This property is utilised in Table VIII, where values of x, are shown for chosen va.lues of the smallest
_expectation 2, and of p, the smallest expectation divided by the smallest marginal total. (For a detailed
account of the method of construction of this table see Yates (14) ) :

In the contmgency table — -

a -

: x ¥ .
z u 4 -
e & n

where 2<8, ’<<¢' and 2<{a’, so that g is the smallest marginal total, and x is the number in the cell with
smallest expectatlon we have m = aa /n and p = m/a = a'[n. It will be noted that as # increases with fixed
m and p, e remains fixed and &’ : & : z is constant. When # is very large the distribution of x tends to that -
of the binomial distribution ( p+g)“ When 7 takes on its smallest possible value, which is that which gives
the smallest integral value of ¢’>a, the * lumtmg contingency distribution ” of # is attained. The values of
x. for these two" extreme distributions are shown in Table VIII, the former in ordinary type and the latter in
black type. In general the intermediate contingency distributions glve intermediate values of x,.
Furthermore, as p tends to zero with fixed », the expectations in all cells except that containing x become

large, and the Poisson distribution is approached, whatever the ratio of ¢ to 2’. Thus for p =o¢ there is only

. one set of values in Table VIII, representing the virtual 2-5 and o- 5 per cent. points of the Poisson distributions.
Thus the table can be used to test the significance of departures from binomial distributions with known 2
and Poisson distributions with known #z, as well as for contingency tables. '

4



Example 3

The number of summers (Apnl—September) with penods of over 20 days without ramfa.ll at Rothamsted
during this century and the last half of last century, are glven in Table 1.

Y ’ ’ ' -

v

TABLE 1. SUMMERS WITH AND WITHOUT DROUGHT AT ROTHAMSTED ../
. - i _— >3
. . . ) : *f)_ 'Y
. 1352-1900. 190I-1937. Total. ‘ ’ ‘ka,{,/u o
_ . . Jos /.,C ‘ A C ® -
Experiencing drought . ' . 4 < 9 ¥ - 13 SR
Without drought . . . . 45 < - 28a | 13 g
Total - . . . 49 37 86 - | BRI f‘_.‘.-.

Are the summers of the present century significantly more sub]ect to droughts tha.n those of the last ?

Here x* = = 4291 . \
49X 37X13X73 +29% S D

which would indicate significance, the 5 per cent. point for one degree of freedom (Table IV) beng 3 841
Applying the correction for continuity, however, we obtain - )

o = (83 X441 —41x28})*x 86
49X37X13X73

- . s

= 3 124.

-

(9X45—4%28)2 %86 : o o

/

-

Reference to Table IV indicates that significance is not attamed Thls may be conﬁrmed by reference to K

Table VIII. We have _ . . e,
o " 13X 37 m 37 IR
=177, th allest tat = —= =5 = —— = = 0'43. .
X, = I'77, the smalles expecalonm %6 5'59,2 = 1386 = 0°43 o

The observed set lics on the longer tail of the dlStl‘lbuthIl since the number 9 with smallest expectatxon is
greater than expectation.  All the values of Table VIII (P = -o025) which bracket the required. value lie
between 1-91 and 2:06, so that significance is not attained. Notice, however, that had p been nearly zero,
with the same expectation in the smallest class but with observed set on the shorter ta11 the observed value of
x, would have indicated significance.

Linear interpolation in two dimensions in Table VIII gives the value of 1- 96 for both bmonual and lumtlng i
contingency distributions, indicating that at this particular pomt the ordinary »2 table (or a table of the normal -

probablhty integral, e.g. the table of probits, Table IX) glves a good estimate of the actual probablhty after
the correction for contmmty has been applied. The probit’corresponding to 1-77 is 6+77, which gives a per-

centage of 96-16 on inverse interpolation in Table IX, correspondmg to a probability of -0384 compared with - .

the true value of 0389 calculated by the procedure given in Stazistical Methods, Section 21.02. A method of

assessing the actual probability when the values of y, differ from those of x for the same probab1hty levels is
1llustrated in Example s.

Example 4

In the course of 500 spins of a roulette wheel, zero appears 24 times. What evidence is there that the
wheel is biased in favour of the bank ? : A '

" If the wheel is unblased the chance of zero occurring in any one spln is 317, and zero may be expected

13514 times on the average in 500 - triais The discrepa.ncy is therefore 10°486, ® =

. -13'514  486°486
= 8-362, and x = 2-892. (Note that the class of non-occurrences as Well as the class of occurrences must be
included when calculating x2) Inverse interpolation in Table IX gives a percentage of 99809, which
indicates that the probability of obtalmng 24 or more zeros was only -oorgr. Correcting for continuity, the

10-4862 10°486%

discrepancy becomes 9986, and x.2= 7-584, x, = 2 754 giving a probab1hty 3f -00294. Referring to .

. Table VIII, however, for m = 13'5 and p = o027 (values in ordinary type) we see that the o5 per cent. point
of x, is about 2:8o, compared with the value of 2-576 given by normal theory. Thus the true probability is

somewhat greater than +oo5. (True value obtained by summing the binomial distribution = +00559.) The

omission of the correction for continuity introduces large errors, and even the use of the ordinary x? table
gives a probability of one half the true value

5 | | A2



" The problem’ may also be solved directly by the use of Table VIIII Since 4 is greater than 14 we must
use the approximation given for @ = 15 and over. - p = 24/500 = <048 and therefore the conventional standard
error_+/{a(1—2)} = 4°79.. Multiplying this by the normal deviate for 2=} per cent. (single tail) gives
479 X 2° 576 = 12*34. The limits of expectatron calculated from the conventional standard error are therefore
1166 and 36-34. The corrections given by Table VIIII for these limits are +1-71 and 4284, g1v1ng the

adjusted limits of 13'37 and 3918, correspondmg to probabrhty limits -0267 and :0784. Since — =+02%0
37

th;: probablhty oﬂ obta.lmng as many as 24 zeros in 5oo spins is just over -oos, agreeing with our previous
" solution.

Example 5 -

Locate the upper and lower 2-5 and o 5 per cent. points of a Poxsson distribution with an expectation of z3.

'If x is the observed value and this is greater than expectation (7.e. lies on the longer tail) we have

= (x—zs--%)/\/zs For m = 25, p = o, x, = 2-05 for the 2-§ per cent. point, so that x = 35:8. Hence a

va.lue of 36 or over has a smaller probability than -025. For the o5 per cent. point, x, = 2-76, so that x =

'39°3, giving .a value of 40 or over. Similarly, the lower 25 and o5 per cent. values of x will be found to be

15-2 and 12-6, giving integral values of 15-and 12 respectrvely Normal theory would give x’s about } a
* unit in error for the 25 per cent. points and about a unit in error for the o-§ per cent. points.

If the actual value of the probability of obtammg a value of say 14 or less is required, we may proceed
as follows, At the lower 2- 5 per cent. point x, is 1- 86 and x (normal theory) is 1-96, and at the lower o-5 per cent.
point x, is 2-37 and x is 2-58. A value of 14 gives a ¥, of 2-1o0. - Hence by linear interpolation, using x, as
'a.rgument the correspondmg value of x is - -

- 2:10— 186 ' . ‘
! x=19+-——7-——~(258 rg6) ==z25. 4

Reference to Table IX glves the correspondmﬂr proba.blhty as -o122. (True value _-or 24.)

'} e N " - . »

TABLE VIIII. LIMITS FOR THE PROBABILITY OF AN EVEN’f

N -
N3

"If an event is observed to occur a times out of AV, a lower limit -n-l can be assigned to the probability of
this event such that if the probability were actually ; then an observed number of occurrences as great or ,
_greater than e out of /V trials would only occur by chance with a frequency of P.© Similarly an upper limit
- g can be aSSIgned such that if the probability were actually =, an observed number. of occurrences as small
" or smaller than & would occur with a frequency P. Corresponding to these probabilities =, and , there are
limits of expectatxon of the number of occurrences in /V trials, namely #;/V and m,/V. These limits of expecta-
tion are tabulated in Table VIII1 for P = o1, 0r025 and o'co5 against values of ¢ from o to 15 (with exten-
sion to higher values) and of AV from 22 to co. The values for /V = c© grves the limits of expectatxon of
the Poisson distribution. - When e>1/, the table may be entered with ¢’ = N—a. Examples of the use
of the table have a.lready been glven (Examples 1, 2 and 4). '

\ TABLE VIIIz. DENSITIES OF ORGANISMS ESTIMATED BY THE DILUTION METHOD

One of the methods available for estimating the number of organisms of a given type present in a medium
is the dilution method. This method can be employed in cases in which the presence or absence of the organism
-camr be determined, but in which counts cannot be made. ' 7

In the dilution method a series of suspensions of the organism s levels in all, is prepared, each of which
is 4 times as dilute as the preceding one.. Each suspension is used to inoculate # tubes with a known volume
of the suspension, and the presence or absence of the ¢ orga.msm is determined by suitable test after 'a period
of incubation. The most accurate estimate of the number of organisms per tube at any given level is obtained
- by solving the equation of maximum likelihood, but it has been shown (Fisher, 30) that 87-7 per cent. of the
information is contained in the total number X of fertile or ¥ of sterile plates, counted without regard to
level. If A is the number of organisms per tube at the highest concentration, the value of A for which the
expected average number of sterile plates is equal to the observed number is given by the equation -

. e Y =mn(eAfeMNoteAdL. . . feAaD)

Table VIIIz enables the solution of this equation to be obtained expeditiously for two-fold, four-fold
or ten-fold dilution scries of any length. All that is necessary is to calculate what may be called the mean fertile
level, x = X/n, and the mean sterile level, y = s—x, and find the tabular value X corresponding to the observed
xory for the appropnate number, s, of levels. The estimate of A is then given by

#

log A =x log a—XK.
6



In an extended series of dilutions the va.lue of X becomes constant for all va.lues of x and y suﬂimently d15tant- ~
from the ends of the distribution, except for a periodic component, which, however, is only. of importance

for the ten-fold series. This periodic component necesmtates the spemal form of tabulatmn adopted for thlsl
series.

¥
[ ]

The average value of the variance of the number of fertile levels is Iloﬁ', except at the ends of the senes, :
” og

where the value increases. The average value of the va.nance of log Als - log 2. log a, and this may be used

in the two 2nd four-fold series in the range where the ta.bula.r entries are substantxa.lly constant. ‘The variance
of the number of fertile levels is, however, more stable than the variance of log A._ Closer approxrmatlon.to

the fiducial limits can therefore be found by using the average value -i B2 of this va.nance, mcreasmg and

oga
decreasing the observed number of fertile levels by the appropriate multiple of the correspondmg standard

error. The table can then be re-entered to determine limiting values of log A, and thence, if required, of X.
This approximation is satisfactory except at the extreme ends of the range. For the same reason the number
of fertile levels should be used in preference to log A when performing tests of srgmﬁca.nce, etc., on’ compa.nsons
between different media. Standard errors should not be attached to A.

The inclusion of tables for the four-fold and ten-fold series should not be taken to 1mply that ‘the use of
these series is ordinarily advisable. If an adequate number of tubes is available the two-fold dilution series -
should be used with correspOndmgly fewer plates at each level, in preference to a four-fold or ten-fold ‘series
covering the same range. As is shown by the formula given above, the average variance of log Ain the centre
of the range is the same for a given total number of plates, whatever the dllutlon fa.ctor, but the penod1c1ty
becomes appreciable for the more coarsely spaced series. |

" The number of dilution levels required depends primarily on the  range of populatlons it is desired to cover.
For any given populatxon den51ty the majority of the information is glven by the levels at which the average
number of organisms per tube is near 1. Thus in a two-fold dilution series in which one dilution level has an_ -

average of exactly one organism per tube the contributlon of the various levels of an infinite series to the total )
amount of information are as follows : S

) T - 8 and T J‘\m‘a
Average number ol' organisms per tube . more 4 2 1 3 1 3 less |
Percentage of information . . - - 09 126 2604 245 162 ¢ 349 52 .

For any given population density, therefore, most of the information is contributed by ﬁve levels of the senes ’

A series of 12 dilutions will therefore amply cover a range of 100 fold, and a series of 15 dilutions a range of -
1000 fold. If more than one organism which can be detected in the same set of tubes is under investigation,
then longer series may be required, the exact length dependmg on the relatwe numbers of the d1ﬂ'erent types -
of organism. v

When a large number of tests mvolvmg series of the same length a.nd with the same number of tubes at .
each level have to be made, the experimenter may find it convenient to prepare a special table giving log A .
and A directly for each possible value of the total nymber of fertile tubes. Such a table may be easxly prepared .
from Table VIII2.

In practical work greater precision is often required in one part of the range than in the others.” Thus
the tests may have as their primary object the determination of whether the population densities are less than
a given standard density, but at the same time a rough estimate of the actual population densities of samples
differing widely from the standard may be of interest. In such a case the number of tubes should be increased
at the levels for which the populatlon per tube would be in the neighbourhood of 1 at the standard density,
e.g. we might increase the number of tubes at levels having 4, 2, 1, 1} and 1 orgamsms per tube at the standard
density.

For the estimation of the populatlon densmes of dilution series of this type a special table will have to be-
prepared If there are 7, tubes at each of s levels and an additional ny tubes at each of the levels from 741
to 7', the average total number of sterile tubes is given by

Y = my, + n,y, = my(eAte A2 . +e‘A/2‘-1)+n2(e—4\[z'—|- +e—k,’2:'-1)
The table can be prepared directly by calculating the va.lues of ¥ for a series of va.lues of log A, thence deter- -
mining by inverse interpolation the values of log A corresponding to integral values of Y. Alternatively Table
VIII 2 may be used to determine the values of y, dnd y, separately for a series of values of log A, thence per-
forming the inverse interpolation as before. - Values of y, corresponding to values of log A falling outside
the. range of the table will in any case have to be computed directly, but this can be done rapidly, using the
expansion of y, in powers of A for small values of A. ‘

The standard errors of estimates derived from a' modified dilution series of this type na.tura.lly vary in
different parts of the range. At the standard density, however, the standard errors will be those corresponding

7 -



5 tubes, each of 1 c.c., of dilutions containing 4, 2, 1,

-

to an infinite series of n,+n, tubes at each level, except for a slight increase due to the shortness of the
subsidiary series. »

-

Example 5.1 ' p
Tests with potato flour containing rope spores (B. mesentericus) gave the followmg observations, using

- -+ 1/128 g. per 100 c.c. (E. C. Barton-Wright’s data).

‘ The total number of fertile plates is 31, and the mean fertﬂe level (x) is therefore 6-2.

g. per 100 c.c. Number fertile. g. per 100 c.c. Number fertile. -
4 5 .18 3
2 5 T 116 2
| 5 1/32 2
1/2 5 1/64 o
1/4 4. 1/128 o

Hence y is 3'8. The

‘ ta.ble glves K = 383 ence
‘ , log A =62 Iog 2—<383 == 1-483
. A= 304. ,
The number of orga.msms per gr..:n is thus estlmated to be 760. .

4

- by any given frequency ; by means of the difference column it is simply used to ten-thousandths.

~ ing values are known as

'hlgh jumper clears a rod decreases with the height at which it is placed ;

» The average standard error of the number of fertile tubes is v/o2. The fiducial limits of the number
of tubes at significance level P = *o025 are therefore 6:24-1:976 X 4/0"2 = 5323 and 7°077. Re-entering the
~ table with these values, we obtain limits of 1-211 and 1-761 for log A,-or 407 and 1410 for the actual number

‘of organisms per gram. The average standard error, of log Ais 4/-0181 = -135, giving limits of 1-4834-264 =
-1°219 and 1747 for log A, or 415 and 1400 for the actual number, which may be compared with the more
; exact lumts grven by the first method L .

»

P

T TABLES IX To XIV THE PROBIT AND ANGULAR TRANSFORMATIONS -
Ma.ny 1mporta.nt classes of data may be interpreted on the supposmon that a normal deviate is linearly

* dependent on some observablé concomitant measurement, and that an observable ffequency is that with

which this deviate is exceeded in a normal distribution. For example, the frequency with which a weight
is’ ]udged to bé heavier than a standard increases with the actual weight used ; the frequency with which a
the frequency with which insects
survive fumigation decreases with the concentration of the fumigant. In many such cases the relation between
the frequency and measurement «concerned is excellently represented by considering the normal deviate
corresponding to the frequency to be a limear function of the measurement, or, more frequently in toxicology,
of its loga.nthm, the measurement bemg the concentration of the toxin.

- Table IX gives the deviate correspondmg with each thousandth of the total frequency, which i is exceeded
To facilitate
standard methods of calculation by making all values positive, 5 has been added to the deviate. The result-
probits.” It is obvious that the probits corresponding to complementary percentages,
such’as 4o per cent. and 6o per cent., must add to make 10. Beyond g5 per cent. the actual differences are
inserted, and beyond, 98 per cent. the tabulation is by ten-thousandths. By subtracting from 10, these

. advantages may be made available also at the beginning of the table.

- Table X, simple quantiles of the normal distribution, gives the deviates corresponding with proper
fractions.. The proper fractions, up to }, having denominators up to 3o, are here arranged in order of
magnitude. When small numbers are mvolved this table enables the probits to be found more expeditiously
than does Table I1X. : * .

) Example 6 : '

. What deviate is exceeded by 4/17 of a normal curve ? The deviate given is o 7215, SO that if 4 animals

- survive out of 17 the probit is 5-7215. The same value may be obtained by expressing 13/ 17 as a decxmal

‘used in determining it multiplied by the weighting coefficient given in Table XI.

-7647, and refernng to Table IX

}/Vhen‘tests have been made on several concentrations it is usual to fit a straight line expressing the probit

in terms of the logarithmic concentration. The weight a.551gned to each point will be the number of animals
It is best to draw a provi-

sional line graphically, and obtain the welghtlng coefficients from the probits réad from the graph. Some
8. '



workers prefer to draw a provisional line by calculation,-using weighting coefﬁments based on the problts
empirically observed. This leads to some ambiguity when at any concentration all die (or all surv1ve), for
such observations nominally give an infinite probit with zero weight. .
However the provisional line be obtained, it should for refined purposes, such as tests of significance, be
replaced by one based on working problts obtamable from Table XI.  The cases in which all animals die are
assigned the maximal working probit, given in the 2nd column; other cases are assigned values Jower by
the product of the fraction observed to survive multiplied by the range, given in the 3rd column. - * The -
workmg probit so obtained is given a welght found by multiplying the total number of animals on whlch it -
is based, by the weighting coefficient shown in the 4th column of the table. Any tolerably good prov151onal
line will give a satisfactory result when this process is applied. An excellent account of the treatment of -
toxicological data has been given by C. I. Bliss (4-7). The case is-also dlscussed from the pomt of view of
amount of information, in 7%e Deszgn of Experzment: (2).

/

Example7. . .

The following survival fractlons were obtamed on testing sets of elght brme shnmps, Artemza salma
from a smgle brood, in arsenical solutions havmg concentrations in geometric progression. . -«

%

Solution™ . ce . CDEFG'H.AI
Total tested . 8 88.8 8 8 8 FRe -
Survived . . . .o . 8.8 6 5.5 1. o Gl e

\

" Since, using strengths C, D and 1 all or none have surv1ved the tests with solutlons E to H are avalla,ble
for plotting probit values, in order to obtain a provisional line, A:- sufﬁc1ent1y good line may usually be drawn
graph1cally A second serviceable method is to fit a straight line, w1thout welghtmg, to the problts ava.ilable -
Thus, using Table X, we have : ‘ : ‘

< -

Empmcal
Solution ‘ - Probit.
E . , . " . - 433 0 0
F . . . . . . ' . . 4'68 :\ A :
G . . . . L. . 468 e
H . . . . A . e N AI 6:15 _A N ‘ ) 4 ;
Total e e . . 19°84.
-Mea.n . . « e 4 . 496 -
The slope from four equally spaced pointsis © = = - 'H ' ~ R .
. H— . M s Lo o~ . * .
+I N K . e

It is worth while giving some attention to obtaining a satlsfabtory prehrmnary fit, -since other\mse the
fitting process may have to be repeated. It is also desirable to avoid interpolation by choosing simple values.
The inclusion of C, D and 7 will certainly tend to increase the slope, and may lower the average probit. - For
b, therefore, we take the value -6, and take the probit midway between # and G to be 4 9-. The prov151onal

expected problts are thOSe shown in the 3rd column of Table 2. R
. ) i
" TABLE 2.
Solution. independ;ht. Variate V‘Provis'iox;,afl Probit . VYorkir}x’g. Probit W:i?ht ' /u'y;'.:_" ’
c 3 28" . 2°4081 | 7343 17683
D - 4 34 . 2+gobo I°goo2 “5-5220
E 5 Yo 437175 375090 | 1573606
F 6 46 46826 " 48042 22: 4961
G 7 52 46776 5-0193 . 234783
H 8 58 6:0998 4-020’8 24° 5261
4 9 6°4. 6-9394 2°4159 16°7649
\ 22°4037 | 169-9163 :
. B o

The remainder of Table 2 is then filled by using Table XL
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"When all die, as for solution 7, the working problt has its maximal value, given in the 2nd column
- of Table XI. This is 6-9394, or -5394 above expectation. (In the calculations for fitting, we may use either .
~ the working probits themselves to obtain the actual constants of the fitted line, or their deviations from pro-
visional expectations to obtain a.djustments of the constants prowsxonally adopted Table 2 is arranged to
show the first method.) y

When the provisional probit is below 5, we_may subtract it from 10, and finally subtract the working probit
obtained from 1o, interchanging the numbers of dead and living. Thus for C we ﬁnd 2:4081 ; and, for D,
2-gobo. .

More' gener lly, we subtract from the: ma.mmal problt a fractxon of the range (3rd column of Table XI)
equal to the proportxon of survivors; so G glves :

: : o .Q . Maximal working probit . . . . 6:2759 Range 2°5573
' ngeXs/S e e e « .. 15983 - , -

¥

-‘ / Workmgprobxt. .", . . - .o4-6776

thIe for H we have, sxmllarly, 6 0998 ' ‘

v For E, if all had Zved, we should have ‘3-3443, but as one-quarter have died we ddd one-quarter of
41327, giving 4-3775, while for F we find, similarly, 4-6826.

In all cases the weight assigned to the evidence of each solution is the weighting coefficient, correspondmg

. with the provisional probit, multiplied by the number of individuals tested.

~ - From the sum of the Welghts, and the welghted sums of x and y, we obtam the values of £ and 7 accord-

.ing to the formulz.’

v L Swa) . Swy) |
‘ * T Swy’ TS L

‘ "It is convenient to calculafé S(wxz) at the same t1me as S(wx) for calculating these any suitable origin .
such as F(x= 6) may be used The reduced sum of squares of the mdependent variate is then '

T A= Sw(x—E)? = S(wx’)—xS(wx)

Wxth most types of machme the values of wy will be written down a.nd ‘summed as in Table 2 ; from
.these it is easy to obtam the reduced sum of products, " ' '

‘ o \~ R B = Swy(x—x) S(zwxy) —-xS(wy)
" These quantmes are all that are needed for adjustmg the regressmn hne For testing goodness of fit

" we also calculate ,
: C= sw(y—y)z = S(y?)—7S(wy).

Turnmg to the numencal values of Table 2, we may note that the three solutlons first omltted contnbute
nearly ‘one quarter of the total weight, and a Stlll higher proportion to 4, or to the amount of information
supplied as'to the slope of the line. For the others the working probits differ not greatly, but appreciably,
from the empirical probits first used. L . A B R

- Numerically, Table 2z gives )

~

’ .

S(zx) 10;7963 S(wxz) 60 5641 S(;vxy> 9I° 1157
" & - .+481898 A 55-3614 . B 381473

¥ 4°906167 ' . b +68906

.

The recalculated slope b= B|A, is -68906. This is con51derably higher than the provxsmnal value, -6.
Accepting this solution, the 50 per cent. death point is found when ¥ = s, that is -093833 above y. We
have, therefore, . .-~ - _

*093833
o 6481898—|— 906—-668
as the estlmated 50 per cent. death pomt
. For goodness of fit we ,ﬁnd ‘ ,
' ‘ S(zey?) 568-6512
N S 29°3835 \
x¥=C—Bb. 30977 #=5

Since two constants have been fitted there are five degrees of freedom,so that there is no , indication of
departure from the form of the theoretical expectatxon In these circumstances the variance of the estimated
50 per cent. death point may be taken to be :

i 1 (x—x)?)
’2=Z'2{S(w)+_ A }




Numerically,

1/S@) ‘ -044635
(-136)}/4 *000334
’ - "044969

bs - - 21206
The standard sampling error of the estlmate is therefore - 308, : :

Had x® been excessive, indicating causes of disturbance other. than random- sampling, the' estlmated
variance would be multiplied by x?/7 ; unless, of course, the theory that the probits are lmear functlons of x
has to be abandoned. ) ’ ‘

The example has been chosen to illustrate the expedmous use of the tables.. No 1nterpolat1'on has been
employed as it would be if the process were repeated, using the results of the first fit as a new prov1510nal
line. It is, therefore, of interest, as an indication of the precision to be expected'that a much more precise
fit gives 66094317 for the 50 per cent. point, showing that this value and its prec1510n have been very satis-
factorily estimated. The slope, estimated at *6891-4-1344, is not so good, since the more exact value is

+71264--1574. Here the error exceeds a tenth of the standard error of random sampling, so that, if the slope
were of 1mportance, a second fitting would have been justified. Finally, from the more exact fit we find
x* = 3773 in place of 3'098, confirming the agreement with expectation, but showing also that had this-
been doubtful a more exact fitting mlght have resolved the doubt.

~
’

The normal transformation may be looked upon as one of a series of methods of transforming percentages
into more suitable variables. Of these the transformation of a probablhty varymg from o to 1 ‘into an angle
varying from o° to 90°, according to the relationship

p=sin?¢ - " ,"'/ o
is remarkable in that the amount of information conceming ¢ is constant. In consequence,’ /in large samples;
the sampling variation tends to normality with a variance which depends only on the number of obseryations
on which the percentage is based. The weighting coefficient for this transformation is constant. «In other”
respects Tables XII to XIV afford the same facilities for handling percentages transformed in this way as
do Tables IX to XI for the normal transformation. This transformatlon is equlvalent to replacmg the ’

normal curve by one of which the ordinate is sin 2¢. :
A third transformation of some interest whleh is readily available from these tables is gwen by :

o g = %(Ioge]’__logeg)
or - = ezj-/(x +-€%?). ’

-

If » = 2p—1, the values of z are given in Table VII. With this transformatlon we may use

Mammalworklnga. . Ce Z+ — +1+R | o
' 12 .
/ . ZPQ o 1—R2
Weighting eoeﬁ‘icient s . . 4PQ = 1‘—R?

Range - . - . .

where Z is the expected value of z given by any provisional fitting,- and the value of R is taken from that of
Z, using Table VII. This transformation’ is equivalent to replacing the normal curve by one of which the
ordinate is 4 sech?s.

In addition tg their tox1colog1cal and é;mllar applications, transformations are of usé in the a:nalys1s of
material which has a very skew distribution, for the purpose of equalising the variance of quantities of widely -
different magnitudes which it is desired to include in the same analysis, and for the purpose of reducing the
observations to a scale on which the effects of associated variables are more nearly constant. Thus when it
is required-to perform an analysis of variance on a set of percentages, e.g. of the deashs of seedlings obtained
from plots of a replicated experiment, it is frequently advantageous to transform these percentages by means
of the angular transformation. As we have seen, this has the effect, in large samples, of equalising the
component of variance due to sampling, when each percentage is based on the same number of observauons
The square root transformation ; :
y=vx
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- has the same property when the observations on each plot are distributed according to a Poisson distribution.

This transformation is equivalent to the angular transformation at each end of the percentage scale. (In this
connection see W. G. Cochran (8).) . '

" The logarithmic transformation

y=logx

is useful when dealing with material'on which the effects of other variables may be expected to be proportional

* to the numbers involved. The influence of a given increase in temperature on the number of insects caught in

a light trap, for \xample, is likely to be proportional to the number of active insects, in which case the increment
in the logarithm of the catch will be the same whatever the number of insects, unless some of the numbers

.are very small. In this connection it may be noted that the transformation y =log (x-+1) is sometimes

convenient, being substa.ntla.lly equivalent to y = }4/x when x is less than 10 and to y = log x for larger
numbers ]
A further use of transformatlons is for the purpose of facilitating interpolation by obtammg a trans-
formed function which is much more nearly linear. One example of this, the use of the reciprocals of 7,
and 7, in interpolation in the table of z (Table V), has already been mentioned. The logarithmic trans-
formation and the transformation of Table VII have frequently proved of use when dealing with functions

. whose argument is a probablhty - . : .

-

.
TABLES XV AND XVI - LATIN SQUARES

La.tm squares of size 7X7 and smaller have been enumerated (n), (22). For 4X4 and 5X5s squares

~all the standard squares (7.e. squares with first row and first column in the standard order) are shown in

Table XV, except that only one of each pair of conjugate §X§ squares is given {fwo standard squares are
conjugate if the rows of one are the columns of the other). From each 4X4 standard square 413! —1 non-

- standard squares, all different, may be generated by permuting all the rows except the first, and all columns.

[y

Thus each 4X4 standard square represents a set of 144 squares. There are consequently 4X144 or 576
4X4 Latin squares. Slmllarly, there "are 56)(2880 or 161,280 §X5 Latin squares. There is one 2X2

B standard 'square and one 3 X 3 standard square, giving two 2 X 2 squares and twelve 3X3 squares in all.

For 6 X6 squares one square of each transformation set (i.c. set generated from one of its members by

"permutation of rows, columns, and letters), or of each pair of conjugate transformation sets, is shown. Such

permutation of rows, columns and letters will generate (6 !)3 or 373,248,000 squares, of which 66! or 4320
are standard squares. These squares are, however, not necessarily all different, the largest number actually.
obtained in any one 6X6 set being one- -quarter of the possible number, 7.e. 1080 standard squares, and the

_-smallest number one 216th, 7.e. 20 standard squares. The actual numbers in each transformation set are

shown‘ in the table. - There are in all g408 standard 6 X 6 squares, giving 812,851,200 6 X 6 squares in all.
By permuting with each other the three categories, rows, columns, and letters, six sets are formed, not

- necessarily all different. ‘These sets are said to be adjugale. In the case of the 6 X6 squares each pair of

con_)ugate sets and the set 1m_med1ately followmg them in the table form an adJugate trio of sets. The remain-
ing sets are self-adjugate.

‘Norton (1939) has enumerated 562 sets of 7X7 squares, of 146 species, contalmng 16 927,968 standard

- squares. Four examples are shown in the table. Square (¢) is 2 member of a transformation set in which

the squares generated by the permutation of rows, columns and letters are all different. It thus contains (7 !)3
or 128,024,064,000 squares, of which 77 ! or 35,280 are standard squares. The sets generated by the adjugate

i - permutations are also all different. The example thus stands for an aggregate of 211,680 standard squares.

No Graeco-Latin squares can be formed with any of these.
~ Square (#) differs from square (2) only by the interchange of two pairs of letters; "B and C in the sth and
6th: columns. It belongs to a set of only 11,760 standard squares, which is one of an adjugate trio of sets,
giving 35,280 standard squares in all. One-seventh (1680) of the standard squares of one of these sets arg
self-conjugate.  Again no Graeco-Latin square can be formed. '
The third illustration is a Graeco-Latin square, with the fourth category (Greek letters) represented by

‘numeral suffices. No fifth category can be added. The suffices are standardised by assigning them in their

natural order to the first row. The Latin square involved is one of a set of only 210 standard Latin squares,
but the same transformation of the Graeco-Latin square yields a set of 1680 standard Graeco-Latin squares,
contarmng elght different standard arrangements of the suffices in each Latin square. These eight solutions .
are in fact all that exist, so that this set of Latin squares belongs to only one Graeco-Latin set. Permutation
of the three categories, rows, columns, and letters, yields the same set, but if suffices are mterchanged with
rows, columns, or letters, three more sets of 1680 standard Graeco-Latin squares are formed (6720 in-all).

The three new sets all involve the cyclic Latin square shown as the fourth example. There are only
120 standard Latin squares in this set, so that each has 14 solutions in each of the Graeco-Latin sets, or 42 in
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all. Under orthogonal squares are given six 7 X 7 squares, of which the first is the above Latin square, while ~
the rest are five more Graeco solutions which belong to a second set and are mutua.lly orthogonal.

Little is known about squares larger than 7 X7, other than the orthogonal properties of the special sets -

shown in Table XVI. In Table XV a single example of each size from 8 X8 to 12X 12 is given. These

examples will suffice (after permutation of rows, columns, and letters at random) for expenmental arrange- '

ments requiring Latin squares of these sizes. .
To select a square at random from all possible squares of a grven 51ze up to 6 X6 proceed as follows .

- i

(1) Select one of the given squares by using the key numbers printed below each square, selecting a
number at random from all possible key numbers. If the key number falls rnlthe second of two
groups use the conjugate square.

(2) In the case of 3X 3, 4X4, and §X5 squares permute all rows except the ﬁrst of the selected square,
and all columns. Alternatively permute all rows except the first and assign the letters to the

treatments at random. For 6 X6 squares permute all IOWS and all columns at random, and then

‘assign the letters to the treatments at random. \

~

Table XVI gives complete sets of orthogonal Latin squares of sides 3, 4,5 7, 8, and \9 Two Latin
squares are orthogonal to each other if, when they are supenmposed every letter of one square occurs once

and once only with every letter of the other. Such a pair of squares (one- square bemg written with Greek -

and the other with Latin letters) form a Grzco-Latin square.

If a complete set of p—1 orthogonal squares of side p exists, the p2—1 degrees of freedom corresponding
to the contrasts of the 2% cells of the square split up into p+1 sets of p—1 degrees of freedom, corresponding
to the contrasts between the rows, between the columns, and between the letters of each of the 2—1 squares.

- A set of less than p—1 orthogonal squares gives a smular but 1ncomp1ete partition.
Complete sets of orthogonal squares are known to exist for all pr1me numbers and for p-= 4, 8 and 9.

(See The Design of Experiments.) The rule of formation for all prime numbers will be apparent from the -

inspection of the sets for p = 5 and p = 7, each row being formed by movmg the previous row r, 2,3...
places to the left. : . '
The rows of the 8 X8 squares may be taken to represent the 8 combinations of three two- level factors.
A, B, and C, in the order (1), @, 4, ab, ¢, ac, bc, abe, and the column$ may be taken to represent the similar
combinations of a further three factors D, E, and F. The 64 cells of each square will then represent the 64
combinations of the 6 factors. The numbers of each square will divide these combinations into 8 groups of
8, the contrasts among which will represent a set of 7 degrees of freedom orthogonal to 4, B and C and
their interactions, and to D, E, and F and their interactions, and also to the six other sets of seven degrees of
freedom given by the other six squares. In the squares shown these degrees of freedom correspond to

-

1

}‘.

specific interactions between the six factors. The interactions corresponding to 3 degrees of freedom -
from each set are shown in the table, the remainder being given by the *‘ generalised ” interactions of these -

three. Note the law of formation of each set from the preceding one, correspondlng to the cyclic 1nterchange
of all the rows of the square except the first. -~
The set of g X9 squares possesses similar properties. The actual degrees of freedom confounded when

the cells of the squares represent the 81 combinations of four factors at three levels are given in terms of the:

notation developed by Yates (3). . P

- Besides their use in ordinary factorial design, complete sets of orthogonal squares serve as the basis of
quasi-factorial and quasi-Latin square designs (balanced lattices and lattica squares) and also serve to generate
other designs in balanced incomplete -blocks. (See (14), (15), (16), (17), and Tables XVII-XIX.) Pairs
and larger incomplete sets of orthogonal squares (Graco- and hyper-Graco-Latin squares) also provide designs
for varietal trials supersedlng the so-called semi-Latin squares (3).

JAn orthogonal pair. of squares exists for all odd numbers, being formed of .two dlagonal " squares
(squares of the type of the 5X 5 squares I and IV). Such a pair also exists for all numbers which are multiples
of 4. The process of generation, which depends on the existence of orthogonal pairs of squares for factors of
the number, may be illustrated for a pair of {2 X 12 squares. Let a and o represent the 4 X4 squares I and 11,
B and B, and y and 'y , the same squares with 1, 2, 3, 4 replaced by s, 6, 7, 8 and 9, 10, ¥1, 12 respectively.
Then :

- p'
- g\-Q

R W R

p~<“u>

™R
L0 -
=
[N

™
<
TR TR

.

form an orthogonal pair of 12X 12 squares. The process will generate larger orthogonal sets if such sets
exist for both factors of the number. Thus there will be a'set of three squares of side 2o.
. v ’ S
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- ~ It has been shown that no orthogonal paur of 66 squares exists, but larger even numbers not dmsxble
by4 have not been investigated. :

.

e

. ~TABLES XVII To XIX. BALANCE‘D" INCOMPLETE BLOCKS

If » yarieties (or treatments) are to be compared in randomized blocks of k,expenmental units (& being

, less than #), block differences can be simply eliminated if the arrangement is such that every two varieties
oceur together i} the same number (/\) of blocks. If 7 is the number of replicates, and & the number of blocks,

- the number of experimental units is 7o(= 44), and A'= 7(A—1)/(v—1). Examples of experimental material

- and processes in which this type of arrangement, called dalanced incomplete blocks, is likely to be of use are:
litters of animials, monozygotic twins and other paired material, laboratory and technicological processes in
which the nature of the process or.the apparatus available imposes. a definite limit on the number of
treatments in a group, agricultural experiments on commercial farms when .each farm is only prepared -
to undertake a small number of trea.tments, and varietal frials mvolvmg a large number of vanetles (See

- also Yates (16).) - ,

Arrangements satisfying the reqmred conditions are clearly provided by taking all possible combinations
of the v varieties, %4 at a time, but if 2is at all large, the number of replicates required will be very large.
Arrangements involving fewer rephcates are therefore of importance.” Tables XVIII and XIX give mdexes,
by number of rephcatlons (#), and by number of units in a block (%) respectively, of the arrangements requiring
ten or less replications which are known to éxist; and of all anthmetlcally possible arrangements, the

“existence of which has not been disproved. In one or two cases such existence is definitely improbable.

The combinatorial solutions which are referred to by numbers are shown in Table XVII. _ Those involving
all combinatians are indicated by # (unreduced), and the two series derivable from sets of orthogonal squares

‘(described below) by o.s. ‘Cases not yet solved are indicated by a dash (—). When k>§v arrangements can
be obtained from arrangements for the same number of varieties in blocks of »—# units, by replacing each .
“ block by its complement, 7.e. by a block containing all the varieties missing from the orlgmal block.

) Some of the combinatorial solutions are derivable very simply by cyclic substitutions. In such’ cases one
block only for each family is glven in Table 17. In solution number 2, for example, the block aefg7 is given.
The contents of the other 10 blocks are obtained progressively by replacing each letter by the next in order,
with the convention that the last letter % is followed by a. Thus the blocks are aefgi, 8fghj, cghik, dhzja, etc.

For the dicyclic solutions a similar procedure holds. In solution number 5, for example, the 16 varieties’

. are represented by 4 letters in ‘combination with 4 suffices.” 'The 16 blocks are generated by performing the
cychc substitution on the letters (thus obtammg 4 blqcks) arrd then performing the cychc substitution on the
suffices of each of these 4 blocks. _

- One of the cyclic solutions, No. 29, and one of dlcychc solutlons No. 12, consists of two families, each
family being generated by a cyclic or dicyclic: 'substitution of the abave type.

» Two series of arrangements and their complements are derivable from complete sets of orthogonal Latin
squares (Table XVI). In the first, for p? varieties in p(p+1) blocks of p plots (r = p+1, A = 1), each of the
2? cells of the set of squares is taken to represent a variety, the blocks being determined by the rows, the
columns and the numbers of the p—1 squares. In the second, for p2+4p-}-1 varieties in 2*+p+1 blocks of
p—!—r plots (» =p+1, A= 1), p? of the varieties are divided as in the first arrangement, each of the p+r
“additional varieties being allotted to one of the g1 sets of blocks so formed, while the last block consists
entirely of these additional varieties. Thus the set of 4 X4 squares gives thé following arrangements for 16
“and 21 varieties (the latter including the bracketed varieties) :

"

abed (g) ‘aeim () afkp (s) agln () akjo (u) (g7stu)
efgh (9 - bfjn (r)  belo (5) bhkm()) bgip (w) -
ijkl (¢ cghko (7) ckin (s cejp O - cflm(w)

mnop(g) - dkilp (r) dgim(s) ~dfio () dekn(u)

¢ {
. .

The second of these series, at least up to 1o replications, may also be generated by the cyclic substitutions
shown in Table 2. 1. For convenience the varieties are here represented by numbers instead of letters.. The
first series may then be obtained from the second by deleting any set of varieties occurring in the same block.
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x TaBLE 2.1. Cycric SOLUTIONS FOR BALANCED INCOMPLETE BLOCKS

Problem. Modulus (v). ' Selected numbers. -
. 0.5.2 7 : 1,2,4 .
0.5.3 : A & . 1,24, 10
2 11 e ' 1,5, 67 79
0.5. 4 21 : 1 1, 4,5, 10, I2
0.5.5 : 3I , . , 1,2, 4, 11,15, 27
9 , 15 ‘ ' 1,2,3,56,9, 11
0.5.7 YA ,4,6 14, 15, 21, 33, 37 .
19 19 1,3, 56,7, 8 11, 14, 15
d 23 37 ' : I, 2, 4, 8, 18, 25, 26) 30, 36
0.s5.8 73 - 1,24, 8: 16’ 32, 37, 55, 64 '
0.5.9 91 I, 2,7 11, 24: 27, 35, 42, 54, 56

- LSIee ;\l/spxthe dicyclic solutlons in one family (No. 5), in two families (No. 13), and the cychc solutxon in two fam1l1es (No 29) of
abie - ) R . .. . - .

L

’ '

: Youden’s Squares SN

It has been shown (Youden 21) that when b=uvitis poss1ble at least in the cases of practlcal 1mportance,
S0 to aryange the order of the varieties in the blocks that each variety occurs once in each position in the block,
and it is thus possible to eliminate experimental differences between these p051t10ns, each of which compnses -
a complete replicativn. .

For example, experimental material consisting of 13 plants each with 4 correspondmg leaves may be
assigned to 13 treatments so that each treatment occurs once on each type of leaf. At the same time:
the 13 plants constitute randomized blocks of 4 treatments each, in which each treatment occurs on the same
plant once with every other treatment. Similarly avarietal trial of 13 varieties in blocks bf 4 may be arranged
on the ground in a 4 X 13 rectangle of plots so that both row and column dlﬂ'erences are eliminated from the
varietal comparisons.

In drawing up an actual experlmental arrangement- of this type the blocks' should be a551gned to the
plants (or arranged on the ground) at random, and the experlmenfal treatments (or var1et1es) should be 51m11arly
assigned to the letters. ' ‘

A cyclic or dicyclic substitution which gives an 1ncomplete block solution will also g1ve the correspondmg
Youden square, provided that each block is written in the order in which it is. generated. The complementary
Youden square solution may be obtained by performlng the same cychc substltutlon on the block Wthh is °
complementary to the given block. -

Cyclic solutions in two families provide an extension of Youden squares. In these the dlﬁ'erences corre-,
sponding to the positions in the blocks of each family may be ehmmated €89, degrees of freedom In solutlon )
No. 29 for 10 replicates of 41 varieties. .

Besides balanced incomplete blocks and Youden squares a number of dlfferent types of non—balanced
arrangement are also available, namely quasi-factorial arrangements, described in (25) and (26), lattice squares
(27), and partially balanced arrangements (28). The various types of arrangement are reviewed in (3) and
(29). The experimenter should acquaint. himself with their advantages and dlsadvantages before deciding”

which is most appropriate for his own needs.

Analysis of Balamed ]ncomplete Block Experiments

In the analy51s of incomplete block experiments the block differences may be eliminated entirely from
the varietal comparlsons (Yates, .16), or, as has been shown later (Yates, 23), the information contributed by
these comparisons may be combined with that provided by the intra-block comparisons, with weights dependmg
on the relative accuracy of the two sets of comiaarlsons (as estimated from the experimental results).

If the choice of blocks has been successful in substantially reducing the variability of the materlal then -,
the amount of information contributed by the inter-block comparisons will be small, but in the limiting case

when the inter-block and intra-block comparlsons are of equal accuracy, the fractlon of the total information

—i/k e 02, Wh1ch approaches

contained in the inter-block comparisons is given by the efficiency factor E = — /v

the value { when £ = 2 and v is large. : :

In general, therefore, it.is worth recovenng the inter-block information, except in small experlments ‘with
less than 10 degrees of freedom for blocks, in which the relative weights cannot be determined with sufficient
accuracy. If the method described below is followed the amount of additional computation, is not great.
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Sometimes the blocks may be arranged in groups so as to minimise the inter-block variance. Each such

' group must contain an equal number of replicates of each variety. In general it is not possible so to arrange

things that each group of blocks contains only a single replication. Such groups as are possible in the designs

. of Table XVII are indicated in the table itself. Within each group the arrangement of the blocks should be
at random. ' ) ' : , ot /

If ¥, be the sum of all the yields of variety s, 7', the sum of all the block totals of blocks containing variety

s, 7", the sum of all the remaining block totals, and G the total yield of all plots, the estimates of the varietal

* differences derived from the intra-block comparisons are obtained from the quantities
. . M A

e ‘.* ‘ ‘ ‘ L Qs": Va_Ts/ks . X . ) oo ’
*or, as is. more convenient when 2>}y, - : . - PR ' : ‘
e 0 Qe =V T R o
« ‘The actual diﬂ:ereﬁqeé in units of tbe total yield of the rfre:plica.tes are given by the differences of
o QJEarQJE, .

-~ «

.‘the sum of the first set being zero, and the second set G, , } V . . . .
“*  The error variance of these latter sets of quantities is 7/ Ew, where 1w is the intra-block error variance.
» ", The estimates of the varietal differences derived from the inter-block’ comparisons are similarly given by
the differences of = A R '
A S e T =N or £ T J(r—D), - -
N

[ v,

1h units of the tgital‘yiéld of 7 replicates. The error variance of these séts of quantities is k2 [(r—Nw’, where
1/’ is the error variance of the inter-blogk comparisons, in units of a single plot.. '
- The most efficient estimates of the varietal differences are given by the quantities

. Al
%

AL : : L o hl,‘ Y, = V,+pW, ,

‘where S Wo=(v—h) Vi—(o—1)T,+(:—1)G,

L, , ) . = wz:(k—fl)—l—w’(z_;—k)' RS

. The error va.riahce of the ¥'sis ) ' '

I L kr(v—1)

Yo s _\’, , L woE—1)+w (v—k) '

" The analysis of variance follows the lines shown in the accompanying table, in which dez? indicates the
'sum of squares of the deviations, y the individual yields and B"the block totals. If recovery of inter-block
information is not required then only the part (2) of the analysis of variance is required. There is ‘also no
need to subdivide  the sum of squares for blocks, ignoring varieties. The comparison of the mean square (z)
for varieties with intra-block error, gives an exact test of significance for the intra-block estimates.™

' Method@. - | DF ‘ |SS @ SS @ Method (b).
Blocks (ignbring vafieti.és) - o - Blocks (eliminating varieties) :
) ) s R /s _ : :
Varietal t ' dev T dev” W Varietal component - . -
arie c?mponen : . v—1 =N roo—8) G—1) P .
" Remainder ; - . . . b—v o > % Remainder
: ' v . ' dev® B*
Total . . . b—r1 . d % T . Total
e ] L N Y/ zik dev?® e . . =
Varieties (eliminating blocks) E e 20_2;52 wf - Varieties (ignoring blocks)
Intra-block error : - e .| ro—v—b+1 | - ¢ > ¥ Intra-block error .-
Tbtal .. . - ro—1 dev? y* <« dev® y*. | Total
- Req.uires checking. : I ot + Calculated by.addition or subtraction.

& -
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If the mean square for intra-block error is 4 and the mean square (b) for the b—1 degrees of freedom

for blocks, eliminating varieties, is #/", 2 and %" are estimated from the equatrons S : .
. I _ o(r—1) :
w = .I,—["’ w'

Mo~ ——RH

L3
»

| If M” is less than M ' may ordinarily be ta.ken as equal to . : ' - e e

If the structure of the design is such that the blocks fall into » groups, éach conta.unng a smgle rephcatlon
of all the varieties (as in solutions Nos. 6, 7 and 235), and each of these groups of blocks is itself arranged in,
a large block, then the sum of squares corresponding to the 7—1 degrees of freedom for complete: rephcanons
must be eliminated from the sums of squares for blocks. - The formula for =o' wﬂl then become.

. . . r—I ‘ e ) ‘ ‘ r R [ N s

' L M- u vl R T

In. the more general caSe in which there are [ such groups of blocks each conta.mmg r/'z rephcatxons\,
we have ' - ;

: : P © r—r)—k(c—r)

. ""," k(b—c)M'—(v—k)M R N S
~In the case of a Youden square ‘the'sum of squares corresponding to the k—r degrees of freedom fdr the
% series (representmg leaf posmon etc) must be elumnated from the intra-block error. 7
Example 8 A

"Table 3 shows the scores of 18 litters oOf 4 rats in a dlscrumnatron test, the values shown belng the
square roots of the number of trials prior to 12 consecutive successful trials (the data are a random selection’
from scores published by F. A. E. Crew (10)).. A dummy trial of g treatments (e.g. dietary treatments) m
blocks of 4, corresponding to litters, is supenmposed on these scores. (DeSIgn 11 of Table XVII, r =38,
v=09,%k=4,5=18, A=3.) AU ' ' T, , . S ‘\;_:

. TABLE 3. SCORES OF 18 LiTTERS OF Rats Sl
f 26 f 59 a 70 i 24 i §o dior1’ 539 _kg4o 6 228 -
do7 g2z6 f46 d 40 k74 - a 97 dgi1 _f61 . f226

L c54 159  i49 g3o er03 f 57 e64.  gas e28
e 69 663 ¢33 f24 c 94 kT5 163 €33 £33

) 24-6;V 207 19-8 18 321 330 . 207 1}'8‘ . Irs
bs7 ' .ba7 azo crs o eczy t izo _.dgs o gre b3
k93 g£66 k14 g2z a 52 g 26 b 6-0 €49 . €54
€54 z5s ig2. e 26 dz2g 247  £46 déo - f57
761 k53 d28 a44 b2q , € 2°4 ¢33 246 - as4
26-5 22°1, 114 1627 137 1207 184 ‘38"1 228

Grand ’¥ otal : 354-4.

Mean : _4'95.

‘Table 4 shows the values of V T 4Q and- W for'the mne treatments a-i.

shown in Table 5.
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. "TABLE 4. CALCULATION OF.ADJUSTED SCORES IN DISCRIMINATION TEST

,. R v 4Q . \V . Y .
v. T | =aVer | OEHG | v sT436. | =viuw. -
a .| 439 1522 | +334 | 463 +65°1 457 .
& 39t | .156'4° o 177294 +7°5 39°3
. ; | 41:3 169°6 —44 | . 381 —87-1 389
,, 436 1se7 4227 | 4601 +67:6 45'4
S 2 437 159°2 —+7:6 . 41°6 . —1'9 . 41°6
S 35'6 1620 || —19'6 A 33-6.1 —54'8 341
Y 4 28:6 1383 |  —239 323" +99°8 313
- A 42°8 - 172°5 —1°3 "39°0 —102'8 40'0
i 378 | . 1557 —4'5 '38-0 +6:6. _ 380
L 3544 | 141767 o | 3544 . o, 3543
Divisor .« 8 45 4%8-27/32 8953 '
- F- .| =20 " =108 = 1080
TABLE §. ANALYSIS OF VARIANCE, DISCRIMINATION TEST
. . ,‘D_.F." S.S. (a). " 8.S. (b). M.S.
Blocks : : - "
~ Varietal component ~ 8 | 414684 |- 3770634 46329 (4)
‘ Rem?.mder L {- 9 1382011 138-2011 | 153557
R To'tal g . 17 i79-6695 ,.' 1752645 Ip':3097 &
'Va.rieties_ . .8 | 19-6044 | 240094 - | 2°4506 (2)
Error . .. - 46 | 11974506 | 119°4506 25968 .
| Total . 71 _318~'f245 | 3187245 —
From the ;‘eéults‘ of the analysis of }varia.nc'é we" obtain
: Co I ‘ T - 63 -
- B ~ — — . 8 , ’ C— w8
S k w: 25968 o3 731 w_- 68 X 10° 3097 — 5><2 5968 = 00916
SR . . 0°3851—0"0916 _ 0°2935" 00270
- E= 27X0°385145X0" 0916 . 10°8557 - 04 o

The ﬁnal adjusted scores in terms of the total scores of elght rats are glven in the last column of Table 4. The
- standard error of these scores is . AR

. . - 256 - -'\
v - ':\/108557_‘/2358 486

The scores based on intra-block information only (which are equal to Q/E +3G) are also shown in Table 4..
Their statndard errors are

» | V@Bx2 5968><27/32)—\/24 62 = 4796
Thus the gain in information from the recovery of the inter-block information is 24 62/2 3'58—1 or 44 per
cent. (excludmg losses due to inaccuracy of welghtmg) The gain is here trivial, but if inter-litter and intra-
litter comparisons had been of equal accuracy, the gain would have been 18-5 per cent.

The litter totals can be adjusted to allow for the effects of the treatments by deducting one-eighth the-
scores based on intra-litter differences only of each of the four treatments contained in the litter concerned.
from the total of that litter (adding four times the general mean if desired).” Thus the adjusted total of the:
first litter is 24°6—4-20—5- 76—4°76—5- 2044 X 4°92 = 24~ 36. ‘ ' .

i . [ ] ’ ’ .

TABLES XX AND XXI. ORDINAL (OR RANKED) DATA |

It is often necessary to draw statistical conclusions from data giving the order of a number of magnitudes
without knowledge of their quantitative values. Thus in tests of psychological preference subjects can often.
express preferences, without being able to assign numerical values to the force with which the preference is
felt. Not mfrequently, also, an experimenter who possesses quantitative values may suspect thaf the metric
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used is unsuitable to the comparisons he wishes to make, and prefer to draw conclusmns only from the order
of the magnitudes observed.

The analysis of such data is greatly fac1l1tated by Table XX which gives the average dev1ate of the rth
largest of samples of » observat1ons drawn from a normal dlstnbutlon having unit variance. Symbohcally
this comes to . . ' .

: n—r r-1 d ’ . : o
f(r—r)!(n A "_,x“ SR B
where z is the ordinate of the norrnal curve, and p and-g are the probab1ht1es respectlvely of fa.llmg short of
and exceeding x. ’

* From the order in which any subject places a series of ob]ects scores may now be a551gned W1th a number E
of different subjects, the experimenter is then in a position to test, for example, whether the scores. assigned i
to any one object significantly exceed those a551gned to another ;  or, more generally, to apply an analysis of
variance to determine whether the variance in score among objects exceeds the remainder due to differences .
in the order chosen by different subjects. More elaborate analyses afford tests of differentiation in preference
between classes of subjects of different sex or age. The labour of surnming the squares of 1nd1v1dual scores .
is saved by usmg the sums of squares given in Table XXI.

. The scoring of ties causes little difficulty. If, for example, the fifth and s1xth objects out of 13 are Judged
to be equal, instead of scoring one -39 and the other - 19, each is given the same score - 29. ~ In such cases the
sum of squares needs adjustment. When only two ob]ects are ]udged to be equal it is easy to see that the-
reduction is (- 39—:19)? = - 02, so that the sum of squares is 10* 7904 1n place of 1o 8104 shown by the tabIe

TABLE XXII. THE LEADING DIFFERENCES OF POWERS OF NATURAL’ NUMBERS :
The table gives values of A o?/rl, where A7o® denotes the leading th difference of the sth powers of the
natural numbers commencing at zero. Its apphcanon to combmatona.l problems arises from the 1dent1ty
’ 470* — s ‘ - '
E :/r(l’1')"1‘”1'(?2')"’"2! k
where (p,™ p,™ . . .) is a partition of the number s into # parts, 7.c." e
Z7p =s,’ Zr=r. | Lo L e
. : o . RN
The partitional function on the right represents the number of ways of dividing s persons 1nto the r part1es '
specified by the partltlon The summation proceeds over all partitions of s into # parts, .+ .* e
Hence 4%0%/7 | is the number of ways of dividing s persons into 7 partles of all possible sizes. For example, :
' w1th s=4,r =2, the ‘table gives 7 ways, which are in fact, s

" (ab)(cd), (ac)(8d), (ad)(be), (abe)(d), (aM)(f), (atd)(b), (hd)(a) | -

If s objects are equally likely to fall into any of # classes, the probablhty that they will fall 1nto exactly
r of the possible # classes can be shown to be ' . .

1 nl. ATt E S .

n' (=)t 7l )

Hence the distribution of # can be derived from. the table. Thus the table 'is useful for testing whether
objects fall together jn classes too often or too rarely For practlcal apphca.txons 'see Stevens (12), (1 3)

¥ 1.':r.
SRS , .o

. R . Example 9

In the expressmn for it may be noticed that in the first zo decimal places all digits save zero occur at
least once. Zero is the only digit absent. It is not obvlous how frequently o, 1, 2, . . . ‘absent digits would
be found in a series chosen at random. : ’

Putting s = 20, n = IO, 7 = g in the’ expressmn shown we find YL,

10!
: -y X T20T° 13X 1010
‘ ‘ ‘,IO
= 36288 X- 120113 = *4359.

Hence in 4 359 per cent. of trials we should expect exactly one absent digit ; snmlarly we should expect
no digit absent in 21-47 per cent. of such trials ; consequently two or more dlgltS will be absent in the remam-
ing 34'94 per cent. The absence of one digit out of 10 is the commonest event in such trials.’

-

The table may be extended by using the recurrence relation
Art los;l-l CoATH1ge 470t
= (r + 1) —— +—.
(r+ 1)! ( +1)! 7!
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'~This equation may be written =~ - .1r+1gs+1 zl'(l—{-x)o‘ _ 4t
- ' (r+1)1 - - Tl

showin g that the entries. denved from powers of natural numbers commencmg at umty, may be read from this
same table, thh r and s both increased by one. '

+

‘ TABLE XXIIIL ORTHOGQNAL POLYNOMIALS e
If a polynoh‘ual regressron line _ 7 "
Y= a+béxtext+de+ . . .

is to be fitted 1o a senes of n’ observat:ons at equal intervals of «x, we ma) conveniently fit instead the
equrvalent lme .

e A+B§1+C£3+D£3+

where §1, 52, &G o .. are orthogonal polynomlals of degreer, 2,3 . (A y and §; = x~—x). A method

of deterrmmng the coefficients by successive addition, and also of ca.lculatmg the polynomial values by the

- same process, is given in Statistical Metkods. 1f the numerical values of the £’s (or multiples £* = A¢ of them)

. are known for each value of x an alternative procedure (set out below) is available. Table XXIII shows these

- numerical values for all ¢-from ¢'; to £, and all #’ from 3 to 52." In each case the smallest value of Ais

chosen which gives integral values to ¢. This value is shown at the foot of the correspondrng column, and is

the coefficient of the highest power of x in ¢. The sum of',squares of each set of f"s is also shown Above
n = 8 only the values for posrtlve x—x are given.

The coefficient of each’ ¢’ in the regression equation is found by ca.lculatmg the, sum of the products of the

observed values y and the corresponding values of ¢, and drvxdtng by the sum of squares of § Thus the

coefficient of §gis : o . o
. - Co o 8 S(y¢,) ‘)
L S L = =
Lo o f B \ ‘ S(¢ 2) L _’ .
The correspondmg sum’ of squares in the ana.lysrs of variance is’ o , ‘ :
k T P . -

- - SEd L | -
and the estrmated standard error of C’ is s/v/S(¢,9) S(g ) o .

If any or all of the values of ¥ corresponding to the 7’ observations are required they may be calculated
d1rectly from the values of the coefficients and the £"’s, using the equatlon . :

Y = A—[—B’ 1+C €+ D' ¢ 3+"'

\Th15 procedure is partlcularly useful when only a few values are requlred :

If the regressron equation is required in terms of powers of x the formule for the ¢'s in terms of powers
of x given m Stalzslzml Metﬁoa's, or the recurrence formula . o "
7%(n'2—12?)

- . . \‘ §’+1 — glff —(—272—)

\

fr 1

(fo = 1) may be used, together with ¢ = )«5 Alternatively the coefficients of the powers of x in each ¢
'may be deduced from the tabulated values of the £’s, as illustrated in the example below (remembering that
the even £’s contain only even powers of x, and the odd ¢s odd powers of x).

The relative advantages of the above method and the alternative process of successive addition.depend
on the computing facilities available, but with a good multiplying machine, and no prmtrng adding machine,
-the use of the s will be found to be decidedly more expeditious, especially when #” is small. If polynomials
of the fourth or fifth degree are to be fitted the sums and differences of the pairs of observations (commencing
from the centre) should be tabulated, thereby halving the number of multiplications. At the same time the
values may frequently be reduced in magmtude by the deduction of a constant amount, and if necessary by
rounding off. If polynomials have to be fitted to a number of sets of observations with the same #’ it is worth
_tabulating ¢,+4 ¢34-£'s and ¢ 2+§4, and usmg the checks Sy(¢,+ &5+ ¢ = Sy &, +Syés+Sy ¢ and |
Sy(f 21§ = Sy£z+Sy£4 ‘ |
‘ . - Example 10 .
» Table 6 shows the yields (bushe].s per acre) of plots 9 and 7 of Broadbalk wheat Yield for the 30 years
1855-1884.. The only difference in manurial treatment was that plot 9 received nitrate of soda and 7 an
equlvalent quantity . of nitrogen as sulphate of ammonia. Investigate the slow changes in the difference’
between the two plots by fitting a polynomial of the fifth degree. (This example is discussed in Statistical

Metkods, Sectlons 26 and 28-1. The values there given have been rounded off to one decimal place.)
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TA;;LE 6

r Nact] o SIS A bl B 7 v Fymet| o 2
1855 | 296 | 330 | —34 | 1865 | 44’1 | 402 | 39 | 1875 | 305 | 266.] -39
1856 | 324 | 369 | —4'5° | 1866 | 325 | 299 | ‘4206 | 1876 | 333 | 255 +7-8
1857 | 438 | 448 | —ro | 1867 | 291 |s2zz | 469 | 1877 | 40r | 191 | Foro
1858 | 3776 | 389 | —13 | 1868 | 478 | 392 +86 | 1878 | 372 | 322.| +50-|

{ 1859 | 300 | 347 | —4'7 | 1869 | 390 | 282 | Fr108 | 1879 |'2r9 | 172 |- 447 |
L1860 | 3226 | 27°7 | -F4'9 | 1870l | 455 | 414 +41 | 1880 | 3417| 34:3.| @ —2
1861 | 338 | 349 | —r1 1871. | 344 | 2272 |, 12'1 | 1881 354 | 26°% +9°3
1862 | 434 | 359 | +75 | 1872 | 407 | 291 | 4ir6 | 1882 | 318 | 348 | —3o0
1863 | 556 (.537 | +19 | 1873 | 358 | 228 | +130 | 1883 | 434 | 363 | +71
1864 | 511 | 458 | +53 | 1874 | 382 | 396 —14 | 1884 | 40'4.| 378 | +2'6

The computations are given in Table 7.
values, working outwards from the centre pair.

“Thus

and last fifteen of the original values.

+14°9 = —|—4°1+108and —67 —+4 1—108 ,
The totals of the sums and the differences check against the sum and dzﬂ'erence of the totals of the ﬁrst ﬁfteen

4

!

The first step is to form the sums and dlﬂ'erences of ‘pairs of

O “zr

s %

ot TABLE 7
’ ‘ corr ESNE
Sums of Prodt_lcts. . ’

Years, Sum. Difference. i e . _ v.‘r, :

' Term. .ng’yt ‘ ggfg‘;ﬂx‘:ﬁ §um‘ of Squax?es.;i:.‘.‘
70, ’69 +149 —67 3 +1191:6 || 01325473 157°9434 - |-
71,68 | *+207 +35 2. —8ggo'0 |- —or02976190 2675595 " -
’72, ’67 4185 +4:7 3 —8772°2 —Qa0°%4105789 - 36026
3,66 +156 +10°4 4 +148509-0 '—I—o 0%4044817 6-0069
’74,°65 +2'5 =53 5 " 724004 +o-0%3374157 , 2°4429°
’ ’ —
75, 64 +9z | —14 .
’76, ’63 . to7 +5°'9- '
’77, 62 +285 - 35
78, 261 +39 +6-1 Analysis of Variance,
’79, '60 +9'6 —o:2 : ,
80, ’ 5.9 —4'9 ’ _|_4 5 - ) ‘I%igezg‘:";.f_ Sum of Squares. Mean S.qua.re.
81, '58 +80 +10°6 -
82, 57 —40 —2:0 . - '
’83; ’56 +2:6 B O ) yPolynomial terms 437°55. 8751
’84, ’55 —0-8 - +6-0 |*Remainder 579'44 - 24°14

+t34-o " 4612 Total =~ . 101699
446 Ty

, The sums of products with the & values are next calculated and at the same time the regression -
. “coefficients and the sum of squares accounted for by each term. The sums of products may be checked by
direct recalculation or by the method described above.

r4

giving the residual mean square of 24-14.
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Finally the analysis of variance can be completed,
It will be seen the first two terms account for a substa.nt1a1 part

The total sum of squares of the “deviations from the mean, 1016-9g,
can be calculated from the sums and differences, a.nd as a check, from the ongmal\ralues, at the same tlme .
as these totals are obtained. =

© - R



of the va.natxon but the mean squares of the remaining three terms are all below the residual mean square.
Thus a parabola adequately describes the slow changes.
The equation of the parabola is

. : : - Y=g 46670713255 ¢,—o 029762 &€ . . . « . (r)“"

Wthh can be converted mto an equation in z, if this. is reqmred by substitution for ¢'; and ¢,.
If x xs measured from the centre pomt of the series ¢'; = 2x and g = 3y + C‘ the coefficients 2 and 3 of
‘ 2 2

the hxghest pow%rs of x being given in Table XXIII - Further, since &3 = 112 when x = ~+3%, we have’
unmedrately C = —112375. : .
Alternatrvely the recurrence formula. gives

- s 2.8
v o fz——fg"— [fl f;'—l 99

This 'gives the equatidn ‘

N R

: L Y = 7811240 265mx—o o44643x’ RN . . .- .b (2) .
' The va.lue of Y for any glven year can "be calculated from (r) Thus for the year 1855

| PR Y= 4'4667+o 13255 (—29) —or 029762 (+203) = —5-4189.
' Sumlarly for the year 1884 the value is J-2-26g0. Equatlon (2) will, of course, give the same values.
The parabola has a maximum at x = +2-969, 7.¢. at the date 1872 469, Y then having the value ~}-8-2048.
The improvement of plot g relative to plot 7 therefore appears to have reached a climax at about this date,
_there being some evidence of a reduction in the difference subsequently.
~ As afurther exercise polynomlals may be fitted to the yields of the two plots separately The difference of
ithese two polynonuals clearly grves the polynomlal already deterrmned . :
’ C
TABLE' XXIV CALCULATION OF INTEGRALS FROM EQUALLY SPACED ORDINATES

. The table supphes data useful for the mechanical mtegratlon of functions calculated at not very closely
spaced ordinates. 'Its use may be illustrated by the series of reciprocals of numbers from 15 to 19. In this
case the mtegral is known to be log, 19/15, or -23638,87780,66 ; the average ordinate over the four units in
- the panel is, therefore, -05909,71945,16. = An accurate. calculation‘can be obtained from the series of
_reciprocals and their even dlﬂerences. Taking enough to use the elghth dlﬂ'erence, these are as follows to ten

places of decmals — - :

o hd

: : . S PN Differences.
Number. ‘ L Reciprocal. : — : ' -

‘ B CoL "~ 2nd. , " 4th, ' 6th. 8th.
13 -  ro7692,30769 . | T - oo

14 - - t07142,85714 - 73,26008 ' ) 1 .
15 |, -06666,66667 - | . 59,52380 3,23209 \
16 »06250,00000 - 49,01961 |- _ 2,33426 .28353
7 +05882,35294 49,84968 1,71996 18438 v 3745
2 0555555556 i 34,39971 © 1,20004 12268

19 , . "05263,15789 . 29,23978 - . 98280 \
20 . . . *05000,00000 25,06265 ' '

21 ' +04761,90476 - '

>

Using the coeﬁic1ents for 4 sub-panels in the- table for central ordinate and even differences, the successive
approxunatlons obtained are as follows :— S '

Correctioh. -t . Value. Error.
No diﬁ’e;e_nce : ' -65882,35294,00 ‘—27,36651,i6»
2nd . ) ’ +e7723312 oo '05909)58606:°° ) . _13339116
4th ., - 1337747 *05909,71983,47 +38,31
6th ,, - | —39,02 *05909,71944,45 =71
8h ,, .- +-86 *05909,71945,31 +15 -
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To show the adequacy of the adjustments two additional ﬁgures have been retained. The evaluatlon 1s ”
satisfactory using only 6th differences, although the 8th difference is a four-figure number. ° _

The formulz using integral multipliers in the ﬁrst part of the table (4 sub-panels) glve exactly eqmvalent
\alues to the use of 4th and 6th drfferences

TABLEs XXV 1o XXXII AND XXXIV. ,LOGARITHMS TRIGONOMETRICAL FUNCTIONS Erc

. These tables comprise the standard functions that are likely to be required by the statistician. Five- -
figure accuracy has been adopted in most of the tables, since four-figure tables are already sufficiently plentlful
and five figures bndge the gap between the slide-rule (roughly three-figure accuracy) and seven-ﬁgure standard
tables.

. In addition to the ordmary table of logarithms to base 10 of numbers 1-00 to 9-99 (T able XXV) four
pages of natural logarithms (log, 1-0o0—log, 99-9) are included (Table XXVI). This table will prove useful
to those who find it convenient to work with natural loganthms Exact squares of all three-ﬁgure numbers
(Table XXVII) will enable an occasional analysis of variance to be performed without a machine.” Square
rxoots (Table XXVIII) are so tabulated that the square roots of each three-figure number and of ten times
that number appear together. This facilitates reference to the table, and serves as a reminder of the necessity
of considering the position of the decimal pomt before taking out a square root. Reciprocals (Table XXIX)
are given to six figures, since interpolation is not likely to be requlred in this table when a machine is avail- -
able, and the additional figure is useful when division is being perfonned on a machine by means of reciprocals.

Table XXX gives the factorials of the numbers 1-300 to six srgmﬁcant figures, and their logarithms to

seven decimal places. Of the trigonometrical functions only natural sines: (Table XXXI) and.tangents
(Table XXXII) have been included. By tabulating (9go°—#) tan 8 instead of tan 8 for values of 0 greater than
60° five-figure accuracy of interpolated values is assured, even for high angles B

In Table XXXIV will be found a cellection of constants, conversion factors, etc.. Only the Enghsh
American and metric systems of weights and measures have been included, ‘the more uncommon measures -
of these systems being given in their most easily remembered forms.

The tabulation of the above tables to 5 and 6 figure accuracy does not preclude the1r use to four-ﬁgure
accuracy only when the circumstances warrant it. For this purpose they will be found little slower than the
ordinary four-figure tables, since the amount of page ‘turning is the same. When using logarithms to four-
figure accuracy it will frequently be found most expeditious, as well as slightly more accurate, to retain § ﬁgures
in the logarlthrmc calculations, without makmg any attempt to interpolate to more than four-figure accuracy. .
General instructions for interpolation are given in the last sectron of the Introductlon

.
2

TABLE XXXIII RANDOM NUMBERS

This table contains 750 two-ﬁgure random numbers arranged on six pages. The method of construction
of the table, and the tests made on it, are described in the first edition. Methods of using the table may best
be made clear by a couple of examples. “

Example 11. Required to select a series of numbers at random from the numbers 1-16.

The sxmplest way of domg this is to select a row, column or dJagonal of two-ﬁgure numbers (such selection
being made without previous inspection of the numbers themselves), and plck out all numbers between 1 and
16 as they occur. With a number like 16, however, such a procedure js tedious and wasteful of numbers.
As an alternative we may divide each two-figure number by 16 and take the remainder (o counting as 16). -
It is clear that to give all numbers an equal chance of selection the numbers 97, 98, g9 and oo must be rejected.
A modification of this process, which somewhat lightens the arithmetic, is to use the divisor 2o mstead of 16,
re)ectmg any number wh1ch gives oo, 17, 18 or 19. Thus 73 would be read as 13.

Example 12, Requrred to arrange 16 treatments, numbered 1-16, in random order.

We may start by selecting a series of numbers between x and 16 by one of the methods of the last example,
rejecting any number if it occurs a second“time. After half the numbers have been selected, however; the
process becomes tedious, since the rejections become more numerous, on the average, than the selections.
This difficulty may be overcome by choosing the first number by making a selection between 1 and 16, the
second by making a selection between 1 and 15, the third by making a selection betvs;een 1 and 14, and so on,
the actual number selected at each stage being taken to indicate (by counting from one end of the series) which
of the numbers still remaining is to be chosen. This operation can easrly be performed by writing down all
the numbers (or other symbols) in order and striking out each as it is selected Thus, taking the fourteenth
column of two-figure numbers on page Iv, Wthh reads ~ -

82, o5, 39, 58, 55, 66, 53, 16, 89, 56, 16, 70, 70, 07, 37,
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“we obtain on dividing successively by 16, 15, 14, 13 . . . the following series of remainders

. 2, 5’ 2) 6’ 7’ Il, 3) 7, I’ 7’ 4’ 5; 2) l’ I. ,
We therefore select the second, fifth, second, etc., numbers of .all numbers still unselected. This gives

2"6’ 3’ 9’ II’ 16, 5, 13) I, ls, Io’ 14’ 7, '4, 87 12.

Various combinations of the above methods can also be used. An excellent way of proceeding in
Example 12 is tagnselect the first 7 treatments by selecting a number between 1 and 16 by dividing by 20, as
suggested in Example 11, rejecting any number which occurs a second time, afterwards completing the selection
by division of the subsequent two-figure numbers by: decrea.smg divisors according to the method just given.
Using this process on the numbers printed above we obtain as the first 7 treatments

2, 5, 10, 18 (rejected), 15, 6, 13, 16.

'Dms1on of the subseQuent numbers by 9, 8, 7, etc., gives the senes 8, 8, 2, etc so that the corresponding
treatments are the eighth, eighth, second, etc., of those remaining, s.e. 12, 14, 3, etc

INTERPOLATION

‘ Many of the tables are provided with spec1a.l aids to rapid interpolation, such as proportional parts, mean
différences, and tabular differences printed in the tables. In other cases linear interpolation is generally
sufficient. Thus if the table gwes values for #, anld #4,, and- the value is required for #2409, We may take

w = 0u=+1+¢um

“where ¢ stands for’ 1—0 T’hls form 15 convement for machine work mentally 1t is often quieker to use the
drﬁ'erences between the ta.bular values and calculate R
. / 4 B '
- 4 = ”:+9(”z+1"‘”z) .

Modemn work, especrally that of Jordan (2o) and Aitken (18), (19), has much facilitated the use of interpola-
tion, w1thout the aid of differences, in cases for which linear interpolation is thought not to be sufficiently
accurate. A very useful improvement on the linear interpolate, based on four instead of two adjacent tabular
values, is obtained by supplementing the linear interpolate from the two nearest entnes by that from the next
two Whlch enclose them. This latter is” !

7 = H{( +9)”z+z+(l + )z} -

Curvature of the entnes is shown by «’ differing from #”, the error of the former being generally of the
same sign as that of the latter, though smaller. To complete the adjustment calculate the product 64, and use

- . o : u = }{(z2-+04)u’—0du "}
which is the correct 4-pomt interpolate, obtained without the use of differences. .

. An the tables in which mean, proportional parts are given for each line of the table, only the proportlonal

parts for 1 to § units are included, instead of, as is customary in tables of this type, for 1 to ¢ units, it being

“intended that subtraction from the next higher tabular value should be used when interpolating for fractions
above o-5. The exact procedure will be clear from the examples below. The advantages of this innovation
are two-fold : firstly the differences which have to be dealt fith are smaller, thus facilitating the arithmetic
(which should be done mentally), and secondly the €rrors: ansmg from the use of mean proportional parts for
the whole of each line are reduced.

The actual tables in which thlS type of arrangement has been adopted, for the whole or the greater part
of the table, comprise : II (ordinates of the normal distribution), IX (probits), XXV and XXVI (logarithms},
XXVIII (square roots), XXXI (sines), and XXXII (tangents). In tables XXV and XXVI (logarithms) the
common practice is followed of tabulating the values for the numbers 10-19 on zo lines instead of 10, so that
five values instead of ten occur on each line, thus reducing the range covered by each set of mean proportional
parts (which are here changing rather rapidly) to five units of the interval of tabulation.

In Table XXIX (reciprocals) mean differences of consecutive tabular values, instead of mean proportional
patts, are given for each line of the table (thus allowing space for the tabulation of six: ﬁgures instead of five).
These mean differences correspond to ten times the mean proportional parts for 1 unit given in the other
tables. . This course has also been followed for Table VII (transformation of 7 to z).

In those parts of Table X1 (probits) and Table XXIX (reciprocals) where the first differences are changing
.so rapidly that the mean proportlonal parts or mean differences are too inaccurate to be of value, the actual -
first differences between each tabular value and the next are given.

In Table XXVII (squares) no differences are glven Squares of four-figure numbers may be easily denved
by the use of the expansion of (¢4-8)?, as indicated in the note below the table.

- In all the above tables, except the last two' lines of the table of probits and the first 2o lines (rro-2° 9) of the
table of reciprocals, linear interpolation will give results accurate to one unit in the last tabulated place. The
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use of mean proportional parts or mean differences will, of course, give errors grea.ter than thls in those parts
of the tables where the differences are changing rapidly. The actual magnitude of the error may be assessed
by seeing how rapidly the proportional parts are changing from line to line, as illustrated in example 13 below.
The mean proportional parts should therefore be used with dlscretlon when full tabular accuracy is reqmred

Example 13 -

Find the natural logarithm of 11-06. We have log, 11°1 = 2- 40695 The proportlona.l part for 4is
357. Thus log, 1106 = 2:40338. The true value = 2- 40333,5, the dlscrepancy being due to the use of the -
mean propomonal part instead of the correct proportional part, which is o4 (2-40695—2-39790), ¢.e. 362." As '
will be seen by inspection the proportional parts are here’ changing rather rapidly. A closer approximation -
would have been obtained by taking this change into account, interpolating roughly in the required column “
of proportional parts, 7.e. between 357 and 374. '

Example 14 L : N .
Find the squa.re root of 29-426. The square root of 294 is 5° 4222 a.nd since 26 — 3—0 4 the requ;red
proportlonal part is 28—3 7 or 24, ngg the value 5-4246. (True value = 5-42457.)

Example 15 :

Find the angle whose tangent is o-79134. The nearest tabular value, o 792 59,.1s that for’ 38° 24 . The |
dxﬁ'erence is —125. To the nearest minute, therefore, the angle is 38° 21’, a closer. apprommatlon bemg )
38° 21-4’. (True value = 38° 21-36".) : .

i , Example 16 R |
. Find the angle whose tangent is 2-82. Ordinary inverse mterpolatlon 1s here 1mp0551b1e since (go —0) .
tan @ is tabulated, but any apprommatlon may be rapidly 1mproved by dividing the tabular value by the
given tangent, and subtracting from go°. First find a rough approximation by mterpolatlon in the auxiliary
marginal table of tangents. "This gives a value between 70-4° and 70-5° 7.. between 70° 24" and 70° 30".

We then obtain . - o
1 ) - )
Tabular Value Plus Original A
Angle. (). x[2-82. “Angl A
704 55°043 195188 899188
70°§ 55-066 19°52 76 : 90° 0270

The second coluymn gives the tabular values from the table, the third is the result of dividing these by the given
Subtracting either of these from go°® gives a better approximation.

tangent 2-82.

the fourth column, which is the sum of these quotients and the original angles. -

For full accuracy we use

Inverse linear interpblation

between the last two values for the value 90 will now give the requlred angle, namely 70°4750, f.e. 70° 28 50",
(True value = 70° 28-499’.) , .

-

TABLE VIIII

ADDENDUM

The values tabulated for “1g5 and, over”’ are correct for 1 5, they differ appreciably from the
limiting value for e@—w, 7e. p+ L (x®+2) (1—2p), for “a or fewer”

1 —p —3(x2+2) (1—2p), for *“ a or more”.
of significance chosen;

for example x=1- 96 at P=oro025.

adequate for large samples when full accuracy in the expectatlon is not required?

.25

and

its

complement,

Here x is the normal devia.te appropriate to the level
The values tabulated, however

are



10.
I
‘12,

13.-
14.
15.

16.
17.

18.

19.
20.
21.

22.
23.

24.
25.

26.

27.
28.
29.

30.

.-

. R.“A. FISHER (i94z)
. F. YAaTES (1937)

C. I BLIss (1935) ..

. C. 1. BLiss (1935)

C. I. BL1ss (1935) -

. C. I. BL1ss (1937)

W. G. Cocn,mﬁ (1938)

(1935)
F. A. E. CREW (1932) .

R. A. FISHER and F. YATES (1934)

W. L. STEVENS (1937)
W. L. STEVENS (1937)
F. YATES (1934)
F. YATES (1936)

F. YATES (1936)
F. YATES (1937)

A. C. AITKEN (1932) .

A, C. A1TREN, G. J. LIDSTONE,

and J. WISHART (1932)
C. JorRDAN (1932)

W. J. YOUDEN (1937) .

H. W. NORTON (1939)
F. YATES (1940)

W. L. STEVENS (194;)
F. YATES (1939)

G. M. Cox, R. C. ECKHARDT and

W. G. COCHRANX (1940)
F. YATES (1940)

R. C. BosE and K. R. NAIR(1939)

F. YATES (1940)

R.'A. FISHER (1921) .

. R. A. FISHER (1941) . " .

. C. G. CoLCORD and L, S. DEMING
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TABLE I. THE NORMAL DISTRIBUTION

P *00 ‘c1 . o2 ‘03 . *04 . ‘05 -06‘ : -o7.' v08 09

‘0 o 2575829 2326348 2-170090 2'053749 1'959964 1-880794 1-81191I I-750686 1'695‘3.98.' '
“1 | 1644854 1598193 I1°554774 I°514102 I°475791 1"439521 I'405072 I°372204 .I'340755 I-310579
.»2 | 1281552 1°253565 1-226528 1-200359 1°174987 - I'130349 1126391 1°103063 1:080319 I1-058I22

"3 | 1036433 101522z ‘994458 ‘974114 ,*954165 934589 -915365 -896473 877896 839617 . -
4| -841621. -823894 -8ob421 -789192 -772193 “755415  -738347 -722479 ‘-706303 ~69o3o9 -,
*5|. *674490 -658838 -643345 628006 -612813 *597760 582841 -568051 -553385 '538836
*6 | -524401 -510073 -495850 481727 467699 “453762  *439913 426148 412463 -398855 °
7| °385320 -371856 -358459 . -345125 331853 "318639 -305481 -292375 279319 -2663Tr
-8 ©253347 1-240426 *227545 214702 201893 189118 176374 . -163658 <150969 ' -138304
‘9 *125661 +113039 °100434 ‘087845 ‘075270 - *062707 -o050154 037608 -025069 -or2533 '
. . . ool *000,1 *000,0I " *000,00I _-4060,0-00',17 -oqo,éoo,QI fpogdop,o§1

x . . - 329053 389059 441717 489164 . 532672 573073 610941

. The value of P for each entry is found by adding the column heading to the value in the left-hand margin. The bor}esponding value .
of x is the deviation such that the probability of an observation falling outside the range from —x to +x is P. For example, P = 03 . -
for x = 2-170090; so that 3 per cent. of normally distributed values will have positive or negative deviations exceeding the standard
deviation in the ratio 2170090 at least. . coe T

The table of probits (Table IX) provides a more extensive (P, x) table. The probit table refers to a single tail of the distribution,
and the P’s derived from that table must therefore be multiplied by 2 to bring them into line with the P’s of Table I cL T

CooN L

. TABLE II. ORDINATES OF THE NORMAL DISTRIBUTION 3

X ‘00 o1 . ‘o2 *03 <04 ‘05 06 .oy ‘08, -0y, I 2 - 3 45

00 3989 3989 +3989 <3988 3986 - +3984 :3982 -3980 -3977 -3973 ik o o e SRES T S
o1 | °3970 -3965 3961 °3956 3951 3945 °3939 °3932 °3925 3918 :| -I —1 -2. =2 -3
o2 | *3910 -390z -3804 -3885 -3876  -3867 -3857 -3847 -3836 3825 |-1 -2 -3 -3 -5 -
o3 | °3814 -380z -3790 -3778 -3765 "3752 °3739 °3725 °3712 °3697 -1 -3 —4 -5 —6_
o4 | °3683 -3668 -3653 -3637 3621 *3605 ' +3589 -3572 -3555 °3538. | -2 -3 -5 --6 -8

o5 | 3521 -3503 3485 3467 3448 “3429 -3410 3391 °3372z. 3352 |-z -4 —6 -8 -9
o6 *3332 °*3312 3292 -327I “-325I 3230 °3209 *+3187 +3166 -3144 | -2":—4 -6 -8 -10
o7 | 3123 <3101 3079 °-3056 -3034 ~ -3011 2989 2966 2943 ‘2920 | -2 -5 -7 -9 ~II._
o8 2897 2874 2850 -2827 2803 " -2780 2756 +2732 2709 \.’2685 -2  —_5 —7- —9 f—fz
o9 | 2661 2637 2613 -2589 -2565 2541 2516 2492 +2468 **2444 | -2~~5 -7 ~Io <I2

) ) *2420 <2396 °237I <2347 *2323 _-72299 22495 *225T +2227 -2203 .| -2 -5 -7 —Io —I2
I'1 *2179 °2I55 2131 *2107 °2083 +2059 -2036 2012 -1989 1965 | -2 -5 -7 —IO -I2
12 ‘1942 +1919 1895 -1872 1849 +1826 -1804 *1781 1758 <1736 | -2: -§ -~y -9 —-II
‘13 | 1714 c1691 1669 1647 1626 - 1604 :1582 -1561 1539 <1518 | -2 —4 -7 —g-—IT
I'4 1497 . "1476 ‘1456 1435 1415 1394 1374 °1354, 1334 1315 .| -2 —4 -6 -8 -Io
15 ‘1295 <1276 ~-1257 -123’8'\ *1219 »1200 <1182 -1163 °1145 <1127 -2 -4 =6 -7 -9
16 ‘1109 -I092 *IO74 ‘1057 °*1040 1023 <1006 +0989 +0973 ‘0957 . | -2 -3 =§ -7 -8
I'7 | *o0940 +0925 ‘0909 -0893 -0878 f0863 ‘0848 . 0833 +0818 <0804 | -2.'-3 -5- -6 -8
1°8 | "*o790 o775 0761 0748 -0734 -o721 ‘+o70f -0694 +0681 :0669 | -1 -3 =4 -5 -7
19 *0656 <0644 +0632 -0620 -0608 ‘0596 -0584 -0573 +0562 cos51 | -1 -2. -4 -5 -6

20 | -0540 ‘0529 ‘0519 ‘0508 +0498 0488 0478 0468 ‘o459 0449 |-T ~2 -3 ~4 =5 ..
2 *0440 0431 °0422 *"04I3 -0404 0396 -0387 0379 -037r :0363 |-I -2 =3 —3' .4 %
22 0355 ‘0347 °0339 -0332 0325 . <0317 -03I0 °'0303 <0297 0290 | -1 —I:-2 =3 =4
2'3 0283 ‘0277 ‘0270 +0264 0258 0252 . ‘0246 +0241 -0235 -0229 |-I -I -2 -2 -3

24 ‘0224 0219 -0213 -0208 -o0203* -0198 ' *0194 <0189 :0184 .-0180 o -1 -1 -2 -2 -
2'5 ‘0175 *0I7I - *0167 <0163 ‘0158 ‘0154 *OI5l -o"vr47' "o143 *0139 o -I -1 —2 -2
2°6 ‘o136° *o13z -orzg -orz6 -oizz ‘0119 -01I6 *-0II3 -OIIO0 °0OIO7 o -I.-=I -1 ~2
2°7 0104 *OIOI °0099 ‘0096 0093 °©  *009I 0088 *0086 -0084 -0ofr |l e s T S S |
28 | -0079 -0077 *0075 ‘0073 OOJI. *0069 ‘*0067 - *c0b65 *0063 -ob§1 | © o > -1 ~
29 ‘o060 0058 ‘+0056 -0055 0053 *005I -0050 0048 ‘+0047 *0046 o o o -I -I
0 T L] ‘3 . .4 - - .S .6‘ 07 ) \.8 ». -9
30 0044 0033 0024 *ODI7 °00L2 *0009 *0006°.°0004 0003 0002
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- \ " TaBLE JII. DISTRIBUTION OF .2 "

o ¥ . Probability. ‘ .
. n ' -9 ’..8 ‘-.";7 7 .6~ . -5' -4 "‘“‘13 : :2 3 | .os . -‘0? ) *01 ’ ~001

1| +158 <325 5103727 1000  1:376 1963 3-‘078\6-314 12°706 31-821 637657 636-619
3 .| -142 r289 <445 617" 816 - 1061 1-386 1-886 2-920 4°303 6°965 9925 31598
3| *137 +277 *424 ‘584 -765 . 978 1-250 1-638 2°353 3182 4'541 5841 12941
4 '.-134:‘__-4271_"‘"-414'-569 741 941 1190 I1°533:2°132 22776 3747 4604 8610
5 -gsz”'f'.267v'408 *559 ' *727° - 920 1°156 1476 "2-015 2571 3365 4032 - 6859
6
7
8
9

{7131 -265 404 553 *718. . [ -9ob6 1134 1°440 1°943 27447 3143 3707  5°959.
130 263 #402.°549 +711., 896 1-119 1415 1-895  2:365 2998 3499 540§
130 262 *399 546 506 - ' +889 '1-108 1-397 1-860 2306 2:896 3355 § 041
. -129 *261°-398 843 =703 - -883 1-300 1-383 1-833 2262 2821 3250 4781

10" | 3129.-260 =397 *5438 -j00  +879 1093 1-372 1-81z  -2:228 '2:764° 3169 4587

CIX | cX29, 260 *396 *540 +697 . - +876 1°088 1363 1796 . 27zor 2:718 3106 4437
C 12 +128 259 °395 *539 +695 + ¢873 1°083 1-356 1°782 2-179 2681 3055 4-318
- 13, | *128 -259.-394 538 -694 . -870,I'079 1°350 I°77I 2:160 2-650 3012  4°221
14 | -128 258 -393 -537. 692 -868 1076 1°345 1761 20145 2°624 . 2°977 4°140
- 15 | +128 <258 =393 536. <691 ~866 1074 1341 1753 2131 2602 2947 4073
16 | <128 258 “392 *535 690. » -865 1071 1-337 1746 2120 2§83 2°921 4015
17 | +128 257 392534689 = -863 robg 1333 1740 ‘ 2110 2567 2898 3965
18 | 127 -257 *392 -534 688 - -862z 1067 1-330 1734 . 2-1or 2°552 2:878 3922
_19.] <127 257 3917533, 688  -861 1066 1-328 1-729 2093 2°539 2-861 3883
20 | *127 257 *39% *533 -687 . <860 1064 1325 1°725 _ 20086 2-528 2845 3850
21 | 127 *257 *391 *532 -686 859 1°063 1-323 I-721 2080 2518 2:831 3819
22 | -127 -256 *390 -532 -686 <858 1-061 1321 I717 ' 2074 2°508. 2819 3792
23 | =127 -256 -390 532 +685 . *858 1060 1:319 ‘I-714 2069 2-500 2-807 3767
24 | +127 -256 -390 -531 -685  +857 1-059 I:318 I-7II 27064 2492 2797  3'745
. 25 | +x27 256 *390 *531 -684 +856 1058 1:316 1°708 2-060 2485 2787 3725

26 | -127 *256 -390 '-531 ‘684  -856 1058 1- 315 1-706 2056 2479 2779 3797
.27 | *127 -256 -389 531 -684  -855 1057 ‘1314 I'703 2052 2473 =771 3690
28 | ~127 -256 389 *530 683 . -855 1056 1-313 I-70T 2048 2:467 2:763 3674
29 | +127 +256 -389.+538 <683  -854 1055 I°3I1 I-699 2:045 2°462 2756 3659
30 | 127 +256 -389 530 683"  -854 1055 1-310 1°697 2042 "2°457 2'750 3646

- 40 '} *126 -255 -388 <529 681 851 1°050 1303 1684 . 2024 2:423 2704 3551
60 | -146 -254. -387 -527 679 - -848 1046 1296 1-671 - 2000 2:390 2:660 3460
120 | 126 -254 386 -526  -677 *845 1041 1289 1658 . 1980 2°358 2617 3373

o | 126 .-253 *385 ‘524 <674 842 1036 1-282 1645 ~1'960 2-326 2-§76 3291
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- TABLE 1V. DISTRIBUTION OF xz“ ‘

Proba.blhty

)

n *99 ‘98 ‘95 ‘9o -8 *70  *50 30 ‘20 . ‘Io.  '>>’5 -a"éo‘z S Teern) 'Y'OOI
1| *o®157 -0%28 +00393 ‘0158 0642 ‘148 455 1074 1°642 . . 2°706 --3-841 " 5412 6 635 10'827
2| -o20I 0404 ‘103  -2II 446 ‘713 1;55_86 2°408 3219 44605 5991 7824 9210 33815
3 ‘115 185 °352 ° *584 1005 1424 2366 3665 4642 6257781 815. 9837 11345 16268
4| 297 429 711 1064 - 1649 2195 3357 4'878 5'989° . 7°779 9488 11668713273 18- 465,
5 554 '*752 1145 1610 27343 3000 4351  6°064. 7289 .9°236 ‘;’I-ozd v13‘388' 15 086 -20° 517
6 ‘$72 1134 1635 2°204 3070 3828 ,5:348 7231 8558 10°64% ;“12”-(5972“,.15 033 16 +812 . 22¢ 457
7 1239 1564 20167 2833  3:822 4°67r - 6346 . 8:383 9803 12°017 14°06% .16:622" 18-475" 24 322,
8| 1646 2:032 2:733 3490 4°594 5°527 ° 7°344 9'524 II'030 13362 15507 18-168 20°090 26125
9| 2088 2532 3325 4168 5380 6°393 8:343 10°656 12°242 14684 *16:919 “19:679 21666 27-87%
1o | 20558 3059 3940 4°865 6°179 7267 9342 11-7§£ 13442 15987 18-307 "21 161; 23‘209’ 29-588
11 | 3053 3609 4'575 5578 6989 8148 10341 12899 14°631 17-275 19675 22-618 24°725. 31264
S 12 3571 4178 51226 6°304 7°807 9'034 II'340 14011 15812, 18549 21026 24-054 26 217 32 909,
13| 4107 4765 5892 7042 8634 9926 12-340 15119 16:985 19-812 2'2-36‘2.'. 25°472 27-688 34528
14 | 4660 5368 6°571 7790 ° 9°467 10°821 13-339 16-222 18-151 21°064 23685 26:873 29°14I 36123
15 | 5229 5985 7'261° 8547 10307 LI'721 14-339 17°322 I9-311 22°307.-24'996 28-259 30°578 37697
16 | 5812 6614 7962 9312 11152 12624 15338 18418 20°465 23 54326296 29:633 32000 39252
17 | 6-408 7255 8672 10085 12002 13531 16:338 19°5II 21°615 24769 2\7;{587;'30-995 33'409 40*790
18 | 70015 7°906 9-390 10°865 12°857 14°440 17°338 207601 22:760 25:989 28-869 32346 34'805 427312
19 | 7633 8-567 ror1r7.Ir-651 ‘13716 15352 18-338 21689 237900 27204 30°144 33:687 36°191 43820
20| 8260 9237 10°851 127443 14578 16:266 19-337 22'775 25:038 28-412 31-410 35-020 37°566 45315
21 | 8897 0915 II'SQT 13'240 15445 17°182,20°337 23-858 26-171 29°615 32671. 36°343 38:932 46797
22 | 9542 10600 12338 14'041 16-314 18101 21337 24°939 27:301 30'813 33'924 37659 40289 48-268
23 | 10°196 11-293 13091 14848 17187 19-021 .22°337 26-018 28:429 32-007 35172 38:968.41.638 49-728
24 | 10°856 11°992 13'848 15659 18:062 19:943 23°337 27°096 29°553 33°196 36415 40-270 42°980 5I°179
25 | 11°524 12:697 14'611 16°473 18-940 20867 24°337 28'172 30675 34°382 37-652 41°566 44-314 52°620
26 | 12198 13409 15'379 .17°202 19-820 2I'79z 25336 29-246 31795 135-563 38-885 42'856 45'642 54052
27 | 12879 14°125 16°15I 18114 20°703 22°Y19 267336 30°319 32°9I2.  36°74I 40°II3 44°140 46°963 55476
28 | 13'565 14°847 16928 18-939 21'588 23-647 27°336 31°39T 347027 37°916 41:337°.45'419 48-278 56'893
29 | 14256 15574 17°708 19'768 227475 24°577 28-336 32°461 35139 "-39'087 42557 46693 49° 588 58302
30 | 147953 16-306 18:493 207599 23*3:64 25508 29'336 33530 36250 40°256 43'773 47'962 50°892 59703

For larger values of #, the expression \/ 2x2—+/2n—1 may be used as a normal deviate thh umt va.na,nce, temexnbenng that
the probability for x3 corresponds with that of a single tail of the normal curve.’ .
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" TABLE V. DISTRIBUTION OF 2

20 lfel: "Cent. Points (HW Norton)

, where 2 = L
& 7y

7, and 7, are thken.

.
gy

-~

32

\

ARY N ’ . . ,
n!"[ 1 2 3 .4~,, 5 "~ .6 8 12 24.__00
‘T | 11242 1°2425 1°2849 1-3097 1°3198 ' 13286 1-3400 1-3508 “3-3619 1°3730-
2| *6343 <6931 7125 *j219 7275 7313 -7360 -7406 7452 “7500
31 °4933, 5299 5385 - °5418 '°5435  -5444. °5453 5461 -5465 5467
4| 4274 4526  °455T . "*4547 -°4537 -4528 4512 4491 4464 4431
5| °3892° 4075 4062 4032 4004  -3982 3947 3905 <3853 3791
6| -3645 :3780 *3740 ,*3692 -3651  -3618 <3569 3510 -3438 -3350
7| ‘3471 3573 <3512 . 3450 ! 3399 3358 -3298 3224 -3135 -30z5
-8 +3342 3419 .°3342 3269 <3211  -3163 -3093 -3008 -2904 = -2774
9| *3243, -3300 -321t. 3130 . -3064 ~ -301f -2033 -2838. -a721 -2573
‘10| 3164 .-3206 -3107.'-3038‘ f2946 *288g <2805 2701 °2572 2407
11 | *3100 ‘-*3129, 3021 °+2926 -2850 2790 ' 2699 +2588 ‘12449 -2268
12 | 3047 .°3065 2951 -*2850. -2770° +2706 2611 2493 -2345 2149 -
13| 7-3002  <3orr. ‘-2891r <3786 %2703 ' 2636 ..°2536 <2412 <2255 -2046
.14 | 2964 - -2965 - +2840 - 12732 »+2644  *2575..°2471 -2342 - -2178 -1956
15n 2031 - =2926. -°2795 » 2684 2594 - +2522 2415 2281 -2110 *1876
16.| *2903 -+2891 -2557ﬂ -2642 <2550 °2476 -2366 ' -2228 <2050 -180%
17 | 2877 - +2860° -2723 2605 2511 2436 -2322 -2180 1997 1741
18| -2855 2833 +269z 257z 2476 .-2399 -2283 -2138 -Ig949 1682
19| +2835 *+2809 +2665. 2543 °2445 -2367 °2249 -2100°‘ *1905 *1629
20 °2§17 w2787. -2641 . *2517 2418  -2338 . ‘c2217 -2066 *1866 -1581 -
‘21 -2800_v?2767’,F2619* 2493 « *2392 - e2311 - 23189 +2034 1829 1536
22| <2786 <2950 <2599 > 2471 -2369  -2287 i2163 -2006 1798 -1495
23 | 2772 -2733 2581 - +2452 2348 2265 2139 <1980 1767 -1457
.24 | 2760 2719 -2564 2433 2329 <2245 2117 -1956 1740 1421
" 25 ‘-274§ *2705 2549 -*2417 231X +2226 .-2097 °+1933 -I1715 °-1388°
26 |-~2738 -26g2 2534 <2401 2295 ° <2209 *2079 ~-IQI3 ~-I6QI *I357
27 | -2729 .-2681 -2521 +2387 - 2280 2193 ‘2062 - -1894 -1669 1328
281 <2720 .-2670 +2509 - <2374 3266 _ -2178 2046 .-1876 ~ <1648 -1300
29 |. s2z711  -2660 2408 +2362 -2253 -2165 2031 -1860 1629 -I274 ;
30| <2703 {2650 4-2487 2350 -2241 <2152 2017 +1844 1611 1250
40 | -2647 2582 2411 +2267 -2152 -?058 1915 *I731 1477 ‘1062
© 60| 2592 2514 -2334. -2184 -2063 ~--1965 . -1813 1616 -1338 0848
‘720 | 2536 2446 -2258 -2j01. -1974 <1870 ~-I710, *1499 °I193 -0582
0 | ‘+2481  *2379 <2183 2018 -1885 1776 1606 ‘1379 “‘Io4I O
For high values of 7, and 1) =22 s (l—l) approximately,
gh values of #, and #,, z (20 per cen.)—“/z__-o—_6 0-4514 7 7y] 2PPIOX Y,

" In other parts of the table interpolation is approximateiy linear if reciprocals of
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"TABLE V VARIANCE RATIO
20 Per Cent Points of ezz (H. Wo Norton)

X
=

5

6 8

y 2 3 4  12 24
I| 947 12000 1306 1373 I4'0I 14°26 1459 '14'90 1524 1558
2| 356 400 416 424 428 432 436 440 444 448
3| 2268 289 294 296 2097 297 298 .2:98 298 298
4| 235, 247 248 248 248 247 247 246 244 2243
5| 2018 =226 ‘2025 - 2724 2023 - 22z 2 2o‘_ 2018 2016 2013
6| 2267 2013 211 209 208 2° o6 * 2 o4— 2°02. 1'99. 195"
7| 2700 2704 2702 199 197 196 193 1I19r. 187 183
8| 195 "'198 195 1°92 I'90 188 186 183 ‘179 174
9| 191 194 190 187 18 . 1:83 180 . 176, 172" I'67
10| v88 190 18 183 18 178 195 172 * 1-67_" 162
11| 18 187 183 18 177" 15 172 T 68 1°63 C1egy
12| 184+ i85 18 177 174 172 '1:69 165 "T60. 154
13| 182 183 178 175 172 169 L166 162 -I'57 TSI
14| 81 18 196 173 170 167, I 64 160, 155 . 1048
15 |.1°8 - 179 175 171 168 166 162 ~1"‘58 T 53 1746 °
16| 179 178 174 170 167 164,  T1'6I.. 1-:5‘6 5T 143
17| 178 177 172 168 165 163 I'59 ‘I'§55, 149, I-42
18] 97 176 ‘171 167 164 162 158 153 148 140°
19| 176 175 170 166 163 -I61 157" I'52 146 ° 1°39
20| 196 175 1770 165 162 160 . 156 ““1-_51' ® 45 137
21| 195 174 169 165 161 I'59 I'55° Irso ‘I 44" 1%6
22 | 175 173 168 164 161 158 154 149  I'43 1'35
23| 174 173 168 163 160 I'57 53 149 I42 134
24| 174 172 167 163 T'59 T57 I's3 148 142 133
25| 1073 I'72 166 162 159 156 152 I'47 1I4I . I1'32
26 | 1073 171 166 1:62 158 156 152 .I'47 I'40 “I'3I"
27| 173 171 1766 161 158 155 I'51+ 146 " 140  I°30°
28 | 1272 171 165 161 157 - I'§5. I'SI  I°46 '1-39, I°30
29| 1772 170 165 160- I'57 I'54 I'50 I'45 1°39. i"29
130 | I'72 170 - 164 160 T°§57  I°54 _I'50 145 1:38 '«1_-28
40| 170 1-68 1-62 1-57A -1°54 I'5T  I°47  I41  I°34 1°24
6o | 1068 1°65 159 I-55 I'5I 148 144 1138 ‘r3r 118
‘120 1'66 163 157 -1'52 148", 145 I'41 135 127 I'I2
‘o | 164 161 1’55 150 1°46 ' 1-,43 138 132 123" 100

.

7 ,
Lower 20 per cent. points ard found by mterchange of 7, “and my, .6, 7y must
always correspond with 'the greater mean square. ' o
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_TABLE V. DISTRIBUTION OF@'—c’anﬁnued
' 5 Per Cent. Points

where 7 =

2
7y

.1 1
== 4~
7y

#n, and 7, ‘are taken.

34

;\}'\‘ A 2 ) 3 4:..’,\5 6 " 8 12 \ 24 G
1 "2‘5421 26479 ,'2-6870 27071 2-7194' 27276 27380 27484 27588 2:7693
! 2 | 1°4592 1°4722 1°4765 1°4787 1°4800 14808 14819 1-4830 1°4840 1°4851
3| 1°1§77 11284 r1137 I"10§I I'0994 1°0953 10899 1-0842 10781 10716
4| roz1z :96Qo 9429 927z 9168  -9093 +8993 -888s -8767 -8639.
- 5] ‘o4axr 8777 '-844x -B236 -8og7 -7997 -786z 7714 -7550 <7368
6. 18948 -8183 -7798 ~-7558 -7394 -7274 7312 +6931 -6729 6499
7| <8606 7771 -7347 -7080 <6896 -6761 -6576 <6369 -6134 -5862
.81 -8355 -7475° -7014 6725 *6525 -6378 -6175 ‘5945 °5682 -5371
-9} -8163 7242 -6757 -6430-° <6238 -6080 -5862 -5613 -5324 -4979
30| -801z 7058 -6553 -6232 +6009 5843 5611 -5346 5035 '*4657
R . Y 0 .
‘1x| +788g -69og. 6387 -6os5 <5822  +5648 -5406 <5126 4795 4387
12 | 7788 < -6786 -6250 . -5907 ‘5666  -5487 . -5234° <4941 -4592 -4156
13| 7703 ~-6682 "-6134 -5783 -5535 °5350 <5089 -4783) 4419 ' -3957
14 | +7630 - ~6594 ‘6036 -5677 -5423 °5233 *4964 4649 -4269 -3782
15| +7568 <6518 -5950 -5585 5326 -5131 4855 -4532 -4138 -3628
16 | +y514  *645x -5876 -5505 -5241 . 5042 4760 4428 -4022 °3490
17| 7466 -6393 ~-581L -5434 5166  -4964 . 4676 -4337 -3919 3366
18 | +7424 +6341. +5753 5371 °5099 4894 s460z -4255 ,°3827 -3253
19} 7386 -6295 -5701  -5315 -5040_ 4832 °4535 4182 3743 3151
20 | -7352 6254 -5654 -5265° -4986 . -4776 -4474 4116 -3668 3057
21 | ~7322 +6216° -5612° 5219 <4938 4725 4420 -4055 °3599 2971
22 | «7294” 6182 -5574 --5178 -4894 4679 4370 - -4001 -3536 2892
23| -7269 <6151 -5540 5140 4854 4636 -4325 -3950 -3478 -2818
24 | 7246 -6123 . -5508 -5106 ‘4817  °4598 * -4283 -3904. ‘3425 °2749
25| -7225 -6097 :5478 -5074° -4783 4562 4244 -386z -3376 2085
26 |- -7205 +6073 5451 :5045 4752 4529 -4309 3823 -3330 -2625
27 | "-7187 -6o51 -5427 -5017 .°4723  *4499 4176 -3786 -3287 2569
28 | -7171 -6030 -5403° *4992 4696 -4471 4146 -3752 -3248 +2516
29 | “-7155. *6011° 538z 4969 -4671 . -4444 -4117 -3720 °3211 2466
30| 7141 5994 . *5362 4947 4648 4420 -4o90 3691 -3176 -2419
40 | -+7037 -5866 52174789 <4479 ‘4242 3897 *3475 <2920 ‘7057
6o | -6933 -5738 -5073 4632 4311  -4064 -370z -3255 °-2654 1644
120 | -6830 -56IT °4930 4475 4143 -3885 3506 +-3032z  -2376 -1I31
o« | +6729 -5486 4787 <4319 3974 3706 3309 ‘2804 -2085 o
VI.“or ‘high values of- 7, apd ny, 2(5 per cent.)=176h%?l—o-7843 (;:—1 —;:-2) approximately,

In other parts of the table ﬁtemolation is approximately linear if reciprocals of



TABLE V. VARIANCE RATIO—continued

5 Per Cent. Points of =

»

I2

e

Lower § per cent. poiats are fe und by interchange of #, and #y,4.c. 7, must always
corresportd thh the greater mean square. '

x

»

g L 2, 3 4 5, o4 |
1 {161°4 199°5 2157 224'6 230°2z 234'0 238-9 243'9 249'0 254'3
2z | 18-51 1900 19°16 19'25 19°30 '19°33  19°37 I9:4I 1945 1950
3| 1013 955 928 912 gor 894 884 874 864 853
‘4| 771 694 659 639 626 616° 604 591 577 563 .
5,| 661 579 541 519 505 - 495 482 468 453 436
6) 599 514 4967 453 439 4'28 - 415 [go00 384 367 .
7| 559 474 435 41z 397 - 387 I3 FS5T 34T 323
81 532 446 407 384 369 358 344 328 "312 293
9| 512 426 386 363 348f 337 323 3oy 290 ' =zjI
10] 496 410 371 348 333 322 307 291 274 254 .
1x| 484 398 359 336 320 3og 295 279 261 240 *
¥2| 475 388 349 326 31t 3oo 285 2269 2:50 230" .
13 467 38 341 318 302 292 2277 2:60 2942 - 221 ;
14| 460 374 334 3Ir 296 285 270 253 235 213
"I5] 454 368 329 306 290 279 264 248 2 29 2°07. .
16 | 449 "363 ‘324 3For 285 274 259 242 224 201 .
a7| 445 3597, 320 296 281 zy0 55 238 219 T'96
18| 441 355 316 293 277 ~266 251 234 215 192
19| 438 3352 313 290 274 2-63 248 2:31 . 2:11 " 1-88°
20| 435 *349 310 287 271 260 2457 228 208 184
21| 437 347 307 284 268 257 242 225 205 ISL
‘22| 430 344 -3os5 282 266 255 240 2023 203 I178°
23| 428 342 303 28 264 253 238 220 2°00 1°76 -
24 | - 426 340 3For 278 ‘26z ‘251 236 218 198" 1°73
25| 424 338 299 276 260- 249" 234 216 196 "I7I
26 |- 422 337 298 274 ,2°59 247 232 215 TI95 I'69
27| 421 335 296 2273 257 246 230 2213 193, 167 K
28| 4°20. 334 295 271 2256 244 ‘2029 212 I'QI 165
29| 418 333 293 270 254 243 “2°28 210 1°g0 164}
30| 417 332 2092- 2269 253 2742 - 2727 2°09 189« 162 -
40| 408 323 284. 261 245 234 2018 "2:°00 179 I-5I
60 { r400 315 2276 . 2 52 237 225 2o I92 I'70 $I°39.
120 | 392, 307 268 245 229 217 20z ‘183 161 125
oc 3-84 2'99 2-'60' 2-37 2-21.'" 2-09 1-94 1-75 ”152 T00



I

"

TABLE V DISTRIBUTION OF z——contmued

7, and 7, arestaken.

"

- te. 1 Per.Cent. Pomts o
"‘., - k.A,"." * ?’L‘A - * Af -
\"’ X .2, 3" 4. .85 - 6 8 12 24 @«
s \| . : TR L )
1| 4 rsss 4'2585 42974 43175  4°3207. 4°3379 43482 4-3585 43689 43794
- 2| 272950 2-2976.2 2084 2-2988 22991 . 2°2992 22994 2°2997 22999 2°3001
. 3 ‘>1,'-7649 B 7140‘ 14691’5 1°6786 1-6703 1°6645 16569 16489 1:6404 16314
. 4} 1°5270. r'4452 1°4075 1.3856 1°3711 1-3609 1°3473 I1°3327 131706 I°3000
S8 13943 1*2929 F2449 102164 11974 11838 1-1656 1°1457 I-1239 -1°0997
'?6 I 3103 1'1955 ‘1-140X 1-Y068 1-0843 ¥I:o680 1°0460 1-0218\ *90948 9643
Crh 1-2526 1°3281 10672 1°0200 10048 - -9864 -9614 °9335 ‘go20 -8658"
. 8. 12106 10787 1-0135 -9734 -9459 9259 8983 -8673 8319 ‘7904
‘9 | 11786 1o41% "9724 9299 ' *9006. -879r -8494 -8157 -7769 7305
a0 1 1533 10114\, 9399" “:8954 +8646 8419 -8104 7744 -7324 -6816
11| r1333 9874 9136 ¢8674 8354 8116 7385 7405, -6958 -6408
12 |.1°1166- -*9677« 8919 8443 -8111 7864 -7520 7122 6649 -6061
13 1-1027 - *951%, 8737 8248 <7907 - *7652 7295 '-688z " -6386 5761
14 | 170909 ' *9370" +8581- 808z 7732 +747r ~-7103 +6675° -6159 -5500
15| 10807 -9249 8448 - -7939- -7582 7314 --6937 -6496 5961 <5269
16 | royxg 9144 8331 7814 ‘7450 ‘7177 ;6791 -6339 -5786 -5064
17 | 170641 .~gos1+- -8229 -7705 7335 7057 -6663 -6199 -5630 ‘4879
18 | 170572 -8970+ 8138 ‘7607 -7232° <6950 <6549 6075 <5491 -4712 "
19| 1°0511 - -8897" -8057 -7521 7140 . -6854 6447 °5964 -5366_ -4560
20 | 10457 8831 -7985 -7443 7058 -6768 -6355° 5864 -5253 <4421
21 | T -0408 - *8772 '=7920 -7372 . +6984- -66g90 -6272 -5773 -5150 -4294
. 2:'2'_ 10363 . -8719 7860 *7309 <6916  +6620 ,-6196 °-5691 5056 4176
. 23 | 1°0322- -8670 | -7806. <7251 6855  -6555 -6127 5615 “4969 -4068
- 24| 170285 -8626 7757 7197 6799 6496 -6064 - 5545 4890 -3967
25- 10251 8585 . -771z  -7148 6747 6442 -6006 -5481 <4816 -3872
26 | 10320 8548 7670 7103 6699 630z 5052 5422 4748 -3784
27| rorgr -8513 -763r. <7062 -6655 ‘-6346 *5902 +*5367 4685 -3701 .
.28 | 170164 -8481 -7595 -7023 - :6614 6303 -5856 -5316 -46261 -3624r
29 | 10139 8451 -756z. -6987 "-6576 -6263 -5813 -5269 -4570 *3550
30| rorr6 -8423 -7531 -6954 <6540  +6226 5773 5224 4519 °3481
40| -9949 -8223 ‘7307 6712z 6283 5056 .°5481 -4g0T . 4138 2952
60| +9784 -8025 7086 -6472 -6028 -5687 5189 *4574 -3746 -2352
120-f +962z ~-7829 -6867 6234 -5774 -5419 °-4897 -4243 3339 ‘1612
e [© 9462 - 7636 -6651. *5999 ,°5522  -5152 -4604 +3908 -2913 o
o ( ;_ - . 1_ 2:3263 ' (_1 _I_) < natel
I,Fo‘r high va!ues of n,v‘anr p,?z {1 per cent) = Vi-ia —1°235 \; — ) approximately,
~ where §= X l“; Invb'thei;" pa-rts of the table interpolation is approximately linear if reciprocals of



TABLE V VARIANCE RATIO—-contmued

Lower 1 per cent. points are bund by mterchange of m, and n,, i.e. my must always

carrespond, with the greater mean’ square.

37

1 Per Cent.- Points. of e St .

- . LIEPTEE I
'.\‘ X 2. 3 .4 5 6 "8 SRR CIRRE B
— al e ] N . - k] :

I| 4052 4999 *5403 5625 5764 , 5859- 5981 6106 6234 - 6366

2| 9849 99°00 99'17 99°25.99°30 »99°33 99' 36 99°42, 99°46 9950 -

3| 3412 3081 2946 2871 28 24  27°9I" 27 49’ 27705 2660 "26-Y2

4| 2120 18-00 '16°69 1598 1552 1521 1480 I4-37 13 93. 1346
»5| 16:26 1327 12706 1139 1097 1I0° 67qlo 27 89" 947 902

6| 1374 1092 978 915 875 ‘8-47‘.&8-10 772 7".3‘} 6-88*
7| 12225 955 845 785 746 719 684 647607 . 565

81 11°26 k 865 759 701 663, 637 603- 567 528 .4 86

9 |-10056 802 699 642 606 58 547 5IT 473 430
1o | 10004 7'56 655 §99 564 539 "806 ‘471 433 39U
11| 965 720 622 567 532 507 474 440, 402 360
12| 933 693 .595 541 506 <482 450 416 378 336
13} 907 670 574. 520 48 '462- 430 396 359 316
14] 886 6'51: 556 503 469 446 414 38 343 300
15| 868 636 542 489 456 437 400 367 329 287
16| 853 623 529 477 444 * 420 38 355 318 275
17| 840 611 518 467 434 43I0 379 -345 3o8 =265
18| 828 601 509 458 425 4or 37T 337 300 257
19| 818 593 5or 450 4I17. 394 3F63 330 29z 249
20| 810 585 494 443 #r0. 387 356 323 28 242
21 802 578 487 437 404 381 351 317 2280 236
22| 794 572 482 431 399 376 345 Iz 2075 231
23 7788 566 476. 426 394 « 371 341 3o7 270 226
24 782 561 472 422 390 367 336 3o03.266 221
25| 7:77 557 468 418 38 363 332 299 262 217
26 | 772 553 461 414 382 359 329 296 258 .213
27| 768 549 460 41 378  356- 326 293 255 2I0
28| 764" ‘5745 457 4'07. 375 353, 323 290 252 206
29| 760 542 454 404 373 350 320 287 . 249 203

30 756 539 45T 402 370 347 3i7 284 247. zon
40 731 518 431 383 351 329 299 266 %29 1-80
6o| 708 498 413 365 334 Fw 282 250 ziz 160
10| 685 479 395 348 317 296 266 234 195 138
< | 664 460 378 332 Foz .28 =251 218 179 100
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- TABLE V. DISTRIBUTION OF z—continued .

o1 Per Cent. Points (Colcord and Deming)

\

‘ny and 7, are taken.

. -
£

ny . . -, _ j
” O 2 3 4 5 6 8 12 24 s
a . N : :
1| 6°4562 6-5612 6°5966 6-6201 6-6323 6°6405 6°6508 6-6611 6-6715 6:6819
2| 3'453% 34534 3'4535 34535 374533 34535 34536 374536 3-4536 3°4536
3| 25604 2°5003 2°4748 2°4603 2:4511 2:4446 2°4361 24272 2°4179 24081
4 | 271529 2°0574 20143 1°9892 19728 19612 19459 1°9294 19118 1I-8927
5| 179255 1°8002 17513 1°7184 ‘1-6964 1-6808 1-6596 1°6370 1°6123 15845
-6 ’,1'784.9,,r6479 1-5828 1-5433 1°5177 - 1°4986" 1'4730 1°4449 1°4134 1°3783
7| 106874 1°5384 14662 1-4221 3°3927 1I°37i1 1:3417 1°3090 12721 1°2296
8| 16177 1°4587 13809 1°3334.1°3008 . 1°2770.1°2443 12077 1-1662 1-1169
‘9| 1°5646 1°3982 1-3160 1°2653_ 12304 1°2047 1°1694 1°1293 1-0830 1°0279
10 |,1°5232 13509 ‘1-2650 1-2u§; 1°1748 1°1475 1-1\098 10668 .1°0165 +9557
@ 11 | 1°4900 1-3128 1-2238’1?.1683_1'-.1297 11012 10614 10157 -9619 <8957
12| 1°4627 1-2814 11900 11326 10926 1-0628 1-0213 -9733 +-9162 -8450
13 | T-4400_1-2553 1-1616 1-1026 1-0614 10306 ‘9875 -9374 -8774 -8oig
. 14| 1:4208°1-2332 1°1376 1°0772 10348 1-0031 -9586 -go66 -8439 -7635
" 15 | 1°4043 1°2141 ;-1169 10§53 10119 *9795  *9336 -880c0: -8147 <7301
16 | 1-3900 1°1976 1°0989 1°0362 +9920 9588 -9\119 -8567 <7891 700§
17| 1:3775 11832 10832 1-0195 -9745" -9407 - *8927 -8361 7664 6740
© 18 | 1-3665 1°1704 1'-0693",1-0047 ‘9500 <9246 -8757 <8178 7462z -6502
- 19 | 1°3567 1°1591 1°0569 °Q9I5 9442’ < -9103 -8605  -8014 <7277 -6285
20 | 13480 11489 10458 . *9798 - -0320 8974 8469 - -7867 7115 -6o86
21 | 1-3401 1-1398. 1-0358 -9691 -9217 .-8358 <8346 -7735 -6964 5904
22 | 1-3329 1-1315 1-0268 -93595 -9116 -8753 -8234 -7612z -6828 -5738
23 [ 13264 11240 10186 -9507 <9024 -8657 8132 -7501 -6704 " -5583
" 24 | 13205 1-117I 1-OIXII. -9427 °8939 .-8569 -8038 -7400 6589 5440
25 | 13151 1-1108 1-004I 9354 -8862 8489 -7953 -7306 -6483 -5307
26| 13101 I'1050 “-9978 -9286 . 8791  -8415 7873 -7220 -6385 -5183
27 '1~3o'55 1°0997 -9920 -9223 . 8725 8346 :7800 -7140 -6204 5066
28, 1-3013 170047 -9866 -9165 -8664 8282 -7732° -7066" <6209 - :4957
‘29 | 12973 10903 9815 *gII2 -8607  -8223 -7679 -6997 -6129 <4853
30 | ‘12936 ‘1-0859 -9768 ~-go61 -8554 -8168 -7610 <693z 6056 4756
‘40 | 1~2674 10552 -9435 8701 -8174 7771 7184  -6463 -5513 -4016
. 60| 1°2413 10248 -‘gr00 ‘8345 -7798 7377 -6760 -599z '-4955 -3198
120 | 12158 -9952 -8773 7994 -7426 6986 -6338 -5519 4380 2199
« | rigio 9663 -8453 -7648 -7059 6599 -5917 -5044 °3786 o
l_F'qg hig}l values of 7, gnd ny, z (01 per_cent.) == 1/3 hoiz-l - 1-925 ('—‘l—x —_ nl,) approximately,
where 2 _ L | L' In other parts of the table interpolation is approximately linear if reciprocals of
. ny | my, ‘ . :



TABLE V. VARIANCE RATIO—continued

o°1 Per Cent. Points of %2

[

Lower oI per cent. pomts a&o found by mtercha.nge of ny and ny, 3.2, 7y must always
. correspond with the greater mean square.

39

-

” - L .
s 1 X 2 3 4 5 6 8 12 24+, . v
I | 405284 500000 540379 562500 576405 585937 598144 610667 623497 636619
219985 9990 999°2 9992 999'3  999°3 999°4 9934 999°5 999'5 .° -
3 |-167°5- 1485 1411 13771 1346 132:8 1306 1283 .125°9 X235
4| 7414 6125 5618 5344 SI'7I . 50°53 49°00 4T°41 . 4577 44°05
5| 4704 3661 3320 3109 2975 2884 2764 26:42 ‘2574 . 2378
6] 3551 2700 2370 2190 20°8I ~ 2003 19:03 I7°99 ;16-89 15°95 -
i 29-22 21°69 1877 17°19 1621 1552 1463 137I 12:73 II° 69
8| 2542 1849 1583 1439 1349 1286 1204 II'Ig \ 10°30 . 934 .
9 2286 1639 1390 1I2:56 II‘7I  IrI3 1037 957 - 872 781 "
I0 | 2104 I4'9I 1I2°§55 ‘II'28 10°48 992 920 ~ 845 764 6-76.:
11| 1969 1381 1156 1035 958 go5 835 7763 6°85 6:00’;
12| 1864 12,97 108 963 889 838 771 ‘700 | 6285 542
13 17-81 12°31 1021 907 835 786 - 721x - 6°52". 578  4-97‘
14| 17714 1178 973 862 792. 743 68 6°13 .54 - 460
15| 1659 1134 934 825 757 709 647 581 510 431
16 | 16°12 1097 900 794 727 681 619 555 48 ,406
17| 1572 1066 873 768 70z 656 596 “532 463 385
18] 1538 1039 849 746 681 635 576 513 445 367
I9 1508 1016 828 726 6°61 618 550 497 " 429 3§52 .
20| 1482 995 810 7I0 646 60z 544 482 415 338 -
21| 1459 977 794 695 632 58 531 470 403 326
22 14°38 961 7280 681 619 576 - 519 458 392 315
23| 1419 947 - 767 669, 608 565 509 448 382 305
24 1403 - 934 755 - 659 598 555 499 - 439 374 297
25| 138 922 745 -649 588 546 49r 431 366 289
26 | 1374 912 736 641 58 538 483 424 .359 282
27| 1361 goz .727 633 573 531" 476 417 35z 2075
28 | 1350 893, 719 625 - 566. 524 469 4rIr. 346 270
29| 1339 88 1z, 619 559 518 464 405 341 264
30! 1329 8737 705 612 . 553 512 458 400 336 259
40| 1261 825 660 570 "5I3 473 421 364 gor -z23.
6o| 1r97 776 ‘617 531 476 437 387 331 .269 . rgo .
120 | 138 731 579 . 495 - 442 404 355 3oz 240 156
) 10°83 6-91 542 4-62 410 3-74 3 27 2-74 2-13

I"00



+  TABLE V1I.

SIGNIFICANCE OF DIFFERENCE BETWEEN Two MEANS

(P. V. Sukhatme)

) o° 15 30 45° 60° 75° 90°

§ per cent. points 6 2°447 2440 2:436 2°435 2°436 " 2°440 '2:447
. 8 | 2447 2°431 2-398 2- 364 2°332 . 2310 2° 306"

73 =(\ 12 | 2°447 | 2°424 2-368 2-301 2239 2°193 2179

" ‘ 24 2°447 2°419  ° 2°343 2°247% 2°157 2°088 . 2:064
I T w0. | 27447 "2°414 2-322 2201 2°084 1°994 1-960

- . 6 2*306 2310 29332 2°364 2398 2°431 2°447

g 8 | 2306 ‘2-301 2204 2°292 2:294’ 2:301 " 2:306

7y =238 12 2*306, . 2293 . 2°263 2229 2°202 2°184 2°179

< { 24 | 2306 2-287 ‘20237 . 2176 “2:118 2°079 2-064

. '\oo' 2- 306 2283 2216  2°129 - 27045 1984 1-96o

R 6 .| 2179 2°193 2239 , 2* 301 2-368 2°424 2°447

] R 8 1 22179 2184 . 2202 2:229 - 2°263 2293 2- 306
C mg=12"'" 12 |-2179 2175, 2169 2167 2°170 2176  _2°179
S ‘24 | 22179 . 2369 2:143 2°112 2086 2-070 2:064

- e c @ | 2179 2-465. 2°121 20065 2012 . 1974 1960
) 6 '2-064 © 22088 20157 - 20249 2343 . 2°419 - 2°447
. 1 8 | 2064 . 20079 2118 ' 2:176 2:237 2287 2:306

ng =24 127} 2 064 2:070 2:086 2°112 2°143 2169 2°179

o 24 | ‘2 obg - 2062 2:058 2056 2°039 2:063 2:064

* © 00 22064 27057 . 27036 2°009 - 1°984 1966  1-gbo

"6 | 1960 1°994 2084 2:201 2322 2:414 2:447

S 8 1960 '1°984 2°045 "2°129  2-216 2283 2: 306

7y =00 1z | 1960 1974 | z-012 2:065 27121 2-16§ 2179
P 24 | 1960 . 1°966 1984 - 21009 ©  2°036 2-057 2°064

_ . 00 | 1960 1-960 1-g6c 1°g6o 1°960 1-96o 1-g6o
‘ ) . . N Lo ~ ¢ |

- 1.per cgnt. points 6°| 3707 3655 3558 ° 3s1s - 3558 3655 3707
R .8 | 3707 . 3645 3496 . 3363 3308 3327 .3355
3 =16 . 1z | 3707 3638 3455 3247 3105 3055 3055
24 | 3707 3633 . 3425 3159 2:940 2-823 2:79%

| 3707 3628 3403 3093 2:803 2628 2°576

- 61 3355 3327 3308 3363 3496 3645 ° 3707
_ ~ '8 3355 3315 - 3241 3205 37241 3315 3°355
7y =138 12 3355 3306 3192 3084 3033 " 3ro41 3055
24 | 3355 3300 3159 2°989 2-863 2807 2:797

. < | o | 3355 ' 3295 3132, 2917 2-725 2:611 2576
' .6 | 3055 3055 3105 3247 3455 3638 3707
. 8 | 3os5 3041 3033 3084 3192 3-306 3355

ny =14 12 3055 3030 2-980 2:955 2-980 3030 3055

B 24 | 3055 = -3023 2°940 2:854 2:865 2:795 2°797

o |*'3055 3016 2:°910 2-776 2:662 2°597 2576

6 | 2797 2823 2940 3159 3425 3633 3707

© 8 | .2 797 2-807 2863 298¢ 3159 3'300 3'355

7y = 24 L 12 | 2°797 2°795 _2-8_05 2-854 2-g40 - 3023 3055
“24 2:797 2786 2-761 2°749 2-761 2786 2797

. o) 2°797 2779 2:727 2-665 2:615 2-586 2-576

-6 2°576 2-628 . 2803 3093 3403 3628 3707

-8 | 2576 2611 2725 2917 3132 3295 3'355

7y == OO ) 12 2:576 "2-597 2662 2776 2°910 . 3016 3055

- 24 | 2576 2:586 2615 2:665 2527 2779 J2°79%7

o0 2-576 2:576 2-576 2:576 2°576 2:576 2576

40




TABLE V2. SIGNIFICANCE OF DIFFERENCE BETWEEN TWo MEANS
One component of efror distributed normally, the other in Student’s distribution

P, 7y - 0%(®) 10° . 20° 3o°' 40° 50° 60° - 70° - -.80° §o°(x)' :

10 1-812 188 1794 1'774 1749 1721 1°693 1668 " 1-65% ‘1-645 -
12 11782 1778 1767 1751 1730 . 1707 1684 1664 1650 1645
. I5 1'753 1750 I'741 1728 ©171r  1:693 1675 1659 1649 I1-645
10 per cent. 20 1725 1722 1716 1706 1694 . 1°680 1667 1656 1:648 1°645

’ 30 1697 1696 -1-692 1685 1677 ' 1668 1659 1652 1-647 1645
" 60 1671 1°670 1668 1-665 1661 1656 1652 1648 1-646 1-645
o0 1645 1645 1645 1645 1645 1645 1645 1:645 1°645 1645

10 | 2228 2-2i9 27194 2°1§7 2°112 2:066 2024 1-.9'895 1-96'7»1‘1'-'96\05

12 2°179 2°171 2°15I 2°120 . 2°083 2:046 2°011 1'984 1:966 . 1:g60 -
) ‘15 2°131 2126 2109 2:085 2'056 = 2026 1999 1978 1965 1°960
- § per cent. 20 2086 2082 2:069 2'051 2030 2:008 .1-989' 1973 1963  1°960

30 2'042 2°039 2°03] 2'0I9 2°005 . 1'99I 1978 '1°968. 1:962 - 1-960
60 2:'000 1'999 1995 1989 1-9§2 © 1975 1°969 1964 1°961 1°96O -
o ¢ 1'g6o 1960 1°960 -1'960 1°g60 - 1°960 +I'g6O 1960 1960 1°960

to | 2764 2748 2704 2637 2559 2481 2414 2364 2335 2326
12 2:681 2668 2:631 2576 2°513 2450 2°396 2:356 2°334 2326

15 2:602 2°592 2°563 2:'520 2470 2:421 2°379. 2°349 2°332 2°326 |

2 per cent. 20 2528 20520 " 2°498 2°466 2430  2°394 2°364 .2°343 2°330 27326 |

30 |. 2457 2452 2438 2417 2393 . 2:370 2°351 -2°337 2329 2°326

00 2326 2326 '2:326 2326 2:326 ' 2:326 2°326 2-326  2-326_ ) 2:326 . | ‘

10 3169 3148 3086 2993 2-883 2775 2684 2620 2586 2:576
12 3'055 3037 2985 -2:909 2'820 2-733 2°661 2:611 2°584 2°576
15° 2°047 2°932 2-892 2:831 2:762 - 2:695 2640 2-6c3 2582 2°576 .
1 per cent. 20° 2:845 2°835 2:804 2°760 2-709 2°661 2:622 2595 2:580 2576

: 30 2750 2743 2°723- 2693 2661 2630 2:605 2°588 2:579 2'576
60" | 2660 2657 <2647 2°632 2:616. - 2:601 2°590 2582 2:577 2'576
@, 2576 2°576° 2°576 2:576 2°576 - 2:576 2576 2576 2'576 2°576

10 | 3581 3553 3473 3350 3203 3058 2939 2:859 2:818 2807
12 | 3429 3405 3338 3237 3119  3oo3 2910 2848 2-816 2:807
| 15 3286 3267 3214 3134 3042 27954 2-884 2:838 2814 2807
0" 5 per cent. 20 3'I53 3139 3099 3040 2°Q74 2:g11 2861 2:829 2812 -2:807
’ 30 3030 3020 2994 2°955 2°9I2 2:872 2:841 2'821 2:810 2807
60’ 2:9I5- 2:910 2-897 2:878 \2-857 2-838 2-823 .2'814 2-809 2: 807
0. 2:807 2'807 2807 " 2:807 2807 2:€07 2'807 2:807 2807 2°807
10 4144 4106 - 3999 3832 3630 3425 3259 3152 -31103 3090
12 3930 38984 3809 -3671 3508 3347 3219 3138 3100 3090

’ 15 3733 3708 3636 3528 3401 3280 3185 3126° 3098, 3’090
0" 2 per cent. 20 3'552 3'533 3479 - 3399 3?308 3222° 3156 3116 37096. 3090 .
‘ 30 3386 3372 3336 3284 3226 317z 3FI31 3106 3094 3090
6o 3232 3225 3207 3181 3153 37128 3110 3098 3092 3090
©0 3'0g0 3'0go . 3'0Q0 * 3090  3'0Q0 3090 -3'090 3090 3'090 3090
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THE CORRELATION COEFFICIENT

TABLE VI. Values of the Correlation Coeﬂicxent for Different Levels of Slgmﬁcance
I R *05, 02 -o1 -0o1 ] n ‘I *05§ 02 *or  +ooI
I *98769  -99692 "999507 *999877 9999988 || 16 | -4o00 <4683 -5425 -5897 -7084
2.} 290000 -95000 98600 . -990000  -99900 17 | +3887 -4555 5285 -5751 <6932
3 | *-8os4 -8783 -93433 -95873. 99116 18 | -3783 4438 -5155 -5614 6787
47| ~7293 -8114 -8822  -g1720 -97406 19 3687 -4329 -5034 5487 <6652
*5 | 16694 +7545 8329 ~ 'B145 = ‘95074 20 | -3598 -4227 -492r -5368 -6524
6 -1 ‘6285 7067 7887 8343 92493 25 | -3233 -3809 ‘4451 °4869 ‘5974
[ 77| 582z ¢ -6664 <7498 -7977 . 898z - || -30 | -2960 -3494 <4093 -4487 5541
©'8 *5494 6319 7155 <7646  -8721° 1l 35.| <2746 -3246 -3810 -4182 5189
9 | .~5214 -Gozr  -68s1° <7348 . - -847x " || 40 | 2573 -3044 -3578 -393z °4896
10| 4973 5760 -6581r <7079 ' -8233 45 | -2428 -2875 --3384 3721 -4648.
11 .| 4762 T5529° 6339  +6835  -8oro° || 50 | -2306 2732 -3218 3541 -4433
1z | 4575 5324 6120 6614 *7800 6o -2108 <2500 2948 +3248 -40%8
-13. | 4409  °5139  °5923  -641x  -7603 .|| 7o | -1954 2319 <2737 3017 3799
14 ‘4259 4973  °5742 *6226 *7420 ; 8o *1829 -2172 -2565 2830 -3568
35| 4724 v4821 © <5577 - 6955 <7246 [l "go - -1726 ‘-z050 2422 -2673 -3375
I A g ) : © |l 100"} -1638' -1946 -2301 *2540 <3211°
-" v" ‘,.. , “'._ .‘ " ) 'v'.
~ *TABLE VII. Transformatién of 7 to z (Interclass) .
z | o0 o oz . 03 a; o4 -05 <06 j ‘07 - -08 <09 ?gﬁ;n
‘ } ‘o '?oooof o100 -qaoo'7“-§39d. -0460 0500 0599 0699 -ro798 <0898 | 100
‘1 | 0997 *1096 1194 ~ <1293 *I3QI 1489 * 1586 1684 -1781 -1877 98
t2 | *1974  r2070 ¢ +216§ ~ <2260 - *2355 2449  -2543 2636 -2729  -2821 94
"3 {+-2913 3004 -3095-.---3185 ‘3275  °3364 3452 3540 3627 -3714 | 89
4 | '38°°n ~3885 . -3969 4053 4136 4219 -4301  -4382. 4462 14542 82
.5 ] ~4621 <4699 <4777 . 4854 - *4930  +5005  -5080 *5I54 ~5227 * 5299 75.
T +6 | -5370: . *5441  -5511 ,-5580  -5649° <5717 -5784 5850  -5915  -5980 68
«7 7 <6044 .. -6107 +6169 6231 6291 6351 6411 -6469 ' <6527 -6584° 6o
*8 | +6640  +6696 -6751  -6805 -6858 *691T1  +6963 -7014 7064 7114 | 53
*9 | 7163 -721I_ 7259 - - *7306  -7352~ .°7398" 7443 7487 7531 7574 | 46
1o | -7616  -7658  -7699 ‘7739 : -7779  -7818  -7857 7895  -7932 7969 |. 39
II -8005 8041 <8076 -8110 -8144 ‘8178  -8210  -8243 -8275 -8306 33
rz | -8337 - +8367 © +8397 8426 . -8455  -8483 8511  -8538 +8565 .-8591 28
"1°3-| 8617 8643 - -8668 -86gz 8717 *8741 8764 +8787 -8810 8832 24
14 | 8854 ° -8875  -8896 :8917 -8937  -8957 - 8977 -8996  -g9o15  -9033 20,
15 -905!(' jgoég' ‘-9087 " *9Io4  *QI2I° ‘9138 -9154 ~*9170 -9186  -gzo1. 17 .
6 | 9217 9232 +9246  -9261  -9275  -9289 930z 9316 -9329  -934I 14
7 | *9354 9366 -9379 *939T *9402 . 9414 9425 9436  -9447 9458 12
-8 | 94681 -94783 -94884 -94983 -95080° -95175 -95268. °95359 -95449 °95537 | 95
19 | 95624 95709 ‘95792 95873 -95953 96032z -96r09 " -96185 -96259 -9633r | 79
270 | 96403 -96473 96541 “96609 -96675  -96739. -96803 -96865 -96926 96986 | 65
21| "97045 -97103- 97159 -97215 97269  -97323 -97375 97426 ‘97477 97526 | 53
22 | *97574 97622 -97668 -97714 ‘97759  -97803" -97846 -97888. -97929 -97970 | 44
2:3 | -98010 -98049 .-98087 98124 -98161  -98197 -98233 -98267 -98301 -98335. | 36
24 | -98367 -98399 -9843r -98462 -9849z , -9852z -98551 -98579 -98607 -98635 [ 30
.25 .-98661 98688 98714 -98739 -98764 -98788 -98812 -98335 98858 -98881 24
26 | ~98903 ' -98924" -98945 9866 -98987  °9goo7 99026 -99o45 99064 -99o83 | zo0
" 2.9 |'-g9r0r -g9118 '-99136 99153 -99r70 ‘99186 -9920z °99218 -99233 99248 | 16
© 2:8 | -99263 -99278 -99292 -99306 99320  -99333 -99346 99359 °99372 99384 | I3
29 | *99396° 99408 -99420 "-99431 99443 99454 °99464 99475 -99485 -99495 | II
-0 X 2 T .3' ' ‘4 -5 -6 *7 . .8 ‘g
3 *99505 °99595 ‘99668 -99728 -99777  -99818 99851 99878 99900 99918 - | —-
4 | *99933 °99945 °-99955 99963 99970 99975 99980 ‘99983 99986 -99989 | —
p For notes see foot of opposite page. '
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TABLE VIII. TESTS OF SIGNIFICANCE FOR 2X2 CONTINGENCY ‘TABLES

Calculate ., the square root of x* corrected for contmmty (F 1sher Statistical Methoa’:, 21 01) Determme
the smallest expectation - . .
the smallest marginal total’ ' ' .
The table gives the 2-5 and o5 per cent. points of x, for each tail separately, these bemg dlﬁ'erent for tbe
two tails except when p = o-5. The observed set of values will lie ¢ on the longer tall 1f the observed number ;
in the cell with smallest expectation is greater than expectation. .. B
Since three of the four marginal totals are 1ndependent their values are not completely determmed by' :
m and p. For a given » and p there is a whole set of contingency dlstnbutlons, and a correspondlng set of .
values of x. for ‘each level of significance. The variation of these y,is, however, small. ' The table gives the‘
greatest and least values, Z.e. those for the binomial distribution (Roman type), and the limiting contmgency
distribution (black type). When p = o there is only one value, this being derived from the Poisson distribution.
The table should always be used in place of the ordinary »® table when # is less than 1q. - Even with,
values of 7 as great as 100 the gain in premsxon is appreciable when p is small and the interest centres in the -
probability of a single tail (7.e. dev1at10ns in one “direction on]y) The correctlon for contmmty should be

% 0
N N

.t = the smallest expectatlon of any class, and P =

used when »z is less than 5oo0. .
In regions of the table where no values are given, and to determine the exact probablhty in doubtful caaes,
the exact solution (on which this table is based) must be used (Fisher, Statistical Methods, 21.02). - ~* .- 2

The table can be used for testing the deviation of a sample of a binomial distribution w1th known p
Remember to include the contnbutlons to x? from both classes when calculating X SR S

ok

r e

X r 2 .3. 4 5 6_};8( 12 24 k 48 "‘96 ‘

. ) 8 ) . . ) - el 'R
P =-o023 .. o e e L6 T71 174 177 T8 186 1'89. 191
Shorter tail . . 025 e 173 177 180 182 1-84 1-‘87 1°9o. i-gr 19'; g

.. 183 185 1-86. 1'87 189 1°g0 ‘1°92 ‘1'94 1'94°

.05 .. 1°88 ‘1-90 1°9I Ifgz* 193 194 '1-95 196 1*96-,,4"‘
<+ IT'9l 193 I'94 I'94 I'94 I'95 .1'95 I'95 196 1g6 .

Longer tail . .| ozg 2'10 2:08 2:07 2:06 206 :2°05 204 202 2-0I 2:00 199
' 2'04 2°'03 2'0z 2°0z 2°0f 201 2'Q0 199 .1'g9 1°98 5;-97 .

o 2°32 224 219 216 2'14 - 2°13 2°I1 2'08 20§ 2°03 20l
P = o035 . oo . 2°06 213 219 ‘«2-27 2:37 2°43 - 2°48 -
Shorter tail . . 025 e 2018 2023 227 2°32 -2:38 245 *2°49 2'52°
, : oo wa 232 236 238 242 246 250 252 254

: o5 e w2410 244 247 250 252 255 256 .2'57

- v .. 248 zg0 z52 253 254 255 256 257 257

Longer tail . .| ozs 2279 2279 278 2276 2-75 -2°73 2:72 270 ‘267 2:64 2°63:
2:67 267 267 267 266 266 265 2064 2163 262 260

A

o | 333 313 305 297 295 29z 288 285 276 270 267
Notes on Tables VI and VII. , '¢ e

For a total correlatlon, n is 2 less than the number of palrs in the’ sample 3 for a partial correlatlon, the number
of eliminated variates also should be subtracted. The probability given at the head of each column of Table VI represents the -
chance that 7 will be greater than the values given or less than mmu: these values.

Table VII gives the transformation » = (e?*—1)[(¢**+1) or =14 {log, (1+7)—log, (1—7)}. With = defined as above z is
distributed approximately normally with variance 1/(2—1). For exact work correct for bias in g by subtracting »/2(z+1) from s.

_The table is also sometimes useful for transformmg the probablhty scale, bemg equivalent to 2 =% {log p —log (1—2)} where
r= 2p-—l (See Introduction).
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TABLE VI1II1.

A3

BINOMIAL AND Poxsson DISTRIBUTIONS LIMITS OF THE EXPECTATION
(W. L. Stevens) : '

v 2 -I—V Prob#bilityPof ;ormore Probability Pof a or - fewer # = | Probability Pof a or more Probability Pofaorfewer
af - *00§ ﬂ-o,zs -1 1 ‘025§ , -005 a z{/N . 00§ ‘028§ 3] -1 023 *005
5(2) Fgra='oir‘1terpolate‘, 1-84 261 327 8 | -5 304 3 §4 509 1091 1206 1296
(-15) | withreferencetor/V. 195 2:83 . 366 ‘4 292 382 4938 1135 1279 14°02
10 (1) ForN&s use‘the for- 206 309 411 ‘3 282 372 489 1177 1352 1510
20 (-o5) 'mu.laNji)% (1-expec- \2:17 337 465 ° °2 273 362 48 12018 1426 16-22
® o tatlon).-:- og . - 230 369 530 o 13 | 2265 353 473 1259 1501 I7°37
2 ‘0050 :0252 -103° 1'897 - 1'9748 1°9950 IS e 257 345 466 1299 15776 18:58
3 *0050 -0252 ‘Io4 2'413 2°7171 28758 9 |-s 368 468 592 12008 1332 1432
4 ‘0050 -0252° -104 2718 3224 . 3556 | 41 355 4'54 " 580 1252 1407 1540
o . S o ' D e : *3 '3'43 442 5§70 12796 14°82 16°50
AR oo Bl B e v I B B L
o S | s ey v gm 4 AR e B
20 *05 | *0050 -*0253 °105 362 497 634 : : ' : '
L ) o \ L ‘4| 420 528 663 1369 533 16:76
4 ‘118  *270 *570 -3'430 3'730 ‘3-882 3 406 514 651 1413 1610 1788
5 o114 264, -561 377 4f267 4°586 2 393 502 6°41 14°56 16-86 19702
6 - -112- 260  +556 400. 4°67 5138 1 382 . 490 631 1499 17°62 20°20
7 SIIT 257 -°552- 4°17 497 ..554 o 372 48 622 1541 18:39 2140
10 *2 108 - .*252 +545 450 556 6:48 - 14 487 603" 747 1485 -16-58 18-09
T.c15 | c107  t249  -542 469 594 - 7T09 *3 471 58 734 1530 17°36 1924
20 *1 :106 © -247 -538 490 634 774 2| 457 574 T23 1574 1813 .20°39
40 05 | °105. -245 °535 541 677 844 ‘1 444 561 g1z 1617 1891 2I°57
® ‘o:.| r103 ‘242 '*532 532 722 927 o| 432 549 702 1660 1968 2278
7| 387 693 119 sos 571 6181 ‘4% 5755 68 83z 1600 17:82 1941
3 .38 682 117 524 < 6of. 6642 ‘31 537 663 818 1646 1861 2057
) 9 .374 -674 (1-17 5-39 R 6-31 7'03 .2 - 5.22 6.47 8.05 16.91 19.40 2;.75
IO\ 3 .370 .667 1°16 - ¢ 5.52“' 6;52 7.35 11 . 5:07 6.33 794 17°35 20°18 22°93
|15 2 | -358 ‘650 114 §80. 72r.  8ar. | o| 494 620 783 17778 2096 24714
30 °1 | v348 "+634 112 628 796 961 13 |-5| 647 778 934 16:66 1822 1953
100 o *338 619 1°10. 6°68 877 1098 : 4 gzg ng 917 17-(155 19-g4 2o-gx
SR B ’ ' ' - ‘3 "o 7736 9oz 17°02 19°65 2I'69
8. - . - . - - - . -
I -'i .;gg‘ ;';g To2 gzg ?}é | g_zgi 2| 58 722 889 1807 2065 2308
-3 41 118 184 683 Bog 906 ‘x| 572 706 876 1852 2144 2428
202 | 716 115 18 721 873 1013 o 558 692 865 1896 2223 2550
40 °1 -694 112 177 760 947 131 14 |-5| 720 858 1021 1779 19742 20-80
0 o “672 109 174 . 799 1024 12°59 14 6-96 836 1003 1829 2026 2200
: 31 675 815 . 987 1877 2108 2320
10 °§ If28 187 2:67 7°33 . 48'13 8-72 L2 6-56 7°97 9°'73 1923 21-89 24°40°
4 |rz3 r8r 261 77z 879 966 ‘x| 639 781 959 1968 2269 2561
'3 |r19 176 "256 810 947 1067 o| 623 765 947 2013 2349 2684
25 *2 |'1°15 " 1°71° 2-52 849 1018  I1I°75 , —
§0 °r |';xr 166 2747 883 100T 12:go 15 | 5 | +o0-00 —0°24 —o0*40 H0°40 o024 +o0°00
w o '|1ro8 162 243 927 11-67 14715 a.‘r;éi ‘4 -!—O'gl +o0-07 —o0-26 +o-52 +o0°59 +0°56
- S o~ over | -3 | +0'80 40°34 —o'12 4076 +o°95 +1°15
. .8 . . 6 8. . . . .
:; .i T 7‘; ;Zg g_‘;s 8_3‘5‘ 41 1ol 2| 4117 4058 +o0o1 +o94 +1°33 +1'79
A IB T S S leBs irr ‘1| 4153 4080 4014 +113 173 4247
30 2 163 231 326 g74 157 1328 o | +187 H0'99 +0'26 +1:33 4215 +319
6o -1 | 1°58 2+ 26, 320. 10°'14 12°30 14°44
o . ] . . . To obtain the limits of the probability of an event (observed
o ‘ o I'54 220 3 15 ) 053 1306 1566 to occur @ times out of V) corgesponding to a given probability
14 € - | 2¢ 2 . . - level P, divide the tabulated values by /V, first interpolating if
4 i :4: 3. i‘; :i? ’Ig. Z‘; ::Zg ;; g? necessary by linear interpolation with reference to p = e[NV.
- , .3 3- T <2 . 6 The limits of the expectation of Poisson distributions are given
-2 2_2g 3.03. 4_°9 10.5 . }/2:‘20 13 7 dlrectly, taking p =o. For a>}/N enter the table with
35 2’1 2°95 4702 10°97° 1293 14'77 @ = N—a. For 15 and over add the tabulated corrections to
70 ‘1 2210 283 396 11-37 1367 1592 the limits of the expectation calculated from the standard
o o |.204 2281 38 11°77 14°42 17°13 error v/{a(1—2)}.
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TABLE VIII2.

Two-fold
R Number of Levels (s). 11 or
x 4 5 6 7 8 9 10 more
o4 | -757 773 781 -785 787 788 -789 -789
o6 ‘622 +640 <649 653 -655 <656 -657 657
. o8 | +537 -556 -566 -57r ‘573 ‘574 °575 ‘57§
1°0 ‘479 °500, *511 516 518 -520 -s520 -521/
1-2 437 461 -472 -478 -480 482 -482 -483
I'4 | 406 -432 444 °450 °"453 °455 456 -456
R 381 -411 -424 431 -435 °-436 -437 -438
18 | =361 -394 -4I0 -4I7 421 -423 424 ‘425
20 | 344 -382 -399 -408 -412 -414 -415 -416
2'§ 358 -382 -394 -399 -402 -403 -405
3o 370 -386 -394 -398 -400 -402
35 379 390 °396 -399 <4o1
40 386 -394 -397 ‘401
4'S *390 -396 -4or1.
50 394 -401
Y
7°0 *399
60 *397
50 *394 °394
45 390 °390 -390
40 *386 -386 -386 -386
35 *379 °379 °379 379 °379
3o *370 *370 -370 -370 370 -370
2°5 358 -356 -356 -356 -356 -356 -356
2°0 | °344 °334 °334 334 "334 °334 334 .°334
8 | -327 °323 -323 -323 -323 323 323 °323
I'6 | °3II 309 °309 °309 °309 °309 °300 °309
1“4 *293 °292 *+292 292 *29Q2 °2Q2 *°292 -2902
I-2 *271 *271 -271 "271 271 *271 °271 =271
I'0 | 245 245 -245 -24§ 245 245 *245 -24§
o8 *212 °*212 *212 *212 °*2I2 *2I2 *212 *212
o6 167 <167 -167 -167 <167 <167 <167 -167
04 *I0I °-IOIX 'IOI_ *IOI. *IOI *IOI_ *IOI “*IOIX
Ten-fold (Three or more levels)
2<1 x>1,y>2 o <z
x X x K y k y XK | ¥
-Q -763 ‘.o 3-761 20 0744 1o
‘r | +768 | -9 || *766 | 1°9 || 744 | 09
2 | -768 | -8 '}] *764 | 18 || 734 | o8
*3 | 2760 | -7 || 755 | 7 || "712.{ O7
o'g4 | 761 || ‘4 | 7471 °6 || 741 s‘x'6 ‘684 | 06
o5 | 740 || *5 | 736 | *5 || *729 | 5 || ~658 | o5
06 | °733|f 6 | *733| 4 || "724 | 4 || '638 | o4
o7 | v736 | 7 | 736 -3 || 726 | 3|
o8 744 || 8 | 7144 | "2 || "732 | 2
09 | 753 || 9 | *753 | 1 || *739 | r'1
I'0 | *763 || ‘o | 763 | ‘o || ‘744 | 10

When 2>1 and y>>2 enter the table with the decimal part of x

or y only.

45

" level Is -

DENSITIES OF ORGANISMS ESTIMATED BY THE DILUTION METI-IOD
(W. L. Stevens)

»

Four-fold

4

Number of Levels ~ h
6 or -
x 4 5 more

04 | <704 -706 707
o6 | -615 -617 618
o8 | -573 *576 ‘577
ro | 555 558 *559

IS 545 °55I 553"
~2'0 *537 °548 551

25 | . " °545 -s552°
~*552%
R A A
3’5 ‘550"
3-0 N : : 1548
25 *545 "~545
2’0 *537 "S37 537
15 *§522 -*§522 -§522. .

10 | -488 +488 488

o8 | 464 <464 464 |. . .
06 | 431 -431r . -431 '
o4 | *315 375 “315

Calculate the mean fertile level,
x = number of fertile plates/number of
cultures at each level (n), and the mean
sterile level, y = number of levels—x.
Enter the table with x or y, as indicated,
and determine the corresponding value of
the tabular entry X. When x and y fall
‘outside the tabulated range use the value
marked with an asterisk (¥). The esti-
mate of the number, A, of organisms.in

the quantity of the medium used for one

culture at the highest concentration is
then given by log A = z log a—X, where
‘e is the dilution factor. The average
_value of the variance of the mean fertile -
I log 2
n loga

the variance of log A is ~ log 2 log a

—— and the average va.Iue of

(see Introductlon) Thus

Two-fold
logA =o"30103x—K
Vi) =1n
V(log A) = o 091/n
Four-fold.
‘logA  =o060206 x—K

V@ - —1fan
V(log ) = o 201/n

Ten-fold. :
log A= x—K
V(x) = o 301/n
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- TABLE IX.  PROBITS
Transformatlon .of the ngmoxd Dosage Mortality Curve to a Stralght Line. (C I Bhss)

21

15

‘o-o*-‘ o1 o2 o3 o4 . 0§ o6 o7 o8 o9 1z 3 4 5
cea 19098 2°1218 2-2522 273479 274242 2-4879 2-5427 25911 2-6344
2:6737 2°7096 2°7429 2-7738 2-8027 28299 2:8556 2°8799 2°go31 29251 - ;
- 229463 3-9665 2°9859 3:0046 30226 30400 30569 30732 30890 31043 For more detail see -
31192 31337 31478 31616 31750 31881 32009 32134 32256 32376 + values for 95-x00.
372493 32608 32721 32831 32940 33046 33151 3'3253 3'3354 33454 o
33551 373648 3-3742 33836 373928 3-4018 34107 34195 34282 34368 | 9 18 27 36 45
3°4452 34536 374618 34699 34780 34859 34937 35015 3 5091~ 3 5167 8 16 24 32 40
3-5242 35316 35389.3'5462 35534 3:5605 35675 35745 35813 375882 7 14 21 28 36
135949 .3-6016 36083 36148 36213 36278 36342 36405 36468 3 6531 .6 13 19 26 32
36592 36654 36715 36375 36835 36894 36953 37012 37070 37127 | 6 12 18 23 30
37184% 37241 37298 37354 37409 37464 37519 37574 37628 37681 6-11 17 22 28
37735 37788 37840 37893 37945 37996 38048 38099 3-8150 38200 | ‘5 10 16 21 26
38250 3'8300 3'8350 3:8399 3-8448 3'8497 3'8545 3'8593 3'8641° 3889 | 5 10 15 20 24
38736 38783 38830 38877,38943 38969 39015 39061 39107 39IS2 | S 9 14 .18 23
39197 "3'9242 39286 379331 39375 - 3'9419 39463 39506 39550 39593 | 4 9 13 18 22
39636 379678 39’72;»-3'9763 39806 39848 39890 3-9931 379973 40014’ | 4. 8 13 17
470055 4'0096 4°0137- 4701787 4°0218, . 4:0259 470299 40339 4'0379 4'0419.| 4 '8 1z 16 "20
4-0458 "4°0498 4-0537 4'95.‘7{»'4-0615 470654 470693 40731 46770 40808 | 4 -8 12 16 19
40346 470884 4-0922 '40960 40008 - "4-1035 4:1073 41110 41147 4 né4 | 4. 8 11 15 19
4 1221 4 1258 4 1295‘ 4 133'1_ 4-1;357 41404 41440 _4-1476 4°1512 "4 1548 4 7 11 15 18
4" 1584 +4°1619 4 1655 ﬁ; 1690 41726 4 1761 41796 4 1831 4-1866 4 1901 4 7 11 14 18
I -4 1936 4’1970 4-2005 4° 2039. 4-2674 <4 ‘2108 42142 & 2176 4 2210 4°2244. 3 7 1o 14 17
| 42218 42312 472345.4'2379 42412 4°2446 4 2479 42512 4°2546 4'2579 | 3 7 10 13 17
402612, 472644 472677 42710 42743 42775 472808 4°2840 42872 42905 3 7 10 13 16
- 4°2937 4 2969 4 3001 43033 43065 4'3097 43129 4°3160 43192 43224 | 3 6 10 13 16
43255 43287 4'33_18. 43349 473380 43412 43443 43474 4°3505 4°3536 | 3 6 _'9 12 16
43567 4°3597 4°3628 4°3659 473680 4-3720 43750 4°3781-4-3811 43842 | 3 6 9 2 .15
43872 4°3902 743032 4°3962 473992 4'4022 44052 4'4082 4412 44142 | 3 6 9 12
4°4172 474201 4°423T 474260 4°4200° 4°4319 474349 4°4378 4°4408 474437 3 6" 9 12 15
474466 4°2495 4°4524 4°4554 44583 4°4612 4°4641 474670 4°4698 4°4727 | 3 6 9 12 14
/| 4475644785 4°4813.4°4842 44871 44899 44928 44956 44985 4-5013 |.3 6.9 11 14
45041 475070 4°5098 4°5126 4°5155 4'5183 4'5211 4°5239 4°5267 45295 | 37 6 8 11 14
4°5323 4°5351 4°5379 4°5407 4°5435 475462 45490 4 5518 45546 4°5573° | 3 6 8 11 14
45601 475628 4°5656 4°5684 -4'5711 4°5739 4°5766 4 g 45821 4°5848 | 3 5 8 11. 14
45875 475903 45930 4°5957 4°5984 4-6or1 4°6039 46066 4:6093 46120 | 3 5 8 11 14
'4°6147 46174 46201 46228 4-6255 4-6281.4-6308 4-6335 46362 4-6389 3 5 8 11 13
46415 46442 46469 4-6495 4°6522 4°6549 4°6575 4660z 46628 46655 | 3 5 8 11 13
46681 4°6708" 46734 4-67‘61‘ 4-6787. '4-6814’4-6846 46866 4°6893 4°6919 |. 3 5 8 1 13
46045 4°6971 46098 4°7024 4'7050- 47076 4°7102 47129 4-7155 47181 3 5 8 10 13
477207 477233 4°7259 47285 47313 477337 4°7303 4°7389 4°7415 477441 3 5 8 10 13
47467 4°7497 4°7518 4°7544° 4°7570 4°7596 4'7622 47647 47673 4'7699 | 3 5 8 10 13
| 47725 4'7150 4°7776 4°7802 47827 4'7853.4°7879 4'7904 4°7930 477955 | 3 5 8 1o 13
47981 4-8007 4-8032 4-8058 4-8083 4:8109 48134 48160 4-8185 4-8211 3.-5 8 10 13
48236 48262 48287 48313 48338 4-8363 4°8389 4'8414 48440 48465 | 3 5 8 1a 13
4-8490 4-8516 4:8541 4-8566 4°8592 4-36;7 48642 48668 4-8693 4-8718 3 5 8 10 13
48743 4'8769 4-8704 4-8819 48844 48870 4°8805 48920 4°8945 48970 | 3 5. 8 1o 13
- 4°8996 4°9021° 49046 4907 4:9096 49122 4°9147 4°9172 4°9197 479222 3°5 8 10 13
49247 4°9272 4'9298 4°9323 4°9348 4°9373' 4°9398 4'9423 4'9448 49473 | 3~ 5 8 10° 13
49498 479524 49549 4°9574 4°9599 4°9624 4°9649 4:9674 4'9699 4-9724 | 3 5 8,10 I3
49749 4°9774 419799 4°9825 4°9850 4°9875 4°9900 4°9925 4°9950 49975 | 3 5 8. 710 13

The probit corresponding to a given percentage is the normal deviate (increased by 5 to
exceeded by this percentage of the population (see Table I). ‘
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TABLE IX. PROBITS—continued

o5 o6

. 'o.c 7 .

£

149

169

29- °

oI. . o2 o3 o4 o8 09 kex 23 .4 5.
50000 50025 5°0050 5°0075 5°0¥00 5'0I2§5 5'O0I50 §0I75 50201 50226 ' 3-;.50 “’8 10 :}.
5:0251 5-0276 5'030I 5'0326 5'0351 50376 50401 570426 50451 50476. | 35 8{710. 13
57050z 50527 5'0552 50577 5060z 50627 50652 50677 5:0702.50728 | 3 5 8 10”13
570753 5'0778 50803 50828 5-0853. 50878 5:0904 5'0929. 50954 50979 | 3 ‘5 & 16 12
'5'1004 §'1030 5'1055 5 1080 5'Iro§5 51130 5 IIs6 51181 51206 5123t |3 5 8 10 13
5'1257 51282 51307 51332 51358 5-1383_ 5 1408 51434 51459 "5-1484 '3-5 8 10 13
51510 51535 51560 51586 51611 51637 51662 51687 5173 51738 | 3 5 8 ‘10 13
51764 51789 51815 51840 51866 51891 571917 51942 51968 51993 | 35 8 10. 13
52019 5'2045 5'2070 5°2096 5'2121 5°2i47.5'2173 5'2198 52224 52250 | 3 5..8 Io.13
52275 5'230T 5'2327 5°2353 '5:2378 52404 52430 52456 52482452508 | 3 5 .8 10 13
5°2533 5'2559 52585 5:2611 52637 5°2663 5°2689 52715 52741 5:2767 | 3 5 8 1613
52793 52819 5-2845 5°2871 5°2898 52924 52950 52976 '5-3002 5°3029. | -3 . 5..°8 :.10‘13' .
5:3055,75°3081 5°3107 5°3134 53160 53186 5:3213 53239 5°3266 53292 | 3 5 -8 11 13 .°
5°3319 5°3345 53372 5°3398 5°3425 5°345 5°3478° 5°3505 53531 53558 | 3 5 8 1riyz
53585 53611 53638 5°3665 5°3692 5°3719 53745, 573772 5'3799 5-3826‘ 3.5 8. 11 130
5:3853 53880 5'3907 573934, 53961 " 53989 '5:4016. 5:4043 " 54070 54097 '3 5 "8 1 1y
|-§:4125 54152 54179 54207 54234 5426 514289 54316 54344 54372} 3 5 8. ir1g
5°4399 5'4427 5'4454 54482 54510 5:4538 5°4565 54593 54621 5°4649 3 67 8 11 14 .
54677 5'4705 -5°'4733 5476% 54789 5:4817 5:4845 5°4874 5'4902 54930 |3 -6 '8 11 14
5'4959 54987 §'5015 5°5044 5'5072 §'§I0I 5'5129 55158 5'5187. 55215 | 3 8 9 1rrig.
5°5244 5'5273 55302 5°5330 5°5359 55388 5'5417 55446 55476 s5505 | 3. 6 9 12 14 |
5°5534. 5°5563 55592 5'5622 5'5651 5°5681 55710°5°5740 5°5769 55799 -3 - 6. .G 1z, 15
5:5828 55858 55888 5:5918 5:5048 5:5978 5:6008 56038 5:6068 ‘56098 "} <3 6 9 ‘12 I5
56128 56158 5:6189 56219 5:6250 56280 5631i 56341 56372 56403 | 3 6 9 12 15
56433 56464 56495 56526 56557 565885 6620 5-665i 5'6682 56713 3.6 9 12,16
. 56745 56776 56808 5-6840 56871 5 6903 56935 5° 6967. 56999 5703% | 3. 6 ‘10 13 16
577063 577095 57128 57160 §7I92 57235 57257 5°7290,5'7323 57356 | -3 7 10 13 16
577388 57421 5'7454 57488 57521 57554 5:7588 5762157655 57688 |'3 "7 xo 1317
57722 57756 57790 57824 5:7858 5'7892 57926 57961 .5°7995 5'8030. | 3 .7 10" I4. X7
58064 §'8099 58134 58169 5 8204 58239 & 8274 58310 5 8345 58381 | 4 v7 11 1418
58416 58452 58488 58524 58560_ 5-8596 58633 58669 587.05 58742 | 4, 7 11 14 18
58779 58816 58853 5:8890 5'8927 5°8965 57900z 5.9040 5°9078 §'9rI6 | 4.7 II 'I5. Iy
59154 59192 59230 59269 59307 5°9346 579385 59424 5°9463 595027 | 4 8 12 15 19
59542 59581 59621 5:966I 5'9701' 5'9741 59782 59822 59863 59904 | 4. 8 ¥z 16 20.
5°9945 5°9986 6-0027 6-oo§9 6ro110. 6-0152 6'-‘0194 6:0237 6-0279 6-0332' 4 _8 13 17 21
6:0364 670407 6-0450 6-0494 60537 6-0581 60625 6-0669 6-0714 § 0758 4..9 13 18 22
6:0803 6:0848 6:0893 6-0939 6:0985 6:1031. 6:1077 61123 6 Ilzo 6 1217 »"5,."9 14 18 .23 '
6:1264 61311 6°1359 61407 6:1455  6-1503 6°1552 6:1601 6 1650 6¢ 17oo .5 Iq I§5 19 24
6:1750 6°1800 61850 61901 61952 6-2004 6:2055 6-2197 6 2160 62212 |- 5 To 1§ 21 26
62265 6-2319 62372 6-2426 6-2481 6-2536"6-2591 62646 . 62702 6 2759‘ § 11 16 22. 27
6:2816 6-2873 6-2930 6:2988 6347 63106 63165 63225 63285 6334’6 . 6: 12 18 24 29
6:3408. 6:3469 63532 63595 6-3658 63722 63787 6°3852. 63917 6:3984 |- 6 13 19 26 32
6:4051 6:4118 64187 6°4255 6°4325- 64393 6-4466 6°4538 64611 646814 |.,7. 14 21 28" 35
6:4758 6°4833 6:4909° 6:4985 6:5Q63 65141 6°5220 6°5301 65382 6:5464 |8 16 234 31 39
6°5548 6-5632 65718 6-5805 6:5843 6-5982 6:6072 66164 66058 6:6352 9 18 27 36 45
6:6449 6:6546 6°6646 6-6747 6-6849 6- 695,4 6 7o6o 6 71@9 6:7279 6;739k:'.~ ﬂ ‘
- 97 100 I0I 102 - 105 106 109 IID I13 ' 113 \
6:7507 6° 7624 6:7744 67866, 6:7991 6-8119 - 6 8250 6-833446-8522 6-8663
. Ity 120 122 125 128 . 131 . 134 7 138 141 ., ‘14§
6-8808 6- 8957’ 6-gr10 6-’9268,6-9431 6-9600 69774 6'9954 7°0I41, 7°0335
153 158 163" . 174 180 18" 194 202

_Continued on next page.
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TABLE I1X. PROBITS—continued |

| oco oo1 o002 " 003 o004 o005 o006 ©vo7 o008 oog |1 2 3 4 5
98-0 | 7°0537 7°0558 "7°0579 7-0600 7°0621 7:0642 7°0663 7°0684 7°0706 7:0727 | 2 4 6 8 1x
+98:1 | 70749 70770 70792 7°0814 7°0836 7°0858 7°0880 7-0902, 7-0924 70947 {2 4 7 9 1I
98:2 | 70969 7°0992 7°1015 7°1038 7°1061 7°1084 j 1107 7°XI30°T°II54 73177 {2 § 7 9 12
983 | 71201 ‘71224 71248 7°1272 7°1297 71321 71345 7°1370 7°1394 7°1419 (2. 5 7 Io 12
1984 | 71444 §1469 71494 7°1520 7°1545 T'IS7% 7°1596 71622 71648 771675 '35 8 10 13

. b o )

-98'5 | 7°1701 71727 71754 T 1781 7-1808 7-1835 7-1862 7°18g0 7°1917 71945 |3 5 - 8 Ir 14
. 9861 7°1973 7*2001 7:2029 7-2058 7:2086 ..7°2115 7°2144 7°2173 7-2203 72232 |3 6 - 9 12 14
987 | 772262 7'2292°7°2322 7°2353 7°2383, 7°2414 7°2445 72476, 772508 72539 |3 6 o 12 15
98-8 7‘-257; 7-2603" 7°2636 7-2668 7°2701  7°2734 7-2768 7-2801 72835 72869 | 3 7 10 13 17
989 | 7°2904 7°2938 7°2973 %°3009 7°3044 7-3080-7-3116 7-3152 7°3189 73226 (4 7 Ir 14 "18
U990 | 7-3263 7°330% 7-3339 7°3378 7°3416 7°3455 73495, 7°3535 7°3575 73615 |4 8 12 16 20
_.99°1 | 723656 73698 7°3739 7-3781 7-3824 7°3867 7-39II 7°3054 7°3999 7°4044 |4 9 13 17 22
992 | 74089 7°4135 7°4181 7°4228 74276 74324 74372 T4422 74471 74523 |5 Io 14 19 24
1993 | 74573 7:4624 7°4677 7°4730 74783 7°4838 74893 7°4949 75006 775063 | 5 11- 16" 22 27

99'4 | 7512¢ 7°5181 75241 75302 75364 7°5427 7°549% 7°5556 7:5622 75690 | 6 13 19 25 32
. 99'5. | 75758 75828 - 5899, 75972 76045 -§-6121 7-6197 76276 7:6356 7-6437 '
- 996 | 76521 7-6G06 7-6693- 76783 7:6874 76968 7-7065 7-7164° 77266 ‘Y7370 ,
© 997 | 7°7478 7-7589 7-7703 7:7822 77944 7-8070 7-8202 7-8338 78480 7-8627
99°8 | 7-8782 7-8943 7-911z 7°9290 7-9478° 7°9677 7°9889 8-o115 8-0357 8-0618
99°9 _8-0902 81214 8-1559 8-;947 8'2389 ‘82903 (8.-3’528 8-4316 8-5401 8-7190
TABLE X, SIMPLE QUANTILES OF THE NORMAL DISTRIBUTION o,

Proper Fractions, with Denomlnators up to 30, and the corresponding Normal Deviates- ,

: *1/30- r1+8339 *1/10 |1 2816 5/27 | 08958 8/29 |o-5952 |l *13/30 | 0" 3407 9/20 | or1257
‘1/29 [ 1-8187 |  3[29 |¥2621| 3[16 08871 5/18 |o-5895| 7/19 |o-3360 s/i1 | o 1142
 1/28 |1-8028|l .2/19 |1-2521| "a4f21 [o-8761 7/25 |o-5828|| 10[27 |[0°3309| 11[24 | o-1046

~1f27 | 127861 3/28 |1-2419 5/26 | 08694 27 | o-5661 3/8 |o-3186 6/13 | o 0966

" 1f26 [1-7688 1. 19 - | 12263 “*1f5 . o 8416 7/24 | 05485 || 11/29 {0-3073|l 13/28 [. 00896

“1f25 |1-75071|  3/26 |1-1984| 629" |o8172|| 5/17 |o'5414( . 8/21 |0 3030 *7/15 | 00836
©1f24 |ry317 217 |11868| 5/24 |o-8122| 8/27 |o'5351|| 5/13 |o2934| 8/17 | 00738
- 1/23 |rq117|  3/25 [11750| .4/19 08046 *3/10 |O°5244| - 7/18 |0-2822 o/19 | oro66o
- 1f22 {16906 | 1/8. {11503|° 3/14 |0 7916| ~ 7/23 |o5119|l 9f23 [o-2759| Iofz1 | ©-0597
C1f21 {1°6684 | - 3[23 |1°1244| 5[23 |o7810|l . 4/13 |oO5024| 11/28 |or2719| 1123 | 00545

1108 | 2l |o76a7| /20 |o-aoa9| *2/5  |o-2533| 12/25 | o-0502 .
0968 || 5/22 |o7479| 5/16 |04888| 11/27 |0-2342| 13/27 | 00464
0897l 3/13 |07363| 6/19 |o4795| 9[22 [o-2299| 14/29 | ©-0432
L 1/177 175648 1/7 +0676 || *7/30 |o"7279 7/22 | 04728 |l 7/17 |0-2230| *1/2 o

I/16 1-5341 || ~ 427 | 10444 '4/17 o-7215 || 8/25 o4677 - 1229 |o'2178 || .

1/15" 1-5011 || © 3/20 | 170364 /21 07124 9/28 04637 5/12 | o-2104
2[29 | 1°4835| .2/13 |1°0201| 6[25 |07063| *1/3 |0°4307 8/19 |o°1992
1/14 | 14652 * 3/19 | 1-0031 7/29 |o 7019 || ‘1029 |0°3093 || 11/26 |o-1940
2[27 | 14461 4f25 |o90a5) 1/a |o06745| 9/26 |o-3957|| 3/7 |o-1800
1/13 |1-4261|] *1/6 [0 96741 .7/27 |0°6456| 8/23 |o-3912 | *13/30, | 0-1679

N

1/20 YI'6449 *2/15'_
119 | 1°6199 ‘ 3/22
. 1/18 [1°5932|  4[29

R S )

- 2/25 | 14051 |} © 5/29 |o0v9447| 6[23 [o-6407|l 7/20 |0°3853|| 10/23 | 01642
- 112 |1°3829|1 ‘4/23 |0°9388 5/19 |06336| 6[17 03774\ 7/16 |0°1573
2/23 135971  3/17 | 09289 *4f15 |o-6229 5/14 |jo-3661| 11/25 |o-1510
i/ir | 13352} | 5/28 09208 7/26 |o61s1|| of2s |o3s85|| 4fo |o1307
2/21 I+ 3092 2[/11 | 09085 3/11 |o0°6046 4/11 0-3488l 13/29 |o-1300

Many fractions with higher denominators may be qmckly obtamed by simple interpolation between adjacent values,

“e.g. from §/13 and %/18, because siZS T , the deviate for 12/31 is judged to be 0-2822 4 3( onz) 0-2868,97.
True value 0-2868,94. Each thirtieth is marked by an asterisk. '
To convert to probit values subtract from 3, and for fractions A greater than } add the value for 1= to 5
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. TABLE XI. PROBITS

, -
Welghtlng Coefficients and Problt Values to be used in Ad_]ustments of Spec1a1 Accuracy
(Adapted from Bhss, 1935) R T et N ,; ;
. Maximum \ ’ Maximum Yo T e
Expected - working - , . Weighting Expected . 'working -~ . ¢ Welghtmg
~ Probit probit ‘ Range ~ Coefficient .- Probit ‘ probit ) Range .+ Coefficient
Y. Y+0Q/z. 1z..  Z%PQ. R £ 1 Yrez ':IIZ-M, o 2eQ.
N ' ) | S e
50 62533 25066 63662 70 | - adig . 18522 . 13112
51 6°2593 2°5192 +63431 wex . 7°5062"  i22:736 e 11026
52 6°2759 2°5573 *62742 72 75919, - 28189 o919
53 6-3018 2:6220 61609 . T3 76786+ 35:302° . 07563
54 6:3357 . 27154 - *60o5z - 74 | 77660 . 44654 ;'06169
55 63764 28404 -58099 75 78543 ~+ §Fos . \'04979
‘56 | 64230, 3oolo *55788 76 779432 T 4362 . 03977
57 . 6-4749 - 32025 *53159. 7T 8:0327 - " -. 9596 = - 03143
58 65313 3°4519 50260 78 - 81228 .7 12634 -02459 _
59 65917 37582 47144 7:9 ‘82134 168 09-; '01903? ‘;\
60 66557 41327 . 43863 8o . 83046 2256 . cousy |
61 6-7227 - 45903 ‘40474 || 81 83962 . ° 3061 . -orro4 |
62 © 647926 5'149% * 37031 i 82 84882 4194 - +00828- | |
63 68649 58354 +33589 - 83 | 85806 5805 | coobig .. |-
64 . 6'9394 = 66788 *30199 84 86734 - 81r's "t r0045I .
65 70158 . 7721 +26907 85 ... 87665 1146 -r00327 "
66 | 70940 9'o15 *23753 86 8-8600™" . 1634 00235 |
67 71739 10°633 *20774 87 .. | 89538 2354  , -oo167
68 . 72551 « 12666 © *17994 . 88 . 90478 . 3425, . '*oori8
69 73376 15240 *15436 - 89 91421 5034 .- r00082

-

In toxxcology the probit values used are found.by addmg 5 “to a normal deviate. "'The weighting coefficient for any
test, Z2[PQ, is derived from the problt Y, glven by some prowsmnal formula. The appropria.te score for tests in which

all animals die is Y+ Q/Z. . \ ‘
For refined adjustments, even if an empmca.l probxt is avallable, the test may be accurately scored sy = Y4-Q|Z—¢|Z

where ¢ is the observed propomon surviving.
Thus, if ¥V = 5- 3, in a test in which three survive out of 12, we may take ‘for the adjusted s¢ore - . -

‘ e A : l63018——(26220)_56463

in place of the empirical probit 5:6745 derived fromu‘.he fraction; %, surv1v1ng. -
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. ANGULAR TRANSFORMATION
TABLE XII. Transformation of Percentages to Degrees

2% ,'o" .1 2 3 4 [3 6 7 8 9

'_"o\' o' 57 81 1000 . II'§ . 129 - 142 15°3 16°4 175
1o | 184 194 203 211 22°0 228 236 244 251 ., 258

20" | 26:6 273 28-0 * 287 293 - 300 307 313 . 319 326
30 |33z 338 344 . 351 357..-.363 369 315 381 386
40 1392 - 398 404 ‘ 410 416 421 42°7 433 439 - 44’4

50 | 450, 456 461 467 473 479 484 - 490 496 - 502
6o | 508 s514 519 525 53X 537 . 543 549 556 562
70 {568 574 "'581 ..58 59°3 - - 600 607 61-3 62:0 62-7
8 | 634 642 . 649. 656 ‘664 °. 672 680 689 697 706
g0 ’71'64 775 136 LT ,»75'8 11 785 800 819 843
In connectxon with an observed fractlon 2, it’is often advisable to usé the angular va]ue $, such that p = sin® §.

- qS Hses to go° at 100 pef cent. The amount of information supphed by # observations about ¢, in circular measure,
. -rr’n

lls 4n, or in degrees, 4mn . Consequentlyqn large samples, the variance of ¢, as estimatéd from a .sam le, is
180* 8100 3 P

/

!:’(;o 820 7 mdependently of the true value of qS o . ’
. 4 .
~ For small ang1e§ use 57 31/ P in preference to mterpolauon . , !
: a4 -
o~ o TA_,BLE XIIL. Transformation of Proper Fractions .to' Degrees

. *1f307| 105 |f *1f10 | ‘184 - 527 | 255 8/29 | 317 [|*11/30 | 373 || o9f20 | 421
.- If29 | . 107 3/z9 | 188 I 3/16.| 257 5/18 | 318 7/19 | 374 5/11 | 424
‘ 1/28 | 1079 219 | 189 4/21 | 2579 7/25 | 319 || 1027 | 375 || 11/24 | 426
Caf27c|-1rx || 3/28 | 19X 5/26 -| 260 |l -2[/7 | 323 ||* 3/8 | 378 6/13 | 428
126 | 13 || 1o | 19°5 || *1/5 | 266 || 7/24 | 327 || 11/29 | 380 || 13/28 | 430

1/25 | 11°5 ||. 3/26 | 199 6/29 | 271 || s/17 32°8 8/2x | 381 *2/15 | 431
o 1f24 | 18 2f17 | zox-|| - 524 | 272 8/27 | 330 s/13 | 383 8[17_| 433
‘1f23 | 1z0a || 3[25 | .203 4/19 | 273 || ¥3/10 | 332°|| 7/18 | 386 o/19 | 435
1f22 | 12°3 /8 | 207 3/14 | 276 7/23 | 335 || 9/23 | 387 || 10/2x | 436
1f21sf 12:6 || ' 3/23, | 21°2 5/23 | 278 || 4/13 | 337 11/28 | 38-8 11/23 | 438

“1f20 | 1279 || *2f15 | 214 || 29 | 28-® | 9/29 | 339 || *2/5 | 392 | 12/25 | 439
1f19 | 133 || .3/22 | 217 5/2z | 285 || 5/16 | 340 || 11/27 | 397 || 13/27 | 439
‘xf18 | 136 || "4f20 | 218 || '3/13| 287 || 6/r9 | 34'z || o9fzz | 39:8 || 14/29 | 44'0
/17 | 1400 1f7 | 22z || *7/30 | 289 |- 7/2z | 343 7/17 | 3909 || *1/2 | 450
1/16 | 145 4f27 | 226 || 417 | 290 8/25 | 34'4 12[29 | 400
%1/15 | 1500 ||  3/20 | 228 5/21 | 292 9/28 345 || 5/1z | 402
2[29 | 152 || 2/13 | 23X 6/z5 | 29°3 || *1/3 353 | 819 | 405
114 | 155 3/19 | 234 7/29 | 294 10/29 -36°0 11/26 | 406

o 2f27 | 158 || 4/25:| 236 Y 1/4 | 300 9/26 | 360 37 | 499

© o oxfiz | 1601 || *1/6 _| 241 7[27 | 30°6 8/23 | 36°1 |l *13/30 | 412

2[25 |- 164 5/29 | 24'5 6/23 | 307 || 7/20 | 36:3 || 10/23 | 41°3
' 1f/12-| 16-8 4/23 | 24°6 5/19 | 309 6/x7 | 364 | 7/16 | 414
2f23 | 1772 3f17 {" 248 || *4/15 | 31X 5/14 367 11/25 | 41°6
1fix | 17°5 || 5/28 | 250 7/26 | 31°3 9/25 | 369 4/o | 41-8
221 | 180 2[11 252 3f1x | 31°5% 411 371 13/29 | 420

rd

For fractions exceedmg 3, subtract the fraction from I, and the angle from 90°. «Each thirtieth is marked by an
asterisk ; for interpolation see Table X. -

R
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TABLE XIV ANGULAR TRANSFORMATION

i Angular Values for Ad_;ustments of Spemal Accura.cy

Expected Maximal o Expected |~ Maximal R Expected _'
angular working Range angular' .| . *working Range angular -
value . angle oo value angle .~ -*° v ., value ;
¢ ¢+1 coth -cosec 2 ¢. ¢ ¢+ &cotgb cosec 2. ¢
45 73.6 . 57.3 60 76-5 : ‘ ‘ 66..2" 75 ‘ . f 82_7
© 46 737 57°3 61 . 769 . ~ 676 . 76 o _",83'\Ilq
47 737 57°4 62 - 77.2 69 tl g7 836
48 | . 138 576 63 76 o8 |0 g8 b 8gn)
49 73'9 57°9 64 780 . g2y | .-79.0 ) 846
50 740’ 583 | 65 | 184 748 80 | 851
51 74° 2 586 . || 66 78:8 7 7r 81 85 5
52 44 590" 67 792 9T 82 | 860 - a
53 74°6 . 59°6 68 796 82057 83. 865 236 8
54 748 6oz " 69 - 800 - 856 84 ‘870 .4*;4.5‘5.2756
55 751 6o |l 70 Sog . 8gr || .85 | sz ;3300 (
56 753 61-8 71 80'9g. 931 86. 880 4rry
57.7 756 62-7 72 813 L9975 il 87 885 ~j"*]548 LR
58 75'9 637 73 - 81:8 - 1oz 5 |I” .88 - 89'0. . i8arg
59 76z 64'9 74 82:2 " 1081 || 8 ’ 89’-‘.5< 1641 7

*

»

This table supphes for the angular transformatlon the samer fa.c1hf1es as does Table XI for problts The welghtmg :
coefficient, 1{820-7, is constant for all angular values, and is. only needed in testing’ homogeneity. The ad]usted score i
for expected angular value @, is ¢, = ¢+% cot ¢— q cose¢ 2¢ where g is the observed proportxon surviving.. = o v ooy ST
For values ‘less than 45 -subtract from 90 ; the range is then as tabled *its | Jower extrermty is at 90 less the
value in the table , , el

o



TABLE XV. LATIN SQUARES
The 4X4 Latin Squares

First Transformation Set
Self-Conjugate Standard Squares

<ARO

ABCD

_ Second Transformation Set:
1 Self-Conjugate Standard Square

v

S AVM <
vo<Aanm
BDAC

<AV
A<dA
VA<

ABCD:

va<
A<dm

ROA -

g <mLA

moORA

/

, - - The 5X5 Latin Squares
-First Tra.nsformation_ Set : . 25 Standard Squares and their Conjugates

RO/
AR<<AmoO
JONaN--Ro R
PMOER<CA

mouAa<A
DEACB
CDEBA
ALARO
<pUAR

ROULCMAM

CDBEA
BAECD
ABCDE

BARV <

Aum<m

RMUA<A
DEABC

9, IO

<ROARm -

RAM<O

omAn<
MU -
<PROAM .

RAMROL
AR<AD
O<AMM
ROR<LCA

19, 20

<nuAr

VAR<LGM

VBCAED
<nVAR

MAm<O

,E&DBCM
”DEBCA&

L

-

VRAM<
RMO<LXKAA

15,1

ABCDE.

T ®mA<MU
Ad<kmLM
s VEAMLA
BCDEA_

QABCDE

OR<mA -
ACAR0

<RUAME

MmO

ARMO <

OR<HEM

pOR<A

13,14

1T, X120

<mLARA

RO<mA

REMO<
O<hRKM
PRAMCO
<POAM

H<mOA

29, 30

—

DCEBA8

tomAdm

MA <y

<mUAR

I

HO<mA

AMM<CO.
v<Am\M
MARO <

ABCDE

CEBAD
BDAEC
ABCDE

. .n

E DA (ON--
_DEBAC
-odrmA;

BCDEA

-
A )
|

© 25, 2

uEADCB‘
AvK M4

23, 24

”

2I 22

.ABCDEl

ROAMm<

ARLmMEO

toAm<a4m

MR
<puAR

MUA<A
A<Ld@mU
vAmMMm <
ME<UA
<MOAR

RmUA<A
A<dmEO
oA

RARO<

<mouAn

ECDBA
APm4omMm

O<rM|A
BDEAC

<mOAR

TA<A@O
CEDAB
MAEU<

35,.36 - 37, 38 39, 40

33,34

mu<mA-

31, 32

<pofAM -

g .,z *

mOm<A
SR YR S)
OR<CHEA
g aRe e
<ARORAR

RMA<LMO
ALUE <M
VM@ A
MEAQ<
<mUARk

MLmoA
AuU<@M
OVCAEM<
MEA<40

<mOUAR

R<AMO

AUAR <
OARK<A
MEACORA
<POUAR

mA<OmM

AOM[
O<E/mA

MEA<CO

43, 44 . 45, 46 47, 48 49, 50

41, 42

<moAm .

V<A@ MmYe
MmECOn

_ Second Transformation Set: 6 Self-Conjugate Standard Squares

RAM<O

ALK A<

<mOAMA

RO<LMA
ARdmoOmMm
vAmK <
MRAGO

<RUAMD

HOA<A
MmO <
V<E@A

MACKO -

<ROAM

RCAMO
ALULmM
oEmm<gA
MARKO<

<AOAM

m<dpoA-

AR<mO
CDEAB

PMOAM< '

<RUAM

RACORM

ACAEL
ORAmMm< G

RUR <A
<muARX

When constructing squares for use in experimental arrangements use the randomization procedure described in the

Introduction,

L
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Five conjugate pairs of transformation sets, and twelve sets containing conjugates.
indicate the number in each set, s standing for self-conjugate and ¢ for conjugate.
turned into the following transformation set by interchanging rows or columns with letters.

I

1080, 1080

HEDOR >
gr>HYOs
MY RO
AFEHE> D
WwOHPOE
P WaUHE

. oooi-1080
1081-2160

VI

90:+225+5255
ABCDETF

HEoOOW
weQEg

HEgOWE R
weOoE=

aMETAWE D
>O0UQMEE
HOEEQ >0
HEAOTNEQY
Q> OO0
AHQ®E > O
gempHAQ

(a)

When constructing squares for use in expenmental arrangements use. the randomlzatlon procedure described in the

Introduction.

HEQOgOWR

II . 1 48 S v
18051-450-+450¢ 540-+540¢ 540+540c
ABCDEF ABCDETF ABCDE
BCFEAD BAFECD BAEFC
CFBADE . CFBADE- CFBAD
DEABFZC DCEBFA DE ABF
EADFCB EDAFBC EDFCB
FDECBA- FEDCATSB FCDEA

2161-3240 3241-4320 ‘ - -432I-5400

\
VII® VIII IX s
2704270¢ 360, 360 180-+180¢
ABCDEF ABCDEF ABCDE
BCDEFA BAEFCD BAEFC
CEAFBD CFAEDB CFABD
DFBACE. DCBAFE rDEBAF
EDFBAC EDFCBA EDFCRB
FAECDB FEDBAC FCDEA
7021-7560 7561-7920 - 8281-8640
7921-8280 ', ‘ f,

XII XIII XI1v
. 6os+30+30c¢ .. 6bos 20--20¢
BCDETF ABCDEF, ABCDE
CAEFD BCAFDE A BCAETF
ABFDE CABEFD CABFD
EFBAC DFEBAC DFEBA
FDACB EDFACREB EDFCB
DEC-BA FEDCBA FEDAC

go61-9180 - - g181-9240 9241-9285

R XVI XVII -

. 6sti15415¢ . o 104100 -

ABCDEF ABCDETF

BAECFD "B CAFDE-

CEAFDB " CABEFD

DCF ABE- -DEFABC

EFDBAC -EFDCAB

FDBECA E FDEBCA

' 9353-9388 9389-9408

Examples of 7>< 7 Latxn SqLares
ABCDEF G.” A, B,CyD, EyF, G
BEAGFDC B; F; Eg Gy C4 A; Dy
CFGBDAE C; D, A5 E; B4 G, F;
DGEFBCA - DgC;Gy A3 Fy E; By
"EDBCAGF E,GgBy F5 A, D,;C,
FCDAGEB. F, Ay D, C; G3 B; E;
GAFECBD' ' - Gy;E; F, B, D,C; Ag

©®) ' ' @

TABLE XV. LATIN SQUARES—continued .
" The 6X6 Latin Squares

53

The numbers above the ;quares i
Each pair of codjugate sets can be

WeQEOE -

w»otnc"rl
YO W

s

6o.v—|—6o+601:

HEUOw>
oo-b‘itj'}"’dﬂbd

- NG
forEEEO

F
D
E
C
A
B

>

LoHEERD,
VS woHbUOH

.

-
.

VR
<

w
(=)
\ e
(]
=)

HEHOOE>
c HOROPW, -

N

" o0

.
\O
w

owWHER> MO,
OEPEEY
aw>omum,
POEEOT ]

%317 9352 .

P
.

Al B2 'C3 D4 E5 ‘FG G7
By C, D E, F, G; A

Cs D; E, F_s G1 A7 B,
Dz E4 F'i Gs As'Bs C1

" F5-G3 AyB; Cy D, E4

G4 AG Bl CS D? E3 F2
@

¥

D2

;wo»muﬁ

>dccmw

E

.
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LATIN SQUARES—continued
- Examples of Squares from 8X 8 to 12X 12

TABLE XV,

Ao AO R - | , ‘ | NMO & W N0 1 N -

IJDFBHCAEG . U VWM s
HIABDGLEFCJ . . | M FNMO N ma N0

III

MmO N M H g ma N0 0

GFEn.L;.nn.JHDBIo o ‘" . e MO N S > N W N0 W
.\,FCBEGIDJHAV.M‘LIEKH.TJBFCDA.G - N 41% QW - O 217,6.543
.EHFJTDAGCBmNKFJHBIEGALDCc 4 Hz314, OIS MO AN M IO 10 % A
ARV MROARKRSE  —dTR - dOARY KM 2 xmzsw T
O<mOERENAR EORO<AMA [ © > |
MOM<GMMORA HEAAONM M O R S owe Mmiy  mwonRw s
€M OAR O~ .GKICADJBFHLEM. m ) © M s O ¢ N NWm A
) . , , _ ] A < . 42136 ~ WS N O = BB B~ S B
. . F-ARMOL<<O~mA A N ¢ - e meoa <+ N XE o mmmme~a 5 da~n;meao
BBMASCMOE<RE 4 YZaennf T mnceves  nmesann

_ B -t 2 N O NS RN TR SRV O SRV
,WCGAIFKDLBEJHch ,m ' &341% 1“5%246 r64”75“

IRV CORAR maMEAGR-gemOO<d g | 2 , ,

MIH - OAUR " <mUARNMO T~ MW 3 e . |
OO A < , _ O TON. NH N IR0 ST HMmEo o

- ORIAM<CO a S 134J“J .MMMzMMH. M”MMMWzM

- r . o - A i -

MDHFCBAIGML N e rz4+M A A

QO €M O T . . - w0 ® . . . Yt . . .

ORI <MIE 0N MAGDMADmdmm " - mwme s S nhwRme

MOUANO k@t —OmdmIEMOmmA m. ' A

‘ . . . . G TR R To AV-TE oW AD )

<RUAMKSm e & ~HAR<AROMUA & ‘ e ‘

B 7T mMpmomemoa< 7 8§ | |

| . vEmmAMggUEs z o D P waee e me s

R S FCIKHATJDBEG X, W. =R RN | o M W N + N e
. .,W,ﬁ HﬂEDB1KGHNTFCun : JXMJ H ) a . Hmwvma - W3?154

HMOARAVCK ©  AMEmOUMREME R | AL T R A
SOEEACKHAD . OREOM~AME 2T Gl vl i T S

RARTMODAY * meMOAER~AOR" LR X . -
RMED<TROASE  <AVAMKOE LM . DR Y amame e oen

DEGCFAHBOO L S : . T .4p.aI ) A
C.ADGBHFE_,‘ . - M & M31 < &
BCAFHDEGQ> a ™t CIRCRL I
ABCDEFGHfU M N o NN e



COMPLETE SETS OF ORTHOGONAL LATIN SQUARES

TABLE XVI.

continued

z..‘,...\ 81275436 F(
72 1006 345 m

o 34572 0O

N3 :
_

<+ 1o 31872 B..(

>
-

I

B NHO a0 N

54368127

36542781 F

27813654 D...

18724563A

N

0 O FO. H I~

W7I 35286..4@

<

(o) 4‘28.357,1
NS0 0 o R
+Q 0 O Ve 7_3

S

. 298.,6.471 35A

8X38

H s N0 N O

-

84732615

TN NI a0 1

II

-

O 8 m gt 0~ O

RO a8 M~ Yoo N
<+ MO 8 WM
™I~ T 1 HO A
WO NN I~
H 1 oD~ 0

876 ATo N o T\ B
N MO M PN O F

V0N ~a N tm O

567&L234E.
)

~

34127856 D

N

<t N =0 765

N Mt D0 1N~
H N MY WO ~

AEF, B

VI"

-

. .86 DR X I

754286 o H R

6813572 4D :

IS

572 46813
<+ o 7531863

™M H 0O ¥ o 75E
P ) . )

A FWMI~H OO 0N

H MO0 A ¢~

.83526174F

VI

N0 H 1N 0 3E
61748 352D
(§)
F_

47162538D
R

N N0 M~ HO W

THO W~ N N

N0 QM= N

=

O NN M0 N

A

0 WM M ao Y

EF, CD

MO M A N0
+ M ~0 o R
32678514
21\076 N o H
M o0 WMWY NN

ADF, B

@.m86142 AN~ n
o \37v436 MO N O

9X9

T NN O N e O

T 0T M H ANINY NI~

111

by
-

N0 WM NO H oISt

L0 IS M NO <

M no 40 O~ ) M

N ey N0 0 OV N
L e N D en SN0 O M

OO M~ MO

AN N0 N O -

942 537186

618294753

N OV I~ A \O 0O

-ABC(X), ABD(Y),
ACD(X), BCD(Z).

HOOW Ot N~

I - i
951276438

=0 A/noo ¢+ W N O

"ABD(W), .

BCD(Y), ACD(Z).

O 8N ¢ H O
M H ANY 8 MO
T Mmoo A H O ISN\O
Moo T+ 1 - (= SV
LN SV <+ N OV H

ABC(Y),

1956,278 <+ ™

® 1o & 3.741
Nt RO WN VO ™
O QA g =H I~ 00

4175286 o O\
M OO H I~ N0 N

BC(), AD(l), -

Lo S B IR TR 7o T o, R = Vo I

OIS0 M H OO ¢ 1

INC0 O\ H & ™ N0
O TN OO0 MmN

T N0 N0 AN W
M N0 1O\ 0
N MR WNO FO O~

4c¢(/), BD(J),
AC(J)xBD(]).

!'2 MG WO N0 O

BC(J)xAD{J).

\

VIII

VII '

VI

o« <+ GO0 IS

0O HYO vw!m~s<t OV,

IR BC R e Y-
Vo HMI~mInAa O

W~ 0wt SO 0

4928 - \O oW~
MBI~ Y OO HO
O OO H IS0
HWO 1NN ™MON

A H W T M NO I~
0 MEO I~ A MO
N N0 oM G
6721598 e RS
Vi Q= o 00 o~ OO

FOO MNNO I~ O

0 <o NN N O\ H
26791 o0 &
H 100 ¢ T+O A

- -

.93\682571\4

0 N IS H NN
7149368&25

O AMIND & ¢ I~

N0 8 FI~HWY O™
<+ INHO ONMINO ©
MO AN N MM ot I~

N MO0 M oINS DO O

M I~ MMO OV N
. 1

o NV Nt ™A
QD >SN W F\O O -~ o0
I~ ONOO ¢ \O SI N
O ME M N D I~
WO 8 H MO I~ O\
WO WM NS OND
NN H N N0 1§
QO H MW I~ OO
H A SO0 0

*

ABC(W), ABD(Z),
. ACD(Y), BCD(W).

5§
29
N
SN -
R

~R
SS
N
NN
<X
SIS
C(
QR
QN
R
pes
A
XYt
NN
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BALANCED INCOMPLETE BLOCKS

TABLE XVII.'

Combinatorial Solutions

.'7*

*

I

"15

1 8T

21

23

29

A
X4

I0

‘>IE’Q
nasUl

y 3
10 &

S QTN
N O O

vbe6
MA' 2"
r 7 ébt 
vls,dhl
k 3 ejo°

Algzn

7
15

635 fkm fio

3 Use 2, deletmg any set of five varieties

occurring in the same block

, Use 5, deleting any set of six varieties

occurnng in the same block

»
N

rk 6 Di_cyclic solution * e
T@aymbaqd

afg ahi
bisk bmo
clo

cdg
djn

ade
bhj
cmn

ajk

bin
cef
dim
gho

‘ekn

gkl ehm fjl

ano

r 8 k- 4
v 9 618
A 3.

r 9 abe:
vio apd
k 3 ace
‘b 30 adf
A2 aeg
S —af/z

r 9 abs
219 acf
k 3-adr
557 .aep

1A 1 agn

cahkm
: jgdl-.l.
ajk
. aog

r 9 abcd
'v28 aefg
k 4 akij
Al anop
. agrs

aluv

S -

beog
bfky

b5dp

bfn
bRl

bik

563 aklm

awxy cfpr
azABciglw

bdf chk eil .

Use ‘19, taking the first four _varieties of

gim

4alm

beg

cij

dko '
fhn ’

each block except the first , * .

cef dfi
cgJ
bgi chi.
bhj cij egh
edg dei fgj
cdﬁ dej flzz

.fzj

bes
bfg

agi

ahy
aij,
bef.
bdj
bek

efs

beqg cen a’h]

beo chk dmn fps
cjm efk fqr
cip 'egj gio
crs. ehi gpr
dés elg ggs
dfl emr kaus

dgk fek hor

bgm’

bjr
t'd_o

ehkr
ein B
ejvy
elpu

cjx A
cksB
cnuy
demx
dfud
dgns fhtw
diyB fils
dirt . fjoz

bgvB
bhln-
biwsz
bisu
bmrA
bptx
celsz

chqv
cimo

‘dlgsz

r% 9 Cyclic solution .

vd 37
A 2

rio £ §
v41 b 82
A '

wabdhryzD] .

dgh

.

kpgq ‘kos

cgl dig fmo ims Imp

inr Ino
7is

jng

jop

klr
kmg
knp

giux kquw
gimg loy 4

ghkot Ilrvx
grysz mpwlhB
eswd hmuz msty
hosx nqgtAd
ikvd oruB
ipqy psvz

"dikp fmnovjltB

fegxB jrrw
dovw ghpAknxs

Cyclic solution in two families

ajpr K
asEF7

-

\

.

-

.25*

- I

6*

I3
16

19

22

cfm dgj

r 2 5 Cyclic solution
v - aefgi
A 2 '
r 6 abc bdi cej diRlI hjim
v13 ade bem cfl efh ijl
23 afg 6fk cgi egl
626 aki bgj ckm esk
{A 1 ajk bkl dfj fim
alm cdh dgm ghk .
r 7 abecd abgh acfh adfg
z‘ 8 efgh cdef bdeg beceh
4
b14 abef aceg adeh
A3 cdgh bdfh befg
r% 7  Cyclic solution
vd 15 abecefik
A3 ’
r 8 %k 4 chychc solution in two famlhes
v25 &50 @ 855,65
Ax ‘ 1 @ay6,d,
r 9 ks Use 19, deleting any set of nine
w10 & 18  varieties occurring in the same block
x4 :
r 9 3abtdefglzz beefkmpgr
v19 - abdejmngs bechijlgrs
ko abghklnpg bdfhjnopr -
b19 abfilmops begiknors
A4 acdfklnrs cdeilnopyg
. acgijmnpr cfghmnogs’
acehjlkops deghlmprs
. adkikmogr dfgifkpgs
aefgilogr efhijhkimn
- bedgjklmo ‘
- Also cyclic solution
\ acefghkno
r 9 k% 7 Use 23, deleting any set of nine
v 28 5 36 varieties occurring in the same block’
Az o '
rio abc def ghi jkI mno pgr stu
v21 ado bek cip fgt gls hmr jnu
k 3 aeq bdn cghk fjs kpt ior Imu
buo afi bgp chu, dgs ejm kot Inr
A\ I agubmg cjr dhk eps flo int
ahj brs coq dlp eiu fhkn gmt
akr bjt cel dim fpu gng hos
alt bfh cns dru ego ijg kmp|
amsbil cdt ehn fgr jop kqu
anp bou ert hlg iks

- * Divisible into groups, each contmmng a complete replication, No. 25 by rows, Nos. 6 and 7 as indicated.
4 Due to R. C. Bose.
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TABLE XVIII. Index by Number of Replications

Replicas | Varisties| Blooke | ni B | Reference. || Sepics | Vagoses| Bets | ock by | Reference-|| Gohs oy | Ve | PG5r> | utock G| Refereat.
3 4 6 -2 % 7 8 28 2 % 9 19 57 3 18 .|
4 4 3 u 8 14 4. 6 190 19 | .9 | ‘19 "
7 7 3 0.5 8 8 7 u 25 25" 9 | =
_ 15 35 3 7 28 | 63 4- | 21
4 5 10 2 % 15 21 5 — 28 36 | 7] 22
5 5 4 u 15 I5 7 9 37-1.371. . 9°] 23
7 7 4 -] oS8 22 22 7 —_ 46 | 69| 6 | —
9 12 3 |- o= : T ) 64 L 72 | 8. \‘ 0.5.
13 13 4 o.s. 8 9 36 2 u 73 73 9 | os.
9 18 4 1x : b L
5 6 15 2 % 9 12 6 | os. 1o |. 6 | ‘15 4 3
6 10 3 1 9-] ‘9 8 % .9 18 | 5. | 1r
6 6 | 5 u 15 15 8 9 x| o552 | Wt
II 11 5 2 21 28 6 —_ Ir | 1r~4{ 10 | u
16 20 4 0.5. 25 50 | 4 13 16 | 16 10 . 5.
21 21 5 0.5, 29- | 29 8 | — 19 19. | 10+| 19"
. - 49 |. 56 v 0.8 21 q0-|. -3 | 25"
6 5| 10 3. % 57 57 | .8 0.5 21 301 71 —
.7 | ar 2. u ' 3r 31 |~ 10 | —
7 7| 6 | % 9 | 10 | 45 | 2| u 36 | 45.| 8~ —
10 15 4 3 10 301 3-| 13 41" | *82- | 5 | 29
1§ 434 6 2 1o | 18 5 16 46 | 46 | 10 |+ —
13 | 26 3 4 10 15 6 3 51 8 | . 6 | —
16 16 6 5 10 10 9 % 81 | 90 | 9 | oas.
25 30 5 |- ous. 13 | 13 9 0.5. o | or | 10| o5 |
31 31 6 0.5. 16 | 24 6 — BT B o
TABLE XIX. Index by Number of Units in a Block
| e g | s | Vs | Remo | nctcne |G| Bl Vs Rep | rne Sy | P |V | Bl e
3 ' .
3 4 4 3 % 5 18 9 | 10 I1 8 9 4 9 8 | %
7 7 3 0.5. | 18 | 10 9 16 15 | . 15 8 9
| 10 5 | 6 % 21, | 15 | 7 — - 29 | 29 8 —
10 6 50 | 1 21 21 5 0.8 45 36 o | —
12 9 4 0.5. "30 25 | 6 0.5. 57 | 57 |/ 8 0.s."
26 13 6 4 82 41 10 29 72 64 | 9 0.5."
30 10 9 | 15 , b o :
35 15 7 7 6 7 7 6 ¥’ 9 | 10 o | 9 %
57 19 9 18 II II 6 2 oo 137 131 9 0.5,
70 | 21 10 25 12 ‘9 8 | . os. 19 | 19 |.°9 19
. 15 1o { 9| 3 25 | 25 9 .
4 5 5 4 “. 16 | 16 | 6 5 37 | 31| .9 | 23
7 i 4 o.s. 24 | 16 9 — 73| 13 9 0.5,
13 13 -4 0.5. 28. 21 8 9o 81 | 10 0.5,
14 8 7 6 31 31 6 | os _ - ' .
15 6 | 10 u 6o | 46 9 — 1o | 1r | 1I 10" %
15 10 6 3 85 st | 10| — . 16 | 16 10 5
18 | g9 8 11 : ' é 19 I9 10 | 19
20 | 16 5 0.s. 7 8 8 7 “ . 3t | 31 |10 —
50 | 25 8 13 15 | 15 | -7 9 46 | 46 | 10 —
63 28 9 21 22 22 7 —_— 91 9I 10 0.5,
: : 30 21 10 — ' ‘
5 6 6 5 % 36 | 28 9 22
. I1 11 5 2 | 56 49 | 8 0.5
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TABLE XX. Scomas FOR ORDINAL (OR RANKED) DATA

The mea.n devxatmns of the 1st, znd, 3rd . . . largest “members of sarnples of different sizes ;
»  ~ zero and negative values omitted. '

Ofrdinal . Size of Sample |

number. -_— 2 3 4 S "6 7 8 9 I0.
1 \ . *56 - +8s . 1°03 1-16 ‘127 1°35 1°42 1°49 154
2 B : ' .*30 \ *50 *64 *76 -85 *93 100

3 THE *20 35 *47 *57 *66
4. ST | 5z e38

‘5 , LT, ‘ , . *I2

S xx 1z, 13 -0 1 18 16 17" 18 19 20
T L I°59° ¢ T 163 ‘1067 170 174 1°76 X79 ' 1-82 184 1-87
; ‘2 S106° 112 4 116 ‘1021 I-25 1°28 1-32 I35 1°38 1°41
23 | . 730, 79 85 ' ga ‘95  '99 103 107 TIO 113

S 4] 46 -4 60 -66 71 «76 -81 -85 " 89 ‘g2
5 *22 . *31 . °39 46y - °52 - *57 . *62 67 71 *75
6 E CIETIRS ¢ 27 34 39 45 *50 J55 "59
7 R o *09 ‘17 c23 *30 *35 ‘40’ *45
-8 d RY-Y:S ‘15 - .21 +26 31
e i | 0T 13 g
10 *06

R 21 22 - 23 24 25 26 ‘27 28 29 30
I "‘1-89‘_" 19 1'93 195 197 198 2°00 2-01 2°03 2:04
oz 143" 146 148  1°50 1§52 1°54 , 1°56 1'58 = 160 162
.3 116 1°19 121 124 126  1°29 . I°3X -1°33 1-.35 1:36
4 | 95 . 98 1’01 104 , 107 1°09 111 114 1-16 1-18
‘5 -8 +82 85 . -88 , ‘g1 . *03 g6 .08 1°00 1°03
-6 63 67 *70 73 . *76 ‘79 - 82 -85 -87 *89
7 49 *53 57 =60 -64 67 *70 73 75 78

8 <36° *41 45 48 *52 *55 ¢ *58 <61 *64 67
9 | 24 - 29 "33 - -37 "41 44 *48 °5I *54 *57
o | 1z 17 2z - 26 "30 34 38 41 a4 "47
11 ! <06 *II ‘16 20 *24 -28 *32 35 °38°
1z - .05 ‘0. 14 19 22 *26 “29,
13 - : : ’ *05 *09 °13 . 17 . *21
14 ' "o4 -09 "1z
15 ) *04

‘ « Tests of psychological preference and some other experimental data suffice to place a \senes of magnitudes in order
of preference, without supplying metrical values. - Analyses of variance, correlations, etc., can be carried out on such
~ data by using the normal scores, appropriate to each posmon in order, in a sample of the size observed. Ties may be
scored with the means of the ordinal values involved, but in such cases the sums of squares given in Table XXI will

require correction.
.

\ -

SuMS OF SQUARES OF MEAN DEVIATIONS TABULATED

‘/TABLE X‘XI.;

n I z’ 3’ 4 5 6 7 8 "9 10 n
I 06272 1°4450 2°3018 31912 41250 50452 59646 6-9656 79320 | IO
11| 88892 98662 10°8104 11°7846 128232 136600 14°7258 157454 16-6864 17°7144 | 20
21 | 186242 19-6862 206176 21-6040 22°6352 23°5470 24°5992 25-5808 26:5806 27°5454 | 30
31.| 285730 29°5960 .30-5562 31-5152  32°5618 335166 34°5346 35:4840 36-4414 '37°4288 | 40
41 | 384660 39°4654 40°4366 41°5788  42°5194 434922 44°4548 45°3626 46-5110 473830 | 50
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. . e Pd ’
TABLE XX. SCORES FOR ORDINAL (OR RANKED) DATA—continued: .

* N . . -
' Ordinal ‘ . Size of ngple . . VRt : Sve
number.| 31 32 33 34 35 36 37 38 39 - 40
2:06 2:07 - 2-08 " 2:09 211 | 212 2°13 214 . 215 . 216 °
2 1-63 1-65 166 - 1°68 169 1°70 7z 13 R 3 T S
30 138 140 142 143 I'45 46 . 148 ‘149 . 150 . 1§2
4 I°20 122 123 1-25 127 1-28 130 1°32 133 134
5 | 108§ 1-07 1-09 I'1I 11z ’ 1-{4' 116 17 - rig . r2o.
6 *g2 ‘94 +96 ‘98 1'00 102 - 103 105 ‘1‘07'"],5« ‘;"'1:"08 O
” ‘80 .82 -85 -87 89..-. ~9I % <92 o1 96 & "9'8,_ .;
8 -69 "2 "T4 “76 . "79 -81 83 - -85 .86 . .88
9 +60 62 . 65 67 69 "72 I3 IS qT L9
Io *50 *53 *56 *58 6o 63 . - 65 ~67 - 69 g1
) & o 41 44 “47 *50 *52 ‘54 -57 p§9 ey -61’ ’.63
12 *33 *36 *39 “41 44 47 . 49 5T . 54" " -56 .
13 ‘24 -28 *31 *34 ~36° °  +39 ‘42 44 046 . - -49
14 .16 «20 °23 . “26 .29 32 *34 » :.37 A '~-.39 ) . <42
15 08 3 ¢ *15 -18 222 *24 ¢ - 27 - »30 0337, 235
16 <04 *08 SII ‘14 .17 “20 . e23 260 0 28
17 ‘04 o7 o 14 16 tXQ Lt 220
18 - +03 ‘07 “I0 . FIZ L *16
‘ 19 . . . 03»7 406 ' . -og
20 . W\’\‘ ; ‘ ; .\ . k.os ] V
© 41 42 ©43 - .44 45 46 47 -48. 7 " 49 50
I 2:17 218 219 2°20 221 2'22 2°22 2°23 2024 . 22§ ¢
2 1496 178 179 180 - - 181 182~ 183 184 185 - .1°85
3 1°53 1'54 1°55 1°57 1’58 159 160 16 162 . 163
4 136 37 138 I 40 41 42 43 . ‘T44. T'45 146
5 122 1-23 1°25 - 1°26 1°27 1:28 - 1° 30, I 31 132 S 1°33. .
16 110 I°II 113 . 114 116 117 118 119 121 o I-zzf :
7 ‘99 1°0I 1°02 1-04 1°05. 1°0% 1°08 1-09 25 § SRR O P3N
8 ‘g0’ g1 ‘93 ‘95 <96 98 99 1°00 1oz 103
9 81 ‘83 -84 86 -88 . -89 ‘91 ' -9z 94 9§
10 13 75 +76 -78 8o +81 83 -84. -86. 87
11 65 *67 *69 "7t *72 "74 *76 A
12 *58 6o 62 <64 65~ -67 *69 .*70 *72 74
13 *51 *53 ‘55- ST *59 -60 62 64 . 66 -67
14 “44 "46 "48 ‘50 52 *54 *56 °58 7 59 =61 -
15 37 40 42 T 44 *46 48 *50 *52 *53 155
16 -31 33 -36 . 38 T c40 . 42z 44 ;46 48 49
17 25 - 27 *29 *32 *34 -36 38 ' 40 42 - 44
18 -18 .21 *23 26 28 *30 32 *34 36 38
19 ‘12 *15 Y17 *20 22 - 25 27 "e29 *3r , "33 .
20 <06 *09 e12 “14° ‘17 ‘19 e21 <24’ +26 <28
21 *03 06 ic:>9 “Ir *14 +16 -18 *21 . *23"
.22 ' ‘03 <06 *08 *IX 13 , 1§~ ‘18,
23 - *03 *05 - ‘08 .+ -Io ‘13
24 T o3t des eeB
25 03
’
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TABLE XXII. INITIAL DIFFERENCES OF POWERS OF NATURAL NUMBERS

These values, the so-called * differences of zero,” enter into xhany Eombinatorial formulee, as in. Whitworth’s Choics
and Chance. They afford exact solutions of some important sampling problems (Stevens, (12), (13), 1937). In particular if
s objects are distributed among # classes, the probabilities of any one object falhng mto each class’ being equal, the

distribution of 1 the number of occupied classes, is

'The values tabu

I

nt (»—r)1rl

Aar os

"for values of s fr 2to 25
N\ z .3 4 .5 6 7 8 .
5 X 30 7 15 '3t 63 127
3 B | , 6 25 go 301 966
4. | I 10 65 350 1701
RS 1 15 - ‘140 _ 1050
Te ~ 1 21 266
1 A X 28
8. g y "
o . S
’ 4 ‘-9 10 ax 12 13 -
' "zﬁ_ . ; 255 5II ‘1023 2047 ' ‘ 4995
"3 ++ . 3025 - 9330 28501 86526 2 61625
4 7770 - 34105 . I 45750 6 11501 25 32530
5‘ . 6951 I 42525 .2 46730 13 79400 .75 08501
-6 . 2646 22827 I 79487 13 23652 ‘93 21312
T 462 . " 5880 63987 6 27396 - . 57 15424
8 . 36 750 11880 I 59027 18 99612
9 . 45 1155 222753 3 59502
. 10 | o 55, 1705 39325
bt Ir ] - . 1 66 2431
, 12 | ! ) 1 78
. . 13 - - I
j:\\\\;: ; 14 , 15 16 ° ;17 18
.2 , 8101 16383 32767 65535 I 31071
3" 7 88g70™ 23 75101 .71 41686 - 214 57825 644 39010
B S ‘103 91745 423 55950 1717 98901 6943 37290 . . 27988 06985
5 400 75035 - 2107 66920 10961 90550 56527 51651 2 89580 95545
-6 634 36373 - 4206 93273  27349.26558 I 75057 49898 . 11 06872 51039
7 493 29280 4087 41333 32818 82604 2 57081 04786 . - 19 74624 83400 -
8 209 12320 2166 27840 21417 64053 2 04159 95028 18 go36o 65010
.9 | §I 35I30 671 28490 8207 84250 95288 22303 . 10 61753 95755
10 7 52752 -’ 126 62650 - 1937 54990 :27583 34150 3 71121 63803
11 66066 - 14 79478 289 36908 5120 60978 83910 04908
12 - 3367, - 1 06470 27 57118 620 22324 , , 12563 28866
13 91 4550 1 65620 - 49 10178 1258 54638
14 105 6020 ° 2 49900 84 08778
15 I 120 7820 3 67200
16 I 136 9996
17 I ¢ 153
18 - - I

i

ted, A'o' IrY, are the rth d.lﬂ'erences of powers of natural numbers, advancing from of, divided by rl



TABLE XXII. INITIAL DIFFERENCES OF POWERS.OF NATURAL NUMBERS—continued

s . . ’ .
:>\\\\\ 19 20 21 . 22

2 62143 . 5 24287 - o 10 48575 N o ‘26 97151 g

2 .

3 1934 48101 5806 06446 17423 43625 . 52280 79450
"4 1 12596 66950 4 52321 1590I 18 15090 70050 72 77786 2;825 ‘

5 14 75892 84710 - 74 92060 o500 . 379 12625 68401 1913 78219 12055 -

6 , 69 30816 01779 430 60788 95384 2658 56794 62804 ‘16330 53393 45225

7 |, 149 29246 34839  II14 35540 45652 8231 09572 14948 60276 23799 67440

8 170 97510 03480 1517 09326 62679 13251 10153 47084 . I 14239 90799 91620

9 114 46146 26805 1201 12826 44725 12327 24764 65204 I 24196 33035 33920

10 47 72970 33785 59T 75849 64655 7118 71322 91275 83514 37993 77954 - |
& SN 12 04132 17791 190 08424 29486 2682 68516 8goor 36628 25008 70286 -

12 2 34669 51330 41 10166 33391 683 30420 31078 10882 33560 61937 ..

13 - 28924 39160 - 6 10686 60380 120 4909z 18331 - - 2249 68618 68481
14 2435 77530 - 63025 24580 14 93040 04500 . 329 51652 81331 |
15 | 139 16778 4523 29200 1 30874 62580 34 56159 43200 ..
16 5 27136 223 50954 8099 44464 ' 2 60465 74004 .
17 12597 7 41285 349 52799 . 14041 42047 .
18 171 ~ 15675 10 23435 533 74629
19 S 190 S 19285 RS &1 82§5b -
20 - K SRR v 2o . 23485 .
21 ‘ - T > I T 23T
22 ' , , . . T

“
Y
\Y
¥

23 . © 24 , ‘ o250
2 4T 94303 o 83 886o7 - S 16y qqa1s
3 I 56863 35501 : 4 470632 00806 ot ' 14 11979 9IO2§
4 291 63425 74750 1168 10566 34501 ) 4677 12897 38810
5 "9641 68881 84100 . . 48500 07834 95250 2 43668 49741 10751
6 99896 98579 83405 6 ogoz23 60360 84530 37 02641 70600 02430
7 4 382064 19991 17305 31 67746 38518 o04540° 227 83248 29987 16310
8 9 74195 50109 00400 82 31828 21583 20505 * 690 22372 11183 68580
9 12 32006 88117 g96goo 120 62257 43260 72500 1167 92145 10929 73005
10 9 59340 12973 13460 108 25408 17849 31500 1203 16339 21753 87500
11 4 86425 13089 51100, 63 10016 56957 75560 . 802 35590 44384 62660
12 1 67216 27736 13530 24 93020 45923 13460 - 362 26262 08035 37080
13 , 40128 25603 52190 : 6 88883 60581 gz000 114 48507 33488 09460
14 6862 91758 o7I1Ig 1 36209 10216 51800 25 95811 03613 17200
15 847 94044 29331 - 119582 02422 47080 4 29939 46553 58000
16 76 23611 27264 . i 2067 71824 65535 52665 51616 95960
17 4 99169 88803 " 161 09499 36915 . 4806 33313 93110
‘18 23648 85369 - 9 24849 25445’ ' 327 56785 94925
19 v o797 81779 & 38807 39170 16 62189 69673
20 18 59550 ’ 1169 72779 62201 94750
21 ) 28336 24 54606 1685 19505
22 . . 253 33902 - . 32 00450
23 ) S o : 276 T 40250
24 : o IR ¢ 300
25 ; : o E I

- 61 '



TABLE XXIII. ORTHOGONAL POLYNOMIALS
(Values from # = 32 to n = 51 are due to V. Satakopan)

62

3 s 6 T 8
g,l £l. f’l gr’ E gta ’1 ;r’x gls ‘ fr‘ §’1 fl’ 5'3 f:‘ f’s f'l ‘ f'r’ §'8 ;1‘ grs f,l' ;a f'a Er‘ f;s
‘ N B ~7 47 1 +7 -7
‘ . - - o |3 5 -1 +3 -1 ] _
Nl ot -2 '+2 -I +I1 5 5 =5 +I, Tl2 o +1 -7 +4 5 41 45 -13 +23
R et B S O A T [P S S B e B s
.0 -2 R ol ‘—2 o +6 -1 =4 *4 42 -Io o ;4 o +6 o “T =5 +3 49 15
+1 +1 LA I -4 FI =4 <4 F2410 +1 =3 -1 +1,+5 +I- S T3 TS
S A A dz x4 (T3 T T T3S, o a1 ooy 4 |73 T3 T 3+
SR T TS IS TS AT T s x4y 4 |5 HT o513 23
. : ‘ S KA B +7 47 47,47 +7
2. 6 | 20, 4 20 | 1014 10 70 | 70 "84““;80 '28 252 | 28 84 6. 154 84 |168 168 264 616 2184
Te3jzor By o #lz 308 S HIY 103 M5 Hlz o1 S b
S 9 . L -:“‘16 R R - T Y ' o
&y f’g_' £ & £ f': € f’af £ _;’i §’1‘ 2 &3 &s &5 &1 £ f':; ) & &
o -20 o +18 o +1._4’-12 +18 +6| o -10 o 46 ol +1 -35 -7 +28 +20
+1 -17 -9 +9 .49 | +3 =3 -3r1 +3 411 | 41 -9 -14 +4 +4 | +3 —29 -19 +12 +44
+z -8 -13 -11 44| +5. ~I =35 ;\-—17 41| 42 -6 —23 -1 44| +5 =17 —25 -13 +29
S 43 47 -7 -2y -1 | M7 o420 14 -22 14 | +3 -1 =22 -6 -1 | +7 41 -21 =33 -2r1
+4 +28 +14 +14. +4 | +9 +6 42 +18 46| +4. 46 6 -6 -6 | +9 +25° -3 -27 -57
' L IR P s «f +5 +15 +30°+6 +3.p+r11 +55 +33 +33 +33
: N e .
<60, 7. % g9o ' ' 468| 330 8580 - 78 | 110 4,290 156 | 572 5,148 15,912
~ 2,772 . 2,002 X320 2,860 R 858 286 12,012 8,008 -
B S B A I T S L RN IO SV V) BTN R S
'M 4 .- 13 » . . - | i | Co - 14 | ) "f “ ) 'fs ’ ,l N )
T 5'2._,.'. "s - ,5’4 T &y £, ~ f’g Y : -&s &y £y & , €y &'s
o ~14° 1 o “+84 o . f_+i -8 -2 'i'-|-11.08. +60 o -56 o +756° ™ o
4T ~13 ' =4 +64 20"} 43 =7  —67.°' +63 +145 +1  -53 -27 4621  +675
42z =10 <7 4IT 426, .45 -5 —95 =13 4139 | +2 -44 —49  +25T +I000
~+3 ¢ 5-5. —8 —-53 +I1r- +7 -z -8 -9z +28 +3 -29 —61 - —249  +7sI
+4 . +z 6 —96  —18 | +9 +2z —66 -132 -I132 +4° -8 -—58°' 704 —44
P . 5 , . R )
+5 411 o =66 <33 |- +r1r  +7  +1r. =77, -187 +5 +Ig -35 869 -979
+6, 422 411 499 +22 | I3 +I13 +I43 - +143 4143 +6 +52 +13 -429. ~1144
‘ C - S +7 491 +9I +Iool +Icol
182 ) 72‘ ' 6,188 910, ' 97,240 ’ 235,!’44 ..280 39,780 10,581,480
. 2,002 _5 68,068 ; 728 . 136,136 . 37,128 6,466,460
‘- ' i » 16"‘ | . Bt 17 . R - 18' .
£ _ £y .if's &y ) £ g'l £ s s &5 '1‘ &y & &y s
+1 —21 . ~63° +189 = +45 o -24 o +36 K<) +1 —40 -8 +44 +220
43 -19 ‘=179 +I129° +4II§ +1 —23 -7 431 455 +3 -37 -—23 -+33 +583
+5 =~-15° —265 +23 +I131 +2 —20 -13 +17 +88 +5 -—31 -35  +13 +733
-+ -9 -—301 ~—IOI +77 +3 -15 17 -3 +83 +7 —22 —42 -12 +588
+9 -1 —267 —201 -33 +4 -8 -18 -24 +36 +9 -Io  —42 -36- +156
+11 * +9  -143 ~—221. -143 .| 45 +1 -15 -39 -39 | +ir  *k§ -33 5T 429
413 421 491  —9I  —143. +6 +12 -7 -39 -Io4 +13 423 -13 -47 871
+15 +35 +455 +273 +143 +7 +25 +7 -I13  ~9I +15 +44 +20 -12 676
o _ - “4{* 48 440 +28 +52 +104 |  +17 +68 +68 +68 +884
1,360 1,007,760 201,552 408" 3,876 100,776 | 1,038 . 23,256, 6,953,544
5,712 - 470,288 - 7,752 - 16,796 23,256 28,424
2 SR, X % T ‘11 - &= 6 z £ L - A



TABLE XXIII. ORTHOGONAL POLYNOMIALS—continued

h

. 19 - 20 ' ) L. 21 o
£ & £ &4 £ &1 &2 & & &) &1 §'z_ €3 AR
o =30 o +396 v.oo0| +I =33 | -99 +1188 4396 o ~—IIO o +594 , o’\“
+I  -29  -44 +352 +44 | +3 -31 -287 ' +948 +1076 | +I- -T07 ~54 +540 +1404
+2- -26 -83 +227 +74| +5 -27 -445 ;4-503 +1441 | +2 98 -103 +385 +2444
+3 -21 ~-112  +42  +79 | +7 -2I -—553 =77 +1351 | +3 =83 -142 ""'150“"*'2819
+4 -14 -126. -168 +54| +9 .-13 -591 ~687 +y71| +4 -6z -166 -136 +2354- -
- ) . . - e \
+5 -5 ~I20 ~—354 -+3|+11 -3 -539 -1187 -187| ++5 =35 -~170,. 496 +1063
+6 +6 -89 -453 -58 |+13 +9 <377 -I40z -1222| +6 -2 ‘=149 -615 788 -
+7 - +19 —28 388 -98 [+15 +23 -85 ,-1122 -1802 | +7 +37, -98 ~680 ' ~2618:
+8 +34 +68 68 68 |+17 +39 +357 ~-Ioz -1122| +8 482 '~12 -510 ~3468
+9 +51 +204 +612 +102 [+19 +57 +969 +1938 +1938 | +9 ' +133 +I14 - o -I938
| ' ‘ . J|+10 4190 +285 +969° .+3876
570 213,180 " 89,148 |2,660 4,903,140 31,201,800 | 770 432,630 | ‘12'1‘,687,030_
13,566 2,288,132 17,556 - 22,881,320 "~ 201,894 - 8,720,330 % .. N« .
> & &z R 8 Sl 307§
. 22 ’ , 23 © 7 ? . 24 - R
" € € & £ & & & & §’5| ORI ¥ SR Y TR YRR S
+1 -20 -1z +j02 +390 o —44 o +858 vo | +1  -143 V—I'43ﬂ;"+143 +715
+3 -19 -35 +585 +r079 | +1 —43 -13  +793 +65| +3. -I37 —419' +}23 " +2005
+5 ~-17 -55 +365 +1509 | +2 —40 -25 +605 +I116| +5 ‘"‘3“f‘;25 -665.  +85 .+2893
+7 -14 ~jo  +70 +1554 | .+3 -35 -35 +315 +141| +7 ~-107 -861" 433 +317r
+9 -10* -78 -258 +1158 | +4 28 —42 -42 +132 | +9 _.—83\ . -987 . —27 +2721 -
+1r -5 -7 =563 +363 | +5 -19 ~45, 417  +87 |+1r - -53 -T023. -87 +IsSI -
+13 +1  -65 -775 663 +6 - -8 —43 -747 +12'|+I13 17 -949 -137' -169 .
+15 +8 —4o- -810 -r598 | +7 +5 -35 -955 -77 |+I5 +25 -745 -165 -zoyr’ -’
+17 416 o -570 =-1938 | +8 +20 -20 -950, -152 [+17 +73 =391 ~I57 <3553 -
+19 +25 +57 .+57 -969 | +9 +37 +3° =627 -171 |+I9 +127. +133 97 3743 .
+21 +35 +133 +1197 +2261 +10 +56 '+35 +133 ~46 -I-'é; +187- +847 ' +33 -1463
+11  +77 - +77 +1463 +209 |+23 +253 +1771 +253° +4807
. / . . - R
3,542 96,140 40,562,340 |1,012 . 32,890 340,860 4,600 17,760,600 177,928,920
7,084 8,748,740 . T 35,420 13,123,110 . 394,630 394,680".
2 3 Tz 35 1 I 3 7z @ |12 3 R s R
s ' . LT ey
25 , 26 - _ T 27 . I
f'l f'z f's 5’4‘ f's E”L flz . f’a A§'4 'f's | £'1 5'2 f'a : ga ) . ffs
o -52 o +858 o +1 =28 -84 +138 +330]| ‘o -182 o +1638 .. o.
+1 -51  -77 4803  +275| +3 -27 247 +1z221 +935 | +1 -179 18 +1548 +3960
+2 -48 -149 * +643 +500 | +5 -25 " -395 +9o5 +1381 +2 -170 ~—35 +1285 +7304
+3 -43 -211  +393 +631| +7 -22 -518 +466 +1582| +3 -155 -50 +870 +9479 -
+4 -36 -258 +78 4636 | 49 -18 ~606 . -54 +1482| +4 -134 -6z +338 +10058
+5 -27 -285 —267 +50I (+Ir 13 —649 —599 +I067 | +5 -Io7 —y0 ~262 - +8803
+6 -16 -287 -597 4236 |+13 -7 637 -Togg +377| +6 -74 -73 -867 +5728
+7 -3 -259 -857  -119|+15 o -§560 -1470 —482| +7 -35 ,-70 -I400 +I1162
+8 +12 -196 982 488 |+17 +& —408 -1614 -1326 | +8 ‘+10 —60 -1770 —4188
+9 +29 -93 -897  -753 |+19 +17 -171 -1419. —1881| +9 +61 —42 -1872 -9174
410 +48 +55 -517 —748 |+21 +27 +161 —759 -1771 | +10 +118 -15 -1587 -I2144
+11 +69 +253 +253 -253 |+23 +38 4598 +506 -506 [+1r +181 +22 -782 -—10879
+12 492 +506 +1518 +1012 [+25 +50 +1I1f0 +2530 +2530 |+12 +250 +70 - +6go0 -—2530
' +13 +325 +130 +2990 +16445
I,300 13480:050 7:803:900 5:850 7’803:900 48:3843180 11638 ! 101,790 # 2:032!!351560
53,820 14,307,150 ‘ 16,380 " 40,060,020 . 712,530 56,448,210 g
L Tz %% |2 % % .. 1% o 3. ¥ 1 \

63

-



-  TABLE XXIIL. ORTHOGONAL POLYNOMIALS—continued .

& 28 . < a9 .30 _
f’x\ f’: f'a ’ f’a \ f’s £’1 f’a f’a g’c f's g'i : f'a, ‘ 5'3 ' f’4 , f’s
+1 —65 -39  +936 ~ +1560 o -70 ' o +2184 o ¥1 -112 ~-112 .+12376 - +1768

+3 ~63 -115  +840 +4456 | +1  -69 ~r04 +2080 +1768 | +3 —I0g -331 +11271 +5083
+5 -59° —185 +655: 46701 | +2 —66,, ) -203 +1775 -+3298 | +5, -103 —-535 +9I31. +7753
'-+7,-—533%245,+395 +7931 | +3 —61" —202 +1290 +4373 | +7 -—94. =714 +6096 +9408
+9 - —45 -291 +81- +7887 | +4 ~54- =366 +660 +4818 | +9 -82 —-858 +2376, +9768

+I1X =35 +319 -~259 *+6457 | +5 —45 . —420 . ~66 +4s521 |+1x 67 —957. ~-1749 - +8679
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48 +149 :+4935 +55131 ' \—9729 |'22 +802 +1727 4611 -23782 | 45 +28r +1515 +I0z -16638
47, k+'1'72‘-i¥6956‘+125396» +82156 | 23 . +937 +2668 +12596  -2162 | 47 +327 +2303 +I1022 —658
49 +196 +9212. +211876 +211876.| 24 +1078 +3724 +27636 +30268 | 49 +375 +3185 +2170 +23030
. s C 25 +1225 +4900 +46060 +75670 | 51 +425 +4165 +3570 +55930
41,650 - 770,785,400 < 372,255,538,260'11,050.‘ « 221,375,700 47,861,426,340( 46,852 162,342,180  26,358,466,680
. 433,060 :- . :372,255,538,200 . 17,218,110 17,803,525,740 2,108,340 108,228,120
, _1__2 387 N ,17? " & 2 1 E‘-; N a5
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TABLE XXIV. CALCULATION OF INTEGRALS FROM EQUALLY SPACED‘ORDINA?TE”S

Each panel over which the mtegral is requlred is divided by calculated ordinates into a number of sub-panels usua]]y‘ :
an even number, and often a power of 2. The formula may involve only internal and terminal ordinates, or also ad]acent' "
external ordinates. Ordinates equidistant from the centre have equal coefficients. The central coefficient is the last given. = "~ ..

Number of { No external ordinatc;s. L One external ordinat . el
sub-panels. | - Coefficients, . Divisor. Coeﬁ‘i;egis ina « k Dwxgqr. :
2 1, 4 o 6 | -1,34,114 | 180 .
4 7,32, 12 f 90 4, 171, 612, 332 B ,.\1890\
6 . 41, 216, 27, 272 840 -9, 482, 1908,-774, 2090 | 8469 :
Equally we thay use the‘centfal ordinate and its even diﬂ'erenceé with the folloWing‘coeﬁcients":‘ e
" Number of |. ‘ ' . RS
sub-panels, & B 3¢ + 88 T L T - o
2 | 1 o186 -—00} -000b61375. —-oooloI4l 00001 76 ° |
4 I 066  0y] —ooa2ir640i = +00022 928 = —-00003 3I |
-6 I 150 *550 04880 9523  —o0107 143 foéoig 28
v © 8 1 266 191f /486772486 -03488 536 —-'06063-28 :
10 I 4-16 4-86% 2278439153 44587 743 » -02683’4: :

When the number of sub-panels is large, Gregdry’s formula, in terms of terminal differences, is valuable ¢

If(x.)dx—(ifo+f1+fz - .. +f1—1+ifr) - : ' ) .' P .
S . - N . . - - "J.»'
i = —ay(df - —Af)—a(4 ff-a+4"fo)—aa(4’fr—a-43fo)~a¢(4‘j'.—¢+4‘fo) cees ol

where a, is the coeﬂicxent of 2" in the expansion of —1/log (1—x). ) ¢

Values of @, to a4

I -683.33' 5 ;01;1215?1799 9 " +00678 585 ) 13 . 7-_oo4zr 5

2 04166 1| 6 -011;‘{;6 73942 10 V-<‘>>05'92 406 | 14 -0638;.5' ,.: |
- 3 | 02638 || 7 -"00935'6537_ . :}1' 00523 67 . ) 15, ,60359' R

4 '°Ié75 8 '°6;89 25547 Az ' -’ofo:;67 75 | 16 ‘-00321-"' ’

»



TABLE XXV. LOGARITHMS

.69197

70

° X 2. 3 4 5 6 7 - 8 9 2 .3 4 5

Io | *00000 00432 00860 01284 o1703 — —_ e — 1 43-85 128 170 213
' —_— = —_— b e — 02119 02531 02938. 03342 03743 41 81 122 162 203
II | *04139 04532 04922 05308 05690 — — — — — 139 78 116 155 194
Sy =, = = = . —  obojo 06446 06819 07183 o7555| 37 74 111 148 186
C 12, -0791&" 08279 08636 08991, 09342 - _— - — — |36 71 107 142 178
) _ == = = 09691 10037 10380 10721 11059 | 34 68 103 137 171
13| *11394 11727 12057 12385 12710 © — — = ~— |33 66 99 132 164
_— —_—Tas =t - - - 13033 13354 13672 13988 14301 | 32 63 95 127 158
x4 | *14613 14922 15229 15534 15836 e Y — |31 61 92 122 153
et —_ 16137 16435 16732 17026 17319 30 59 89 118 148

‘15 | 17609 17898 18184 18469 18752 ° - — —_— — '— |29 57 86 114 -143
. e T e 19033 19312 19500 19866 20140 [ 28 55 83 rrr 138
16 | 20412 20683 20952 21219 . 21484 = e = = — |27 54 80 107 134
: R e L S 21748 22011 22272 22531 \22789 26 52- 78 104 130
17 | *23045 23300 23553 g3805 24055. . — —_ — . — . — .25 s50 76 101 126
ol = — e — 24304 24551 24797 25042 25285 | 25 49 74 98 123
18 | *25527 .25768 26007 . 26245° 26482 A e — — — 124 48 72 96 119
Sl =t =T e — L — 26717 26951 27184 27416 27646 | 23 46 70 ‘93 116
19 | ~27875 28103 28330 28556 . 28780 —_ —_, = — — |23 45 69 9o 113
= — — — _— 29003 29226 29447 29667 2988.5 22 44 66 88 110
20 | =30103 30320. 30535 30750 30963 31175 31387 31597 31806 32015 | 21+ 42 64 -85 106
.21 | 32222 32428 32634 32838 - 33041 . 33244 - 33445 33646 33846 34044 [ 20 40 '61. 81 10I
22 | *34242 34439 34635 34830 35025 35218 35411 35603 35793 35984 | 19 39 58 77 97
- 23 1.-36173 .36361 36549 36736 36922 37107 37291 37475 37658 3784019 37 56 74 93
24 |/.»38021 38202 38382 38561 38739 38917 39094 39270/ 39445 39620 |18 36 53 71 B9
25 | "39794 -39967 40140 4031z 40483 40654 40824 ~40993 41162z 41330 | 17 34 51 68 85
26 | 41497 41664 41830 41996 - 42160 42325 42488 42651 42813 42975 16 33 49 66 82
27 | “43136 43297 43457. 43616 43775’ 43933 44091 44248 44404 44560 | 16 32 47 63 79
28 | *44716 44871 45025 45179 45332 45484 45637 45788 45939 46090 | 15 31 46 . 61 76
29| *46240 46389 46538 - 46687 46835 4698z 47129 47276 4742z 47567} 15 29 44 59 74
30| -47712 47857 48001 48144 48287 . 48430 4857z 48714 48855 48996 | 14 29 43 57 I
317 49136 49276 49415 49554 49693  49831. 49969 50106. 50243 50379 | 14 28 41 55 6
.32 | *50515 50651 . 50786 50920 51055 51188 §1322 51455 51587 51720 [ 13 27 40 54 67
33| -51851 51983 52114 52244 52375 . - 52504 52634 52763 52892z 53020 | 13 26 39 5z 65
34 | *53148 53275 53403 53529 53656 - '53782° 53908 54033 54158 54283 | 13 25 38 50 63
35 | 54407 54531 54654 54777 54900 55023 55145 - 55267 .55388 55509 | 12 24 37 49 61
36 | -+55630 55751 55871 55991 56110 56229 56348 56467 56585 56703 | 12 24 36 48 6o
37| *56820 56937 57054 57171 57287 57403 57519 57634 57749 57864 |12 23 35 46 58
38 | -57978 58092 58206 58320 - 58433 58546 58650 58771 58883 58995 | 1r 23 34 45 56
139 | *59106 59218 50329 59439 59550 59660 59770 59879 59988 6009y | 11 22 .33 44 55
40 | 60206 60314 60423 60531 60638 60746 60853 60959 61066 61172 | 11 2I 32 43 54
41' -6'12’78. 61384 61490 61595 61700 61805 61909 62014 62118 62221 | 10 2I 31 42 52
42 | *62325 62428 62531 62634 :62737 - - 62839 62941 63043 63144 63246 | 1o 20 31 41  SI
43 | -63347 63448 63548 63649 63749 63849 63949 64048 64147 64246 | 10 20 30 40 50
44 | 64345 64444 64542 64640 64738 64836 64933 65031 65128 65225 | 10" 20 29 39 49
45| “65321 65418 - 65514 65610 65706 65801 65896 65992 66087 66181 | 10 19 29 38 48
46 | 66296 66370 66464 66558 66652 66745 66839 66932 67025 67117 | 9 19 28 37 | 47
47| 67210 67302 67394 67486 67578 67669 67761 67852- 67943 68034 | 9 18 27 37 46
48 | -68124 68215 68305 68395 68485 68574 68664 68753 68842 68931 | 9 18 27 36 45
49} 69020 69108 69285 69373 69461 69548 69636 69723 69810 | 9 I8 26 35 44
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- " TABLE XXV. LOGARITHMS—continued. }
. o L
. o 1 2 3 4 5 6 7 8 9 1oz 3 4§
[ .
50 | *69897 69984 70070 70157 70243 70329 70415 70501 70586 70672 | 9 17 26 34.43 .
51 | -70757 70842z 70927 71012z 71096 71181 71265 71349 /71433 71517 | 8°' 17 ‘25 34 42 ..
- 52 71600 71684 71767 71850 71933 72016 _.72099 72181 72263 72346 |, 8. 17 25 33 41
53 | *72428 72509 72501 72673 72754 72835 72916 72997 73078 73159 | 8 16 24 32 41 "
54 | *73239 73320 73400 73480 73560 73640 73719 73799 73878 173957 8 16 24 32 40 .
55 | "74036 74115 74194 74273 74351 . 74429 74507 - 74586 74663 74741. | 8 16 23 31 39
56 | -74819 74896° 74974 75051 -75128 75205 75282 75358 75435 75511 | 8 15 23 31.38 .-
57 | "75587 75664 75740 75815 75891 - © 75967 76042 76118 76193 76268 | 8 15 23 30 38
. 58 | +76343 76418 76492 76567 76641 76716 76790 76864 76938 77012 | 7 ‘15 22)_30. .37
59 | *77085 77159 77232 77305 71379 ~ 77452 77525 77597 77670 77743 | 7 15 22 29 370
6o | -77815 77887 77960 78032 78104 - 78176 78247 78319 78390 78462 | 7 14 22 "29 36
61 | -78533 78604 78675 78746 78817 78888 78958 79029 79099 79169 | 7' 14 21 28 35
62 | -79239 79309 79379 79449 79518 79588 79657 79727 79796 79865 7 14 21 28 35
63 *79934 80003 8co72z 8o140 80209 80277 80346 8o414- 804822~89559", 7. I4’-21 ‘27 34
64 +80618 . 80686 8o754 80821\ 80889  8og56 81023 8rogo 8ri58 81224 7 13 20 .27 34 -
65 |.-8129r 81358 81425 81491 81558 81624 81690 81757 81823 81889 | 7 13 20 27 .33
66 ‘81954 82020 82086 82151 82217 82282 82347 82413 82478 82543 ‘,f7’ 137 20 "26. 33
" 67 +82607 82672 82737 8280z 82866 82930 82995 83059 83iz3‘ 83187 | 6 13 19" 26 32.
68 ‘83251 83315 83378 83442 83506 83569 83632 83696 83759 83822 6 13 19 25 32 .-
69 | -83885 83948 B84o1r 84073 84136 84198 84261 84323 84386 84448 6 13 19 25 3I
70 ‘84510 84572 84634 84696 84757 84819 84880 84942 85003 85063 . 6 1z .19',25 ~3If i
71 | +85126 85187 85248 85309 835370 85431 85491 85552 85612 85673 | -6 12 18 24 30 .
72 | 85733 85794 85854 85914 85974 86034 86ogs 86153 86213 86273 | 6 12 18 24 30
13 86332 86392z 86451 86510 86570 86629 86688 86747 ;868064'86864. ,6; 12 18 24430 ..
74 | -86923 86982 87040 87099 87157 87216 87274 87332 87390 - 87448 | 6 1z 1y 23 ;29‘ :
75 | “87506 87564 87622 87679 87737 87795 87852 87910 87967 880247 | 6 12 17 23 ‘29
76 | -88081 88138 88195 88252 88309 88366 88423 88480 88536 88593 | 6 1r 17 2328
77 | -88649 88705 88762 88818 88874 88930 ‘88986 8gos4z 89098 89154 | 6, 1r Y7 22 28
~ %8 | 89209 89265 89321 89376 89432 80487 89542 893597 89653 89708 | 6 1r 17 22 28
79 +89763 89818 89873 89927 89982 90037 90091 90146 Q0200 Q0255 5 I1 16 22 .27
80 | +90309 90363 90417 90472 90526, 90580 90634 " 90687 9o74I 90795 | 5 I 16 22 27 .
81 *Qo849 9ogo2 90956 9l009 Q1062 91116 91169 91222 . 9I275 9I328 5 11r 16 2I'f27:
82 | 91381 91434 91487 91540 91593 91645 91698 91751 91803 - 91855 | 5 II 16 21 26
83 ‘91908 91960 92012 Q20065 Q2117 92169 92221 92273. 92324 92376°| 5 10 16 21 26
84 | ‘92428 92480 92531 92583 92634 92686 92737 92788 92840- 92891 | 5 Io 15 =2I g6 
85 | +9294z 92993 93044 93095 93146 93197 93247 93298 93349. 93399 | 5 1o 15 20 25 -
86 | +93450 93500 93551 93601 93651 . 93702 93752 93802 93852 9390z | 5 Io I5 20 25
87 | 93952 94002 94052 Q4I0I - Q4I5I Q4201 Q4250 04300 94349 94399 | 5 Io I5 .20 25
83 | 194448 94498 04547 94596 94645 . 94694 94743 94792 94841 94890 | 5 10 15 20 25
89 | -94939 94988 95036 95085 95134  95182. 95231 95279 95328 95376 | 5 10 15 ‘19 24
90 | *95424- 95472 95521 95569 95617 . 95665 95713 95761 95809 95856 | 5 1o 14 19 24
91 | 95904 95952 95999 96047 96095 9614z 96190 -96237 96284 96332 |.5 Io' I4 I9 24
92 | "96379 96426 96473 96520 96567 96614 96661 96708 96755 96802 | 5. 9 I4 I9°.24.
93 | 96848 096895 096942 96988 97038 97081 97128 97174 97220 97267 5 9 I4 19 23
94 | *97313 97359 97405 9745I. 97497 97543 97589 97635 97681 97727 | 5 9 14 18 23
95 | 97772 97818 97864 97909 97955 98000 98046 98091 98137 98182 |' 5 .9 14 18 23.
96 | 98227 08272 98318 98363 98408 98453 98498 98543 98588 98632 | 4 9 14 18 22
97 | *98677 98722 98767 98811 98356 98900 98945 98989 .99034 99078 | 4 g 13 18 22
98 | -99123 99167 99211 99255 99300 99344 99388 99432 99476 99520 | 4. 9 13 I8 22
99 | *99564 99607 99651 99695 99739 = 99782 99826 99913 99957 | 4 9 I3.'I7 22



TABLE XXVI. NATURAL LOGARITHMS

23

s 2’.»8

.0 1 2 .3 4 5 6 7 8 .9 ¥ 2 3 4 s

-1°0 | 0°00000 00995 01986 02956 03922 —_ —_ - - —_— 98 196 294 392 490
1 — = e == = . 04879 05827 06766 07696 08618 | 93 187 280 374 467

" I'I | 0°09531 - 10436- 11333 12222 13103 + — —_— — — | 89 179 268 357 446
o= = L= e— — 13976 14842 15700 16551 17395 ( 85 171 256 342 427

12 [ 018232 19962’ 19885 2076r 21511 @ 0— ' — . — — .~ |82 164 246 328 410
| S — - = 22314 23117 23902 24686 25464 | 79 158 236 315- 394
. I'3 | 026236 27003 27763 28518 29267 — —_— - [— = 76 152 227 303 379
. o == ~—~ = + —  300I0 30748 31481 32208 32930 | 73 146 219 292 365
14 | 0233647 34359 350066 35767 36464 — = — =" — {70 141 211 282 352
, — — = .= — 37156 37844 38526 39204 39878 | 68 136 204 272 340
-175 0°40547 41211"'4187121_,42527 43178 —_— — - —_ = 66 132 197 263 329
b To— o/ 7 = = 43825 44469 45108 45%42 46373 | 647 127 191 255 318
16 [ 0"47000 47623 48243 48858 49470 . — - = — — o — | 62 124 185 247 309
Co —_ —* . em . —: o — 50078 50682 51282 51879 52473 | 60 120 180 240 299
1'7 | 053063 53649 . 54232 54812 55389 - @ — @ —: — — — | 58 116 174 233 291
o= —. 2= — == " 5kgb2 56531 57098 57661 58222 | 56 113 169 226 282
18 | 058779 159333 59884 6043z 60977 - ,—  — —  — 1I's5 110 165 220 275.
— — — RERYSE }{1‘31;9‘ 62058 625094 63127 63658 | 53 107 160 214 -267
I'g | 0064185 64710 65233 65752 66269 '+ St — — — |52 104 156 208 260
=T = — . — _—: 66783 67294 67803 68310 68813 | 51 102 152 203 254
20 | 069315 69813 7o310- 70804 71295 71784 72271 72755 73237 173716 | 49 98 147 196 244 °
21 | 0074194 74669 75142 < 75612 76081 76547 77011 77473 77932 78390 | 47 93 140 186 233
"2:2 | 0078846 79299 79751 80200 ' 80648 81093 81536 81978 82418 82855 | 45 89 134 178 223
083291 83725 ‘84157 84587 85015 85342z 835866 86289 86710 87129 | 43 85 128 171 213
2:4'4- 0-87547 87963 88377 88789 89200 89609* 9oo16 Qo422 / go826 91228 | 41 .82 123 164 204
25 | 0:91629 ‘92028 92426 9282z 93216 93609 94001 94391 94779 95166 | 39 79 118 157 196
2:6 | 0°95551. 95935 96317 96698 97078 97456 .97833 98208 858z 08954 } 38 76 113 ‘151 189
2°7 | 0°99325 99695 00063 00430 00796 .~ 01160 01523 01885 02245 02604 | 36 73 109 146 182
‘102962 03318 03674 04028 04380 /'04732 05082°. 0543f 05779 06126 | 35 4o 105 I41 176

2°9 | 1°06471 ‘06815 07158 07500 07841./ 08181 08519 08856 o919z 09527 | 34 68 10z 136 170
30 | 1709861 10194 ' 10526 10856 11186 -« TI5I4 11841 12168 » 12493 12817 | 33 66 99 131 164
31 | 1°13140 13462 13783 14103 14422 14740 15057 15373 * 15688 16002 | 32 64 95 127 159
32 | 1*16315 16627 16938 17248 17557 17865 18173 . 18479 18784 19089 | 31 62 "9z 123 154
33| 1719392 . 19695 19996 " 20297 20597 20896 21194 * 21491 21783 22083 | 30 60 g0 120 150
34 | 122378, 22671 22964 23256 23547 23837 24127 24415 24703 24990 | 29 58, 87 116 145
38 | 1725276 25562 25846 26130 26413 " 26695 26976 27257 27536 27815 28 56 85 113 141
36| 128093 28371 28647 28923 29198 20473 29746 30019. 30291 30563 | 27 55 82 110 137
37| 130833 31103 31372 31641 '3igog 32176 32442 32708 32972 33237 |27 53 8o 107 134
38| 1°33500 33763 34025 34286 34547 . 34807 35067 35325 35584 35841 |26 52 78 104 130
39 | 1736098 36354 36609 36864 37118 37372 37624 - 37877 38128 38379 | 25 - 51 76 Tor 127
470 | 1-38629 38879 391253 39377 39624 39872 40118 40364 40610 40854 |25 49 74 99 I24
4°1 | 1°41009 41342 41585 41828 42070 42311 - 42552 42792 43031 43270 | 24 48 72 96 121
42 | 143508 43746 43984 44220 44456 44692 44927 45161 45395 45629 | 24 47 71 94 118
43 | 1145862 46004 46326 46557 46787 47018 47247 47476 47705 47933 (23 46 69 9z 115
4| r48160 48387 48614 48840 49065 49290 49515 49739 49962 50185 | 22 -45 68 9o 112
4°5 | 150408 50630 50851 -§rO72 51203 51513 51732 5IQ5I 52170 52388 | 22 44 66 88 110
46 | 1-52606 52823 53039 53256 53471. 53687 53902z 54116 54330 54543 | 22 43 65 86 108
47 | 1754756 54969 55181 55393 55604 55814 56025 56235. 56444 56653 | 21 42 63 84 1os
48 | 1156862 57070 57277 57485 57691 57808 58104 58309 58515 58719 | 21 41 62 83 103 .
49 | 1758024 59127 59331. 59534 - 59737 59939 60141 6034z 60543 60744 | 20 ‘40 61 81 70T

log, 10 = 230259, log, 100 = 4-605i7, log, 1000 = 6:90776
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“ =
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TABLE XXVI.

2,..

4.

6

-
T

- 8

NATURAL LOGARITHMS—contintued

9.

‘1

-

2.0 3.

é

29455

30058

3 5 7 4
50 1°60944 61144 61343 -61542 61741 61939 62137 62334 62531 62728 20 40,»59 79 ;9 4
51 162924 63120 63315 63511 63705 63900 64094 64287..64481- 64673 . | 19. 39" 58 78*;97j7_
52 1:64866 65058 65250 65441 65632 65823 66org. 66203 66393 €6582 | 19' 38 57 %6, 95}:*
53 | 166771 66959 67147 67335 67523 67710 67896 6883 68269 68455 | 19 37 56 75 04 .
54 168640 68825 69o1o 69191 69378 69562 69745 69928 7oyrr 70293 | 18. 37. .55 73 9z
55 | 170475 70656 70838 jrorg 71199 71380 71560 71740 71919° 72098 | 18 36 54 ‘72 go
56 | 172277 72455 72633 72811 72088 73166 73342 73519 73695 7387L | 18 35 53..71 89 .
57 1°74047 74222 74397 - 74572 74746 ° 74920 75094 75267 75440 75613 17 35 52 70 87y,
- 58 1-75786 - 75958 76130 76302 76473 76644 76815 76985 77156 77326 | 17° 34 51 68 86 -
59 | *1°77495 77665 77834 78002 78171 78339 78507 78675 78842 79009 17 34 5067 84
60 1.79176 79342 79509 79675 79840 80006 8or7r 80336 - 80500 80665 17"33 5066 83 K
61 1-80829 80993 81156 81319 81482 81645 81808 81970 82132 82204 16 "33 .49 65* 81 .-
62 1-82455 82616 82777 82938 83098 83258 83418 83578 ‘83737 83896 | 16 32 48 64 80 -
63 184055 84214 84372 84530 84688 84845 85003 85160 .85317 85473 36- 32..47 63 . 79 -
64 1-85630 8§786 85942 86097 .86253 86408 86563 -86718 86872 ‘87026 VV;G;‘31‘ 47 62 . 78’;
65 1'87180 87334 87487 87641 87794 87947 88099 88251 884o3<.88555"'-y15 '3Ii 46 61 76
66 1-88707 88858 8goro 89160 893rr 89462z 89612 89762 899Iz 9oo61. | 15 30 45 60 75
67 1’90211 90366 90509 90658 9goB8o6 90954 gIioz! 9Iz50 QI398L QIS45 | I5 30 44 59 .74 .
6-8 191692 091839 91986 92132 92279 92425 ,9257i;'92716 92862 93007 15 29 v44‘-58[ 23
69 1'93152 93297 93442 93586° 93730 93874 94018 94162 - 94305 94448 | 14 29 43 58 72
770 | 194501 94734 94876 95019 95161 05303 95445 - 95586 95727 95869 - | 14 28 4357 71 -
71X 1'96oog 96150 96291 96431 96571 96711 96851 9699I- 9730 97269 | 14 28 ‘42 56 70
7°2 1-97408 97547 97685 97824 97962- 98100 98238 98376 98513 98650 14 28 41 .55 69
7°3. | 1°98787 98924 99061 99198 99334 © 99470 99606 9974z 99877 00013 | I4 27 41 54 68 -
74 2:00148 00283 00418 00553 00687 00821 00956 01089 ‘01223 O©OI357 13 27 40 54,67
75 2-01490 01624 01757 01890 02022 02155 02287 02419 02551 05683 | T3 27 40 53 66
7:6 202815 02946 03078 03209 03340 03471 o36or 03732 03862 0399z | 13 26 39 52° 65
7 2104122 04252 04381 04511 04640 04769 - 04898 05027 05156 05284 13 26 39 52 65
7°8 2'05412 05540 05068 05796 05924 A'0605; 06179 06306 06433 06560 13 25 38 51 64 ,
79, 2:06686 06813 06939 07065 07191 - 07317 ©7443 07568 07694 07819 | 13 25 38 50 .63
80 207944 08069 08194 08318 08443 08567 08691, 08815 c8939 09063 12 25 37 50 62
81 ~2:09186 09310 09433 09556 09679 09802 09924’ Io047 10169 10291 | 12 125 37 49 61
82 '2'10413 10535 10657 10779 I09QU 11021 III42 11263 11384 11505 -{ 12. 24 36 49 6f
83 2:11626 11746 11866 11986 12106 12226 12346 12465 12585 12704 | 12 24 36 48 6o
84 212823 12942 13061 13180 13298 - 13417 13535 13653 1377r 13889 |. 12 24 36 47 59 -
&5 2°14007 14124 14242 14359 .14476 14593 14710 14827 14943 15060 | 12 23 '35 47 58
86 2:15176 15292 - 15409 15524. 15640 , 15756 ,15871. 150987 ‘16102 16217 12 23 35 46 58
87 216332 16447 16562 16677 16791 16go5 17020 17134 17248 17361 11,23 34 46 57
8-8 217475 17589 17702 17816 17929 = 18042 18155 18267 " 18380 18493 IT 23 34 45 56
89 2-18605 18717 18830 18942 19054, i9165 19277 19389 19500 }19611 | 11 22 34 45 56
9'0 2°19722 19834 19944 20055 20166, 20276 20387 20497 20607 20717 IT 22 33 44 5§
01 220827 ‘20937 21047 21157 21266 21375 . 21485. 21594 21703 21812 II 22 33 44 55
9°2 |- 221920 22029 22138 22246 22354 22462 22570 22678 22786 22894 | II 22 32 43 54
93 2:2300T 23109 23216 23324 23431 23538 23645 2375T 23858 23965 | “II 21 .32 43 54
9°'4 2:2407T 24177 24284 24390 24496 24601 24707 24813 24918 25024 IT 2I 32 42. 53
9'5 | -2°25129 25234 25339 25444 25549 25654 25759 25863 25968 2607z 10 2I 31 42 52
96 226176 26280 26384 26488 26592 26696 26799 26903 27006 27109 10 2I 31 4 52
97 | 227213 27316 27419 27521 27624 27727 27829 27932 28034 , 28136 10 21 3I 41 §I
98 228238 28340 28442 28544 28646 28747 28849 28950 29051 29152 Io 20 30 41 51
9'9 229253 29354 29556 29657 29757 29858 29958 3o158 | 10 20 30 40

log, 10,000 = 9:21034, lcg, 100,000 = 11-51293, log, 1,000,000 = 13-81551 .
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TABLE XXVIL

NATURAL LOGARITHMS—continued

7 8

o 1 2 3 4 5 6 9 |1 2 3 4 3

10 | 2°30259 31254 32239 33214 34181 — | — — — — | 98 196 204 392 490
| = - = = —- 35138 36085 37024 37955 38876 |93 187 280 374 467
11 | 2°39790 40695 41591 42480 43361 - - - = — |8 179 268 357 446
. - T — = - =/ 44235 45101 45959 463810 47654 | 85 171 256 342 427
12° -2-48491449321 50144 50960 §1770 -1 L —_ — —_— 82 164 246 328 410
i — — 52573 53370 54160 54945 55723 | 79 158 236 315 394

1‘3 2°56495 57261 58922 58776 59525 —_ ~.. - - - 76 152 227 303 379
R I — = . — 60269 61007 61740 62467 63189 | 73 146 219 292 365
14 | 2:63906 64617 65324 66026 66723 = — — —_ — — |70 147 211 282 - 352

L — _— —_— e 67415 68102 68785 69463 %0136 | 68 136 204 272 340

15 | 2°70805 71469 72130 72785 73437 - - - —.. '— |66 132 197 263 329
- —  .— =" == . 74084 74727 75366 76001 456632 | 64 . 127 191 255 ‘318
16 | 2-77259 77882 73§°1ﬁ (79117 79728 — — — —  — 162 124 185 247 309
e —_ — e e 80336 80940 81541 .82138 82731 | 60 120 180 240 299
17 | 283321 83908 84491 85071 ‘85647 = N— - — — - — | 58 116 174 233 291
o — -—_ — —_— - , 8&220‘ 86790 87356 87920 88480 | 56. 113 169 226 ' 282
18 | 2:89037 89591 gor4z gobgo 91235 @0 — = — — — ' — {55 110 165 220 27§
-} = — —_ — 91777 92316 02852 93386 93916 | 53 107 160 214 267
19 | 2294444 94969 05491 960IL’ 96527 — — — — . — |52 104 156 208 260
c L e —_ L e — 97041 97553 098062 98568 9go72 | 51 102 152 203 254
20.{ 2°99573 -00072 00568 0106z ©0I553 02042 02529 ©030I3 03495 03975 (49 98 147 196 244
21 | 304452° 04927 o5400 05871 06339 06805 07269 07731 08191 08649 47 93 140 186 233
22 | 309104 09558 10009 10459 10906  1I352 11795. X2237 12676 13114 | 45 89 134 178 223
23 | 313549 13983 14415 14845 "15274 15700 16125 16548 16969 17388 | 43 85 128 171 213
24 | ‘317805 18221 18635 19048~ 19458 1986% ‘202'75 20680 * 21084 21487 | 41 82z 123 164 204
‘25 | 321888 - 22287 22684 '23680 23475 23868 24259 24649 25037 25424 | 39 79 118 ‘157' 196
26 | 325810 26194 26576 26957 27336 - 27714 28091 28466 28840 29213-|38 - 76 113 151 189
27| 329584 29953 30322° 30689 31054 31419 31782 32143 32504\ 32863 [ 36 73 109 146 182
28 | 333220 33577 33932 34286 34639 . 34990 35341 35690 36038 36384 |35 70 105 141 176
29| 3736730 37074 37417 37759 38099 38439 38777 39115 39451 39786 | 34 68 102 136 170
30 | 340120 40453 40784 41115 41444 41773 42100 42426 42751 43076 | 33 66 99 131 164
31 | 3743399 43721- 44042 44362° 44681 44999 45316 4563z 45947 46261 | 32. 64 95 127 159
T 32 | 346574 46886 47197 47507 47816 48124 48431.°48738 ‘49043 49347 | 31 62 92 123 154
33 | 349651 49953 .50255 50556 "50856  5II55° 51453 51750 52046 52342 | 30 60, go 120 150
34 | 352636 52930 53223 53515 53806 54096 54385 54674 54962 55249 | 29 58 87 116 145 -
35 | 355535 55820 56105 56388 56671 56953 57235 57515 57795 58074 | 28 56 85" 113 141
36 | 358352 58629 58906 59182 59457 © 59731« 6ooos 60278 < 6o550 60821 | 27 55. 82 110 137
37 | 361092 61362 61631 61899 62167 62434 62700 62966 63231 63495 | 27 53 8o 107 134
38 | 3763759 64021 64284 64545 64806 65066 65325 65584 65842 66ogg | 26 52 78 104 130
39 | 366356 66612 66868 67122 67377 67630 67883 68135 68387 68638 | 25 SI 76 101 127
40 |. 3768888 . 69138 69387 69635 69883 70130 '70377 70623 70868 71113 |25 49 74 99 124
41 | 3271357 71601 71844 72086 72328 72569 72810 73050 73290 73529 | 24 48 . 72 96 121
42 | 373767 74005 74242 74479 74715 - 74950 75185 75420 75654 75887 | 24 . 47 7T - 9 118
43 | 376120 76352 76584 76815 77046 77276 77506 77735 77963 78191 | 23 46 69 9z 115
44 | 378419 78646 78872 - 79098 79324 79549 79773 79997 8oz21 80444 | 22 45 68 ~go 112
45 | 380666 80888 8iiio 8‘1331‘ 81551 81771 81991 82210 82428 82647 |22 44 66 88 110
46| 382864 83081 83208 83514 83730  -830945 84160 84374 84588 84802 | 22 43 65 86 108
47 | 385015 85227 85439 85651 85862 86073 86283 86493 86703 8691z | 21 42 63 84 105
48 | 387120 87328 87536 - 87743 87950 * 88156 88362 88568 88773 88978 [ 21 41 62 83 103
49 | 389182 89386 89589 89792 89995 go197 90399 goboo go8or giocoz | 20 4o0. 61 &I 101

4

log, 10 = 2-30259, log, 100 = 4:60517, log, 1000 = 690776



TABLE XXVI. NATURAL LOGARITHMS—continied

o I 2 3 4. 5 6 7 8 9 L 4 3

50 | 391202 91402 916or 91801 91999 92197 92395 92593 92790 92986 | 20 40 59 79 g9
5t | 393183 93378 93574 93769 93964 94158 94352 .94546 94739" 94932 | 19 3958 78 o7
52 | 395124 95316 95508 95700 95891 96081 96272z 96462 96651 96840 19 38 57 76 o5
53 | 397029 97218 97406 97594 97781 97968 98155 98341 98527 98713 .| 19 37756 75 9y
54 | 398898 99083 99268 99452 99636 99820 00003 00186 00369 ©0O55r | 18 37 55 73 oz
55 400733 ©00g15 orogb oI277 01458 01638 01818 01998 02177 02356 .| 18 36’;54"72 go
56 | 4702535 o02714 02892° 03069 03247 03424 ©360or 03777 03954 ©04130.| I8 35 53 71 89
57 | 4'04305 04480 04655 04830 o5004 05178 05352 05526 05699 05872 17 .35 52 7o 87
58 goboq4 06217 06389 06560 06732 06903 07073 07244 07414 07584 I7 34 51 68 86
59 | 4'07754 07923 oBogz 08261 08429 08598 08766 08933 ogIOI-. 09268 17 34 50 67 84
60 | 409434 ogbor 09767 09933 10099 ro264 10429 10594 10759 .10923 | .17 33°50 66 83
61 411087 11251 11415 11578, II74X 11904 12066 12228 12390 12552 16 33 49 65 81
62 | 4-12713 12875 13036 13196 13357 |, 13517 13677 13836 x3995 14155 16 32 48 64 8o
63 | 414313 14472 14630 14789 14946 15104 15261 15418. 15575 1573z *| 16 32 47 63 79
64 4-15888 16044 16200 16356 16511 16667 16821 16976 17131 17285 | 16 31 47 62- 78
65 4°17439 17592 17746 17899 18052° 18205 18358 18510 18662 18814 15 3E ‘46 61 76~\
66 4-18965 19117 19268 19419 19570 - 19720 19870 20020 20170 20320 | 15 ‘30 45 6o 75
67 4'20469 20618 20767 20916° 21065 21213 21361 21509 21656 21804 'I5 30 44 59 74
68 4°21951 22098 22244 22391 22537 22683 22829 22975 23120. 23266 | 15.°29 44 58 73
69 | 423411 23555 23700 23844 23989 24133 24276 24420 24563 24707 | 14 29 43 58 72
70 | 4°24850 24992 25135 25277 25419 25561 25703+ 25845 25986 26127 | 14 .28 43 57 71
71 4°26268 26409 26549 26690 26830 26970 27110 -27249 27388 27528 14 28 42 56 7o

2 4°27667 27805 27944 28082 28221 28359 28496 28634 28772 28909 14 28‘L4I\_55 69
73 429046 29183 29320 20456 29592 29729 29865 3oooo 30136 30271 ‘14 27 41 34 63
74 | 4°30407 30542, 30676 30811 30946 31080 3r214 31348 31482 31615 | 13 27 40 54 67
75 4f31746\ 31882 32015 32148 32281 32413 32546 32678 32810 32942 | 13 27 40 53 66, .
76 | 433073 33205 33336 33467 33598 33729 33860 33990 34120 34251 13 26 39 52 65
77 | 434381 34510 34640 34769 34899 35028 35157 35286 - 35414 35543 | 13 26 39 ‘52 63
78 | 4'35671 35799 35927 36055 36182 36310 36437 36564 36691 36818 | 13 25 38 51
79 | 4°36945 37071 37198 37324 37450. 37576 37701 37827 37952 38078 [, 13 25 38 .50° 63
80 | 4-38203 38328 38452 38577 38701 38826 38950 39074 39198 39321 | 12 25 37 S50 6z.
81 | 439445 39568 39692 39815° 39938 40060 40183 40305 40428 40550 | 12 25 37 .49 61
82 4°40672 40794 40916. 41037 41159 41280 41401 41522 41643 41763 12 24 36 49 61
83 | 441884 42004 42125 42245 42365 = 42485 42604 42724 42843 42963 | 12 24 36 48 6o
81 | 4'43082. 43201 43319 43438 43557 43675 43793 43912 -44030 44147 | 1z 24 36 47 59
85 | 4'44265 44383 44500 44617 44735 44852 44969 45085 45202 45318 | 12 23 35 47 58
86 | 4745435 45551 45667 45783 45899 46014 46130 46245 46361 46476 1z 23 35 46 58
87 | 446591 46706 46820 46935 47050 47164 47278 47392 47506 47620 "} 1123 34 46 357
83 | 4°47734 47847 47961 48074 48187 48300 48413 48526 48639 48751 II 23 34 45 56
89 | 448864 48976 49088 49200. 49312 49424 49536 49647 49758 49870 I 2z 34 45 56
90 | 449981 50092 50203 50314 50424 50535 50645 50756 50866 50976 I1 22 33 44 55
91 | 451086 51196 51305 51415 S5I525 | 51634 51743 51852 51961 . 52070 IT 22 33 44 55

2 | 452179 52287 52396 52504 52613 52721 52829 52937 53045 53152 I 22 32 43 -54
93 | 453260 53367 53475 53582 53689% . 53796 53903 54010 54116 54223 | II 2T 32 43 54
94 | 4°54329 54436 54542 54648 54754 54860 54966 s§so7r 55177 55282 | 11 21 32 42 53
95 | 4'55388 55493 55598 55703 55808 55913 56017 56122 56226 "56331 | 1o 21 3I 42 52
96 | 4'56435 56539 56643 56747. 56851 56954 57058 57161 57265 57368 | 10 21 3I 41 52
97 | 4'57471 57574 57677 57780 57883 57985 58088 .58190 58292 58395 | 10 21 31 4T 5T
98 | 458497 58599 5870r 5880z 58go4 59006 59107 - 59209 59310 - 594II Io 20 30 4I S5I°
99 4'59512 59613 59714 59815 59915 60016 60116 60217 ;60317 60417 Io 20 30 40 56

" - ~ ¢ . -

log, 10,000 = 9-21034, log, 100,000 = 11-51293. log, 1,000,000 = 1381551
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. TABLE XXVII. SQUARES

o X 2 3 4 5 6 7 8 9 -
K o 1 4 .9 16 ) 25 . 36 49 64 81
N § 100 121 ‘144 169 196 225 256 . 289 - 324 . 36z
2 |- 400 - 441 . 484 529 576 - 625 676 729 784 841
3 ; 900& - 961 1024 - 1089 1156 1225 1296 1369 1444 1521
40, ;;600 1631 1764 1849 ‘1?36 } 2025 2116 2209 2304 2401
5. 2500 2601 2704 2809 2916 . ' 3025 3136 3249 3364 3481
6 - 3600 . -3721  ° 3844 3969 4096°.. - 4225 4356 4489 4624,  476x
7 4900 - 5041 5184 5329 5476 5625 5776 5929 6084 6241
-8 6400 . 6561 6724 6839 . 7056 7225 7396 7569 7744 7921
9 -+ 8100 8281 . 8464 8649 - '8836 goz25 9216 ' 9409 96o4 - g8or
10 \4_iooob\,‘ J020I - 10404  X0609 ", 10816 11025 - 11236 11449 11664 11881
Ir | 12100 12321 12544 12769 12996 13225 /] 13456 ° 13689 13924 14161
12 14400 - 14641 14884 . 15129 15376 15625 - 15876 16129 16384 = 16641 -
13 -| 16goo 17161 - . 17424 17689 17956 18225 , 18496 18769 19044 . 19321
14" |-+ 19600 19881 20164 - 20449 20736 . 21025 21316 21609- 21904 22201
15 | 22500 - 22801 * 23104 23409 23716 24025 24336 '« 24649 . 249064 ‘25281_
167 ¢ ,256°° 25921 26244 26569 . 26896 . 27225 27556, 27889 28224 .. 28561
17 | ‘28900 ' 2924t " 20584 29929 & 30276 30625 30976 31329 31684 - 32041
‘318 | -32400 32761 - 33124 33489 33856 34225 34596 34969 . 35344 35721
19 36100 . 3648x° 36864 . 37249 37636~ 38025 - 38416 -'38809 39204 39601
20 | - 40000 = 4o40r 40804 41209 | 41616 42025 42436 42849 43264 43681
21 44100 - 4452Y. - 44944 - 45369 45796 46225 46656 _ .47089° ' 47524 - 47961
22 | . 48400 48841 49284° 49729 50176 = 50625 51076 . 51529  5XQ84 52441
23 |- '52900° . 53361 53824 54289 54756 = 55225 55696 56169 56644 . 57121
24 - 57600 58081 - 58564 - 59049 59536 60025’ 60516 61009 61504 62001’
25 62500 63001 . 63504 64009 64516 - 65025 65536 66049 66564 67081
26 67600  68121. 68644 - 69169 69696 jozz5 - 70756 - 71289 71824 72361
27 | - 72900 73441 73984 74529 75076 75625 76176 76729 77284 77841
28 78409’;: 78961 79524 .'8008g9 80656 81225 81796 82369 82944 83521
29 | 84100 84681 ?5264 85§49 . 86436 87025 87616 88209 - 88804 89401 .
30_| - gooco go6ozx 91204 91809 92416 93025 93636 94249 94864' 95481 .
31 96100 96721 97344 97969 98596 99225 99856 100489 TorT24  I0I76X
32 102400  10304L ) 103684 104329 104976 105625 - 106276 106929 107584 108241
108900 109561  ¥Ioz24 110889 III556 112225 112806 113569 114244 114921
34 115600 116281 - 116964 117649 118336 - 1IIgO2§ 119716 120409 121104 12180
;. 122500 = 123201 123904 124609 125316 126025 126736 127449 128164 128881
36 129600 130321 131044 .I3T769 132496 {33225 133956 134689 ‘135424 136161
37 | 136900 137641 138384 139129 139876 140625 141376 142129 142884 14364T
.38 144400 145161 - 145924 146689 147456 . 148225 148996 149769 150544  15132I
39 152100 152881 153664 154449 155236 156025 156816 157609 158404 159201
40 160000 160801 161604 ~ 162409 163216 ‘164025 164836 . 165649 166464 167281
41° 168100 168921 . 169744 170569 171396 172225 173056 173889 174724 175561
42 176400 . 177241 ~ 178084: 178929 179776 180625 181476 182329 183184 184041
184900 185761 186624 187489 188356 189225 19goog6 190969 191844 192721
44 193600 194481 195364 196249 197136 198025 198916 199809 200704 . 201601
45 '202500 203401 ‘204304 205209 206116 207025 207936 208849 209764 210681
46 211600 212521 213444 214369 215296 216225 217156 218089 219024 219961
47 220900 221841 222784 223729 224676 225625 226576  227529- 228484 220441
48 | 230400 231361 232324 233289 234256 235225 236196 237169 238144 239121
49 240100 241081 - 242064 243049 - 244030 245025 246016 247009 248004. 24900I

Exact équares of 4 figure numbers can be quickly calculated from the identity (@1-8)? = a®+2a5+ 5%
. L]
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TABLE XXVII. 'SQUARES—continued

6

F

9

o 1 2 3 4 5 7 8
50 250000 25I00I 252004 253009 254016 255025 256036 257049 = 258064 zsgostﬂf
51 260100 261121 262144 263169 264196 265225 266256 267289 268324 269361
52 270400 271441 272484 273529 274576 . 275625 276676 277729, 278784 279841
‘53 280900 281961 283024 284089 285156 286225 287296 288369 289444 .'29052£
54 ‘291600 202681 293764 294849 295936 297025 298116 299209 ~ 300304 301401
55 302500 303601 304704 305809 306916 308025 309136 * 310249 . 311364;’;3fz48f.-
56 313600 314721 315844 316969 3180096 319225 320356 321489 . 322624 @ 323761 ‘
57 324900 326041 327184 328329 329476 330625 331776 332929 334084 335241
-58 336400 337561 338724 339889 341056 342225 343396 344569 345744 346921
59 | 348100 349281 350464 351649 352836 354025 355216 356409 357604 = 358801
6o 360000 361201 362404 363609 364816 366025 367236 368449 = 369664 3%688[
61 372100 373321 374544 375769 376996 378225 379456 380689 = 381924 ~ 383161
62 384400 385641 386884 388129 389376 390625 391876 = 393129/ 394384 395641 -
63 396900 398161 399424 400689 401956 ' 403225 404496 405769 407044 - 408321,
64 409600 410881 412164. 413449 414736 416025 417316 418609 419904 42120 .
65 422500 423801 425104 426409 427716 429025 . 430336 431649 4329647 - 434281 .
66 435600 436921 438244 439569 440896 442225 443556 444889 446224 447561
67 448900 450241 451584 452929 454276 - 455625 456976 458329 459684 - - 46104T: °
68 462400 463761 465124 © 466489 467856 < . 469225 470596 .471969 ' 473344 ' 474721
69 476100 477481 478864 = 480249 . 481636 483025 484416 485809 '487204»{248860r‘
70 490000 491401 492804 494209 495616 497025 498436 499849 501264 . 502681
71 504100 505521 506944 508369 . 509796 511225 512656 514089 515524 = 51696I
72 518400 519841 521284 522729 524176 ‘525625 527076 528529 - 520984 531441
73 | 532900 534361 - 535824 537289 538756 540225 541696 543169 . 544644 . 546121
74 547600 549081 550564 552049  553536. 555025 556516 558009 559504 - §6100I .
75 562500 564001 565504 567009 568516 570025 571536 573049 574564 - 576081
76 577600 579121 580644 582169 583696 585225 586756 588289 589824 ' 591361
77 592000 594441 595984 597529 599076 - 600625 602176 603729 605284 7 606841
78 608400 609961 611524 613089 . 614656 616225 617796 619369 6200944 - 622521
79 624100 625681 627264 628849 630436 = 632025 633616 635209 636804 638401
8o 640000 641601 643204 644809 646416 648025 649636 651249 652864 - 654481 '
81 656100 657721 659344 66ogbg 662596 664225 - 665856 667489 669124 670761
82 672400 674041 675684 677329 678976 680625 682276 683929 685584 687241,
83 688900 .69o561 692224 693889 695556 - 697225 698896 700569 . 702244  70392I
. 84 705600 707281 708964 710649 712336 714025 415716 417409 ' 7I9lo4 ‘720801
85 722500 724201 725904 727609 - 729316 731025 732736 734449 736164 737831
86 " | 739600 741321 743044 744769 746496 748225 749956 751689 753424  75516I
87 756900 758641 760384 762129 763876 765625 767376 769129 770884 772641
83 774400 776161 777924 779689 781456 783225 784996 786769 788544 790321
8o 792100 793881 795664 . 797449 799236 80;025 802816 ' 804609 - 806404- 808241, -
90 810000 811801 813604 815409 817216 819025 820836 822649 824464 . 826281
91 828100 829921 831744 833569 - 835396 837225 839056 ' 840839 842724 844561
92 846400 848241 . 850084 851929 - 853776 855625 . 857476 859329 861184 863041
93 864900 866761 868624 87048 872356" 874225 876096 877969 879844 881721
94 883600 885481 887364 889249 891136 893025 894916 896809, 898704  gooborx
95 902500 Q04401  9o6304 908209 9Io1lb - . 9Iz2025 013936 915849 917764 919681
96 921600 923521 925444 927369 929296 931225 933156 935089 937024 938961
97 940900 942841 944784 0946729 948676 950625 952576 954529 956484 = 958441
98 g6ogoo  0962361- 064324 966289 968256 970225 972196 974169 976144 978121
080100 982081 ' 984064 986049 988036 . 990025 992016 994009  996ooq  g98oor

Thus 693-3® = 480249+ 415-8-+0-09 = 486664-89.
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" TABLE XXVI_II. :

SQQARE Roots

78

'.o“"\ I -2, 3 . 4 5 6 - 7 8 9‘. I 2 3 4 §:
10 | 10000 10050 10100 10149, 10198  Io0247 10296 10344 10392 10440 | § 1o 15 20 24
| 31623 31780 31937 32004 - 32249 32404-.32558 32711 32863 33015 | 15 31 46 62 77
.11} 10488 116536“19583 ri063o 10677 10724 10770 10817 10863 10009 | § 9 I4 19 23
“t| 33166 33317 33466 33615 33764 33912 34059 34205 34351 344960 | 15 30 44 59 74
"-12 § 10954 * 11000 11045 I109T - 13136° 11180, 11225 11269 ‘11314 11358 | 4 9 13 1§ 22
‘134641 34785, 34928 35071 35214 35355 35496 35637 35777 35917 | 14 28 43 57, 71
13 :11402-;11446 11489 11533 11576 11619 11662 11705 11747 11790 4 9 13 17 2%
.| 36056 }36194,2333321 36469 36606 36742 36878 37014 37148 37283 | 14 27 41 55 68
14 i1é32«t1i874: 11916 11958 12000 = 12042 12083 12124 12166 12207 4 & 13 17 21
| 3741737550 37683 37815 37947 1 38079 38210 38341 38471 386or | 13 26 39 53 66
15 {12247 12288 12329 12369 12410 12450 12490 12530 12570 12610 4 8 1216 20
38730 38859 38087 39115 39243 39370 39497. 39623 39749 39875 | 13 25. 38 s5r 64
16 | 12649 - 32689 12728 12767 12806 . 12845 12884 12923 12961 13000 | 4 8 12, 16 20
L ‘4oooo-‘401555’40249 40373 40497 - 40620 40743 40866 40988 41110 | 12 25- 37 49 62
17 | 13038 13077 13115f~i3153“13191 13229 13266 13304 13342 13379 4 8 11 15 19
41231 31352 41473 41593 . 41713 41833 41952 42071 42190 42308 [ 12 24 36 48 6o
118 | 13416 13454 13491 13528 13565 13601 13638 13675 13711 13748 | 4 7 11 15 18
o | 42426 42544 426617 42778 42895 4301z 43128 43243 43359 43474 | 12 23 35 47 58
.19 | 13784 13820 .13856 13892 ﬂ3928 . 13964 14000 14036 14071 14107 | 4 7 11 14 18
| 143580 43704 43818 43932 44045 44159 44272 44385 44497 44609 | IT 23 34 45 57
20 | 14142 14177 14213 14248 14283 14318 14353 14387 14422 14457.| 4 7 1o 14 18
v | 447217 44833 44944 45056 .45166 45277 45387 145497 45607 45717 | 11 2z 33 44 55
21 |'14491 14526 14560 ‘14505 14629 14663 14697 4731 14765 14799 | 3 7 To I4 17
.| 45826 45035 46043 46152 46260 46368 46476 46583 46690 46797 | 11 22 32 43 54
22 | 14832 14866 14900 14933 14967 ' 15000. 15033 15067 - 15100 15133 | 3 ¥ 10 13 17
' ]| 46904 470X1 47E17° 47223 47329 47434 47539 47645 47749 47854 | 11 21 32 42 53
23 | 15166 15199 15232- 15264 15297 15330 15362 15395 15427 15460 3 7 10 13 16
' | 47958 48062 48166 48270 48374 48477 48580 48683 48785 488§8 I0 21 31 41 52
© 24 | 15492 155&4 15556 15588 15620- 15652 15684 157{6‘-15748 15780 3 6 10 13 16 .
| 48090 40002 49103 49295 49396 49497 49398 49699 49800 49900 | 10.°20 30 40 SI
25 | 15811 15843 15875 15906 15937 15069 16000 16031 ~ 16062 16093 | 3 6 9 13 16
| 50000 50100 50200 50299 . 50398 50498 50596 50695 50794 50892 | 10 20, 30 40 50
26 | 16125 16155 16186 16217 16248. 16279 16310 16340 16371 16401 f 3 6 9 12 15
" .l 50990 51088 - 51186 51284 51381 ‘51478 51575 51672 51769 51865 | 10 I9 29 39 49
27 | 16432 16462 16492 16523 16553 16583 16613 16643 16673 16703 3 6 9 Iz 1I5
51962 52058 52154 52249° 52345 52440 52536 52631 52726 52820} 10 19 29 38 48
. 28 | 16733 16763 16793 16823 16852 16882 16912 16941 16971 17000} 3 6 9 12 15
| 52915 53000 53104 -53198 - 53202 53385 53479 53572 53666 53759 | 9 19 28 38 47
- 29 | 17029 17059 17088 17117 17146 17176 17205 17234 17263 17292 | 3 6 9 .1z 15
53852 53944 54037 54129 54222 54314 54406 54498 54589 54681 | 9 18 28 37 46



P Y

.TABLE XX\fIII. SQUARE 'Roors—contz'néed

- 6

7

-9

79

14”P

13

39

I 2 3 4 5 8
30 | 17321 17349 17378 17407 17436 17464 17493 17521 17550, 17578'| 3. 6, 9 '1r”
54772 54863 54955 55045 55136 55227 55317 55408 55498 55588 | 9. 1§ 27 36 45
31| 17607 17635 17664 17692 17720 - X7748 17776 17804 17833 .17861| 3 J'6vf 8 11 .14
55678 55767 55857 55946 56036 56125 56214 56303 56391 56480 | 9 18 27 36 45.
32 | 17889 17916 17944 17972 18000 18028 18055 18083 1811118138 3 67 8v 11140
| 56569 56657 56745 56833 56921 . 57009 57096 57184 57271 57359 | 9 18 26 35 44
33 | 18166 18193 18221 18248 . 18276 18303 18330 18358 18385 18412 |- 3 5 8 11 14
57446 57533 57619 57706 57793 57879 57966 58052 58138 58224 | g 17 26- 35% 43
34 | 18439 18466 18493 18520 18547 18574 18601 18628 18655~,18682 3 5 8 Iif-i4
58310. 58395 58481 58566 58652 58737 58822 58907 58992 59076 9 ‘17 26 34 43
35 | 18708 18735 18762 18788 188153 18841 18868 18894 18g2r 18947 | 3 5 (8. 1ir
59161 59245 59330 59414 59498 5958z 59666 §9749 5$9833 59917 | 8+ 17 ‘25 34. 43 .
36 | 18974 19000 19026 19053 19079 19105 19I3r 19157 19183 I9209 | ‘3 75" 8 10-I13
60000 60083 60166 '6o249 60332 60415 60498 60581 60663 60745 | ‘8 17° 25~33 ‘41
37| 19235 19261 19287 19313 19339 19365 19391 I94I6. 1944z 19468 | 3 5 '8 1o I
60828 6ogro 6099z 61074 61156 61237 61319 61400 61482 '§}563 ' 8fw1§ .257 33 41
38 | 19494 19519 19545 19570 19596 19621 19647 19672 ,19698 19723 | 3. 5 '8 'To 13.-°
61644 61725 61806 61887 61968 62048 62129 62209 62290 62370 | 8 16 ‘24 32 40
39 | 19748 19774 19799 19824 19849 19875 19900, 19925 19950 19975 | 3 5 8 10 13
62450 62530 62610 62690 62769 62849 62929 63008 ' 63087. 63166 | 8 16 ‘24. 32 40
40 | 20000 20025 20050 20075 20100 20125 20149 20174 20199 20224 | 2 §. 7 1o ‘12
63246 63325 63403 63482 63561 63640 63718 63797 63875 63953 | 8 16 24 31
41 | 20248 20273 20298 20322 ‘20347 20372 ;20396 " 20421 20425 20469 | 2 5 7 ‘1o 12
64031 64109 64187 64265 64343 64420 64498 64576 64653 64730 | 8 16 23 31 739",
42 | 20494 20518 20543 20567 20591 20616 200640 20664 20688 20712 | 2 .5 7 Io: I2:
64807 64885 64962 65038 65115 65192 65269 65345 65422 65498 8;\15,f23;,311 38
43 | 20736 20761 20785 20809 20833 ~ 20857 20881 20905 - 20928 20952 | 2§ 7 IO 12,
65574 65651 65727 65803 65879 65955 66030 66106 66182 66257 | 8 15 23 30 38
44 | 20976 21000 21024 21048 2107I 21095 2II1IQ 21142 21166 21190 2 5 70 10 12
66332 66408 66483 66558 66633 66708 66783 66858 66933 67007 | -8 15 22 30 38
45 | 21213 21237 21260 | 21284 21307 21331 21354 21378 21401 21424 | 2 5 .7 9- I2
67082 67157 67231 67305 67380 67454 67528 67602 67676 64750 | 7 15 22 30 37
46 | 21448 21471 21494 21517 21541 21564 21587 21610 21633 21656 2z ‘5 7 9 12
67823 67897 67971 68044 68118 68191 68264 68337 68411 68484 | T 15 22 29 37
47 | 21679 21703 21726 21749 21772. ~ 21794 21817 21840 21863 21886 2. 5 7 9 Iz
68557 68629 68702 68775 68848 68920 68993 69065 69138 69210! 7 15 22 29
48 | 21909 21932 21954 21977 22000 22023 22045 22068 22091 22113 | 2. 5 7 9 II
69282 69354 69426 69498 69570 | 69642 69714 69785 69857 69929 | 7 14. 22" 29
49 | 22136 22159 22181 22204 22226 % 22249 22291 22293 22316 22338 | 2 4 7' 9 II
70000 40071 %0143 70214 %0285 70356 70427 70498 70569 70640 | 7 14 21 28 36
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TABLE XXVIII. SQUARE ROOTS—continued

o 1 2 3 4 5 6 7 8 9 |1 2 3 4 5

50 [ 22361 22383 22405 22428 22450 22472 22494 22517 22539 22561 | 2 4 7 9 1T

‘ 70711 70781 70852 70922 70993 71063 71134 71204 71274 71344 | 7 14 21 28 35
51 | 22583 22605 22627 22650 22672 22604 22716 22738 22760 22782 | 2 4 7 9 1x
71414 71484 71554 71624 71694 - 71764 71833 71903 71972 72042 | 7 34 21 28 3§

52 | 22804" 22825 22847 22869 22891 22913 22935 22956 22978 23000 | 2 4 7 9 II
72111 72180 72250 72319 72388 ' 72457 72526 72595 72664 %2732 | 7 .14 21 28 34

53 | 23022 23043 23065 23087 23108 © 23130 23152 23173 23195 23216 | 2 4 .6 9 1I

| 7280x 72870 72938 73007 73075 - 73144 73212 73280 73348 73417 | 7 14 21 27 34
54 | 23238 23259 23281 23302 23324 23345 23367 23388 23409 23431| z 4 6 9 1Ix
+1 73485 73553 13621 73689 73756 73824 73892 73959 74027 74095 | 7 14 20 27 34
55 | 23452 23473 23495 23516 23537 23558 23580 2360 23622 23643| 2z 4 6 .8 11.
.. 1.74162° 74229 74297 74364 " 74431 74498 74565 74632 74699 74766 |. 7 13 20 27 34
56 | 23664 ' 23685 23707 23728 23749 23770 23791 2381z ‘23833 23854 z 4 "6 8 11

- |.74833 - 74900 74967 75033 75100 75166 75233 75299 75366 75432 | 7 13 20 27 33
57 | 23875 23896, 23917 23937 23958 ,23979 24000 24021 24042 24062 2 4 6 8 10
75498 75565 75631 75697 75763 75829 75895 75961 76026 76092 | 7 13 20 26 33

58 | 24083 24104'-.24125 24145 24166 24187 24207 24228 24249 24269 | 2 4 6 8 10
76158 76223 '76289‘,76354 76420+ 76485 76551 76616 76681 46746 | 7 13. 20 26 33

. 597| 24290 24310 24331 24352 24372 24393 24413 24434 24454 24474 2 4 6 8 10
- 76811 76877 76942 77006 77071 77136 77201 77266 77330 %7395 | 6 13 .19 26 32

60 | 24495 24515 24536 24556 24576 24597 24617 24637 24658 24678 | z 4 6 8 10
77460 77524 77589 77653 TITIT " 77782 - 77846 77910 77974 78038 | 6 13 19 26 32

| 61 | 24698 24718 24739 24759° 24779 24799 24819 24839 24860 24880| 2 4 6 8 10
‘ ,"78105 78166 78230 48294 78358 - 78422 478486 78549 78613 78677 6 13 19 26 32
62 | 24900 24920 24940 24960 24980 25000 25020 25040 25060 25080 | 2z 4 6 8 10
78740 78804 78867 78930 78994 79057 79120 79183 79246 79310 |- 6 13 19 25 32

63 | 25100 25120 ' 25140 25159 25179 25199 25219 25239 25259 25278 2 4 6 8 10
- | 79373 79436 79498 79561 "79624 . 79687 79750 7981z 79875 79937 | 6 13 19 25 31
64 | 25298 25318 25338 ®25357 25377 25397 25417 25436 25456 25475| 2 4 6 8 10
| 800co 80062 '8orzz ‘80187 8ozs0 80312 80374 80436 80498 8o561 | 6 12 19 25 3I
65 | 25495 25515 25534 25554 25573 25593 25612 25632 25652 25671 2z 4 6 8 10

: 80623 - 80685 80747 - 80808 80870 80932 80994 81056 81117 81179 | 6-12 19 25 3I

66 | 25690 25710 25729 25749 25768 25788 23807 25826 25846 25865| 2 4 6 8

81240 81302 81363 81425 81486 81548 8169 81670 " 81731 81792 | 6 12 18 25 31

67 | 25884 25904 25923 25942 25962 25081 26000 26019 26038 26058 | 2 4. 6 8 10
s 81854 81915 81976 82037 82098 . 82158 82219 82280,- 82341 82401 | 6, 12 18 24 30
68 | 26077 26096 26115 26134 26153 26173 26192 26211 26230° 26249 | 2 4 6 8 10
82462 82523 82583 82644 82704 82765 82825 82885 82946 83006 | 6 12 18 24 30

69 | 26268 26287 26306 26325 20344 26363 26382 26401. 26420 26439 | 2 4 6 8 10
83066 83126 83187 83247 83307 83367 83427 83487 83546 83606 | 6 12 18 24 30

76 26458 26476 26495 26514 26533 | 26552 26571 26589 26608 26627 z 4 6 8 9
83666 83726 83785 83845 83905. 83964 84024 84083 84143 84202 6 12 18 24 30

71 | 26646 26665. 26683 26702 26721 26739 26758 26777 26796 26814 2z 4 6 7 9

| P 84261 84321 84380 84439 84499 84558 84617 84676 84735 84794 | 6 12 18 24 30
72 | 26833 26851 26870 26889 26907 26926 26944 26963 26981 27000 | 2z 4 6 7 9
84853 84912 84971 85029 85088 85147 85206 85264 85323 85381 | 6 12 18 23 29

23 | 27019 27037 27055 27074 27092 27111 2712 27148 27166 27185 2 4 6 7 9
" | 85440 - 85490 " 85557 83615 85674 85732 85790 83849 85907 85965} 6 1z 17 23 29
44 | 27203 27221 27240 27258 27276 27295 27313 27331 27350 27368 | 2z 4 5 7 9
86139 86197 86313 86371 86429 86487 86545 | 6 12z *17 23 29



TABLE XXVIII. SQUARE ROOTS+cOntz'nﬂed

‘5 G

8

2

3 4

99599

99750 . 99800

A

81

99950

o I 2 3 4 9 I 5
75 | 27386 27404 27423 27441 27459 27477 27495 27514 27532 27550 2 4 5.7 ©9°
86603 86660 86718 86776 86833 8689r 86948 87006 87063 8121 | 6 12 17.23 29
#6 | 27568 27586 27604 27622 27641 27659 27677 27695 27713 27731 2 4 5.7 9
87178 87235 87293 87350 87407 87464 87521 87579 87636 87693 | 6 11 17 23 ‘29
77 | 27749 27767 27785 27803 27821 27839 27857 27875 27893 27911 | 2° 4 57 9
87450~ 84807 - 87864 87920 87977 88034 88091 88148. 88204 88261 6, 11 17 23 28
28 | 27928 27946 27964 27982 28000 28018 28036 28054 28071 28089 2. 4857 79"
88318 88374 88431 88487 88544 88600 88657 88713 83769 88826 | 6 11 17 23 28
79 | 28107 28125 28142 28160 28178 28196 . 28213 28231, 28249 28267 2 4 § 7 9
.| 88882 88938 88994 8gos5r 89107 89163 89219 -89275- 89331 89387 | 6 11 17 22 28
80 | 28284 28302 28320 28337 28355 28373 28390 28408 " 28425 28443 | 2 4 5. j 9
89443 89499 89554 8961e 89666 89722 89778 89833 89889 89944 | 6  ix, 17 22 28
81 | 28460 - 28478 28496 28513 28531 . 28548 28566 28583 28601 28618 | 2 .4 .,5'.'7.; 9
90000 . 90056 QOIII Qo167 Qo222 90277 90333 90388 Q0443 90499 | 6 11 17 22 28
82 | 28636 - 28653 28671 28688 28705 28723 28740 28758 28775 28792 | 2 .3 5 7.9
| 90554 9o6og 90664 90719 90774 90830 90885 90940° 90995 9ro49 | 6 I X6 227 28
83 | 28810 28827 28844 28862 28879 . 28896 28914 28931 28948 28965 2 . 3.5 7 9 -
91104 91159 oIzI4 91269 91324 91378 91433 91488 oIs4z 91597 | 5 II 16 22 27
84.1 28983 29000 29017 29034 29052 29069 29086 29103 29120 29138 | 2 '3 5 ‘7. 9
| 91652 91706 91761 01815 91869 91924 91978 92033 92087 92141 | § II 16. 22 27
85 | 29155 29172 29189 29206 - 29223 29240 29257 29275 29292 29309 | 2 3 §. 7. 9
’ 92195 92250 92304 92358 92412 . 92466 92520 - 92574, 92628 92682 5 11 16 22 ‘27
86 | 29326 29343 29360 29377 29394 20411 29428 29445 29462 20479 | 2 3 -5 7.8
92736 92790 92844 92898 92952 93005 93059 93II3 93167 93220 | 5 IT 16 22 27.
87 | 29496 29513 29530 29547 29563 29580 .29597 29614 .29631 29648 | 2z 3 5 7 8“
93274 93327 93381 93434 93488 93541 93595 93648 93702z 93755| 5 II 16 21 27
88 | 29665 2968z 29698 29715 29732 29749 29766 29783 29799 29816 | 2 3 .5 ‘7 8
93808 03862 93915 03968 04021- 04074 ~ 94128 04181 94234 04287 | 5 II 16 21 27
89 | 29833 29850 . 29866 29883 29900 29917 29933 29950 29967 29983 | 2 3 5 7 8
94340 94393 94446 94499 94552 94604 94657 94710 94763 94816 | 5. 1T 16 21 26
9o | 30000 30017 30033 30050 30067 . 30083 30100 3of16 30133 " 30150 2 3 .5.7 8
94868 94921 94974 95026 95079 95131 Q5184 95237 95289 95341 | 5 IT 16 21 26 °
91 | 30166 30183 30199 30216 30232 30249 30265 30282 30299 30315|.2 3 5 7 8-
95394 95446 05499 9555I 95603 95656 95708 95760 95812 95864 | 5 10 .16 21 26
. 92 | 30332 30348 30364 30381 30397 30414 30430 30447 30463 30480| 2 3 5 7 8
95917 95969 -96o21 g6o73 96125 96177 96229 96281 96333 ‘96385 | 5 10 16 21 26
93 | 30496 30512 30529 30545 30561 30578 30504 30610 30627 30643| z2 3 5 7.8
96437 96488 96540 96592 90644 96695 96747 < 96799 96850 9bgoz | 5 To- 16 21 26
94 | 30659 30676 30692 30708 30725 30741 30757 ' 30773 30790 30806 .2 3..5 7 8
96954 97005 97057 97108 97160 97211 97263 97314 97365 97417 | 5 Io 15 2I 26
95 | 30822 30838 30854 30871 30887 30903 -30919 30935 30952 30968 | 2z -3 5° 6 8
97468 ‘97519 97570 97622 97673 97724 97775 97826 97877 97929 | 5 ‘10 15 20 26
o6 | 30984 31000 31016 31032 31048 31064 31081 31097 3III3 31129 2 3 §5 6 8
97980 98031 98082 98133 9818& 08234 98285 98336 98387 98438 73 ;107 1§ 20" 25
97 | 31145 3II6I 31177 31193 31209 31225 31241 31257 31273 31289 | 2° 3 5 6 8.
98489 98539 98590 08641 98691 98742 98793 98843 98394 98944 | 5 10 15 20 25
98 | 31305 31321 31337 31353 31369 31385 31401 31417 31432 31448 | 2z 3 5 6 8
98995 99045 - 99096 99146 99197 99247 99298 99348 99398 99448 | 5 10 IF 20 2§
99 | 31464 31480 31496 31512 31528 31544 31559 31575 31591 31607 | 2- 3 5 6 8
99499 99549 - 99649 99700 '99850 99900 5 ‘10 ‘I35 20 25



.TABLE -XXIX.‘ RECIPROCALS *

I+ o T2, 3 4 [ 6 7 8 9 Diffs.*
ro | 100000 ‘990099 98039z 970874 961538 o952381" 943396 934579 925926 917431
- 9901 . -9707  —9518 9336 [ 915 --8985" 8817 T -3053 -8495 -8340
1 | b*000091" googor 892857 884956Y 877193 869565 862069 854701 847458 840336V
Lo “-8ig6  -80o44  -7g01 / -7763- -7628 —7496  ~7368  -7243  -7122  -7003
12 833333 826446 819672% 813008 806452 Vv 8ocooo 793651 787402 781250Y 7781944
: ~ -6887 6774 .~ -6664  —6556 6452 —6349 ~6249 6152 6056  —5963
‘13 | +769231 763359 757576 751880 - 746269 740741 735294 729927 724638719424
‘e —5872 . -5783° " -5696  ~5611 = ~-5528 . -5447  -5367 5280  —s214  —5138
1°4 714286 709220 704225 699301 694444 * 689655 684932 680272 675676 671141
PR | <5066 - - —4995 | 4924 ~4857  =4789 - '-4723 . '~4660 4596  ~4535  —4474
. y . . : , ) 4 ,', » v
5 _L-666667‘/.66‘2252 657895. 653595 649351 645161 641026 636943 632911 628931
© b TTHA3Ts -4357 - —4300  —4244 ' —4190 -4135  —4083  '-4032  =-3980  -3931
16 {:+625000 623118 617284 613497 .609756 606061V 602410 598802z 595238 591716
Vo 3882 v ~3834 7 ~3787 .. 3741 3695 -3651 3608  ~3564  -3522  —3481
1-7 | v-588235Y 584795 581395 578035 574713 571429 - 568182 564972 561798 558059
S| T340, -3400 , -3360  -3322 <+ -3284 -3247 , -3210 -3174  -3139  -3103
1-8 |- -555556 5524867 549451 546448 543478 5405417537634 534759 531915 52910I
) -3070  -3035  —3003  *-2970.  -2937 —2907 2875 2844  -2814  -2785
1’9 *526316 523560 520833 518135 3515464% 512821 51_0_294 507614 505051 502513 "
. »..;-27/5,6 - 2727 -2698 - —gézl ~2643 - —2617 -2590 ~ -2563 = -2538° -2513
2°0. | *500000 497512 495050 492611 - 490196 " 487805 485437 483092¥480769 478469
o —2488 —2462 - -2439 = 241§ . —2391 . -2368 ~—=3335  -2323 - —-2300 —2279
21 | -476190Y473934 471698 469484 467290 465116 462963 4608291 4587164456621
‘ - —2256 —2236. . —2214 - -—2194  -2174 -2153 -2134 . —2113 ~2093 ~207
2°2 454545 452489 450450 448430 446429 444444 442478 440529 438596 436681
- “"—?653 . -2039 T 2020 ' -2001 ~-1985 ' -1966  —1949  -1933 . ~1915  —1898
2°3 | =434783 432900 431034 429185 427350 425532 ° 423729 ‘421941 420168 418410
aome b -1883 ~1866 . .-—1849 = —1835 | —1818 -1803  -1788 -1773 —1758  -1743
2°4 | ‘416661‘(’414938 © 413223 " 411523 * 409836 - 408163 406504 404858 403226 401606
- T=I729 0 -1715 . =1700 —17687 -1673  ° —-1659 -1646 -1632 -1620  —1606
25 | -2400000 = 398406 396825 395257 393701 392157 390625 389105" 387597 386100 | -1544
26 | 384615 383142 381679 380228 378788 377358 375940 374532 373134 . 371747 | ~1430.
27 | 370370 369004 367647 366300 364964 363636 362319 36rorr 359712 358423 | —1327
28 | -357143 355872 354610 353357 352113 - 350877 349650 348432 347222 346021 | -1236
29 | ."344828 343643 342466 341297 340136 338983 337838 336700 335570 334448 | 1153
3o | +333333"7332226 331126: 330033 328047 327869 326797 325733 324675 323625 | ~1079
31 | -322581" 321543 320513 319489 318471 - 317460 316456 315457 314465 313480 | —TOII
37 | +312500 311526 310559 309598 308642 307692 306748 305810% 304878 303951 | —950
33 |- "303030 302115 . 3oIz05 300300 299401 298507 297619 296736 295858 294985 | 894
34 - -294118 293255 292398 291545 290698 289855 28gor7 288184 287356 286533 -843
35 | 285714 284{900 284091 283286 282486 281690 280899 280112 279330 278552 -796
36 | -277778 277008 276243 275482 274725 273973 273224 272480 271739 271003 | 753
37 -270270 269542 268817 268097 267380 266667 265957 265252 264550 263852 -713
3-8 | -263158 262467 261780 261097 260417 259740 259067 258398 - 257732 257069 -677
39 256410 255754 255102 254453 253507 253165 252525 251889 251256 250627 | —043
40 | -250000 249377 248756 248139 247525 - 246914 246305 - 245700 245098 244499 —611
4°1 243902 243309 242718 242131 331546 240964 240385 239808 239234 238663 -582
42 | -238005 ‘237530 236067 236407 235849 235294 234742 234192 233645 233100 | -555
43 -232558 232019 231481, 230047 230415 229885 229358 228833 228311 227790 —530
44 -227273 226757 226244"% 225734 225225 224719 224215 223714 223214 222717 | —506
45 -222222 ‘221729 221239 220751 220264 v 219780 219298 218818 218341’217865 T —484
46 +217391 216920 216450 215983 . 215517 215054 214592 214133 213675 213220 —463
47 -212766 212314 211864 211416 210970 210526 210084 200644 209205 208768 444
48 +208333 207900 207469 207039 206612 206186 205761 205339 204918 204499 —426
49 -204082 203666 203252 202840 202429 202020 201613 201207 2008037 200401 | . =409
¢ : : ; i

* Tabular differences up. to 2-5, and mean differences thereafter. Differences are negative.
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TABLE XXIX. RECIPROCALS—continued

+ ., » . % - -
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O 00~
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-200000 199601 . 199203 198807 198413 198020 197628 197239 196850 196464V
*196078 195695 195312 194932 1945531~ 194175 193798 193424 193050 192678

*T92308 191939 I9I57I 191205 190840  T90476 1I901I4 189753 1893941189036 | —:

. -188679 188324v-187970 187617% 187266 186916186567 186220 185874 -185529"
185185 184843 184502 . 184162 183824 183486 183150° 182815 182482 182149

- -181818 1814388 181159 1§2§§3. 180505 . 180180 179856 179533 179211 " 178891
‘178571 178253 177936 177620 177305 176991 176678 176367 - 176056 175747
"175439” 175131 174825Y 174520174216 173913 173611 173310 173010 172712 Y
*172414 172117 171821 171527 171233 170940 170648 176358 170068 169779 ?ﬂ;
*169492 169205 168919 168634 168350 168067 167785 167504 ‘167224 1669045 I

.16666i=_166389\ 166113 165837 165563 165289 1656i7"164745 164474 '164}21@’_:"
163934 163666 163399 163132 162866 162602 162338 162075 . 161812 '16155f]‘:“w !

-161290 161031 160772 160514 160256 160000 159744 159490 159236 158983

-158730% 158479 158228 157978 157729 157480 457233 156986 156740 156495

*156250 156006 155763 155521 155280 155039 154799 154560 154321 154083
- . B v T - N 8 .

'153846 153610 153374 153139 152905 152672 152439 152207 151976 ISI745 | =
*151515 151286 151057 150830 150602 150370 150150 149925 I4970 149477
"149254 149031 148810 148588 148368 148148 147929 147710 147493 147275
"147059 146843 146628 146413 146199 145985 145773 145560 145349 145138
"144928 144718 144509 144300 144092 143885 143678 143472 | 143266 143062

‘142857 142653 .142450 142248 142045 141844 141643 ‘141443 141243 141044
‘140845 140647 - 140449 140252 140056% " 139860 139665 139470 - 139276 139082
+138889 138696 138504 138313 .138122  13793T I3774T 137552 .137363 I37174
+136086 136799 136612 136426 136240 . 136054 135870 - 135685 . 135501 135318
*135135 134953 134771 134590 134409 134228 134048 - 133869 133690 1335T

*133333 133156 132979 i328oz 132626 132450 132275 13zxoo_f131926 131752
"131579 131406 131234 131062 130890 . I30719 130548 130378 130208 -130039. |-
~12987o”}297oz 129534 129366 129199 129032 -.128866 . 128700 128535 128370
*128205 128041 127877 127714 127551 127389 . 127226 127065 126904 126743 °
+126582 126422 126263 1é6303, 1250945 125786 125628 125471 125313 125156

u113§3999’124844 124688 1;4533 124378 124224 124069 123916 123762 ,123609f

© +123457. 123305 123153 123001 122850 122699 ' 122549 *122399 122249 122100
+121951 121803 121655 121507 121359 ~  I2I2I2 121005 -I209I9 120773 'I20627
+120482 120337 120192 120048 119904  II9760 119617 119474 119332 IIQIQO
119048 118906 118765 118624 118483 ° 118343 118203 118064 117925 117786

‘117647 117509 II737I 114233 1176;6“ 116959 . 116822 116686 116550 116414
‘116279 116144 116009 115875 II5741 115607 115473 115340 I1I5207% 115075
114943 114811 114679 114548 114416 = 114286 114155 114025 113895 113766
*113636 113507 113379 1II3250 II3I22 112994 112867 112740 112613 112486
112360 112233 112108 111982 111857 . 111732 111607 111483 1II1359 III235

*IITIII 110988 110865 110742 116619 110497 110375, 110254 II0I32 IIOOII
+109890 109769 'T09649 109529 109409 109200 I0QI70 109051 108932 108814
108696 108578 108460 108342 108225 108108 107991 107875 107759 107643
*107527 1074I1 107296 1107181i 107066 106952 106838 106724 106610 106496
106383 106270 106157 106045 105932 105820 105708 105597 105485 105374
I-105263 I05152 105042 104932 104822 104712 104603 104493 104384 104275
*104167V 104058 103950 103842 103734 103627 103520 103413 103306 103199
‘103093 102987 102881 102775 102669 102564 10245§‘>102354 102249 < 102145
*I02041 101937 101833 101729 101626 101523 101420 I0I3I7 IOI2I5 IOIII2
101010 100908 100806 100705 100604 100503 100402 100301 100200 IOOIOO

K

Thus 1/4-214 = 0:237530—0°000222 = 0-237308, since é)-4 X 555 = 222 (correct value 0°237304).

83 )



TABLE XXX. FAC'rom:ALs

304141

9°33262

157°970 0037

No.| Factorial. Logarithm. No. Factorial,” Logarithm. No. . Factorial. Log'arithm.

R O 0000 0000 - (33 1°§5112 66-190 6450 101 9'42595 | 159°974 3250
-2 2 0°301 0300 52 8:06582 67:906 6484 102 9'61447 | 161°982 9252 .
3 6,'; o778 1513 53 427488 69#(.630 9243 103 9-9o2g90 | 163 995 7624
4. 1 24‘,« * 1°.380 2112 54 2° 30844 71:363 3180 104 102990 | 166-012 %7958
5 120 |’ 2079 1812 55 1°26964. 73103 6807 105 1°08140 | 168-033 9851
- 6 720 | = 2857 3325 56 | 7730999 |  74'851 8687 |l . 106 | 1-14628 | 170°059 2909 -
7 5040 |' 3702 4305 57 405269 " 76:607 7436 107 1°22652° | 172088 6747
- 8 ., 40320 | ' 4605 5205 .58 2°35056° | 78:371 1716 108 | 1°32464 | 174-122 0983
9. 362880 | :5°559 7630 59 | 1-38683 |.. 80142 0236 || 109 | 144386 | 176-159 5250
‘10" ';~§2’880 ' - 6-559 7630 6o 832099 81°920 ‘1748 110 1-58825 178:200 9176
11, | 399168 | ¢ 7-60r 1557 |- 61 | 507580 83705 5047 || 111 | 176295 | 180-246 2406

- 12 4°79002 | . 8680 3370 || 62 314700 | 85497 8964 11z | 197451 | 182°29% 4586
13 6°22702 \ ©.9°794 2803 63 | 198261 87:297 2369 113 2°23119 | 184°348 5371
14 | 871783 |  10°940 4084 A 64 | 1-26887 89-103 4169 114 2°54356 | 186-405 4419
15 .| 139767 | 13116 4996 " 65 | 824765 | * 90'916 3303 || 115 | 2-92509 | 188:466 1398
16 | 2°09228 | 133206196 }| ' 66 | 544345 92735 8742 .| 176 | 339311 | 190°530 5978
17 | 3755687 14:551 0685¢ || 67 | 364711 94" 56T 9490 117 .| 396994 | 192598 7836
18 640237 *15'806 3410 ||+ 68 | 2°48004 96°394 4579 118 | 468453 | 194°670 6656
19 1-21645 17-085 '0946° 69 | 171122 98233 3070 119 1y 557459 | 196-746 2126
20 | 2°43290 18-386 1246 | - ,:]‘o 1-19786 100078 4050 || 120 | 6-68950 | 198:825 3938
21 5'10909 19-708 3439 -7r | 8504797 |~ 101°929 6634 121 | 809430 | 200°908 1792
.22 .| 112400 ‘21°050 7666 || = 72 ‘| 6°12345 103786 9959 ‘122" | 987504 | 202:994 5390
23 | 2585204| 22°412 4944 || 73 | 4°47012 | 105650 3187 123 | 121463 | 205084 4442
.24 | 620448 | 23792 7057 74| - 330789 107519 5505 124 | 1-50614 | 207177 8658 °
25 | 15511z | ‘25190 6457 || - 75 | 2°4809r" | 109'394 6117 125 | 1-88268 | 209°274 7759
26 | 4°03291 '| 26605 6190 76 | 188549 | 111°275 4253 || 126 .| 2-37217 | 211375 1464
27 108889 | - 28-036 9828 77 | 145183 113161 9160 || 127 301266 | 213478 9501
28 .| 304888 ;29-484 1408 78 113243 115054 0106 128 | 385620 | 215-586 1601
29 [ 884176 | 30°946 5388 |I. 79 | 8-94618 116:951 6377 || 129 | 497450 |.217-696 7498
30 | 2-65253 32:423 6601 8o 7: 15695 118-854 7277 130 6:46686 | 219-810 6932
31 | 822284 33915 o218 - 81 | 579713 120°763 2127 || 131 847158 | 221°927 9645
32| 263131 35°420 1717 © 82 | 475364 122-677 0266 132 111825 | 224°048 5384
33 | 868332 | 36-938 6857 83 | 394552 124°596 1047 || 133 | 1°48727 | 226172 3900
34 .| 2795233 |- 38470 1646 84 } 331424 126-520 3840 |- 134 | 199294 | 228-299 4948
-35 | 103331 40014 2326 || . 85 2:81710 128-449 8029 135 269047 | 230°429 8286
.36 | 371993 | 41570 5351 86 | 242271 130°384 3013 136 | 365904 | 232°563 3675
37 | 137638 43138 7369 87 | 2r10776 132°323 8206 137 501289 | 234°700 0881
38 523023 | 44°718 5205 88 185483 ‘134-268 3033 || 138.| 6°91779 .| 236:839 9672
39 2°03979 46+309 5851 89 165080 136:217 6933 139 | 961572 | 238-982 9820
40 8-15915§ ‘47911 6451 go- | 148572 138-17% 9358 . 140 I* 34620 241°129 1100
41 | 334525 | 49°524 4289 91 | 135200 | 1407130 9772 141 | 1-89814 | 243278 3291
42 140501 51°147 6782 92 124384 142-094 7650 142 2:69536 | 2457430 6174
43 | 604153 | '52°781 1467 93 | 115677 | "144°063 2480 143 .| 385437 | 247-585 9535
44 | 265827 | 537424 5993 94 | 1-08737 | .146°036 3758 144 | 555029 | 249°744 3160 -
45 | 1°19622 56:077 8119 95 103300 148-014 0994 145 8:04793 | 251°9o5 6840
46 | 550262 | 57740 5697 96 | 991678 | 149°996 3707 .| 146 | 117500 | '254°070 0368
47 | 258623 | 59412 6676 97 | 961928 | 151983 1424 147 | 1-72725 | 256237 3542
48 | 124139 | 617093 9088 | 98 | 942689 | 153-974 3685 148 | 2°55632 | 258-407 6159
49 | 6:08282" 62°784 1049 '99 9° 33262 155-970 0037 || 149 380892 | 260580 8022 -
50 64°483 0749 100 150 571338

262°756 8934

, The power of 10 by which to multiply the fac

torial is

84

PEE

given by the whole number of the logarithm.



TABLE XXX. FACTORIALS—continued

85

~

No. | Factorial. Logarithm, No. | Factorial. |'  Logarithm. . No. :| Factorial.’ Logarithm,
151 8:62721 264:935 8704 201 158520 ‘377-200 0847 251 8-‘114‘4;7 | 494909 2601
152 | 131134 | 267°117 7139 | 202 | 3 202II 379°505 4361 252 | 2'04485 | 497310 6607
153 2:00634 269302 4054 203 | 650028 | '381-812 9321 253 | 5°17346 .| 499:713 7812
154 3-08977 271489 9261 204 1- 32606 384°122 5623 254 1°31406 | ko02°118 6149
155 | 4'78914 | 273680 2578 | zo5 | 271842 | 386434 3161 || 255 | 335085 | 504525 I55T
156 | 7-47106 | 275873 3824 || 206 | 5°59994 | ~388-748 1834 | 256 | 8-57818 | 506'933 3950 *
157 117296 278-069 2820 207 | 1'15919 391°064 1537 257 | 2°20459 | 509-343 3282 -
158 1-85327 280267 9391 208 | 2°4111I 393382 2170 || 258 | 568785 | s511°%54 9479 |
159 | 2:94670 | 282:469 3363 || 209 | 5°03922 |* 395:702 3633 |..259 | .1'473I5 | 514168 2476
160 4-.71472 284673 4562 210 1°05824 398:024 5826 || 260 | .3'83020 | 516:583 2210
161 7° 59070 286880 2821 211 2-23288 400348 8651- 261 | 9 99681' | 518999 8615
162 | 122969 | 289089 7971 || 212 | 4°73370 | 402°675 2009 || 262 | 2:61916 | .521°418 1628
163 200440 291°301 9847 213 | 100828 | 405 003 5805 263 | 6°88840 | 523-838 1185
164 328722 293516 8286 214 | 215772 407°333 9943 264 || 1-81854 | 526-259 7225
165 5°42391 295°734 3125 215 | 4°63909 499-§66 4328 265 481913 *| 528:682 9683
166 9:00369 297°954 4206 || 216 1:00204 412°000 8865 - || 266 | 1°28189 | 531107 8500
167 | 150362 | 3oo-177 1371 || 217 | 2°17443 | 414°337 3463.'|| 267 | 342264 | 533'534 3612 -
168 252608 | 302402 4464 218 | 474027 416°675 8027 || 268 | 917268 | 535'962 \4966—“_ T
169 426907 304630 3331 219 | 103812 | 419016 2469. || 269 | 2.46745 538392, 2483
170 | 725742 306-860 %7820 220 | 228386 421-358 6695 270 | 666211 | 540°823 6121 "
171 | 124702 | 309-093 7781 || 221 | 504733 | 423'703 0618 | 271 | ‘1-80543 | 543-256 5814
172 213455 311:329 3066 || 222 I'12051 |* 426-049 4148 || 272 | 4'91078 | 545'691 1503 .
173 | 369277 | 313567 3527 | 223 | 2°49873.| 428:397 7197 || 273 | 1°34064 | 548-127 3129
174 | 6:42543 | 315807 go1g || 224 | 5°59716 | 430°747 9677 || 274 | 3°67336 | 550°565 0635
175 1° 12445 318-050 ‘9400 225 | 1°25936 | "433°100 1502 || 275 | I0IOI7 | 553'004.3962 -
- 146 1°97903 320296 4526 226 | 2-84616 435454 2586 276 | 2078808 | 555'445 3052 -
177 | 3'50289 | 322°544 4259 || 227 | 6°46077 |- 437810 2845 || 277 1 7°72298 | 557-887 7850
178 | 6-23514 | 324'794 8459 | 228 | 1°47306 | 440°168 2193. || 278 | 2°14699 | 560°331 8298
179 | 111609 | *327°047 6989 || 229 | 337330 |. 442°528 0548 || 279 | 599010 | 562°777 4340.
180 2:008g6 | * 329302 9714 230 | 775859 [ 444:889 7827 280 | 1467723 .| 565224 ‘5920
181 363622 331560 6500 23%1» 1-‘79223 " 447253 3946 281 | 471301 | 567°673 2984
182 | 661792 333820 7214 . || 232 | 4°15798 449618 8826 282 | 1°32907 | 570123 5475
183 1-21108 336083 1725 233 | 9-68810 451°986 2385 || ‘283" 376126 | 572°575 3339
184 | 2°22839 | 338-347 9903 . || 234 | 2:26702 |- 454°355 4544 || 284 | 106820 | 5757028 6523
185 | 4-12251 340°615 1620" || 235 | 532749 | 456-726 5223 285 | 304437 | 577°483 4971
186 | 766787 | 342'834 6750 .|| 236 | T25720 | 459°099 4343 || 286 | 870689 || 579:939 8631
187 | 143389 345°156 5166 || 237 | 297977 461474 1826 || 287 | 249888 | 582:397 7450
188 | 269572 | 347430 6744 || 238 | 7°09185 | 463850 7596 || 288 | 7°39677 | 584:857 1375
189 | 500491 |+ 349707 1362 - || 239 | 1:69495 | 466:229 1575 || 289 | 2°07987 | 587-318 0354
190 968032 351-985 8808 || 240 | 4°06789 | 468:609 3687 290 | 6-03161 | 589°780 4334
-191 | 184894 | 354°266 9232 ,|| 241 | 9'80360 | 470°991 3857 || 20T | 175520 | 592°244 3264
192 3'54997 356-550 2244 242 | 2°37247 | 473375 2011 292 [ 512518 | 594°709 7092
193 | 685144 | 358-835 7817 || 243.| 5°76511 | 475760 8o74 || 293 | 1-50168 | 597°176 5768
194 | 132018 | 361123 5835 || 244%] 140669 | 478:148 1972 ||. 204 | 4°41493 | 599'644 924"
195 | 259190 | 363413 6181 || 245 |, 344638 1 " 480°537 3633 || 295 | 1°30241 | 6oz'114 7462
196 5 08012 365:705 8742 246 8-4781’0' 482-928 2984 296 3-855;2 .604°586 0379
197 1-00078 368-000 3404 247 | 2:09409 | 4857320 9954 || 297 | 114497 | 607-058 7943
198 | 198155 | 370°297 0056 || 248 | 519334 | . 487°715 4470 || 298 | 34iz01 | 609'533 0106
199 3'94329 372°595 8586 249 | 129314 490°111 6464 299 | 1'02019 | 612'008 6818
200 7-88658 374896 8886 250 | 323286 |. 492°509 5864 300 | 306058 | 614-485 8030
For higher values use : log &l = (x+14) log x+1 log 27— (x—-—l—z—;) log e.



TTABLE’ ﬁXXL

. NATURAL SINES

O

69466 69591 69717

69966

86

. » Py ’ ar ’ 9 o R & .
Lo 6 12" 18 24 33’ ‘36 42’ 48’ 54’ SN R
0 | +o0000 00175 00349 00524 - 00698 ; ’00873 01047 o©I1222 .01396' oI§71 29-58 87
¢ *01745 01920 02094 02269 02443 02618 02792 02907 03141 03316 29 58 87
2 | +03490 03664 03839 04013 04188 04362 04536 04711 04885 o05059-| 29 58 87
3. "05234. 05408\ 05582 05756 "05931 © 06105 06279« 06453 06627 06802 29 58 87
- 4 '} +06976: o7150 07324, o7§98 o767€ o781§ 08020 08194 08368 08542 29 58 87
~5 ] +08716 08889¢ 09063 09237 09411 09585 09758 09932 10106 10279 29 58 8y
6 | +10453- 10626 10800\ 10973 11147 11320 . 11494 11667 11840 12014 29 58 87
B ;-12187"12360 -12533 12706 12880-" 13053$.;3226 13399 13572 13744 | 29 58 86
© 8 | 13917 - 14090 14263 14436 14608 14781 14954 ¢ 15126 15299, I5471- 29-- 58 86
9. '-;5643¥}15816"15988 16160 ' 16333 16505 16677 16849 17021 17193 29 57 86
10 | -17365 17537 ‘17708 ‘17880 18052 18224 18395 18567 18738 18910 29 57 86
X "F19081- 19252 19423 19595 ‘19766 19937 20108 20279 20450 20620-| 28 57 - 86
12" | -20791 2096z 21132 21303 21474 © 21644 21814 21985 22155, 22325, 28 57 85
13 | -22495 22665 22835 23005 23175 . 23345 23514 23684 23853 24023 | 28. 57 8s
14 +24192 24362 24531 24700 24869 = 25038 25207 25376 25545 25713 28 56 8s
15 '| +25882 26030 26219 26387 26556 26724 26892z 27060 27228, 27396 | 28 56 84
16 27564 ‘27731.‘27899 28067 28234 28402 2856q. 28736 .28903 29070 28 56 84
17 '] r29237} 29404, ‘29571 , 29737 29904  3007F 30237 30403 30570 30736 | 28 56 83
18 | <3090z 31068 ;31233 31399 31565 31730 31896 32061 32227 32392 | 28 55 83
‘19 |/.*32557 32722 32887 33051 33216 33381 33545 33710 33874 34038 | 27 55 82
20 1. 34202 34366 34530 34604 34857°- 35021 35184 35347 35511 35674 .| 27 55 82
21 °| 35837 36000 36162 36325 ' 36488 . 36650 36812 36975 37137 37299 27 54 81
22 | -37461, 37622, 37784 37946 38107 . 38268 < 38430 38591 38752 38912 | 27 54 8r
23 | +39073 ' 39234 -39394 39555 39715 39875 40035+ 40195 40355 40514 | 27. 53 8o
24 | 40674 40833 40992 41IST 41370 41469 43628 41787 41945 42104 | 26 53 79
25 | -42262- 4242Q. 42578 42736 42804 43051 43209 43366 43523 43680 | 26 53 79
26 | -43837 43994° 44151 44307 44464. 44620 44776 -44932 45083, 45243 26 52 78
"27°'| 45399 45554 45710 45865 46020 46175 463301 46484 46639 46793 | 26 52 77
"28, | 46947 -4710% 47255 47409[ 47562 47716 47863 48022 48175 48328 | 26 51 77
29 | -48481° 48634 48786 48938 49090. 49242 49394+ 49546 49697 49849 |- 25 51 76
30 | *50000 50ISI 50302, 50453 50603 50754 50904} 51054 51204. 51354 25 50 75
3r | -51504 51653 51803 5I952- 52101 - 52250 523099 52547 52696 52844 | 25 50 74
32 | -52992 53140 53288 53435 53583 53730 53877 54024 54171 54317 | 25 49 74
33 | ¥54464 54610 54756 54902 - 55048 55194 55339 55484 55630 55775 24 49 73
34 | -55919 56064 56208 56353 56497 56641 56784 - 56928 57071 57215 | 24 48 7z
35 | -57358“5750r 57643 57786 57928 ~ 58070 58212 58354 58496 - 58637 24 47 L
36 | -58779 58920 59061 59201 - 59342 50482 59622 59763 5990z 60042 23 47 70
37 -60182 . 60321 60460 60599 60738 60876 61015 61153 61201 61429 | 23 46 69
38 | -61566 61704 61841 61978 62115 . 62251 623838 62524 62660 62796 | 23 46 68
39 .| 6203z 63068 63203 63338 63473 63608 63742 63877 64011 64145 22 45 67
40 | 64279 64412 64546 64679 6481z 64945 65077 65210 65342 65474 2z 44 66
41 65606 65738 65869 66000 66131 . 66262 66393 66523 66653 66783 22 44 65
42 +66913 67043 67172 67301 67430 67559 67688 67816 67944 68072 2 43 64
43 -68200 68327 68455 . 68582 . 68709 68835 68962 69088 69214 69340 |21 42 63
44 69842 70091 70215 70339 70463 70587 2n 42 62



TABLE XXXI. NATURAL SINES—continued

87

61 o

6o -

54 -

53 .

44 7

42 -

40 .

34

25 -

19 .

R
13

=N R~

o 6 12’ 18’ 24’ 30’ 36’ 42' 48 54 2" g
45 -70711 70834 70957 71080 71203 71325 71447 71569 71691 71813 20 - 41
46 | -71934 72055 72176 72297 72417 72537 72657 72777 72897 73016 | 20 40
47 | 73135 73254 73373 73491 73610 73728 73846 73963 74080 74198 | 20 39 59
48 74314 74431 74548 74664 74780 . 74896 7sorr 75126. 75241 75356 ‘| .19 39 58
49 | 75471 75585 75700 75813 75927 76041 76154 76267 76380 76492 | 19 38 57 -
so | -76604 76717 76828 76940 77051 77163 77273 77384 77494 77605 |- 19 37° 56
st | 77715 77824 77934 78043 78152 . 78261 78369 78478 78586 78694 | 18 36
52 78801 78908 79016 7912z 79229 - 79335 79441 79547 79653 79758 | 18 35
53 -798@4 79968 80073 80178 80282 80386 80489 80593 80696 Boy799 |. 17 35. 52
54 -80ogo2 81004 81106 81208 81310 81412 81513 81614 81714 81815 | 17 3451
55 -81915 82015 82115 82214 82314 82413 82511 82610 82708 82806 16 33 50
56 -82904 83001 83098 83195 83292 83380 83485 83581 83676 83772 16 32 48 }
57 | -83867 83962 84057 84151 84245- 84339 84433 84526 84619 84712 | 16 31 47
58 | -84805 84897 84989 85081 85173 85264 85355 85446 85536 85627 | 15 30 46
59 -85717 85806 85806 85985 86074 86163 86251 86340 86427 86535 15 30 4.
60 86603 86690 86777 86863 86949 = 87036 87121 87207 87292 87377 14 29 43
61 .87462 87546 87631 87715 87798 87882 87965 < 88048 88130 88213 14 28 '
62 88295 88377 88458 88539 88620 88701 88782 - 88862 88942 89021 13- 2%
63 89101 89180 89259 89337 89415. 89493 89571 89649. 89726 89803 .| 13 26 39
64 | +89879 89956 9oo3z go1o8 90183 90259 90334 ~9o408 90483 90557 | I3 25 38
635 *go631 Qo704 90778 90851 . 90924 90996 91068 9QII4o ‘91212 QI283 12 24 36
66 | -9i3ss 91425 91496 0I1566 01636 91706 91775 91845 Oigr4 9198z | Iz 23 35
67 ‘g2050 92119 92186 92254 9232I 92388 92455 92521 92587 02653 11 22
68 | -92718 92784 92849 92913 ‘92978 9304z 93106 93169 93232° 93295 | IT 2T 32
69 | -93358 93420 93483 93544 93606 93667 93728 93789 93849 93909 | To 20 3I
70 | +93969 94029 94088 94147 94206 94264 94322 94380 94438, 94495 ' I0 '19. 29
71 | -94552 94609 94665 94721 94777 94832 94883 04943 94997 95052 9 19 28
72 | -93106 95159 05213 95266 05319 95372 95424 95476 95528 95579 .| 9 18 26
73 | -95630 95681 05732 95782 95832 95882 95931 95981 g6o29 96078’ 8 17
74 96126 96174 96222 96269 96316 - 96363 96410 96456 96502 96547 8 16 23
75 | 96503 96638 96682 96727 96771 96815 96858 9690z 96945 96987 7.15 22
76 ‘97030 97072 97II3 97155 97196 97237 97278 97318 - 97358 97398 7 14 20
77 | -97437 97476 97515 97553 97592 97630 97667 97705 97742 97778 6" 13
78 | -97815 97851 97887 97922 97958 = 97992 98027 98061 98096 98129 6 12 17
79 | -98163 98196 98229 98261 98294 . 98325 98357 98389 98420 98450 | 5 1I 16
8o -98481 98511 98541 98570 98600 98629 -98657 08686 098714 98741 5 IO
81 98769 98796 98823 98849 98876 9890z 98927 98953 98978 99002 4 9
82 99027 99O5I . 99075 99098 99122 - -99I44 99167 99189 992II . 99233 4 8 1rI
83 | 99255 99276 99297 99317 99337 99357 99377 99396 994I5 99434 3 7 10
84 | +99452 99470 99488 99506 -93523‘ 99540 99556 99572 99588 99604 3 6 8
85 99619 09635 99649 99664 99678 9969z 99705 99719 99731 99744 | 2z -5
86 | -99756 99768 99780 99792 99803 - 99813 99824 99834 99844 99854 2 4
87 | -99863 00872 09881 09889 99897 99905 999I2z 99919 99926 99933 I3
88 | 99930 99945 99951 99956 99961 99966 99970 99974 99978 99982 | 1 2
909985 99988 99990 99993 99995 99996 99998 99999 99599 100000 o 1
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| TABLE XXXII. NATURAL TANGENTS

*97246 -97586

83

o 12" | 18" 24 30 36’ 42’ 48" 54’ Y S

o ' 0°00000 *0017§ *00349 *00524 *00698 *00873 *0I047 *0X222 *01396 -01§71 29 58 8y

I | 001740 *01920 *02095, *02269 *02444 02619 02793 02968 03143 *03317 29 58 8y
21 003492 -03667 03842 -04016 .~04191 204366 04541 °04716 *04891 *05066 29 58 8y
3 ‘| 005241 *05416 *05591 *05766 *05941  -06116 +06291 -06467 *06642 06817 29 58 88
4 | 006993 ‘07168 07344 -07519 *07695 , :07870 -08046 08221 -08397 ‘08573 | 29 59 88
' §.| 008749 *08925 -og101 09277 *09453  *09629 *09805 *09981 *I10158,°10334 29 59 88

- 6 | . o10510 10687 +10863 .-11040, 11217 11394 *II570 *11747 *11924 *12101 29 59 88
7 012278 -12456 12633 °12810 -12988 *13165 *13343 *13521 13698 -13876 30 59 &9
- 8 | o"14054 -14232 “14410 -14588 -14767 *14945-°15124 *15302 15481 15660 30 59 89
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TABLE XXXIV. CONSTANTS, WEIGHTS AND MEASURES, ETC. -

»

- Mathematical C omtants

Cw==3"14159 26535 89793 23846 . e==2-71828 18284 59045 23536 y=0°"57721 56649 01532 86061
logygr=0'49714 98726 94133 85435 logyee=0-43429 44819 03251 82765  e¥=1-78107 24179 go197 98522
1/\/2n =0* 3o894 22804‘01432 67794 log,’o—z-30258 50929 94045,56\8402 e~Y=0"56145 94835 66885 16983

' . : Physical Constants

Velocxty of light = 3-00X 1010 cm. [sec. = 186,000 rmles/sec The first number is the ratlo of electromagnenc
to electrostatic uhit of charge.

+  Jonic (electromc) charge =4 77)(10“1" E. S U = I 59><xo°2° E M.U. Mass of electron (my) =
-9r00X 10728 g, '

Planck’s constant (£) = 655 X 10"7 erg secs. R

Energy of gas molecule per 1° C. absolute = 2:06 X 10~1% ergs. :

Number of molecules in 1 gm. molecule of gas = 6-06 X 1023, Lo .

Electrical charge of 1 gm. equivalent in electrolysis (Faraday) = 965 X 103 E.M.U. ‘

‘Gas constant (R) = 8-315 X107 ¢.g.s. (pv = RT Xmass in gram molecules).

Constant of gravitation (G). = 6-67 X 1078 c.g.s. (f = Gmm'[#).

. Acceleration’ due to gravity (g). Teddington (N. 51° 281): 981-181 cm./sec.? = 32191 ft.[sec.?;
- Washington . (38° 56 5') 980 082 ; whence at lat. A, helght H m.: ¢80 618—/2 586 cos 2A-4-003 cos 4)\
—+0003086 H. . - -
" The earth. Equatonal radlus = 3963 4 rmles, polar radius = 3950°0 miles. 1° of Latitude = 68-70 mls.
~ (equator), 69-41 mls. (pole). . Mean. density = 345 Ib. [ft® = 5:517 g./cm.3 T,

Distance of sun = g3 X 10°® miles. Distance of moon = 239,000 miles. o

_ Solar radiation (Washington, D.C.) = -035 cal./cm. */sec. '

Velocxty of sound (6° C.) = 3-35X 10% cm.[sec. = 1100 ft.[sec. Audible sound s Lower limit, 30 vibr.[sec. ;
upper limit, 24,ooo-4x,ooo v1br /sec. - Middle C of plano, 261 vibr,/[sec. Wave -lengths of visible light:

.4to 7on‘5cm :

- Tem erature Centlgrade -4o -30 —20 ~10 ' © Io 20 30 40 50 100 F.= $° C. R.=%°C

E ms' alents Fahrenheit —40 —22 -4 14 32 50 68 86 104 122 212 Absolute zero of temperature =
q Réaumur. -32 -24 -16 -8 o 8 16 24 32 40 & —273 1° C

~. S :

. - A Mec/mmml and Electrical Units

Force. g dynes = 1 gm. weight, gpoundals = 1 Ib. weight, where g is acceleratlon due to grav1ty measured
- in appropriate units (cm./sec.? or ft.[sec.?). 1 poundal = 1-3825X 10* dymes.

Pressure.” 1 atmosphere = 760 mm. (29-9z1 ins.) of mercury (o C., Lat. 45°) = 33 899 ft. of water (4° C.)
| = 14696 Ib./in2 =1- oI325><Io“ dynes/cm.2 1 bar = 10® dynes/cm 2 ‘9869z atmos. 1 lb./in2 = 70 307

(1/-014223) gm.fem.2

Work, Power, ele. Terg=1 dy'ne cm. 1 joule = Io" ergs = 1 watt second. 1 foot pound = 1°356 X 107

'ergs-‘ I horse power (H. P) = g50 ft. Ib. per sec. = 746 watts (contmental H.P. = 736 watts). 1 calorie = heat
_ to raise 1 gm. of water 1° C. at a specified temperature. 1 i5° C. calorie = 1 mean calorie (o° C.-100° C.) =
4-185X 107 ergs. 1 British Thermal Unit (z 1b. water X 1° F.) = 252 0 calories = 2-930X 1074 kilowatt hours =
3929 X 104 horse power hours = 108 gas therms. 1 Board of Trade Unit = 1 kilowatt hour. )
« Electrical. Relations between engineering units and electrornagnetic units. Charge : coulomb = 107
. E.M.U. Current: ampere = 10~} E.M.U. Potential : volt = Io8 E.M.U. Resistance : ohm = 10 E.M.U.
. Capacity : farad = 10~® E.M.U. Inductance : henry —10° EM.U. Flux: maxwell = 10° E.M.U.
o Magnet1c force : gauss = 10° EM.U. \ '

Sup}osea’ Dumtzon of Geologzc Periods (E. W. Barnes)

- o Duration - Duration
' ) Million Years. . ‘ : . Million Years.
: . Pleistocene ‘ o . Permian .
“Tertiary or Cainozoic era - Pliocene : ~ Newer Palzozoic era Carboniferous 175
.- Miocene . 6o Devonian
Age of Mammals Oligocene - ’
' “Eocene )
: ‘ Silurian ,
- Older Palxozoic era  Ordovician } 250
Secondary or Mesozoic - Cretaceous , - Cambrian
era _ , _ Jurassic } 85 Arch=zozoic era . . ; . . . 300
Age of reptiles Triassic ‘Il Eozoic era . . . .. 500

Possible age of planet 2000-4000 million years.

%



. TABLE XXXIV. CoNSTANTS, WEIGHTS AND MEASURES ETc ———com‘muea’

The Elements and their Atomic Weights .
H Hydrogen 10077 || Cr | Chromium 52-01 || Ag| Silver . 107880 || Yb Ytterbium‘ 1736

He | Helium 400 || Mn | Manganese | §4-93 || Cd|Cadmium . {11241 ||Lu/ Lutecium . 1750
Li Lithium 6-939 || Fe |Iron 5584 || In | Indium . 1148 ' || Hf | Hafnium - (178 6‘ -
Be | Beryllium g0z . ||Co | Cobalt 58:97 || Sn | Tin ‘118:70 (| Ta | Taftalum | 181 5 v .
B | Boron 10082 |INi | Nickel  * |-5869 | Sb |Antimony 12177 || W.| Tungsten | 1840 7~
C Carbon 12-000 || Cu | Copper 6357 || Te | Tellurium {1295 ||Re | Rhenium | — .
N Nitrogen 14°008 ||Zn | Zinc L6538 | I |Iodine . . 126932 | Os | Osmium . 19&8.' '
0 Oxygen 16-000 {Ga | Gallium 6972 || Xe | Xenon 130z || Ir, | Iridium . | 1931 -
F Fluorine 19°00 || Ge | Germanium | 72:38 || Cs'| Cesium . |132-81 ||Pt | Platinum - ' 195°23
Ne | Neon 20°2 As [ Arsenic - |~ 74'96 | Ba|Barium 137737 [|Au] Gold - - .- 1972 -
Na | Sodium 22'997 | Se | Selenium 79'2" || l.a | Lanthanum | 13891 || Hg Mercury = 2oo-6r".l‘
Mg | Magnesium | 24-32 Br- | Bromine 79-916 || Ce | Cerium . . { 140-25 ([Tl | Thallium ' 204-4'
Al | Aluminium | 26-96 Kr | Krypton 82:9 Pr | Praseodymium| 140-9z || Pb | Lead. 20720
Si Silicon 28:06 || Rb | Rubidium | 8544 || Nd| Neodymium | 144-27 ||Bi'| Bismuth . . '209°00 _'
P Phosphorus | 31024 || Sr | Strontium 8762 [ —|  —~ . — || Po |'Polonium = | (210)"
S Sulphur 327065 || Yt | Yttrium - 89'0 Sa | Samarium ‘15043 | —= |  — | — .
Cl | Chlorine 35458 || Zr | Zirconium oI Eu | Europium 1520 ||Rn| Radon = . |zz2
A | Argon ° 399t [ Cb |Columbium | 931 || Gd|Gadolinium |15726 ||e—| ~ — ", |T—
K Potassium | 39'095 | Mo | Molybdenum | ¢6-a || Tb | Terbium 159°2 | Ra Radium * | | 225795
Ca | Calcium 4007 || Ma | Masurium - || Dy | Dysprosium | 162:52 || Ac | Actinium | ?
Sc | Scandium |[45-10 ‘|l Ru | Ruthenium | 101'7% Ho| Holmium - . | 1634 " || Th | Thorium . - 23215
Ti | Titanium | 479 Rh | Rhodium 102:91 ||.Er |Erbium . - | 167-7" || Pa | Protoactinium|{- ? .
V | Vanadium {35096 |([Pd |Palladium {1067 | Tu{ Thulium 169'4 || U | Uranium - .| 23817
’ Densities ' L e R
Aluminium 2:70] Iron 7-86 | Platinum 21-50| Coal = 1:2-1-8 | White pirie “e4+5| Cork e &2- 26
Copper 8-93| Lead - -11-37| Silver ~ 10°5 | Granite 2:5-3 . | Red pine +§-7| Glass 24 45
Diamond 3'52 | Magnesium 1-74| Tin 7:29| Quartz 2:66 | Beech, oak “7- +g| Sea water . ror-rog .
Gold 19°32 | Mercury  13'56| Zinc . 71 | Slate  2-5-2 Ebony - 1113 Loose snow 12 approx.

Unit density = 1 g. per cu. cm. = 036128 1b. per cu.in. v

A , Egquation of Time - o e Lo
Jan. 1+ 3m. 11s. | Mar. 1 +12m. 34s.{ May 1 -2m. 57s.| July 1 +3m.32s. Sei)t. 16“,—5‘r‘n. Iés Nov 16 —~15m IOS
» 16+ 9 33 5, 16+ 8 51 » 14-3 49%| ,, 26+6 18% }Oct. 1-10 16" Dec.” 1 =10 56
Feb. 1 +13 37 Apr. 1+ 4 1 June 1 -2 27 (Aug.16+4 1r | ,, (16-14 20 |, 12~ 6 .' 13 H“ﬂ."

»w I2414° 25%| ,0 16 o o » 15 o o |Sept. 1 0 .o |Nov. 3-16 21%| ,, - 25 o ol
When positive add the equation of time to apparent solar time to obtain mean solar time. The values given are . . SN T
mean values, Maxima and minima are marked with astensks 1 sxdereal day = 23 h. 56 m. 4°09 5. ' TR T
{ o Saturatea’ Vapour Pressure of Water (lelzbars) T SR
°C. -50 " —40 -30 —20 -10" -5 L =2 40 | 7376
Ice +039 *129 381 1035 - . 2600 }4-017" 5173l so | 1233 -
Water — — C— 1-'270 2-863 4217 5274 | 6o 199-2;
- ' — — : 7o} . 311°6
°C. ) 1 2 .3 -4 5 6 R A 8 9 |l 8 | 4134 °
0 6:105 6:567 7058 7579 8134 - 8723 9350 100z 1093 148 || .90 7016 .
10 12228 -« (1312 1402 14'97° 1598 17705 , 1818 1937 . 2063 2197 || 0O ‘ ;"1013-2/"
20 2338 2486 2643 2809 2983 3167 3361 35:65 37°80' '40'03 || 200 ! 15544

30 | 42743  44'92 4755  50°31 | 5319  56'23 5941 6275 66'25 69'9z || 300 | 85903

Critical temperature : 374°. % Critical pressure 2206bars Interpolate Ioa'arithmic‘ally o |

Composition of Fertzlzaers (Commerczal Grades on the Englzsh Maréet)

' %N %Ks0 N %Peos
Sulphate of ammonia . . 206" Sulphate of potash . . 48 Superphosphate . 14-16 water soluble
Nitrate of soda . . . 154  Muriateof potash . . 50 Basicslag . - . 14-18} total - "
Nitro chalk . . . 154  Potashsalts = . . . 20,30 . Rock phosphate . 26-28 ’
Calcium cyanamide . . 206 Kainit . . . . 14 ‘ 4
Many of these fertilizers are mixtures of two or more const1tuents in naturally occurring or conventlonal proportlons Pre-
war values are given. : - '
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: English Weights and Measures “
Length : , : Weight ' © Volume

1 foolt = 12 éns d 1 yardé— }3 ft. Avoirdupois (General Sy:lem) (Liguid)
- T mile = 1760 yds. = 5280 ft. ' 1 ounce (0z.) = 16 drams (dm.). 1 gallon =4
v quarts = 8 pints .
(60 m.p. h. 88 ft. per sec.) 7 | 1 pound (lb.)l——l;- 16 0z. = 32 gills = 16054 (1/% 2290) cu. ft.
- | 1 stone = 14 lb. 1 quarter = 28 1b. 1 gallon water (62 F.) weighs 10 1b.

1 surveyor’s chain = 22 yds. . 1 hundredweight (cwt.) = 112 1b. - av. (m air against %)rassgwelghts)
(Ilenkgmeer s cgaln =100ft) . = 4 quarters = 8 stones.

1 link = y33 chain = 7-92 ins. : I ton = 20 cwt. = 2240 1lb. : 1 fluid drachm (3) = 6

(rfro;i » pole, or perch = } chain)) : ’ ' 1 fluid 0z. (3) = —( g dr. i?;ntl)?rlxst -

I lurlong = 1°_°h‘"n~5 ‘l‘ mile. - Apothecary ‘\ Troy 1 fluid oz. water (62 F. )welghs I 0z. av.

. . (Drugs) = | Precious Metals)
: ;‘;ﬁ}:;?al mfl éft_ ;o‘;)b}‘: = 100 fath 1 drachm = 60 grs.[|1 pennyweight | (Dry) - .
- mmute of arc of equator L (1\ scruple=2o grs.)l (dwt)=124grs. |1 pecll: = 2 gals. ' 1 bushel = 8 gals.

: . ~N — | 1 sack =4 bush. 1 quarter = 8 bush.
(I knot = x nautlcal mile per hour.) . 1 ounce = 20 dwt. = 8 drachms. (1 firkin = g gals. 1 barrel = 36 gals.)
Archalc (appro:umate) o : 1 pound = 12 0z. = 5760 gIs. . -

" I hand = 4 ins. 1 cubit = 18 ins. (x 1b. .avoudupms = 7000 grs.) 1 reng_ier ton = 100 cu. ft.
" rell =45 ins. 1 league = 3 miles. ' Money- T rod = 1000 cu. ft.
Area . o shﬂhrég(;(éé‘_)) = 12 pence (d)
I, poun = 208.
R acre = 10 sq. chains = 4840 sq yds. Also farthing (}d.), florin (zs. )’ half-
. 15q. mlle—-64o acres. (r rood=} ac.) crown (25 6d) and gumea (21s.):
e : " Weights and Measures. of the Umted States of America ' .

Werghts and ‘measures are the same as the Enghsh systems, except for small differences in standards, and the follow-

ing exceptions :— _
1 hundredweight (short) =100 Ib., and 1 ton (short) = 20 cwt. = zooo Ib. The Enghsh (long) ton 2240 1b,, is

also used.

Dry measures of volume are '3 per cent. less than the correspondmg English measures, being based on the Winchester -
- bushel instead of the Imperial bushel. Fluid measures™of volume are % .of the correspondmg English measures. (Hence _
in the U.S. system 1 bushel = g- 3092 fluid ga.llons) Also 1 U.S. ﬂuld ounce = y§ U.S. pint, so that a fluid ounce of
water weighs 10408 oz. av. (See also conversion factors) » ‘ .
' A4 township = 36 sq. mlles A billion (French M:lliard) = Io’ a tnlhon = 102, (English billion = 10, trillion °
== Io2 ) : ‘ : ‘

: S The Metric System : ) )

" The metre is (very nearly) 10-7 of the dlstance from the pole to the equator. :

The gram is (very nearly) the mass of 1 cubic cm. of water at maximum densrty (398° C.). (Actual mass of 1 c.c.
of water =-999973 8.) = -

The litre is (very nearly) 1000 c.c. (r litre — the volume of 1000 g. of water at 3-98° C. = 1000" 027 C.C.)

Also 1.are = 100 sq. metres, so that 1 hectare = 10,000 sq. m. = 133 5q. km. ; 1 metric quintal (doppel zentner) =
100kg, ; 1 metric ton = 1000 kg 2 | Contlnental pound 1kg.; 1 stere = 1cu.m. . I micron (p) = 10-%m. 1 angstrom

-, unit (A) = (o m. : , .
" Prefixes: micro-, 10-5; rmlle- 10-3, centl- 10'2 decr— Io—1 ; Deka-, 10; ,Hecto-, 10%; Kilo-, 103; Myria-, 104;
. A ,

"~ Mega-, 10°. -

' . g Conversion Factors.
Basic Factors =~ L . Length Weight
1 yard.(G.B.) = 914,399 metres. - .~ 1 inch = 2-5400 (1/-39370) cm. . I grain = +064799 (1/15:432) g-
1 yard (U.S. A) = -914,402 metres. * I foot =-30480 (1/3-2808) m. 1 ounce = 28-350 (1/°035274) g-
't pound = 453 5924 grams. - 1 yard = -91440 (1/1°0936) m. 1 pound = -45359 (1/2°2046) kg.
1 gallon (G.B.) = 4°545,963 htres 1 mile = 1-6093 (1/-62137) km. 1 cwt. = 50802 (1/1°9684) m. quintals.
1 gallon (U.S.A.) = 3-785,332 litres. , 1 short cwt. = +45359 (1/2°2046) m.q.
1 bushel (U.S5.A.) = 35-238,33 litres. . .- " 1 ton = 1-0160 (1/-98421) Metric tons.
Capacity (Great Britain) - : C"apaaly (U.S.4.) e short ton = -go718 (1/ 1‘1023) m.t.
1 pint = -56825 (1/1-7508) litres. . - {1 pint = ‘47317 (1/2-1134) lit. Bushel Weivhls (approx.
1 gallon = 4- 5460 (1/- 21998) litres. Fluid 1 gall. = 3-7853 (1/-26418) lit. Wheat . & (Aﬁ .) 62 Ib.
1 bushel = 36-368 (1/-027497) litres. Dry: 1 bush. = 35238 (1/-028378) Iit.- Oats . ) Tl 4
1 British pint, gallon, etc. = 1-20094 (1/-83268) U.S. fluid pints, gallons, etc Barley, Rye ) - s »
1 British bushel, etc = 1°03205% (1/ 96895) U.S. bushels, etc. (dry). Ma.ize’.- . : ) " 6o :
Area, elc. "Bean_s, Peas . . . .. 63,
1 acre = 40468 (x/2 4711) hectares. ~ 1 ton per acre = 2-5107 (1/-39829) m. Official :— .
"1 1b. per acre = 1-1209 (1/ 89218) kg. tons per ha. Wheat . . . . 6o ,,
. perha. - 1 bush. per acre = 89-867 (1/-or1128) ~ Barley . . . . 50,
I cwt. per acre =1I° 2554 (1/-79659) litres per ha. (U.S.A.) = 87-076 QOats . . . 39 5
m.q. per ha. (1/-011484) litres per ha. S ,
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