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FIELD TRIALS
THEIR LAY OUT AND STATISTICAL ANALYSIS

INTRODUCTION

The object of all expennments whether of a field or laboratory character 1s to provide
the research worker with an answer to a question he has put When a number of distinct
vaneties of barley for example have been produced the plant breeder may require to hnow
which are the best yielders Suppose that he has five such vaneties and lays out on an appar
ently uniform area of ground five plots alhke in size and shape he may obtam yield rcsults
as follows

TABLE 1
Variety A B c D E Total Mean
Yield {(cwt per acre) 225 247 283 231 254 1240 24 8B

Now 1s he to conclude from this expenment that vanety C 1s certainly the best that B and
E come next in order and that A and D are the worst yielders? I'urther will it be possible for
him to distinguish between B and E or between 4 and D 1n yielding capacity since the difference
1s only 0 7 {(oro 6) cwt a difference which 1s small compared with that between C and E fm
example? The answer to these questions depends on a number of factors The experimentu
wants to know not just what the result of a particular experiment such as this wall be lard out as1t
1s on particular plots in a particular season and subject to the hazards of that season and the
errors attendant upon the operations of sowing harvesting etc but rather whether a particular
vanety can be recommended as generally superior in yielding capacity to another or if such
superiority can only be claimed for particular districts with well defined soil characteristics or
particular conditions of climate or weather he wants to know what these conditions are He1
therefore concerned to know how far the above figures can be relied on to repeat themselves when
the experiment 15 carried out again  He will know not to expect the figures to be exactiy the same
as before but will appreciate information as to the margin of error to be expected By error we do
not mean mistakes 1n setting out equal areas or in leaving part of the area uncropped or losing
a few sheaves mn the process of threshing or making a wrong reading of the balance in deter
muning the grain weight for we may assume that such errors will not occur with a careful
experimenter But there will be irregulanties in the sowing of the dnll there will be losses due
to bird or disease attack or lodging some loss will mevitably be occasioned by the procedure
of harvesting and threshing and so on These and other mcidental factors we shall call the
experimental error  Further he 1s unlikely to want to repeat the experiment on the same plots
if s results are to give general information to farmers and he will soon find that different plots
will give different results even when the varnety 1s the same for all Such differences we may
refer to as soil irregulanty or heterogeneity or soil error Indeed 1if the experimenter 1s con
cerned with testing his varneties at different places in the same season he will soon find himself
facing this particular difficulty If on the other hand he repeats the experiment 1n diffcrent
seasons at the same place he will again find that the results change this time because of seasonal
differences

A comprehensive system of experimentation would 1n the course of time provide for a large
number of experiments to be carried out at different places over a laige number of years and in
the end no doubt relable results would be reached concerning the yield charactenstics of the
vaneties under test But this may be neither possible nor desirable 1n the case of all crossings
hkely to be made A hmited amount of seed only may be available from first crossings and
there may be a large number of these and 1t may be a waste of time and money to continue
expenimenting with more than a small number of the most promising varieties Because of
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these and other considerations 1t 1s important that the expenmenter should obtain a measure
of the reliability of the results of a particular experiment at the same time as he obtans yeld
determinations This means to go back to our ilustration that not only does he want to know
the extent of the variation occurring were 1t possible to repeat the experiment on vanety 4 for
example over and over again on the same plot and mn the same season but also what variation 15
to be expected if variety A were to be grown on the second plot mnstead of the first and variety B
on the first instead of the second This 1s where an appeal 15 made to the theory of statistics
which 15 a study of the variation inherent in natural phenomena as expressed in terms of numen

cal results of which varnetal yield data are an example To proceed to abstract ideas we may
consider that the figure 22 5 1s a single expenimental determination of the yield of the first plot

for which there 1s a certam unknown true value which would be obtained were all sources of
experimental error tending to lead to different expenmental results elmmated We are then
concerned to attach to this figure another expressing the amoynt of the vanation to be expected
through just those sources of expenimental error that mevitably occur Expernimentally such
a figure for the vanation cannot be found for we can carry out the expenment only once on a
given plot 1n a particular year We can however carry out what 1s known as a unmiformaty
trial that s we can set out a number of equal plots on a certain area and sow these with the
same variety The resultant yield figures will however bring i a second source of error

namely that due to soul for no two plots will be exactly alilke Furthermore 1t 1s an elementary
statistical fact that for a given fixed error over a certain area the greater the number of plots
exammed the more accurately are we able to determine not only the yield but also the rehiability
of the yield for plots of thus size and character But every increase made i the number of
plots tested brngs an increase 1n the area covered and leads therefore to an mcreasing pre

ponderance 1n the error of that portion of 1t ascribable to soil differences  For 1t 1s known that
soul fertility as it s called varies considerably over even small experimental areas There s a
good deal of small scale patchiness irregular i character but supenmposed on this there 1s
generally observed 2 dnift of fertility of a systematic character Uniformity trial data then

have value in enabling us to calculate the amount of error to be expected over an area this
error bemg a composite of the experimental error proper and the soil error to be expected mn such
anarea (aven a certamn unit size of plot {and the best size and shape of plot to take 1s another
thing to be determined) 1t 1s then seen that the untt which should be considered for the study of
variation 1s not that of a single plot but rather of an area which will comprise as many plots as
the number of vaneties 1t 1s desired to compare Such an area 1s known as a block At the
present stage we shall consider a compromise between the experimenter s desire to test as many
varieties as possible and the fact that considerable soil fertility vanations take place over even
a small area to be arrived at by confining our attention to experiments involving only a moderate
number of vareties say between five and ten and by having the umt plot size as small as 1s
consistent with not raising the expenimental error for that plot to too high a propprtion of the
yield This 1s consistent with what we have said above as to the aims of the experimenter for
in the case lustrated 1f the block 1s chosen as the area covered by five plots we are allowing
for the effect on yield of interchanging the positions of vaneties A and B Cand E A4 and E etc

MEASUREMENT OF EXPERIMENTAL ERROR

If we choose as a block the area covered by the five hypothetical vaneties whose yields are
given 1n Table 1 and if we assume for the time being that the same variety was used on all five
plots we can illustrate from this small sample how to calculate a measure of the experimental
error Let the yields be denoted by x; %, x; %, and x; 1e =225 %, =247 etc Tablex
already shows the calculation of the first imnportant statistical quantity the mean which 1s
obtamned by adding together the five yields and dividing by 5 giving the result 24 8 We shall
denote this value by % (read » bar) We can now say that 24 8 cwt per acre 1s an estimate of
the true yield of the area covered by the expeniment and it 1s an estimate which will be more
precise than if we had taken any one of the five plot yields as an estimate of the true yield not
only because we have cropped the whole area imstead of a part only but also because 1t 1s the
mean of five independently obtained yields and in taking the mean the experimental errors will
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tend to caacel out eg 22 5 might have been a shight underestimate of the yield of the plot
marked A and 24 7 a shght overestunate of the yield of that marked B and so on

Now the deviations of the plot yields from the estimated mean are obtamned by subtracting
24 8 from 225 247 etc Let us square these deviations and add them together =~ We get the
result 20 8 (for details see Table 2) Diide this result by 4 a figure obtained by remembering
that while there are five deviations only four of these are independent since the sum of all the
deviations must be zero and if four are given the fifth 1s automatically determined  Tlus div1sor
1s known as the number of degrees of freedom (D F) The result of the division 1s 52 This
figure 1s known as the estimate of the variance of the yield of a single plot of the chosen size
within the chosen block and 1s generally denoted by s Its square root s which 1s in this case
2 28 15 an estimate of the standard deviation (S D) or standard error (S E ) of the yields and s
m units of cwt per acre This figure we use as a measure of the experimental error The
calculations involved are set out in Table 2 which shows at the same time two other methods
of obtaining the same result useful when longer series involving more figures have to be examined
In the second method the numbers are squared and added without the mean being first sub
tracted and from the result i1s subtracted one fifth of the square of the total In the third
method any round number 1n this case 20 1s mentally subtracted from each figure to give
smaller numbers for squaring and method II 1s appled to the resulting figures In general
when following methods IT and III the square of the total 1s divided by the number of plots
and with all methods the number of degrees of freedom used 1n the final division 1s one less
than the number of plots

TABLE 2
Method I Method II Method III
x x—x (x—x)? x? x—20 (x—z0)*
225 —23 529 506 25 25 6 25
247 —OTI 00T 610 0g 47 22 09
28 3 35 1225 800 89 83 68 &g
231 —17 2 89 533 61 31 g 01
254 06 036 645 16 54 29 16
Total 124 0 Total 2o 8o Total 3096 00 Total 240 13600
-5 —4 3(rz40)=307520 $(24 0%) =115 20
x=1248 s?=1520 diff = 2080 diff = 2080
square root z 28
Estimate of true yeld = 24 8 cwt per acre
Estimate of standard deviation = 2 28 cwt per acre (g 19 per cent )

A study of the theory of statistics tells us that if our yield figures are normal in their vanation
the mean range in a sample of five determinations should be 2 326 times the true standard
deviation (see Tippett The Methods of Statistics 1931 (Willams and Norgate) p 26) Mean
range 15 defined as the average value of the difference between the extreme measures in the
sample over a very large number of samples of the size chosen  The range m a single sxmple
will diverge somewhat from the mean range and the estimate obtained from that sample of
the standard dewviation will differ from the true value of this constant Neverthcless tt 15
interesting to notice that 1f we multiply 2 28 by 2 326 we get 5 3 while the range in this sample
1s 58 (283 — 225 In fact we might have obtamed an estimate of the standard deviition
somewhat more easily by dividing 5 8 by 2 326 giving the result 2 49 but the method illustrated
i1 Table 2 1s known to be more accurate so that the extra labour involved 1n the calcul ition

15 worth while
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TEST OF SIGNIFICANCE

We can now see how our measurement of experimental error enables us to distinguish real
-ifferences between the yields of different vaneties  Still assuming that the figures of Table 1
represent the yields of the same standard vanety then 1f on a plot of the same size within this
area and at the same time a different vanety had been grown and had giien a yield of say
30 cwt per acre we should be inclined to the statement that 1ts true yield was probably above
that of the standard variety because 30 lies outside the range of the variation given by the
five plots growing the standard But no certainty can attach to such a statement for since
a single plot of the new variety has been grown we cannot say how near the figure 30 1s to the
true yield of the new variety Since the new variety 1s probably like the old in 1ts variation
of yield over this area we may expect that the figure 30 also has a standard deviation of the
order 2 3 so that the true yield might easily be as low as or even lower than 30 —23=1277
a hgure which 1s lower than the highest figure (28 3) from the sample of plots of the standard
variety Of course the true yield might also be as high as 30 +2 3=323 or ligher but m
the absence of additional information we cannot neglect the possible inference that the yield
of the new vanety has been overestimated A much more precise statement can be made if
1t 1s known that five plots of the new vanety grown at the same time and on this area inde
pendently of the other five gave 2 mean yield of say 286 cwt per acre We can here use
another result of the theory of statistics namely that the standard error of the mean of five
yield hgures may be estimated by taking the value 2 28 for the estimated standard error of
any one plot yield and dividing 1t by the square root of 5 namely 2236 The easiest way of
doing this 1s to divide s =752 by 5 and then take the square root of the quotient 1 04 gi1ving
the result T 0oz This expresses the fact that the means of different groups of five plot yields
grown at the same time and place may vary to an extent which 15 expressed by a standard
deviation of 1 02  If we assume that the new variety has the same degree of variation although
determined independently of the first then we have two results 24 § and 28 6 each the mean
of five determmations which have an estimated standard deviation of 1oz Yet a third
theoretical result can now be used The standard dewiation of the difference between 24 8
and 2b 6 namely 38 (ignoring the sign) 1s obtained smce the samples are of the same size
by multiplying 1 02 by the square root of 2 namely 1 414 We get the answer 144 Now
had the two varieties compared been identical the true difference i the yields would have
been zero But 1n an actual expennment if we confined our testing to five plots of each we
should not find the difference to be enactly zero  The difference would sometimes have fay oured
the one set of plots and sometimes the other and the vanation in the difference of the means
would be expressed by its standard deviation of 144 A final test 1s now possible with the
aid of tables Divide the difference 3 8 by its standard error 1 44 obtaining the result z 64
Look up the table of the distribution of £* m the line n (number of degrees of freedom) = 8
since there are 4 degrees of freedom for each of two samples of size 5 We find that £ = 2 64
hes between 2 306 and 2 896 corresponding to probabilities of 0 05 and o 02 respectively The
meaning of this is that were the true difference zero a value of ¢ equal to or greater than 2 306
would only occur ence mn twenty times on the average 1f the experiment were repeated a very
large number of times A value of { equal to or greater than 2 896 would on the other hand
only occur once n fifty times on the average These probabilities are so small that we may
take 1t as established that such a difference as 38 leading to a ¢ of 2 64 would be unlikely to
occur 1n a single tral and we therefore say that the hypothesis that the varieties compared
were 1dentical 1n yielding capacity 15 disproved  If the varieties were 1n fact 1dentical thele
would be a chance of being wrong 1n this inference of something between I 1n 20 and 1 1n 50
There 1s nothing mysterious about ¢ It 1s simply the difference between the means measured
on a scale of which the umit 15 the standard error of this difference

1t 1s customary to regard the probability level of 0 05 as a critical value dividing results
in which we cannot make such an inference as the above from those in which we can Thus

*Fisher R A and Yates F  Statistical Tables 1938 (Oliver and Boyd) p 26 This volume contains
all the tables that are required by the agricultural experimental worker The table of ¢ 15 repreduced not
quite 50 extensively 1n most of the modern works on Statistics
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¢ 15 greater than 2 306 for 8 degrees of freedom we say that the hypothesis 15 disproved and
we express this fact by saying that the observed difference 1s stontficant It will be ~een from
the table of ¢ that when % 1s 60 or greater the 0 05 or 5p rcent probability point 1s 2 or less
and this 1s the basis of the usual statement that when samples are lnrge a difference between
means of twice #s standard error or more 1s sigmficant When the samples nre not large
enough for this statement to be true 1t 1s advisable to consult the t ible to ascert un the evact
value of ¢ corresponding to the 5 per cent sigrificance level

Although this calculation 1s useful as showing the statistical methods involved mn a test
of significance we are to some extent begging the question for so far only an area covering
five plots of one variety has been considered from the yields of which an estimate of expert
mental error over this area has been worked out It would be impossible to set out five plots
of a different vaniety on the same area at the same time The comparnson between varnieties
can be made however 1f we extend the experimental area to double the oniginal size so as to
allow for ten plots being set out although in doing so we shall tend to increase the experimental
error since for a fair comparison both varieties will have to sample fairly the double wrea nd
the five plots of each variety will therefore be scattered to a greater extent than before  Aller
natively we may halve the size of the experimental plot provided that in doing so the expen
mental error 15 not thereby unduly ncreased n proportion to the plot yield In either cise we
now have ten plots of which five are allotted to each of two varictics  Considerition must then
be given to the question of arrangement not only to provide the fair compirson hinted at
above but also to ehminate as much as possible of the soil error 1n order to increase the precision
of the companson A suitable method applicable to any number of vaneties 15 that of
randomzed blocks

MeTHOD OF RANDOMIZED BLOCKS

Suppose 1n order to fix our 1deas that we have four varieties that we wish to compnre
and that we agree to have five fold replication of each 1e there are to be five equal sized plots
sown to each of the four vaneties This means that we must allow for twenty experimental
plots Having fixed on a conventent unit size of plot we must therefore choose a fairly compact
area of twenty times this size on ground which 1s as umiform as possible  This should then be
divided nto five dlocks and each block further subdivided into four plots The result might
be an arrangement like the following —

Block 1 Block 2 Block 3 Block 4 Block 5
1 C 68 C 70 | B 83 B o3 C 8o 17
2 D8y B 76 C 76 D gz 481 18
3 A 57 As9 D82 A79 B B6 19
4 B2 Dy 459 C g6 Dag3 20
Plots 1—4 Plots 5-8 Plots g-12 Plots 13-16 Plots 1920
TG 1

Let the varieties be designated 4 B C and D We must now arrange that each block
contamsone 4 one B one Candone D There will be certain variations in sou fertility between
the plots of a block though they are unhkely to be as great as those between plots from different
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blocks We ought to allot a plot of block 1 to A which 15 as hikely to measure the fertility of
that block as any other plot and so on for varieties B C and D As 1n addition we wish to
secure that the individual members of the sample of 4 for example shall be independent of
one another and of the members of B C etc 1n the probability sense 1f our formula for the
standard deviition of the mean 1s to be applicable we must allot the four varieties wholly at
randoem There are various ways of doing this perhaps the ssmplest being to take a random set
of two figure numbers prepared for such problems as this (e g choose any two figuie column on
any page of the set of random numbers given by Fisher and Yates loc cit pp 82-87) and run
down the list mentally dividing by 4 writing down the remainders as they occur  If a number
1s a multiple of 4 the remainder 1s to be considered as 4 while 1f a particular remainder has
occurred before 1t should be 1gnored Since all remainders from I to 4 have an equal chance
of occurring with a set of random two figure numbers we have by this means randormized these
numbers For example 1f the numbers run 23 79 44 81 etc this gives us the order 3 4 1
and 2 the last number following from the fact that the others have been allocated Numberning
the vaneties A B Cand Das1 2 3and 4 respectively we see that the order 1n the first block
should be C D A B and so on for the other biocks Fig 1 shows the result of randomzing
the numbers 1 to 4 five times This gives the field arrangement which should be adhered to
strictly and a plan of which should accompany the yield figures which result from the experiment

The figures m Fig 1 give the yields of grain 1 a barley experiment carned out on this plan

in lb each plot bemng 1/40 acre Re arranging these figures we have the following table —

TaBLE 3—YIELDS OF BARLEY IN LB ON 1/40 ACRE PLOTS

Vaneties
Block
Blocks A B C D Total Mean
I 57 72 68 87 284 71
2 59 26 70 71 276 69
3 59 83 76 82 300 75
4 79 93 96 92 360 90
5 81 86 8o 93 340 8y
Vanety Total 335 410 390 425 1560 = Grand Total
Mean 67 82 78 85 78 = General Mean

The figures i this table have been shghtly adjusted from yields actually obtained 1n an
experiment to make for easier anithmetical work mn ilustrating the processes involved In
addition to the yields we have recorded the block and vanety totals and their means also the
grand total 1560 and the general mean 78 The block totals should of course add up to the
same grand total as the variety totals otherwise the arithmetic 15 at fault

This body of data 1s treated as a whole for purposes of analysis but to illustrate the method
of working and the principles on which 1t 1s based we shall begin by confining our attention
to vaneties A and B only We can regard the difference between the yields of 4 and B 1n the
first block for example as a measure of the superionty of one vanety over the other but it 1s
a difference which 1s subject to a certain amount of experimental error including 1n this term
such soil fertiity differences as exist between mdividual plots of the block However there
are five such parallel differences and we can treat them as a sample of five numerical deter
minations and find from them the mean difference together with its standard error The
calculations are as follows —
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TABLE 4

Diff B-A Devn from mean Square

15 0 0

17 2 4

24 9 81

14 —I 1

5 —1I10 100
Total 75 186
Mean 15
Estimate of true difference = 15
Estimated vanance of mean difference = 41—36—5 = g3
Estimated standard error of mean difference = 4/93 = 305
i = 31—3 = 4G n = 4 (number of DF)

Trom table of ¢ for P =001 t =46

Note that 1n this and the following examples methods II and I1I of Table 2 can alternatively
be followed 1n computing the sums of squares

Since ¢ 1s greater than the value given 1n the table at the 1 per cent significance level we
may say that the difference i yield in favour of B 1s clearly sigmificant, by which we mean that
we have disproved at this level of probability the possible hypothesis that the varieties are
identical 1n yielding capacity

In order to show the advantage of laying out the land 1n blocks let us perform the calcula
tion m another way Assume that we have five values of 4 and five of B without the added
knowledge that they are associated m pairs in respect to soil fertility then we may calculate
the estimated standard error of the mean difference in the following way —

TABLE 5
A devn from 67 Square B devn from 82 Square Product of devns

—I0 100 —I0 100 100

— 8 64 — 6 36 48

— 8 64 I I —8

3 144 I I21 132

14 196 4 16 56

568 274 328

Total sum of squares = 568 -+ 274 = 842
Divide by 8 (number of DF = 4 4+ 4) giving 10525

Estimated varance of 4 or B mean = 223 — 51 05

Estimated variance of B—4 mean difference = 2105 + 2105 = 421
Lstimated standard error of mean difference = 4/421 = 649

t = f';{%g= 231 #n = 8 (number of DF)

From table of £ for P = 005 ¢ = 23I

The calculation has been set out in a way which 1s apphcable to two samples of different sizes
except that mn that case the estimated vanances of the A and B means would be different the
divisor bemng the size of the sample 1n each case In the case ilustrated since the samples
are equal 1 size we have precisely the same results as if we had proceeded as indicated on
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p 6 except that the estimated standard deviations of the two series are no longer equal ~ Thus
we mught have calculated the estimated standard error of the A mean 67 as

68
\/(4%(—5 = V284 = 533

and lhikewise that for the B mean 82 as

274 \ _
J(4—X5 = /137 = 370

Then mnstead of multiplying a common figure by 4/2 we should add the squares of the separate
standard errors and take the square root of the result to obtamn the estimated standard error
of the difference 15 of the A and B means 1e

V(284 + 137) = V421 = 649
as before

We may first note that since with this method of working ¢ 1s only at the 3 per cent
significance level the significance of the difference in yield m favour of B 1s not so clearly
demonstrated This leads us to the second point namely that the difference between the two
methods of workmg les m the higher standard error of the second case due to the vanation
between the yields of A and of B in the different blocks entering mnto our calculation It 1s
m fact the neglect of the mformation available that the varneties are associated i pairs that
has led to a new result different from the old If there are soil fertility differences between
the blocks this will tend to increase the standard error in the second method but not m the
first since 1t was only the intra block differences which were used 1in that calculation The
method of layout 1n fact indicates that the first method 1s the correct one to adopt The
A and B senies are not independent but are correlated 1n the sense that they are associated 1n
pairs and as can be seen from Table 3 low values in one series tend to be associated with low
values 1n the other and high with high To relate the methods we need only add that the
calculation of the estimated standard error of the difference between the means as 4/(28 4413 7)
15 no longer correct when the senes are correlated  The last column of Table 5 gives the products
of deviations from the A and B means respectively together with their sum 328 The correct
calculation for the estimated standard error of the difference between the means 1s now

J 568 4 274 — 2(328)
4 X5

=J(%—§) = v93 = 305

1n agreement with the first method and 1t should be noted that the number of degrees of
freedom must be reduced to 4 In words we subtract twice the sum of products of deviations
from the total of the two sums of squares

Another way of bringing out the difference of method 1s to use the anthmetical processes
of the Analysis of Variance As these are of umversal apphcation mn our subject 1t would be
well to explain them now n connexion with this simple example Begn with the following
extract from Table 3 —

TABLE 0
A B Total
57 72 129
59 76 135
59 33 142
79 93 172
81 86 67
;3; 410 745 Common mean = 74 5



The calculation proceeds m stages —

(x) Total sum of squares —Treat the data as one sample of ten yield results and work
out the sum of squares of deviations from the common mean 745 Adopting the routine
method of summing the squares of 57 59 86 we obtain 56907 from which must be sub
tracted the correction for the mean which 1s 7452 — 10 or alternatively 745 X 74 § (the product
of grand total and common mean)  This correction 1s 55502 5 and the difference 1s the required
total sum of squares 1404 5 with g degrees of freedom since the composite sample 1s of size ro

(2) Sum of squares for varietres —Treat the A and B totals 335 and 410 as a sample of
size 2 and treat as in (1) except that we must divide the result by 5 since each figure 1s a total
of five unit plots The easiest way to do this in general 1s to sum the squares of 335 and 410
obtaining 280325 divide by 5 giving the result 56065 then subtract the correction 55502 5
as 1n (1) leaving the required sum of squares for vaneties 562 5 with 1 degree of freedom
The same result may be obtaned in the present case by dividing the square of the difference
{410 — 335) by 10 (the total number of plots) but note that this particular simplification 1s
only applicable to a sample of size 2 as m the present case since we have only considered a
sumphfied experiment with two vareties

(3) Sum of squares for blocks —Assuming that this 1s the whole expeniment the block
totals are 129 135 167 asin Table 6 Treat these as in (1) but divide by 2 since each
figure 15 a total of two umt plots Summng the squares of 129 135 167 we obtamn
112503 divide by 2 giving 56251 5 subtract the correction 55502 5 asin (1} leaving the required
sum of squares for blocks 749 0 with 4 degrees of freedom

(4) Sum of squares for ervor —This 1s what 1s left over on subtracting the sums of squares
for varieties and blocks from the total sum of squares Wehave 14045 — 5625 — 7490 = g3 0
and the degrees of freedom are ¢ — 1 — 4 = 4 which number 1t should be noted 1s the product
of x and 4 the degrees of freedom for vaneties and blocks respectively It will be noted that
the total sum of squares 1s now analysed into three components those due to differences between
variety totals and block totals respectively and a remainder and with each component 1s
associated a certain number of degrees of freedom While in the straight forward case the
degrees of freedom are obtained by subtracting 1 from the size of sample considered it should
be noted that the concept of degrees of freedom 1s more general than this  This 1s illustrated
by (4) and we say here that it represents the number of yields which must be given so that
row and column lotals being provided the data of Table 6 can be reconstructed It 1s easy to
see that the answer 1s 1n this case 4 because if the first four yields of A are given the fifth 1s
deterrmined since the total of A 15 given the B yields follow since 1n each case the total of A
and B 1s given

This sum of squares for error represents the amount of vanation present between plots
of the same variety (1e variation wathun varieties) after allowance 1s made for the differences
mn fertility of the different blocks To show this let us perform the calculation 1n another way
Replace the plot values by their deviations from the mean of the block in which they are situated
thereby eliminating from any further calculation the block differences For example the mean
of the first block 15 129 — 2 or 645 and 57 — 645 = —75 We get the following figures —

A B

— 75 75

— 85 85

—120 120

— 70 70

— 25 25

Total  —375 375

Now calculate the sum of squares of deviations of the numbers n column A from therr mean
—75 Ignoring the negative signs which do not matter we have 327 75 for the sum of squares
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of 75 85 2 5 from which we subtract the correction 37 52 — 5 or 28125 leaving us
with 46 5 The corresponding calculation for the B column must yield the same result and
therefore for the total sum of squares within varieties we have 93 0 agreeing with the result
obtamned 1n (4) The only new point about this calculation 1s that we are dealing with a series
of deviations from changing means instead of a senes of primary yields This should be con
trasted with Table 5

If each component sum of squares 1s now divided by 1ts corresponding number of degrees
of freedom we obtain three mean squares as they are called The analysis of vanance table
15 set out as under —

TABLE 7 —ANALYSIS OF VARIANCE

Sum of Mean Vanance log
Vanation DF Squares Square Ratio {Mean squaref10)
Betweerr varietiés I 562 5 56z 5 24 19 40298
Between blochs 4 749 0 187 25 8 05 2 9209
Error 4 930 23 25 0 8437
Total g9 1404 5

The theory on which the method 1s founded 1s that had the data consisted of one homo
geneous sample of ten yields with no differences between varieties and between blocks except
those due to experimental error the above three mean squares would all be estimates of the
vanance of a single plot yield In such a case there would 1 fact be no need for sub division
and we would use 14045 — 9 = 156 I as an estimate of the varnance Even were this so
however an arbitrary division mnto classes 1s always possible for example the blocks might
be equal m soil fertiity and the vaneties simlar 1n yield yet they can still be classified by
blocks and by varieties because that 1s the layout adopted in the field Thus the above calcula
tions will be possible but the three estimates of variance will not be equal because they are
calculated from very small samples and chance differences will enter m  Now we want a
method of estimating how much varnation 1s to be expected due to chance causes 1n order that
we may determine whether the data are compatible or not with our hypothesis namely that
there are no true vanety and block differences It 1s clear that a real difference in yield between
A and B will raise the mean square for varieties above the value that 1t would have were there
a chance difference only and real differences mn soil fertility between blocks will increase the
mean square for blocks In the present example we see that 562 5 and 187 25 are both con
siderably greater than 2325 This latter figure can be taken as an estimate of the vanance
of a single plot yield due to experimental error since it has been calculated by a process of
eliminating variety and block differences from the original vanation of the ten plots We
require a test as to how much greater than 23 25 a given mean square must be before we can
say that there 1s evidence of real diufference Again the test 15 based on probabiity and can
be carned out with the aid of tables Divide 562 5 by 23 25 giving a ratio 24 19 Look up
the table of Variance Ratio (Fisher and Yates Table V pp 28-35) selecting the 1 per cent
table (p 33) and reading off the value in the column headed », = 1 (the number of degrees
of freedom corresponding to the larger of the two numbers whose ratio 1s being taken) and
the row marked 7, = 4 (the number of degrees of freedom for the smaller of the two numbers)
We find the entry to be 21 20 This means that the ratio would exceed the value 21 20 once
1 a hundred times on the average were there no real varietal yield difference between 4 and
B According to the usual rule we therefore say that the observed ratio of 24 19 1s quite
sigmficant and our inference 1s that vaniety B 1s sigmficantly better i yield than variety A

An alternative way of making the test 1s to use logarithms which mcidentally avoids a
division There 1s a table of natural loganthms of the numbers from 1 to 100 m Fisher and
Yates (Table XXVI pp 64-67) and to use these since it 1s only ratios of mean squares with
which we are concerned we can divide all the mean squares by 10 The last column of Table 7
gives the corresponding natural loganthms Subtract o 8437 trom 40298 gving 3 1861

12



Dividing by 2 we get 1 5930 which 1s the quantity known as z The corresponding table to
that of the variance ratio 1s to be found on p 32 of Fisher and Yates (facing the other) The
I per ce1it pomt for n, = I n, = 4 1s found to be 15270 and significance 15 establi 1 el as
before  The calculation of z shows mcidentally that the method of analysis of variince gives
exactly the same results as working out a value of ¢ from the B—-A ditferences We found tht ¢
was 49 The natural logarithm of 4 ¢ 1s 1 59 which 1s the value of the corresponding This
1s a mathematical relation connecting ¢ with z when the #, of the z distmibution 1s 1 and » 1s
the » of the ¢ distribution  The significance 1s the same 1n both cases P being less thin o or

The mean square due to blocks may be tested 1n the same way and we find a varince
ratio of 805 or a z of 10431 The 5 per cent points are 6 39 and o0 9272 respectively and
the 1 per cent points 1598 and 1 3856 Thus block differences are significant 1t the 5 per cent
significance level justifying the arrangement of the experiment in blochs because by doing
so we have succeeded in eliminating a large part of the soil fertiity ditfercnces As a rule
there 1s no need to make a precise test of the point We may note however that had the ten
plots been allotted at random five to 4 and five to B without any attempt to group corre
sponding pairs of 4 and B into blocks the error mean square {see Table 7) would have been
expected to be of the order of (7490 4+ 930) — (4 +4) 1e 842 — 8 or 10525 instead of
2325 This would give a value more than four times greater so that the precision of the exper:
ment has been quadrupled by the block arrangement The reason why we would evpect a
figure of the order of 842 — 8 1s because with no association 1in blocks the total vanation
using the methods of analysis of variance would now be divided into two parts only (1) variation
between varieties as in previous case and (z) varation within varieties as worked out mn Table 5
With a different field arrangement the yield results would not of course be the same as before
but we infer that the above figure would be the order of the error mean square  This argument
throws light on the earlier calculation of Table 5 which 1gnored the correlation between 4 and
B for this 842 15 just the total sum of squares of deviations from variety means for which the
number of degrees of freedom was 8§ In a similar fashion we can 1dentify the sum of squares
for error of Table 7 namely g3 0 with one half of the 186 from Table 4 the half coming in
because the estimated variance 1s doubled in Table 4 since 1t 15 the vartance of a difference
B-A  The calculations of the analysis of varrance in the case of two varieties with its ehimination
of blocks are 1dentical in their results with those used for testing the significance of the difference
of the A and B means after allowing for correlation

We have stated that 23 25 15 the mean square for error This means that we take this
figure as the estimated variance of the yield of a single plot 1e yields of plots of this size all
of the same variety and not subject to fertiity differences oi the kind eliminated between
blocks may be expected to vary to an extent indicated by a figure for vartance of 2325 Its
square root 4 82 gives the estimated standard deviation in lb for one plot and a comparative
measure of the accuracy with which the experiment has been conducted may be obtained by
expressing this figure as a percentage of 74 5 the common mean of 4 and B (Table 6) We

have

8
Standard deviation of a single plot yield = ‘7%;_; X 100 = 6 47 per cent

We may evidently now summarize the results of the trial by wniting down the mean yields
of the two varieties and attaching to them a standard error The standard deviation of the

mean of five yield determinations 1s 4 82 — 4/5 or 4/(2325 — 5) and thisis2161b A table
such as the following should be a part of every experimental record —

TABLE 8 —SUMMARY OF RESULTS

Vanety Vanety Standard
Mean yield A B Mean Error
Lb per plot 67 82 745 216
Cwt per acre 239 293 260 6 077
Per cent 899 1101 100 0 2 g0
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The mean yields in 1b per plot are obtained from the column totals of Table 6 on dividing by 5
The plots being 1/40 acre each we obtaim the figures of the second hne of Table 8 by multiplying
those of the first line by the factor 40/112  The figures of the third ine are obtained by expressing
those of the first as percentages of the common mean 745 It 1s usual to give the standard
error to one more decimal place than the means
The standard error of the difference 82 — 67 = 15 of the vanety means 1s 2 16 multiplied
by v/z giving 305 This 1s the denominator of £ 1n Table 4 ¢ being 1n fact 15 divided by 3 05
A conclusion should follow such a table as Table 8 In the present case this would read simply
yield of vanety B 1s significantly greater than yeld of variety 4 this being the result of a
test of significance as illustrated below Table 4 In the general case with more than two
treatments we should divide the difference between the means of any two treatments by the
corresponding figure to 305 and see whether the ¢ so obtamed reached a significant value
for » equal to the number of degrees of freedom for error  For n = 4 £1s 2 776 at the 5 per cent
signtficance level Thus a difference would have to be 2 776 X 4/2 or 3 9 times the standard
error given 1n Table 8 to be significant  Inspection of the table of the distmibution of ¢ shows
that this factor will be less than 3 for # = 16 or more (2 120 X 4/2 = 2 g98) As the number
of degrees of freedom for error 1s usually of this order or greater this has led to the convenient
rule that a difference 1s to be adjudged significant if 1t 1s at least three times the standard error
given 1n the summary table though this conclusion should be qualified by the statement that
treatment differences should first be shown to be significant in the analysis of vanance table

GENERAL METHOD

Returning to the full data of Table 3 we now see that a possible method would be to examine
all possible pairs of varieties 1n each case testing for the significance of the mean difference
With four varieties there are six such differences however and the work would be tedious
In addition we should never have more than 4 degrees of freedom for error (with 5 replcates)
and relatively large differences would be needed to show sigmficance The factor just mentioned
would have to be 4 mstead of 3 The great advantage of the analysis of varance method hes
m its general applicabiity to any number of treatments and we shall now give the results of
applying 1t to the full data of Table 3 (gv) The method 15 exactly that outhined except that
there are now four treatments and therefore four columns of figures mstead of two

(1) Total sum of squares
572 + 59% + 59* + + 92% + 93° = 124270
Subtract correction 1560 X 78 121680

leaving 2590 (19D F)

{2) Sum of squares for vaneties

335% + 410% + 3907 + 425° = 613050
Divide by 5 {(number of blocks) 122610
Subtract correction 121680

leaving 930 (3DF)
(3) Sum of squares for blocks

2842 + 2762 4 3002 + 360% 4 3407 = 492032
Divide by 4 (number of vaneties) 123008
Subtract correction 121680

leaving 1328 (4DF)

(4) Sum of squares for error
2590 — 930 — 1328 - 332 (x2DF)
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TABLE g —ANALYSIS OF VARIANCE

Degrees of Sum of Mean Vanance Ratio
Vanation Freedom Squares Square = VR
Varieties 3 930 310 00 11 20
Blocks 4 1328 332 00 12 00
Error 12 332 27 67
Total I9 2590

For =3 n,=12 VR (P =0001) = 1080
Formy=4 na=12 VR (P=o0001) = 963
Dnfferences between varieties and between blocks are highly significant
Standard error of single plot yeld = 4/27 67 = 526 b which 1s 6 74 per cent of
the mean yeld 78 1b
Standard error of mean of five plot yields = 4/(27 67 — 5) = 2 35 1b or 3 02 per cent

TABLE 10 —SUMMARY OF RESULTS

Standard
Mean yeld A B Cc D Mean Error
Lb per plot 67 82 28 85 78 2 35
Cwt per acre 239 203 279 304 279 o 84
Per cent 8549 105 I 100 0 1090 1000 302

Conclusion —Vaneties B C and D have given significantly greater yields than the control
variety 4 but do not differ sigmificantly among themselves
On the rough rule of three times the standard error the difference between the yields of
varieties C and D appears to approach sigmificance and 1t 1s worth while making a more exact
test at any rate for purposes of illustration The standard error of 1 difference between two
means of five plots each 1s 2 354/2 or
V(2767 X 2/5) =333

t=72_ —210 n=12 (DF for error)
333
For P=oo05 t=218

Therefore the difference 1s to be adjudged not sigmficant

It 15 sometimes convenent in such a table as Table g to mark those variance ratios which
are significant and so distinguish them from non sigmificant ratios One system has been to
use * for significance at the 5 per cent level and ** for 1 per cent significance another system
uses S and SS The new o 1 per cent level included 1n the latest tables may suggest the use
of a triple asterisk or triple S but this 1s possibly an overelaboration

NoTEs oN CALCULATION

The first step 1s to copy out the yields or other numerical data to be subjected to analysis
from the oniginal field records 1n the form of Table 3 1e 1n columns corresponding to vaneties
and in rows representing the different blocks (or vice versa) The copymng should be carefully
checked as should every stage of the resulting calculation The column and row totals and
means are then worked out The means are less important than the totals The latter can
be depended on to the last figure since the last figure of each plot record 1s presumably accurate
so far as measurement goes to within half 2 umit  If the means are recorded the number of
decimal places should bear some relation to the extent to which the result can be depended
upon to be accurate For example if ten plots total 736 the mean 1s 736 and therefore 1f
nine plots (e g ) total 691 thewr mean would be recorded as 76 8 and not 76 77778 Only if
the mean 1s to be used 1 a subsequent calculation e g to be squared and possibly multipled
by a large number should additional decimal places be recorded for the time being  Thus if
we had a total of 2317 for 26 plots the correction for the mean which 1s illustrated 1n the above
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example (shown there as total X mean) 1s 206480 35 correct to two decimal places (the usual
number retained 1n analysis of vanance calculations for two or three figure yields) This can
be shown by squaring 2317 and dividing the result by 26 If the mean were written down as
89 1 the total multiplied by mean would be 206444 7 which would be 1n error by 3565 To
get the correct result by the (total X mean} method the mean would have to be worked out to
six decimal places as 89 115385 This difficulty can however be 1n all cases avoided by using
(total 2— number of plots) and of course the accuracy of the above mean cannot be depended
on to more than one decimal place

The squares of the yields and of the column and row totals can be read off from any table
of squares (e g Barlow) and added either by hand or by means of an adding machine  Alter
natively the numbers can be squared and added as a continuous process and the correction
made 1f a calculating machme 1s available Square roots may be read off correct to four
significant figures and without any calculation by reading Barlow s tables inversely 1e finding
it the table of squares opposite a four figure number the square which 1s nearest to the
number the extraction of whose square root 15 desired

The sum of squares for error has been obtained by subtraction of the sums of squares for
varieties and blocks from the total sum of squares and the accuracy of the result will therefore
depend on the previous calculations being correctly performed As a check on accuracy the
procedure indicated on pp 11-12 may be followed by constructing a new table 1n which deviations
of plot yields from the block mean are given and working out the sum of squares within varieties
Alternatively we may proceed as follows In Table 3 the first figure 57 has a column mean
of 67 and a row mean of 71 while the general mean 1s 78 Add 78 to 57 and subtract the sum
of 71 and 67 We obtain the result —3 Proceeding through the table in this way using the
appropriate column and row means mn each case we get 20 residuals some negative and some
positive which should add up to zero taking account of their signs The sum of squares of
the residuals 1s the sum of squares for error

METHOD OF THE LATIN SQUARE

The method of randomized blocks permits the incorporation of any number of varieties
m an esperiment with any desired degree of replication Differences m fertiity between
blocks as wholes are eliminated and the standard error of a single plot yield 1s therefore one
appropnate to an area of the size of one block Certamn differences due to soil fertihity Are
therefore bound to enter in to disturb the varietal companisons and to lessen thewr precision
Blocks may be arranged in one long line or in two dimensions In the latter case some soil
fertality 1s evidently being eliminated 1n two directions at right angles to one another Within
the blocks 1t 1s usually advisable to have the plots long and narrow with therr long sides adjacent
but sometimes especially with a considerable number of varieties these may be arranged i a
two dimensional pattern to form a compact block

A special arrangement suitable when the number of varieties 1s not too small and not
too large 1s that of the Latin square and will be illustrated in the case of four vaneties Con
sider the following two dimensional arrangement —

A B C D
B C D 4
(1)
C D A4 B
D 4 B C

Here each line of letters 1s related to the one above by a simple shift of one place to the left
the plots pushed out to the left of the diagram coming in again at the extreme nght It wall
be noticed that all varieties are present in all rows and all column of the square so that no
variety occurs more than once mn each row or once in each column This 1s an example of a
Latin square By analogy with the randomized blocks arrangement 1t should be possible to
eliminate soil fertility differences between the rows of the square and equally between columns
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so that there are no two plots between which some degree of elmination of soil fertility
differences 1s not possible  Save 1n the case of a somewhat exceptional distribution of fertility
this arrangement 1s likely to lead to more precise results than the randomized block plan It
should therefore be apphed whenever 1t 1s posstble to have as many replications of the vaneties
as there are vaneties The square adopted for any particular experiment should be chosen at
random out of all the squares that exist for a given size  If we keep the letters A B C and D
m this order along the first row and down the first column then the example shown 1s one of
the three self conjugate standard squares of the first transformation set the other two being

4 B ¢ D A B C D

B 4 D C B D A C
(2) (3)

C D B A C A D B

D C A B D C B 4

There 15 n addition one self conjugate standard square of a second transformation set namely
the followmg —

A4 B C D
B A D C
“ ¢ D A B
D C B 4

The terms self conjugate and transformation set come from the nomenclature adopted
in the theoretical process of classifying and enumerating the Latin squares that can be con
structed from a given number of elements For a discussion of this point see Fisher and Yates
Statistical Tables Introduction p 8 and the references there cited To obtain an experimental
arrangement select one of these squares at random by choosing 1n the way already indicated
for randomized blocks one of the numbers (1) (2) (3) or {4) at random Then re arrange all
the rows of the chosen square other than the first in random order by assigning to them the
numbers I 2 and 3 and re arranging these with the aid of the table of random numbers
Fmally either re arrange at random all four columns and then allot variety 1 to the plots
marked 4 variety 2 to the plots marked B and so on or alternatively assign the letters A
B C and D at random to the four varieties 1 2 3 and 4 In the case of larger squares use
should be made of Tables XV and X VI of Statistical Tables and the introduction to these tables
{(pp 8-10) should be consulted for the necessary mnstructions

EXAMPLE

In a variety experiment comparing control A with three other varieties B C and D of
sugar beet square (2) was first selected at random then the second third and fourth rows were
re arranged by putting B C D ito the random order C B D finally the columns were re
arranged by putting A B C D mto the random order B € D A The resulting square 1s
shown below together with the yields of roots mn Ib for each plot of 1/50 acre taken to the
nearest Yo lb for convenience of ilustration

B 65 C 66 D6y A 60

D64 B 62 As7 C 72

A 50 D58 C 64 B 635

C 56 A48 Bsg D67
Fic 2
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The calculations proceed as in the case of randomized blocks remembering that one extra
component of vanation has to be calculated and subtracted from the total

Row totals 258 255 237 230
Column totals 235 234 247 264
Variety totals 215 251 258 256
Grand total = ¢g8o
General mean = 61 25
(x) Total sum of squares
65% + 64* + 50% + + 65 + 672 = 60638
Subtract correction g80 X 61 25 60025

leaving 613 (15DF)
(2) Sum of squares for rows

258® + 255% + 237% + 230° = 240658
Divide by 4 (number of plots 1n row) 60164 5
Subtract correction 60025

—

leaving 1395 (3DF)
{3) Sum of squares for columns

235% + 234 + 247 + 264° = 240686
Divide by 4 (number of plots 1n column) 60171 5
Subtract correction 60025

leaving 1465 (3DF)
{4) Sum of squares for varietes

215% 4- 2512 4 258% 4- 256 = 241326
Divide by 4 (number of plots of each vanety) 60331 5
Subtract correction 60023

leaving 3065 (3DF)
{5\ Sum of squares for error

613 — 1395 — 1465 — 306 5 = 205 (6 DF)

TABLE II —ANALYSIS OF VARIANCE

Varnation DF Sum of Squares Mean Square Varnance Ratio
Rows 3 1395 46 50 13 61**
Columns 3 146 5 48 83 14 29**
Vaneties 3 306 5 102 17 29 go**
Error 6 205 342
Total 15 6130

Formy=3 #n,=6 VR (P=o001) = 978
(P = 0001} = 23 70

Dafferences between rows between columns and between vareties are sigmficant
Standard error of single plot yield = 4/342 =185 (n umts of 10 Ib} which 15
3 0z per cent of the mean yield 61 25
Standard error of mean of four plot yields = /(3 42 — 4)
= 002 Or I 5I per cent
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TaBLE 12 —SUMMARY OF RESULTS

Standard
Mean yield A B C D Mean Error
Lb per plot 5375 6275 6450 640 0 612 5 92
Tons per acre 12 00 14 01 1440 14 29 13 67 0 21
Per cent 878 102 4 105 3 104 5 100 0 151

Conclusion —It 1s obvious that vaneties B C and D have each given a significantly higher
yield than vanety A4 the control but the differences in yield between B C and D are not
significant

The degrees of freedom for rows columns vaneties and total are 1n each case one less than
the number of rows columns varieties and total number of plots and by virtue of the arrange
ment the first three are equal The degrees of freedom for error can therefore be obtained
by difference (in the example 15 — 3 — 3 — 3 =6) In general with a square of side p the
degrees of freedom are p-x for each of rows columns and vaneties and (p-1)(p—2) for error

NoTEs oN CALCULATION

The notes given 1n connexion with the randomized block experiment already illustrated
hold here also except that the subsidiary calculation to obtamn the sum of squares for error
mndependently of the others requires modification In the case of the Latin square the

restduals are obtamed by adding to any plot value fiwice the general mean and subtracting
the sum of the row column and vanety means appropriate to the plot in question Then the
sum of squares of the residuals 1s the sum of squares for error

CONSIDERATIONS AFFECTING CHOICE OF LATIN SQUARE LavouT

The measure of the precision of an experiment depends upon the number of degrees of
freedom available for the estimation of error since this figure plus one gives the size of an
ordinary sample of independent 1tems that would yield an estimate of variance with the same
precision as the experiment It 1s advisable that this number of degrees of freedom should be
at least equal to 10 or 12 While therefore the randomized block expeniment may be con
sidered satisfactory 1n this respect the Latin square illustrated 1s not and we see that we are
forced to rule out single 3 X 3and 4 X 4 Latin squares This apphes in spite of the fact that a
lower standard error for the compansons may be possible by the elirnmination of components of
soil fertility 1in two directions The level of the standard deviation due to experimental error 1s
one thing the degree of vanabihity to which 1t may be subject 1s another A very satis-
factory experiment could however be set up in the form of two Latin squares side by side
and as this will furmish a swmtable introduction to more elaborate arrangements the details
of the analysis may be given here We shall suppose that two separate Latin squares have
been chosen by the randomization procedure mvolving the same four vartettes 4 B C and D
Looked at first as an arrangement of 32 plots mn two blocks of 16 each we may analyse the
vaniation into two parts as shown in the following skeleton analysis of vanance —

DF
Between squares I
Within squares 30 (15 + 15)
Total 31

The first part calculated as the square of the difference between the Latin square totals divided
by 32 (the total number of plots) may evidently be looked on as elimimnation of soil fertility
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differences between the two squares The vanation within squares 1s composed of two parts
the variation between the unit plots within each square separately with 15 degrees of freedom
each In each case the calculation 1s as described under (1) mn the above analysis of the Latin
square but as this can be further subdivided mnto rows columns treatments and error we
can now re write our skeleton analysis of vanance as follows —

TABLE 13

DF

Between squares I
Within square T Rows 3 Within square 2z Rows 3
Columns 3 Columns 3
Varieties 3 Varieties 3
Ermror 6 Error 6
Total 15 Total 15

Total 31

The calculations for each square separately are exactly as indicated previously We must
now attempt to put the two analyses together First note that the parts due to rows and
columns ehminate much of the soil fertility differences apart from that which has been ehiminated
between the squares There 15 no need to do anything more about these components But
there are two sums of squares due to varietal differences one from each square On the average
of both squares or eight replicates of each vartety there are however only 3 degrees of freedom
for vanetal differences How are these related to the above two sets of 37  Let us assume
fictitious vartety totals for the second square so obtaining the following figures —

TaBLE 14 —TREATMENT ToOTALS {(OF FOUR PLOTS EACH)

A B ¢ D Total
Square 1 215 251 258 256 980
2 230 245 236 249 gbo
Total 445 496 494 505 1940
General mean 60 625

The sum of squares for varieties 1n square 1 15 306 5 A similar calculation for the second
square gives 555 Total 362 (6 DF)} A simlar calculation for all the eight totals (of four
plots each) gives 3745 (7 DI') while the single degree of freedom for the difference between
the square totals yelds (980 — 960)* — 32 =125 It will be noticed that 362 1s equal to
3745 — 12 5 smce 1t 1s the total sum of squares between vaneties within squares (6 DF)
If we now turn to the vanety totals for the two squares together the sum of squares comes to
27525 (3 DF) Thiss evidently a measure of the average effect of varieties and if we subtract
this result from 362 we get 86 75 the remaining sum of squares (3 DF) and this we take as a
measure of the vanation in response to varieties in the two squares It 1s commonly spoken
of as the interaction between varieties and squares and has the same significance as the error
term 1n a randomized block experiment for example for that is really a measure of the vanation
n response to the vaneties in the different blocks 1e the interaction between varieties and
blocks We should therefore take 86 75 as a contribution to error with 3 DF  Notice that
1t may be directly calculated from the following table of the differences between the variety
totals of the square
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d B C D Total

Square 1-Squarez = —15 6 22 7 20
152 + 6% - 222 4 72 = 794
Divide by 8 99 25
Subtract 20% — 32 125
86 75

The divisor 1s 8 because we are dealing with the difference between two totals of four plots each
just as 1t 15 8 when we are dealing with the sum of two totals of four plots each  The correction
1s the square of the total divided by the total number of plots a calculation which 15 equully
applicable to sums and differences of pairs of plot yields

We have two other components of error namely the sums of squares for error in squares 1
and 2 respectively The complete skeleton analysis of variance 1s therefore as follows —

TaBLE 15

Between squares 1
Elimination Square I Rows 3
of sol qua Columns 3
heterogeneity Rows 3
Square 2 Columns 3

Varety 3
Vanety-square mteraction 3
Error Error square 1 6
Error square 2 6

— 15

Total 31

The mntroduction of two Latin squares mstead of one has increased the number of degrees of
freedom for error from 6 to 15 To see if there are significant differences between varieties 1n
the complete experiment we should work out the vanance ratio of the mean squares for vanety
and total error and enter the table of the vanance ratio with #;, = 3 7, = 15

There 1s an upper himit to the size of Latin square that can usefully be laid out Quite
apart from the unwillingness because of labour or expense of the experimenter to allow for
nine ten or more replications of that number of varieties there 1s a disadvantage 1in having
the rows or columns of the square too long It 1s only the average differences between rows
and between columns that are ehmiated and with long senes of plots there may be irregular
variations mn fertility which cannot be dealt with  An extreme case 1s illustrated in the following

diagram —

High Low
Average Average
Low High
Fic 3

Let us assume that the fertihity at the top of the square 1s falling off to the nght from a high to
a low value towards the middle 1t 15 average all the way across and at the bottom 1t 1s increasing
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towards the nght from a low value Taken as a whole the rows and columns wtll all be of about
average fertiity and so little 1n the way of fertility differences will be eliminated by the Latin
square analysis resulting in a high error because of the extreme fertihty differences If this
was a 9 X 9 square it would be better to arrange 1t 1n mine randomized blocks of nine plots
each as shown by the dotted lines for some of these being of high fertihty some low and some
about average a good deal i the way of fertiity differences would be eiminated n blocks
An approximation to this state of affairs may occur in practice and 1t 1s better to avoid if possible
Latin squares of more than about eight treatments

MuLTIPLE FACTOR EXPERIMENTS

The basic framework of an analysis of vanance has now been presented for the two common
forms of layout namely randomized blocks and the Latin square Wathin such a framework
1t 1s however possible to accommodate two or more sets of treatments Thus suppose 1t was
desired to combine a manunal! with a varietal trnal and that there were three varieties 4 B
and C and three levels of fertiizer eg o 1 and 2 dressings of sulphate of ammonma Two
separate experiments could only test (2) which was the best of the three vaneties and (5) how
one of these varieties or some other responded to the application of nitrogeneous fertihzer
Even so these two experiments would take up 36 plots since there would have to be at least
six replications in each case  If we try out o 1 and 2 dressings of nitrogen on each of the varieties
we have nine combinations of treatment in all and if these are regarded as mne distinct treat
ments we can evidently arrange them in one experiment of the randomized block pattern
with a mimmum of four rephcations or 36 plots in all The advantage of such an arrangement
1s that we can get not only all the information that the separate experiments would provide
but also additional information For example we have a possible manunal effect on all three
vanieties and also varietal differences at different levels of manuring Should we find out
and the experiment will provide an answer on the point that all varieties respond equally to
manure or what is complementary to what we have just said that varietal differences are the
same at all manunng levels then not only do we have a satisfactory number of degrees of
freedom for estimating the standard errors with some approach to precision but also we can
compare averages for varieties or for manure levels as means of 3 X 4 = 12 instead of means
of 6 If we find that the varieties do not respond equally to manure then that 1s additiona
information that could not possibly have been provided by the separate experiments

The analysis of the vanation 1s 2 combination of two analyses of the randemized block
kind Thus with mine treatment combinations and four rephcations a first skeleton analysis
of varnance would be as follows —

TABLE 16
Vanation DF DF
Blocks
Vareties 2}
Treatment combinations 8 Nitrogen 2 » (see below)
Interaction 4
Error 24
Total 35
Now we may set out the treatment totals (of four plots each) as in the following scheme —
TABLE 17
Vaneties
A B c Total
o T,
Levels of N 1 T,
2 T,

Total T‘ T. Tg T = grand total
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The sum of squares for treatment combinations 1s obtained by adding the squares of the nine
treatment totals of four plots each dividing by 4 and then subtracting the correction 1/36 of
the square of grand total T This 1s now divided up according to the following scheme as
mdicated on the night of Table 16 —

DF
Between varieties 2
Between N levels 2
Interaction 4
Total treatment combinations 8

Let T, Tzand T, represent the variety totals (of 12 plots each) and T, 7, and T, the mtrogen
level totals (agamn of 12 plots each) while T represents the grand total Then the sum of
squares between varieties 1s

(TEF+TE+TPH/12—T%/36 2DF)
while that between nitrogen levels 1s
(Ty* +T* + 1,%)/12 — T?/36 (2D F)

These two components should add up to less than the total sum of squares for treatment
combinations and the difference represents the interaction between varieties and nitrogenous
manuring {2 X 2=4DF) This last analysis in fact 1s exactly hke what it would be 1n a
small experiment of three treatments m three fold replication in a randomzed block tnal
except that each yield that occurs 1s to be regarded as a total of four ultimate unit plot yields
What was called the error term before being as was indicated an mteraction of vaneties and
blocks 1s now called the interaction of varieties and levels of nitrogenous manuning As a
check this interaction term may be calculated mdependently by the method outhined under

Method of Randomized Blocks 1n the section Notes on Calculation

Three distinct tests of significance are now possible By working out the variance ratio
for varieties (z D F ) and error (24 D F ) we are able to say whether there are significant varietal
differences on the average of all manuring levels and 1if there are we can compare the three
variety means x, x, and x, (each of 12 plots) with a standard s/4/12 where s 1s the error
mean square This should normally be a fairly accurate comparison because 1t 1s based on
means of 12 plots In the same way the variance ratio for manure levels (1, = 2 n, = 24)
will tell us whether there are significant differences between the three manunal averages (of
12 plots each) averaging over all varieties Here again the companson of x, x; and x; 15 made
by means of a standard error s/4/12

The mteraction 15 a measure of whether the responses to nitrogen are the same or different
for the three vaneties If the same apart from chance variation the vanance ratio for inter
action against error (#, = 4 #n, = 24) will not be significant and the above two comparisons
on the treatment means are all that we need 1n a summary table of results though we shall
naturally put in the extra information that the interaction was insigmificant while the expen
menter will be interested 1n having presented to him a full table showing all nine treatment
means But if the responses are different that state of affairs will be indicated by the vanance
ratio for interaction agamnst error bemng significant Inspection of the nine treatment means
Zap %41 Xap Xmp €tc (set out for convenence in the form of Table 17) 1n the light of their standard
error s/+/4 will show what 1s taking place and this full table should be given in the summary
of results though 1t is convenent as well to add the marginal means together with their standard
error s/4/12 to show the average effects If the numbers of treatments in the two cases arenot
equal the standard errors of the two margins will not be the same Thus for four levels of
mitrogen on three varieties with four fold replication the standard error of the manurial means
will be s/4/12 but that of the varietal means will be 5/4/16

This example of two interacting factors will serve to indicate the procedure that should be
adopted 1n more complicated cases  Since the only change from the ordinary case of simple
treatments studied in the section Method of Randomized Blocks has been to subdivide the
sum of squares for treatment combinations into 1ts component parts we shall restrict ourselves
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1 what follows to this treatment sum of squares on the assumption that the other sums of
squares due to blocks and error are worhed out mn the ordinary way The obvious extension
1s to more than two factors Thus let us suppose that five varieties are bemng tested at four
levels of one fertilizer treatment e g mitrogen and at three levels of another fertilizer treatment
e g phosphate Altogether there are 5§ X 4 X 3 or 60 vanety treatment combinations and the
unit block will consist of 60 plots The sumn of squares for treatment combinations will contain
m the first place the sums of squares for the average effects of varieties nitrogen and phosphate
having 4 3 and 2 degrees of freedom respectively and the calculations will be as just described
In the second place there will be three interaction terms of the first order namely the mter
actions of variety with nitrogen of variety with phosphate and of mitrogen with phosphate
and having 12 8 and 6 degrees of freedom respectively (12 =4 X 3 8 =4 X 2 and 6 = 3 x 2)
The first will be obtamed by writing down the 20 total yields when all phosphate treatments
have been amalgamated 1n five columns corresponding to varieties and m four rows corre
sponding to levels of mitrogen T'rom this table can be obtained its total sum of squares with
19 degrees of freedom from which 1s to be subtracted the two sums of squares for the direct
effects of variety and nitrogen leaving the required interaction sum of squares with 12 degrees
of freedom The other two first order interactions are obtamned in similar fasinon But this
has only accounted for 4 + 3 -+ 2 -+ 12 + 8 4 6 or a total of 35 degrees of freedom out of 59
The sum of squares left over with 24 (= 4 X 3 X 2) degrees of freedom and obtainable by
subtracting all the sums of squares so far obtained from the total treatment combinations sum
of squares represents what 1s called the second order 1nteraction of the three factors To
see whit this measures we may imagine that 1nstead of workmg out the variety nitrogen
first order interaction by amalgamating all phosphate tieatments we could construct three
two way tables showing the vanation of varety mtrogen totals for ench of the three phosphate
levels separitely Tt would then be possible to calculate three first order interactions of vanety
with mtrogen If the three mean sqnares denived from this calculation are all equal within
the limits of expertmental error 1e 1f vanety interacts with nitrogen mn the same way at all
levels of phosphate then the second order interaction will not be significant when compared
with error  If 1t 15 significant this will be evidence without carrying out the above detailed
calculations that variety and mtrogen interact in different ways at the three phosphate levels
and a comparison of all 60 treatment means in the light of their standard error will bring out
the nature of the effect The sheleton analysis of variance for the treatment part of the whole
analysis will be as follows —

TABLE 18
Vanation DF
Variety 4
Nitrogen 3
Phosphate 2
First order interactions
Vanety nitrogen 12
Vanety phosphate 8
Nitrogen phosphate 6
Second order nteraction
Variety mtrogen phosphate 24
Total 50
ExaMpPLE

A form of expeniment which 1s of frequent occurrence in manurial trials consists in testing
for the presence or absence of fixed quantities of the three main fertilizers used on the common
crops namely nitrogen phosphate and potash These are therefore each introduced mto the
expenment at two levels each namely none and some and the total number of treatment
combinations 1s therefore eight and may be symbolically referred toas O N P K NP NK
PK and NPK Thus O represents the untreated or control plot N that having a dressing
of nitrogen NP that having both mitrogen and phosphate and so on  These constitute a block
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which should be replicated a swmtable number of times This 1s evidently a particular case of
a multiple factor experiment and will be used for the purpose of illustrating the method of
analysis which has just been described

In an expeniment with four replications on the effect of these three fertihizer treatments
on the yield of asparagus the layout was as 1n Ing 4 the figures referring to the yield m Ib
per plot Complete rows in this diagram constitute the four blocks

NPK K P N PK 0 NK NP
12 0 16 2 146 127 130 12 7 11 3 103
NK NP PK 0 K r N NPK
102 12 8 138 139 133 152 121 115
0 NP NK PK NPK K P N
147 93 88 go I1 4 10 4 117 93
N P K NPK NP o NK PR
108 8¢ 83 10 3 91 105 82 135

Fic 4

It will be noticed that the treatments are not completely randomized 1n blocks but are
associated in that the group N P K and NPK remain together n one half of the block while
the remainder occur mn the other half This restriction was adopted deliberately for a rcason
which will be made clear 1n a later section dealing with what 15 known as confounding  In
the meantime let us analyse the yield figures as if the treatments had been completely randomized
Arranging by blocks and treatments we have the results shown in Table 19 i which ¢plumn and
row totals have been inserted

TABLE 19
Treatment Block 1 Block 2 Block 3 Block 4 Total
o 127 139 1479 105 518
N 127 12T 93 108 449
P 146 152 117 8¢ 50 4
K 16 2 133 10 4 83 48 2
NP 103 12 8 93 91 415
NK II3 102 88 Bz 385
PK 130 138 90 135 493
NPK 120 115 IT 4 10 3 452
Total 102 8 102 8 846 796 3698
General mean I1 556

It will be left as an exercise for the reader to show that a first analysis of vanance into blocks
treatments and error gives the following results ~—

TABLE 20 —ANALYSIS OF VARIANCE

Vanation DF Sum of Squares  Mean Square VR
Blocks 3 55 124 18 375 7 1g%*
Treatments 7 36 669 5238 205
Error 21 53 686 2 556
Total 31 145 479
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Treatments as a whole are not significant but we now proceed to analyse the sum of squares
due to treatments nto 1ts separate components For this purpose the following three two way
tables are prepared the first consisting of the totals of the plots with and without potash the
second of the totals with and without phosphate and the third of the totals with and without
nitrogen

TABLE 21
No N N No N N No P P
NoP 1000 B34 1834 NoK 1022 864) 1886 NoK 967 9rg| 1886
P g7 B6y | 1864 K 975 837 | 1812 K 867 gas5| 1812
1997 1701 3698 1997 1701 | 3698 1834 1864 | 3698

The sum of squares (3 D F) in the first table 1s obtained by summing the squares of 1000
834 997 and 86 7 dividing by 8 and subtracting the square of the grand total 3698 divided
by 32 The result 1s 28 066 (3 D F)} from which must be subtracted 27 380 (x D F) for the
effect of mitrogen (obtamed in this special case as the square of 199 7 — 170 1 divaded by 32)
and similarly o0 281 (1 D F) for the effect of phosphate leaving for the mtrogen phosphate
interaction a sum of squares of 0 405 (1 DF) In the special case of a 2 x 2 table as here
this interaction sum of squares can be obtamed directly as

[{1o00 + 86 7) — (834 + 99 7)]* — 32 = 0 405

Similar calculations are made on the other two tables and as we now have the sums of
squares for the three direct effects and the three first order interactions we can obtain the
second order mteraction by subtracting the total of the sums already calculated from the total
sum of squares for treatments (7 D F) which was 36 669 The difference 1s 1 805 (t DF)
In tius special case the second order interaction may be calculated directly by finding the
difference of the two first-order interaction effects m the following tables which show the N
and P effects with and without K

No K K
v No N N
No P 518 449 No P 48 2 385
P 504 415 P 493 452
(518 +415) — (449 +504) = —20
5

(482 +452) — (385 +493) = +56
56 —(—20) =76 and 76% — 32 = 1 805

No V

Altogether we have the following decomposition of the treatment sum of squares* —
TABLE 22 —ANALYSIS OF VARIANCE (TREATMENTS)

Vanation DF Sum of Squares
N I 27 380
P I 0281
K I I 71X
NP I 0 405
NK I 0 125
PK 1 4 962
NPK I I 805
Total 7 36 66q

The symbols N NP etc. in the column headed Vanation refer to the various effects and should
not be confused with the same symbols used earlier to indicate combinations of wreatments. Alternative
expressions for the mteraction NP for example are N X Por N P
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This table when taken in conjunction with Table 20 shows that the only siymificant effect
15 that of mitrogen for which the vanance ratio 15 27 380/2 556 or 10 7 significant at the 1 per
cent level Reference to Table 19 shows that mitrogen has depressed the yield the figures

being (Table 21) —
Total without N Total with N Standard Error

199 7 170 1 6 40

The standard error i1s that of a total of 16 plots and 1s therefore /(16 X 2 556) = 6 40
The ratio of the difference of the totals 296 to 1ts standard error 1s

f e 296 296
T 64042 904

The value of ¢ 1s the square root of the varance ratio 107 calculated above because this 1s a
single degree of freedom effect

As this 1s an 1llustration of the general procedure too much is not made of the sitmphhed
method of calculation appropriate to the 2 X 2 X 2 layout Since 1t 1s a common form of
expenimentation however the reader 1s referred for details to F Yates Techmical Communica
tion No 35 (Impenal Bureau of Soil Science) 1937 where a full treatment of the whole subject
of multiple frctor experuments 1s given

=327 n=2I

THE SrLiT PLor EXPERIMENT

It 1s sometimes convenient so to arrange the plots of a multiple factor experiment that
all combinations are not distributed at random over the block As an example 1t may be
mnpossible or at any rate difficult to have adjacent plots as small as might be necessary mn
the layout described at the beginming of the last section put down to different varieties We
might however start with plots three times the unit size and have an experiment on the
randomized block layout three varieties mn a block and four blocks  Each plot may now be sub
divided for the purpose of the manunal companson alone 1e one third 1s to be chosen at random
to be left unmanured one third to have a single nitrogenous dressing and the remamning one third
a double dressing Let these parts of the man plot be called sub plots Then we end up with
nine sub plots per block and all vanety treatment combinations are represented But there
15 an essential difference from the previous layout m that the randomization pattern s different
and this 1s reflected n the form taken by the analysis of vanance Obviously the manurial
comparnisons for a single variety will be made with greater precision than nter vanetal com
pansons for they mvolve comparing sub plots within a main plot and will be less affected by
so1l differences To see how the analysis 1s carmed out consider the data first as arranged 1n
12 main plots each consisting of three sub plots We have the skeleton analysis of variance —

DF
Between main plots 1I
Within mam plots 24 (2 X 12)
Total 35

The analysis of the vanation between main plots follows exactly the lines of a three treatment
four block randomized block experiment except that all sums of squares are divided by an
additional 3 since the unit 1s a sub plot That 1s we have components due to blocks (3 D T")
varieties (2 D F) and the interaction of blocks and vaneties (6 D F) which 1s the error term
with which to compare varieties for significance Of the vanation within sub plots there 15
evidently a component with2 D F for the manurial comparisons on the average of all vaneties
and there will be the further component of interaction between varieties and manunal levels
(4 DF) In practice the two direct effects and the mteraction are calculated from a table of
treatment totals exactly like Table 17 The remainder of the vanation within mam plots
with 18 DF gives the sub plot error with which the manunal and interaction comparisons
are made The skeleton analysis of vanance 1= given below 1n full —
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DF
Blochs 3
Between main plots < Vaneties 2
Mamn plot error 6
— 11
Manunal levels 2
Within main plots < Interaction 4
Sub-plot error 18
Total 35

Let the estimated standard error per single sub-plot (square root of error mean square)
be 5, from the main plot error (6 D F) and s, from the sub plot error (18 DF) Then if the
mteraction 1s not significant we compare the three variety means of 12 sub plots each with a
standard error s,f+/12 using the ¢ correspending to 6 D ¥ in making the companisons Likewse
the three manunal means again of 12 sub plots each have a standard error s,/4/12 and the ¢
will here be that for 18 DF  Thus mn the split plot experiment there are two different errors
respectively applicable to the means of columns and rows of Table 17  Should the mteraction
be significant then as before 1t 1s necessary to examine mdividual means of four sub plots
each In doing so we take s,f4/4 as the standard error of means compared 1n the same column
vsing the ¢ for 18 DF  For means not in the same column the appropriate standard error 1s

estimated as
\/<3 4 +3 4

using for safety the ¢ appropriate to 6 D F

The method 1s hikely to be useful to the plant breeder who wishes to mtroduce a subsidiary
manurial comparison Into a variety expenment of the ordinary type One often finds that
the main plots are split into two parts one half unmanured and the other half receiving a dressing
of a fertilizer whose value 1n mcreasmg yield 1t 1s desired to study The analysis takes on an
especially simple form 1n such a case for 1f the sums and differences of adjommng sub plot yields
are found a calculation on the sums yields the mam plot part of the analysis and a parallel
calculation on the differences gives the rest except that in the latter case there 1s no component
for blocks Thus let us denote by x the yield of the unmanured half of a main plot and by ¥
the yield of the manured half Let x 4+-y=1{¢and x —y =4 Subscripts may be attached
to designate the number of the main plot Suppose there are five vaneties and four blocks
Let T denote the sum of the ¢s over all plots T, T T, T, and Ty the vanety totals and
T, T, T;and T, the block totals With a sumilar notation let D denote the sum of the d s
Paraliel calculations are made on the {s and ds as follows —

(1) Total sum of squares between mam plots

= }{,*+ 4+ +iyn) — T%/40 (19 DF)
(2) Total sum of squares within mam plots

— M a4+ du) (20DF)
(3) Sum of squares between blocks

= T2+ T2+ T2+ T8 /10 — T?/40 (3DF)

(4) Sum of squares between varieties
= (T2+T2+TF+T*+T5)/8—T%/40 (4DF)
(5} Interaction sum of squares
= (D2 +Ds2 + D¢ + D + Ds?)/8 — D*/g0 (4 DF)
{6) Sum of squares for fertihzer effect
Gaven the results of these calculations the error sums of squares are readily obtained by
difference e g the main plot error 1s (1) — (3) — (4) while the sub plot error1s (2) — (5) — (6)
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CONFOUNDING

Some of the examples illustrated by having a large number of treatment combin itions
have necessitated large blocks and this conflicts with the requirement stated earlier that blochs
should be kept small It 1s obvious that unless special steps are taken the vanation mn soil
fertiity within the block may be large and thus the experimental error may be too hrge to
show up as significant moderate differences between varieties or treatments A way of dcing
with this situation 1s to introduce confounding which may be briefly described as a method
of introducing as a umt block an area which 1s only a part of the area required for 1ll treatment
combinations to be represented and so arranging the treatments within sets of such pirtidd
blocks that on calculating the sum of squares between blocks we remove from the total sum of
squares the differences mn soil fertiity between these partial blocks together with the lei t
mportant part of the variation due to treatment combmations Some sacrifice 15 mnevitible
and the experiment 1s usually so arranged that 1t 1s the information on the highest order inter
actions which 1s sacnificed for experience shows that such interactions are seldom or never of
any mmportance There are various ways of doing this and 1t would take up too much space
m an elementary exposition to go fully into details but the method can be illustrated by meuns
of the worked out example of the 2 X 2 x 2 layout given 1 the section on Multiple T actor
Experiments It was stated there that the treatments were not completely randomized 1n
four blocks of eight plots each Each block was divided into a left half and a right half and
the freatment combinations were arranged 1n two groups one consisting of the set N P K
and NPK and the other consisting of the set 0 NP NK and PK In each block 1t 1s decrded
at random which set shall go mto the left half and which into the right and within each half
block the treatments of the allocated set are arranged at random Reference to I'ig 4 will
show the details of the resulting layout  The experiment 1s now regarded as one of eight blocks
although there are still eight treatment combmations and only 32 plots in all The assumption
1s that the second order interaction 1s unimportant 1e that the sum of squares due to this
component of treatment 1s of the same order as the error sum of squares Now this sum of
squares 15 obtained as indicated 1n the analysis (p 26) by calculating the eight treatment totals
from all four blocks and subtracting the sum of the four totals for 0 NP NK and PK from
the sum of the totals for N P K and NPK For

{482 +452) — (385 + 49 3)} —{(51 8 + 415) — (44 9 + 50 4)}
=(449+504+482+452) —(5184+415+385+493) =76

This figure 1s then squared and divided by 32 Now 1t will be noticed that this difference of
7 6 15 just the difference between the total of a selected four of the half blocks and the total
of the other four  If we call the left half of each block A and the nght half B 7 6 1s the difference
between the sum of 14 2B 3B 44 and the sum of 1B 24 34 48 A difference 1n yield may
therefore be expected here due to soil fertility differences between the two sets of half blocks
and therefore 1t 1s 1mpossible to measure the second order interaction This effect has been

confounded with the soil differences It should next be noted that this 1s the only component
of the treatment sum of squares which 1s so confounded If the reader examnes from Table 21
how the differences leading to the calculatton of sums of squares for the direct effects of N
P and K and for the three first order interactions NP NK and PK are made up he will find
that m all cases they resolve themselves into the sum of eight differences each being the difference
between the total of two plots mn a half block and the total of the other two tn the same half
block Thus the difference for the effect of N 1s (Tables 19 and 21) —

(518 +482+504+493) — (449 +385 + 415 +452)
={(162 +146) — (120 + 127)} + {130 + 127) — (11 3 + 10 3)}
(see first block m Fig 4)
-+ three other paws of differences from the remaining three blocks

Each of these eight differences 1s therefore unaffected by soil fertility differences between
the half blocks and the result of tte calculaticn 1s to measure the unconfounded effect of N
The same will be found to be true of the other direct effects and of the first order mteractions
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A good check on the procedure of confounding may be had by adding a4 constant number say
10 to the yield of each plot mn a selected half block  Any treatment effect for which this makes
no difference to the sum of the squares 1s unconfounded 1f there 1s a change in the sum of squares
the effect 1s confounded

We can now see how the modified layout 1s reflected i the analysis of variance The
second order interaction term (1 D ') goes mnto blocks together with the interaction of this
effect with the original four blocks (3 D F ) which previously was part of the error term  The
rest of the analysis remains unaltered In practice we calculate the sums of squares for the
unconfounded treatment effects as previously described (totalling 6 D F} then calculate the
variation between the eight half blocks (7 D F) from the following eight totals (of four plots
each) —

555 473 507 521 418 428 383 413

The error (18 D I' ) 1s obtuned by difference of these two sums of squares from the total sum
of squares Tnally the analysis of vanance takes the following form —

TABLE 23 —ANALYSIS OF VARIANCE

Vanatwon DF Sum of Squares Mean Square
Blocks 7 65 024 9 28¢
N 1 27 380

P I 0 281

K I I 71X

NP I 0 405

NK I 0 125

PK T 4 gb2

— b

Error 18 45 591 2 333
Total 31 145 479

The calculations are completed 1n the usual way It happens that in this example most of the
so1l variation occurs between the four main blocks so that httle 1s added to the blocks sum
of squares by using eight blocks mstead of four On dividing by 7 the mean square for blocks
1s only half 1ts former figure The fertiity changes might very easity however have been
the other way 1e along the line of the blocks instead of across them  This would have increased
the error of the compansons had the eight treatments been completely randomized over the
whole width of the block

Each case of confounding presents its own special problems and the reader who has mastered
the detauls of the simple experimental layouts described 1n these pages will be well able to tackle
the descriptions of the more complicated cases described by Yates (loc ¢2¢ Tech Comm No 35)

EXPERIMENTS WITH LARGE NUMBERS OF VARIETIES

To return to varietal trials a problem frequently facing the plant breeder 1s that he may
have a large number of lines which he wishes to put to test 1n order to select the most promising
varneties for further work If an accurate experiment 1s laid out to test these for yield perform
ance or for quality characteristics this will involve a large number of plots a thing he may be
prepared to face provided that some method 1s found for getting over the difficulty of the
large block The case 15 somewhat different from that mn which the introduction of a number
of different treatments leads to a large number of treatment combmations for in the latter case
1t 1s possible by studying the higher order interactions to arrange a layout on the confounded
pattern which will reduce the size of the block to manageable dimenstons A number of varieties
can only be arbitranly arranged mto sets and there will be no interaction in the ordinary sense
of the term  Nevertheless 1t 15 possible to make use of the 1dea of confounding to produce a
workable experiment in a series of blocks of moderate size and with a degree of replication
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that 1s not prohibitive  The subject 1s scarcely one for the beginner and requires to be studied
i some detail for all 1its ramifications to be appreciated This has been done and references
for more advanced reading will be appended  Suffice to say here that for selected numbers of
varieties workable arrangements may be devised and the use of Tables \VII-NIN in Statisfical
Tables by I'isher and Yates will assist the experimenter 1 any given case to see what 1s possible
mn the way of an experiment and what 1s not The introduction to these tables provides a
guide to their use Once a layout has been decided the analysis of variance can be carried
out without undue difficulty In this section we shall describe one such experiment carried
out by the Plant Breeding Institute of the Umversity of Cimbridge in the season 1935-39
and for the data of which we are indebted to Dr G D H Bell

In general such layouts are all of the incomplete block kind and the designs have been
termed quast factonal (Yates Joc ci# Tech Comm No 35 and references theremn cited)
They consist 1n assoclatmg the varieties with one another in groups of sefs and the degree of
complexity increases with the number of groups But there comes a point where all possible
groups of sets are included and tlis case which 1s then symmetnical 1s that considered by
Fisher and Yates (loc c:f) under the name balanced incomplete blocks The arrangement
consists 1n constructing a block of a given number of variettes less than the total number and
having a number of blocks each made up of this number of varieties some containing the varieties
already used and some not until in the end there 1s the same degree of rephcation for all varieties
Every two varieties should occur together in the same number of blocks {one only In the cases to
be considered here) To 1llustrate how such an arrangement can be worked out let us tike
the case of 16 varieties Represent these by a notation in which the numbers 1 2 3 and 4
are associated n pairs as follows 1e the first vanety 1s 11 the second 12 and so on —

11 12 13 14
21 22 23 24
(1)
31 32 33 34
41 42 43 44

In this case the number of varieties to be mncluded 1n a block 1s four and the rows of the above
diagrammatic representation show four such blocks constituting the first group A second
group of four blochs consists of the rows of the following diagram obtained by interchanging
rows and columns 1 (1) thus —

1r 2I 31 41
12 22 32 42
@ 13 23 33 43
14 24 34 44

There are three other groups which can be obtamed from the set of three orthogonal Latin
squares of size 4 X 4 hsted in Table XVI of Stattstical Tables If we interchange rows and
columns these are shown below —

I 2 3 4 I 3 4 2 I 4 2 3
2 1 4 3 2 4 31 2 31 4
3 412 312 4 3 2 4 I
4 3 2 1 4 2 1 3 4 T 3 2

The numbers I 2 3 4 1n these squares have the same sigmficance as the letters 4 B C D
1n the diagrams given 1n the section Method of the Latin Square ~ The first square 1s that
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marhed (4) 1n the earlier section and the others are obtamned from 1t by re arranging the last
three columns

To obtain the third group take the numbers of the first square and write m front of each
the figure T for all numbers in the first column 2 for the second column and so on thus
obtamning —

11 22 33 44
12 21 34 43
(3)
13 24 3t 42
14 23 32 41

The rows of this diagram form the third group of four blocks

The remamming two groups are got by adopting the same procedure with the second and
third of the orthogonal squares Thus —

II 23 34 42
12 24 33 41
(4)
13 21 32 44
14 22 31 43
11 24 32 43
12 23 31 44
(5)
13 22 34 41
14 21 33 42

The experiment consists of the 20 blocks of four plots each shown above as the rows
groups (1) (2) {3) (4) and (5} and we see that we have provided five fold rephcation of each
of the 16 varieties In setting out the experiment we should first divide the area into 20 blocks
of four plotseach  The rows of the above five groups may then be numbered 1—20 and assigned
at random to the blocks as we proceed across the experimental area thus determining which
varieties shall go into the different blocks The vaneties to be used are each of course first
given at random one of the key numbers1I 1z 13 43 44 Within each block the varieties to be
placed within 1t are then allotted at random to the four plots nto which 1t 1s divided and the
experiment proceeds as usual

Associated with this particular layout there 1s another which deals with 21 vaneties in
five fold replication Let the five additional yvanieties be designated by the symbols or oz
03 04 and 05 It 1s very easy to derive the set up from the foregomng one Add variety ox
to each of the four sets in group (1) making in each case a block of five plots  Add variety o2
to each of the sets 1n group (2) variety 03 to group (3) variety o4 to group (4) and variety o5 to
group (5) Finally add a twenty first set consisting of the varieties or 02 03 o4and o5 The
same considerations as to randomzation apply as 1n the former case and the resuilt 1s an expen
ment of 21 blocks of five plots each which tests all 21 varieties in five fold replication

The analysis appropriate to a layout in balanced incomplete blocks will be 1llustrated by the
yield data of an experiment on 21 barley vaneties The layout is given 1n Fig 5 the upper
number denoting the vanety (numbered 1-21) and the lower figure being the yield of the plot
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Block
No

21

19

17

15

13

I

Block
No
5 4 20 16 18
796 | 1165 | 737 goo | Bzg
6 10 18 I 7 14 II 6 5 8 20
824 666 781 700 579 622 543 641 8os 944
9 13 21 18 II 8 10 20 19 21 18
773 | 736 | 824 | 920 | 698 | 782 | 511 | 766 | 764 | 565
19 13 6 16 12 13 14 20 17 1 16
677 892 866 615 627 593 6oz 624 518 549
5 7 17 9 19 2 14 15 19 18 14
645 512 501 628 622 578 632 707 813 880
4 17 6 21 15 8 12 17 3 18 12
746 641 867 731 481 868 658 652 | 1029 757
8 I 9 16 15 b 3 4 11 19 10
522 | 510 | 563 | 465 | 379 || 453 | 686 | 922 | 670 | 775
4 iz 14 10 g 7 14 3 21 16 8
743 | 758 | 499 } 453 | 473 532 ( 653 | 872 | 765 | 596
I 10 2 16 17 I 5 21 12 2 6
628 | 565 | 579 | 476 | 40z || 458 | 337 | 642 | 945 | 748
10 15 5 13 3 9 6 3 20 2 4
488 | 473 | 322 | 242 | 534 | 455 | 493 | 649 | 614 | 457
15 1I 20 12 2 8 4 13 7 2
401 566 612 655 720 472 501 488 480 580
Fic 5

The grand total 15 67648 and the general mean 1s got by dividing this by 105 yielding
644 27  The total sum of squares 1s got by adding the squares of all ro5 yields giving 46 279 974
and subtracting from 1t the correction 43 583 352 obtaned by squaring 67648 and dividing
by 105 The result 1s 2 696 622 (104 D F}

Block No

HOW NI OMnhw N

|l

The block totals are given below —

TABLE 24
Total Block No
3044 12
2521 13
2059 14
2668 15
2650 16
3130 17
2926 18
3418 I9
2439 20
3506 21
3466

Total

a3

Total
3964
2908
3610
3677
28g1
3951
3388
3550
3555
4327

67648




The sum of squares due to blocks 15 obtained by squaring and adding these 21 block totals
LIvIng 224 429 064 then dividing by 5 (the nmber of plots 1n a block) yielding 44 885 813
and finally subtracting the same correction as for the total sum of squares We are left with
1302 461 (zo DF)

The calculation of the varietal sum of squares requires spectal consideration  Each vanety
is only present 1n five blocks and thus block differences due to fertiity will come n to disturb
the varietal companisons We require to correct for this and so obtain adjusted varietal means
which are directly comparable one with another at the same time obtaining the neces ary data
for calculating the sum of squares This 1s done 1n stages as illustrated in Table 25 We

TABLE 25
{a) (&) (e

Vanety Sum of block totals Adjusted mean

Vanety No total contaimng vanety 5{a)—(b) 644 3 + (¢} — 21
I 2670 15516 —2166 541 1
2 2834 14579 — 409 624 8
3 3770 15615 +3235 798 3
4 4064 16746 +3574 8145
) 2905 15979 — 1454 5750
6 3691 16916 +1539 717 6
7 2815 15441 —1366 579 2
8 3617 15867 +2218 749 9
9 2892 14392 — 432 623 7
10 2653 14573 —1158 580 1
I 3105 165706 —1181 5880
12 3708 16741 +1799 729 9
13 2043 15099 — 384 626 0
14 3013 16400 —1335 580 7
15 2531 14618 —1963 550 8
16 2052 16511 —1751 560 9
17 2714 15879 —2309 5343
18 4167 19402 +1433 712 5
19 3651 17089 +1166 699 8
20 3396 16318 + 662 6758
21 3527 17353 + 282 657 7
Total 67643 338240 o 13529 6
Mean 6443 6443

first record the vanety totals in the usual way (col (2)) Opposite each 1s put the total yield
of the blocks containing this vanety (col (8)) For example 15516 1s the sum of 3130 2439
3506 289r and 3550 for vanety I occursin blocks 6 9 10 16 and 19  The total of this column
should be five times the total of all plots 1e 5 X 67648 We then subtract the numbers m
column (b) from five times those mn column {(z) obtaining a series of positive and negative numbers
which should add up to zero (col (¢)) The sum of squares of these numbers 1s 63 635 750
which on dividing by 105 y1elds 606 055 which 1s the required sum of squares due to varieties
{20 DF) To obtam the divisor 105 we first note that the efficiency factor E which gives
the ratio of the amount of information provided by this layout to that provided by an
ordinary randomuzed block lay out if there 15 no reduction 1n error vanance per plot due to
arranging the experiment m blocks of 5 instead of blocks of 21 plots 1s got by dividing 1-1/5
by 1-1/2r This gives E = 21/25 =084 Then the divisor of the sum of squares 15 £
multiphed by the product of the square of the number of plots in the block (5) and the number
of rephcations {5 also) Thus the divisor 1s 21 X 125/25 = 105
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Having obtamed the sums of squares for total blocks and varneties the suin of wquies
for error 1» got by difference and the analysis of vanance 1s as follows —

TABLE 26 —ANALYSIS OF VARIANCE

\anation DF Sum of Squares Mean Square Y anance Ratio
Blocks 20 I 302 461 65 123 1 5 29%*
Varieties 20 606 055 30 302 8 2 6%
Error 04 788 106 12 314 2
Total 104 2 696 622

Blocks and vaneties are both significant at the 1 per cent level The standard error per plot
15 IT0 g7 which 1s 17 22 per cent of the mean yield 644 27 *

The calculation of the adjusted varietal means (last column of 1able 25) consists first 1n
dividing the quantities i column (¢) by the efficiency factor E multiphed by the product of
the number of plots in a block {5) and the number of replications (5 also) Thus the divisor
is 21 X 25/25 = 21 We then add to each the general mean 6443 As a check the mewn
of this final column should be 644 3 To look for significant differences we must now hnd the
standard error appropriate to the difference between any two of these adjusted virctal
means Divide the error vanance per plot namely 12 314 2 by the product of £ ind the
number of replications (5} 1e by 21/5 The result 1s 2931 g5 Double this to obtun the
variance of the difference between the means of any two vanetiesand we get 5563 g the squre
root 76 58 1s the standard error of the difference  With 64 degrees of freedom we may ti e ¢
as 2 for P = 005 and thus a difference to be significant must exceed 1532  Using this hgure
as a scale of measurement we can then set out the varieties 1n order of yield and indicate those
that are significantly higher than certamn others Theorderis4 3 8 12 6 18 19 20 21 13
2 g 10 1T 14 7 5 16 15 1 17 and for example 4 yields stgnificantly greater than 21 and
those following after 1t 1n this hst the varieties up to and including 1¢ yield signihicantly reater
than 17 and so on

CoNcLUDING REMARKS

Apart from further details on the more elaborate forms of layout in connexion with which
references have been given for further reading there are other problems on which 1t his not
been possible to touch 1n an elementary account For example there is the question of dealing
with a co ordinated series of experiments carried out in a number of places during the same
season or covermng a number of seasons or both There are devices for calculating mussing
eaperimental values when for some reason or other the expertment as originally set out suffers
through the failure to obtain numerical results from one or more plots There 1s the question
of taking mto simultaneous consideration two or more observational variables from the same
plot with a view either to the elaboration of methods for taking account of soil fertility variations
1m a more complete fashion than 1s possible merely by elmmating block or row and column
differences or to the further elucidation of the nature of the facts sought to be learnt from the
expenment This brings 1n the calculations involved 1n the analysis of co vanance procedure
One or two further references for reading may be given The detailed manual of Methods of
Statistical Analysis by C H Goulden 1939 (Chapman and Hall) covers the analysis of variance
and co vanance and the field plot test and 1s profusely illustrated with examples See also
The Design of Expertments by R A Fisher 2nd Edn 1937 (Oltver and Boyd)  Another recent
book 1s Statistical Technique 1n Agricultural Research by D D Paterson 1939 (McGraw Hill)
For a discusston of the analysis of co variance and also of the practical considerations governing

* This example has been chosen for illustrative purposes but 1t ought to be pointed out that as a tnal
1t was not considered satisfactory since g out of the z1 winter vaneties were killed off by unusually severe
weather conditions and were then replaced by vaneties sown 1n the spning Later a good deal of damage
vas done by summer drought This accounts for the high standard error
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field expenimental procedure see Principles and Practice of Fild Eaperipentation by J Wishart
and H G Sanders 1935 {Cmpire Cotton Growing Corporation) The serious student will also
be well repaid by studying the original papers on the subject full references to which are provided
up to quite recent times by Goulden Fally although the reference has already been given
it should be emphasized that the methods discussed 1n the present bulletin which 1s designed
for the begmner lead up naturally to those which are dealt with more systematically than has
been possible here in The Design and Analysis of Factorial Experiments by F Yates 1937
{(Impenal Bureau of Soil Science—Technical Communication No 35 Harpenden)

PRINTED B W H SONS LTD C M DGE ENGLAND



