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“ Est ergo aciendam, quod qusdam sunt, que nostre potestati
minime subjacentia, speculari tantummodo possumus, operari
autem non, velut Mathematica, Physica, et Divins. Quadam vero
SULt que Dostre potestati subjacentia, non solum specular, sed et
ojwrari possumus ; et in iis non operatio propter speculationem, sed
bae propter illam sdsumitur, quoniam in talibus operatio est finis.
Cum ergo materis prasens politica sit, imo fons atque principium
rectarum politiarum ; et ompe politicum nostree potestati sub-
jaceat; mauvifestum est, quod materia preesens non ad spectla.
ticuem pet prius, oed ad operationem ordizatur. Rursus, com in
operalilibus principium et causa omnium sit ultimos Finis (movet
euim primo agentem), consequens est, ut omnis ratio eorum quie
sunt ad Finem, ab ipso Fine sumatur : pam alia erit ratio incidendi
liznum propter domum construendam, et slia propter navim.  Illad
igrtur, & quid est, quod sit Finis nltinus Civilitatis humani Generis,
enit hoe principium, per qnod ownia que iuferiug probands sunt,
erunt manitists sutticienter,"—DavTe.



“ Be it known, then, that there are certain things, in no degree
subject to our power, which we can make the objects of speculation,
but not of action. Such are mathematics, physics and theology.
But there are some which are subject to our power, and to which
we can direct not only our speculations but our actions. And in
the case of these, action does not exist for the sake of speculation,
bat we speculate with a view to action ; for in such matters action
is the goal. Since the material of the present treatise, then, is
political, nay, is the very fount and starting-point of right polities,
and since all that is political is subject to our power, it is obvious
that this treatise ultimately concerns conduct rather than specula-
tion. Again, since in all things that can be done the final goal is’
the general determining principle and cause (for this it ia that first
stimulates the agent), it follows that the whole rationale of the
actions directed to the goal depends upon that goal itself.  For the
method of cutting wood to build a house is one, to build a ship
another. Therefore that thing (and surely there is such a thing)
which is the final goal of human society will be the principle by
reference to which all that shall be set forth below must be made
clear,



PREFACE

Dear ReaDER—I venture to discard the more stately
forms of preface which alone are considered suitable for
a serious work, and to address a few words of direct
appeal to you.

An enthusiastic but candid friend, to whom I showed
these pages in proof, dwelt in glowing terms on the
pleasure and profit that my reader would derive from
them, “if only he survived the first cold plunge into
‘functions.’”  Another equally cundid friend to whom
I reported the remark exclaimed, “Sureire it indeed!
Why, what on earth is to induce him to fake it "

Much counsel was offered me as to the best method
of inducing him to take this “cold plunge,” the sub-
stance of which counsel may be found at the beginning
of the poems of Lucretius and Tasso, who have given
such exquisite expression to the theory of “suguring
the pill” which their works illustrate. But I am no
Lucretiug, and have no power, even had I the desire
to disguise the fact that 8 firm grasp of the elementary
truths of Political Economy caunot be got without the
same kind of severe and sustained mental application
which is necessary in all other serious studies.

At the same time I am aware that forty pages of
almost unlroken mathematics may seem to many readers
8 most unhieeessary introduction to Econowies, and it
15 inpossible that the beginner ghould see their bearing
upon the subject until he lus mastered sud applied
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them. Some impatience, therefore, may naturally be
expected. To remove this impatience, I can but express
my own profound conviction that the beginner who has
mastered this mathematical introduction will have solved, -
before he knows that he has even met them, some of the
most crucial problems of Political Economy on which
the foremost Feonomists have disputed unavailingly
for generations for lack of applying the mathematical
method. A glance at the *Index of Illustrations” will
show that my object is to bring Economics down from
the clouds and make the study throw light on our
daily doipgs and experiences, as well as on the great
commercial and industrial machinery of the world.
But in order to get this light some mathematical know-
ledge is needed, which it would be difficult to pick out
of the standard treatises as it is wanted. This know-
ledge I have tried to collect and render accessible to
those who dropped their mathematics when they left
school, but are still willing to take the trouble to master
a plain statement, even if it involves the use of mathe-
matical symbols,

The portions of the book printed in the smaller type
should be omitted on a first reading, They generally
deal either with difficult portions of the subject that
are best postponed till the reader has some idea of the
general drift of what he is doing, or else with objections
that will probably not present themselves a first, and
are better not dealt with till they rise naturally.

The student is strongly recommended to consult the
Summary of Definitions and Propositions on pp. 139,
140 at frequent intervals while reading the text.

P HW,



INTRODUCTION

ON 1st Juna 1860 Stanley Jevons wrote to his brother
Herbert, “ During the last session I have worked a good
deal at political economy; in the last few months I
have fortunately struck out what I have no doubt is the
true Theory of Economy, so thoroughgoing and consistent,
that I cannot now read other books on the subjeet
without indignation.”

Jevons was a student at University College at this
time, and his new theory failed even to gain him the
modest distinction of & class-prize at the summer exam-
ination. He was placed third or fourth in the list, and,
though much disappointed, comforted himself with the
prospect of his certain success when in a few months he
should bring out his work and “re-establish the science
on & sensible basis” Meanwhile he perceived more
and more clearly how fruitful his discovery must prove,
and “how the want of knowledge of this determining
principle throws the more complicated discussions of
economists into confusion.” :

1t was not till 1862 that Jevons threw the main out-
lines of his theory into the form of a paper, to be read
before the British Association. He was fully and most
Justly conscious of its importance. * Although I know
pretty well the paper is perhaps worth all the others
that will be read there put together, I cannot pretend to
say how it will be received.” When the year had but
five minutes more to live he wrote of it, “ It has seen
my theory of economy offered to & learned society (1)
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and received without & word of interest or belief.
It has convineed me that success in my line of endeavour
is even a slower achievement than I had thought.”

In 1871, having already secured the respectful atten-
tibn of students and practical men by several important
essays, Jovons at last brought out his Theory of Political
Economy as a substantive work. It was received in
England much as his examination papers at college and
his communication to the British Association had been
received ; but in Italy and in Holland it excited some
interest and made converts. Presently it appeared that
Professor Walras of Lausanne kad been working on the
very same lines, and had arrived independently at con-
clusions similar to those of Jevons, Attention being
now well roused, a variety of neglected essays of a like
tendency were re-discovered, and served to show that
many independent minds had from time to time reached
the principle for which Jevons and Walras were con-
" tending; and we may now add, what Jevons never

knew, that in the very year 1871 the Viennese Professor
Menger was bringing out a work which, in complete
independence of Jevons and his predecessors, and by a
wholly different approach, established the identical
theory at which the English and Swiss scholars were
likewise labouring.

In 1879 appeared the second edition of Jevons's-
Theary of Political Economy, and now it could no longer
be ignored or ridiculed. Whether or not his guiding
principle is to win its way to general acceptance and to
“re-establish the science on a sensible basis,” it has at
least to be seriously considered and seriously dealt with.

It is this guiding principle that 1 have sought to
illustrate and enforce in this elementary treatise on the
Theory of Value or Worth, Should it be found to meet -
a want amongst students of economics, I shall hope to
follow it by similar introductions to other branches of

_ the science.
I lay no claim to originality of any kind Those
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who are acquainted with the works of Jevons, Walras,
Marshall, and Launhardt, will see that I have not only
accepted their views, but often made use of their
terminology and adopted their illustrations without
specific acknowledgment. But I think they will also
soe that I have copied nothing mechanically, and have
made every proposition my own before enunciating it,

I bave to express my sincere thanks to Mr. John
Bridge, of Hampstead, for valualle advice and assist-
ance in the mathematical portions of my work.

T need hardly add that while unable to claim credit
for any truth or novelty there may be in the opinions
advocated in these pages, I must accept the undivided
responsibility for them.

¢ * Beginners will probably find it conducive to the
comprehension of the argument to omit the small pring
in the first reading,

N.B.—I have frequently given the formulas of the curves
used in lustration.  Not because 1 attach any value or im-
portunce to the special forms of the curves, but because I
liave found by experience that it would often be convenient
to the student to be able to calculate for himself any point
o the actual curve given in the figures which he may wish
to determine for the purpose of checking and varying the
hypotheses of the text.

As g rule I have written with 8 view to readers guiltless
of mathematical knowledge (see Preface).  But I have some-
times given information in footnotes, without explanation,
which is iutended only for those who have an elementary
knowledge of the higher mathematics,

In conclusion I must apulogise to any mathematicians into
whose bands this primer may fall for the evidences which they
will find on every page of my own want of systematic mathe-
metical training, but I trust they will detect no errors of
rewsouing of positive blunderw,
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It is the object of this volume in the first place to
explin the meaning and demonstrate the truth of the
proposition, that the value in use and the value in exchange
of any commodity are bwo distinct, but connected, functions of
the quantity of the commaodity possessed by the persons or the
compunity 80 whom it is valuable, and in the second place,
80 to familiarise the reader with some of the methods
and results that necessarily flow from that proposition
as to make it impossible for him unconsciously to accept
arguments and statemeuts which are inconsistent with
it. In other words, I aim at giving what theologians
might call & “saving” knowledge of the fundamental
proposition of the Theory of Value ; for this, but no more
than this, is necessary as the first step towards master-
ing the “alphabet of Economic Science.”

When I epeak of a “function,” I use the word in the
mathematical not the physiological sense ; and our first
business is to form & clear conception of what such a
function is,

Une quanditn, or measurable thing (n), is & funchion of
anther measaralle thing (x), if any chanse in 2 wdl pro-
duce or “dlermine” @ definite corvesponding change in g,
Thus the sum [ pay for a piece of cloth of given quality
is a function of its length, because any alteration in the
length purchased will eause & definite corresponding
alteration in the sum I have to pay.

M
& B
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If I do mot stipulate that the cloth shall be of the same
quality in every case, the sum to be paid will still be a function
of the length, though not of the length alome, but of the
quality also, For it remains true that an alteration in the
Yength will always produce a definite corresponding alteration
in the sum to be paid, although a contemporanecus alteration
in the quality may produce another definite alteration (in the
same or the opposite sense) at the same time, In this case
the sum to be paid would be “a function of two variables”
(see below). It might still be said, however, without quali-.
fication or supplement, that “ the sum to be paid is & function
of the length ;” for the statement, thongh not complete, would
be perfectly correct. It asserts that every change of length
canses a corresponding change in the sum to be paid, and it
asserts nothing more. It s therefore true without qualifica-
tion. In this book we shall generally confine ourselves to
the eonsideration of one variable at a time,

So again, if a heavy body be allowed to drop from a
height, the longer it has been allowed to fall the
greater the space it has traversed, and any change in
the time allowed will produce a definite corresponding
change in the space traversed. Therefore the space
traversed (say y ft.) is a function of the time allowed
(say z seconds).

Or if a hot iron is plunged into a stream of cold
water, the longer it is left in the greater will be the fall
in its temperature. The fall in temperature then (say
y degrees) is a function of the time of immersion (say z
seconds),

The correlative term to “function” is *variable,”
or, in full, “independent variable” If y is a func-
tion of z, then z is the variable of that function,
Thus in the case of the fulling body, the time is the
variable and the space traversed the function. When
we wish to state that a magnitude is a function of z,
without specifying what particular function (i.e. when
we wish to say that the value of y depends npon the
value of z and changes with it, without defining the
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nature or law of its dependence), it is usual to represent
the magnitude in question by the symbol f(z) or ¢(2),
ete. Thus, “let g = f(2)" would mean “let y be a
magnitude which changes when z changes.” In the
case of the falling body we know that the space tf.
versed, measured in feet, is (approximately) sixteen times
the square of the number of seconds during which the
body has fallen. Therefore if z be the number of
seconds, then y or f () equals 16 2”. :

Since the statement y=f(z) implies a definite relation
between the changes in y and the changes in =, it follows
that a change in y will determine & corresponding change in z,
as well as vice vers.  Hence if y is a function of 2 it follows
that z is alsoa functlon of 4. Inthe case of the falling body,

il y=164", then 7= ‘Ty * It is usual to denote inverse fune-
tions of this description by the index —1. Thus if f(z)=
then f¥y)=2 In this case y=164 and f™y becomes

S065,  Therefore fY(165% =g, Bup e=2 "7, ‘/16”2

fore f(16%) = Jlbﬁ. And 168=y. Therefore f ()=
- -
3‘!. In like manuer fa)= .‘./_, and generally fz)=

.ﬁ‘/f, whatever ¢ may be.
Thus y=f(£)=162,
2=fg)=22
{See Lelow, p. 11}

From the formula y = f(z) = 165 we can eo.sx]y
calculate the successive values of f(z) as z increases, i.c.
the spuce traversed Ly the fulling body in one, two,
three, ete., seconds.

~
* lu the alstract z-i\!. For-x aud 2 will give the same

\f

values of y in Ar)=162=y; and we glull bavetr= \!



4 ALPHABET OF ECONOMIC SCIENCE a1

z f@)=16"

0 f(0)=16% 0=

1 f(1)=16x1*= 16 growth during last second 16
3 f@)=16x2"= 6¢ . 48
3 f(3)=16x5" =144 , , 80
4 f4)=16x4'=256 w 112
etc. ete.  ete.  ete. etc.

In the case of the cooling iron in the stream the
time allowed is again the variable, but the function,
- which we will denote by ¢(z), is not such a simple one,
and we need not draw out the details. Without doing
80, however, we can readily see that there will be an
important difference of character between this function
and the one we have just investigated. For the space
traversed by the falling body not only grows continu.
ally, but grows more in each successive second than it
did in the last, as is shown in the last column of the
table. Now it is clear that though the cooling iron
will always go on getting cooler, yet it will not cool
more during each successive second than it did during
the last, On the contrary, the fall in temperature of
the red-hot iron in the first second will be much greater
than the fall in, say, the hundredth second, when the
water is only very little colder than the iron; and the
total fall can never be greater than the total difference
between the initial temperatures of the iron and the
water. This is expressed by saying that the one
function f(z), increases without limit as the variable, 7,
increases, and that the other function ¢(z) approaches o
definite limit as the variable, @, increases. In either
case the function is always increased by an increase of
the variable, but only in the first case can we make ths
function as great as we like by increasing the variable
sufficiently ; for in the second case there is a certain
fixed limit which the function will never reach, however
long it continues to increase. If the reader finds this
conception difficult or paradoxical, let him consider the
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series 1+5+}+ ]+, etc, and let f() signify the
sum of # terms of this series. Then we shall have

I e QO BD e

ete. ete.

Here f(r) is always made greater by increasing g, but
however great we make 2 we shall never make f(z)
quite equal to 2. This case furnishes a simple instance
of a fanction which always increases as its variable
increases, hut yet never reaches a certain fixed limit.
The cooling iron presents a more complicated case of
such a function,

The two functions we have selected for illustration
differ then in this respect, that as the variable (time)
increases, the one (space traversed by a falling body)
increases without limit, while the other (fall of tempera-
ture in the iron) though always increasing yet ap-
proaches a fixed limit.  But f(r) and ¢(c) resemble
cuch other in this, that they both of them always in-
crease (and never decrease) as the variable increases.

There are, however, many functions of which this
cannot be said.  For instance, let & body be projected
vertically upwards, and let the height at which we find
it at any given moment be regarded as a function of
the time which hus elapsed since its projection. It is
obvious that at first the body will rise (dving work
agaiiat gravitation), and the function (height) will in-
crease as the variuble (time) increases. DBut the initiul
energy of the budy eannot hold out and do work against
gravitation fur ever, and after a time the body will rise
no bigher, and will then begin to fall, in obedience to the
still acting furce of gravitation, Then a further increase
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of the variable (time) will cause, not an increase, but a
decrease in the function (height). Thus, as the variable
increases, the function will at first increase with it, and
then decrease.

To recapitulate: one thing is a function of another
if it varies with it, whether increasing as it increases or
decreasing as it increases, or changing at a certain point
or points from the one relation to the other,

We have already reached a point at which we can
attach a definite meaning to the proposition: The value-
in-use of any commodity bo an individual is & function of the
quantity of it he possesses, and as soon as we attach a
definite meaning to it, we perceive its truth, For by
the value-in-use of & commodity to an individual, we
mean the total worth of that commodity to him, for his
own purposes, or the sum of the advantages he derives
immediately from its possession, excluding the advantages
he anticipates from exchanging it for something else.
Now it is clear that this sum of advantages is greater
or less according to the quantity of the commodity the
man possesses. It is not the same for different quan-
tities, The value-in-use of two blankets, that is to say
the total direct service rendered by them, or the sum of
direct advantages I derive from possessing them, differs
from the valuein-use of one blanket. If you increase
or diminish my supply of blankets you increase or
diminish the sum of direct advantages I derive from
them. The value-in-use of my blankets, then, is a
function of the number (or quantity) I possess. Or if
we take some commodity which we are accustomed to
think of as acquired and used at a certain rate rather than
in certain absolute quantities, the same fact still appears.
The value-in-use of one gallon of water a day, that is to
say the sum of direct advantages I derive from com-
manding it, differs from the value-in-use of a pint a day
or of two gallons a day. The sum of direct advantages
which I derive from half a pound of butcher's meat a
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day is something different from that which I should
derive from either an ounce or a whole carcase per day.
In other words, the sum of the advantages I derive from
the direct use or consumplion of a commodity is a function
of its quantity, and increases or decreases as that quantfty
changes.

Two points call for attention here. In the first place,
there are many commodities which we are not in the habit
of thinking of as possessed in varying quantities ; or af any
rate, we usually think of the services they render as func-
tions of some other variable than their quantity. For in-
stance, & watch that is & good time-keeper renders a greater
sum of services to its possessor than a bad one; but it seems
an unwarrantable stretch of language to say that the owner
of a good watch has “a greater amount or quantity of watch ”
than the owner of a bad one. It is a little more reasonable,
though still hardly sdmissible, to say that the one has * more
time keeping apparatus” than the otber. But, as the reader
will remember, we have already scen that a function may
depend on two or more variables (p. 2), and if we comsider
watches of different qualities as one and the same commodity,
then we must say that the most important variable is the
quality of the watch ; but it will still be true that two
watches of the same quality would, as a rule, perform a
ditferent (and a greater) service for s man than one watch ;
for most men who have only one have experienced temporary
inconvenience when they have injured it, and would have
been very glad of another in reserve, Even in this case,
thercfore, the sum of advantages derived from the commodity
“watches ” is a function of the quantity as well as the quality.
Morcover, the distinction is of no theoretical importance, for
the propositions we establish coneerning value-in-use as 8
fuuctiva of quantity will be equally true of it as & funetion
of quality; and indeed “quality” in the sense of “excel-
lenes,” being conceivable as “more® or “less,” is obviously
Itxlf & guantity of some kind.

The second consideration is suggested by the frequent use
of the phrase “sum of advantages” as & yaraphrase of % worth ”
or “value-tn-use” What are we to cousider an “ sdvantage !
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It is wsual to say that in economics everything which a man
wants must be considered “useful” to him, and that the
word must therefore be emptied of its moral significance,
In this sense a pint of beer is more “useful” than a gimlet
tq a drunken carpenter, And, in like manner, a wealthier
person of similar habits would be said to derive a greater
“sum of advantages” from drinking two bottles of wine af
dinner than from drinking two glasses. In either case, we
are told, that is *useful” which ministers to a desire, and it
is an “advantage” to have our desires gratified. Econo-
mics, it ig said, bave nothing to do with ethics, since they
deal, not with the legitimacy of human desires, but with the
means of satisfying them by human effort. In answer to
this I would say that if and in so far as economics have nothing
to do with ethics, economists must refrain from using ethical
words ; for such epithets as “useful” and “advantageous”
will, in spite of all definitions, continue to carry with them
associations which make it both dangerous and misleading to
apply them to things which are of no real use or advantage.
I shall endeavour, as far as I can, to avoid, or at least to
minimise, this danger. I am not aware of any recognised
word, however, which signifies the guality of being desired.
“Desirableness” conveys the idea that the thing not only is
but deserves to be desired. ¢ Desiredness” is not English,
but T shall nevertheless use it as occasion may require,
“(lratification” and “satisfaction” are expressions morally
indifferent, or nearly so, and may be used instead of “ad-
vantage ” when we wish to denote the result of obtaining a
thing desired, irrespective of its real effect on the weal or
woe of him who secures it.

Let us now return to the illustration of the body
projected vertically upwards at a given velocity. In
this case the time allowed is the variable, and the
height of the body is the function. Tuking the
rough approximation with which we are familiar, which
gives sixteen feet as the space through which a body
will fall from rest in the first second, and supposing
that the velocity with which the body starts is g ft.
per second, we learn by experiment, and might deduce
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from more general laws, that we shall have y = a2t ~ 164
where z is the number of seconds allowed, and y is the
height of the body at the end of & seconds. If a =128,
i.¢. if the body starts at a velocity of 128 ft. per second
we shall have

y=128z~ 162",

In such an expression the figures 128 and ~16 are called
the constants, because they remain the same throughout the
investigation, while z and y change. If we wish to indicate
the general type of the relationship between x and f{z) or y-
without determining its details, we may express the constants
Uyletters. Thus y= ez + ba’ wonld determine the general char-
acter of the function, and by choosing 128 and ~16 as the con-
stants we get a definite specimen of the type, which absolutely
determines the relation between x and ¢. . Thus y=ax +b2*
18 the general formula for the distance traversed in & seconds
Dy a body that starts with a given velocity and works directly
with or against a constant force, If the constant force is
. gravitation, b must equal 16 ; if the body is to work against
{not with) gravitation the sign of b must be negative, If
the initial velocity of the body is 128 ft. per second, a must
wyual 128,

By giving successive values of 1,2, 3, ete. to 2 in
the expression 128z - 1624, we find the height at which
thie body will be at the end of the 1, 2, 3, ete. seconds.

¢ fla)=1987- 162

0 j(0)=128x0-16x0"=0
1 j()= 128x1-16x1° =112
2 f(2)=128x2-16x2=192
3 f(3)=128x3-16x3=940

ele, cte, ete. ete,

Now this relution hetween the function and the
vitialle niay be represented graplucal]y by the well-
Knows method of measuring the rariulie along a base
ling, #larting from a given point, and measuring the
Junchon vertically upwards from that line, Begative
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quantities in either case being measured in the opposite
direction to that selected for positive quantities. To
apply this methed we must select our unit of length
agd then give it a fized interpretation in the quantities
we are dealing with. Suppose we say that & unit
measured along the base line OX in Fig. 1 shall represent
one secoud, and that a unit measured vertically from
OX in the direction OY shall represent 10 ft. We
may then represent the connection between the height
at which the body is to be found and the lapse of time
since its projection by & curved line. 'We shall proceed
thus. Let us suppose a movable button to slip along
the line OX, bearing with it as it moves along a vertical
line {parallel to OY) indefinitely estended both npwards
and downwards. The movement of this button (which
" we may regard as a poit, without magnitude, and
which we may call a “bearer”) along OX will represent
the lapse of time. The lapse of one second, therefore,
will be represented by the movement of the bearer one
unit to the right of 0. Now by this time the body
will have risen 112 ft, which will be represented by
112 units, measured upwards on the vertical line
catried by the bearer. This will bring us to the point
indicated on Fig. 1 by P, Let us mark this point and
. then slip on the bearer through another unit, This will
represent a total lapse of two seconds, by which time
the body will have reached a height of 192 ft, which
will be represented by 192 units measured on the
vertical. This will bring usto P, In P, and P, we
have now representations of two points in the history of
the projectile. P, is distant one unit from the line OY .
and 11-2 units from OX, f.e. it represents a movement
from O of 1 unit in the direction OX (time, or z), and
of 112 units in the direction of OY (height,or y). This
indicates that 112 is the value of y which corresponds
to the value 1 of z. In like manner the position of
P, indicates that 19°2 is the value of y that corresponds
to the value 2 of z Now, instead of finding an
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indefinite number of these points, let us suppose that as
the bearer moves continuously (i.e. without break) along
0X a pointed pencil is continuously drawn along the
vertical, keeping exact pace, to scale, with the moving
body, and therefore always registering its height,—a unit
of length on the vertical representing 10 ft. Obviouslythe
Joint of the pencil will trace a continuous curve, the course
of which will be determined by two factors, the horizontal
factor representing the lapse of time and the vertical
factor representing the movement of the body, and if we
take any point whatever on this curve it will represent
a point in the history of the projectile; its distance
from OY giving a certain point of time and its distance
from OX the corresponding height.

Such a curve is represented by Fig. 1. We have
seen how it is to be formed ; and when formed it is to
Le read thus : If we push the bearer along OX, then for
every length measured along OX the curve cuts off a corre-
sponding length on the vertical, which we will call the
“vertical intercept.” That is to say, for every value of z
(lime) the curve marks a corresponding value of y (height).

OX is called “the axis of z,” because z is measured
along it or in its direction. QY i, for like reason,
called “the axis of y.”

We have seen that if y is & function of z then it fullows
that 2 is also & function of y (p. 3. Hence the curve we
have traced may be regarded as representing z2=f"(y) no
less than y=f(z) If we move our bearer along OY to
represent the beight attained, and make it carry a line
yarallel t0 OX, then the curve will eut uff & length indicating
the time that correspouds to that height It will be seen
that there are two such lengths of z corresponding to every
length of y between 0 and 256, one indicating the monent
at which the body will reach the given height as it ascends,
and the other the moment at wlich it returns to the same
bLeight in its descent.

As wn exerase in the notation, let the student follow this
beris of womatic identical equations : given y= f) then
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ry=fe=f) [ ="y Abof[f@]=2 and
A=

It must be carefully noted that the curve does ot
g us a picture of the course of the projectile. We have
supposed the body to be projected vertically upwards,
and its course will therefore be a straight line, and
would be marked by the movement of the peneil up and
down the vertical, taken alone, and not in combination
with the movement of the vertical itself ; just as the’
time would be marked by the movement of the pencil,
with the bearer, along OX, taken alone. In fact the
best way to conceive of the curve is to imagine one
bearer moving along OX and marking the time, to scale,
while a second bearer moves along OY and marks the
height of the body, to scale, while the pencil point follows
the direction and speed of both of them ot omee. The
pencil point, it will be seen, will always be at the inter-
section of the vertical carried by one bearer and the
horizontal carried by the other. Thus it will be quite
incorrect and misleading to call the curve “a curve
of height,” and equally but not more so to call it “a
curve of time” Both height and time are repre-
sented by straight lines, and the eurve is a “curve
of height-and-time,” or “a curve of time-and-height,”
that is to say, @ curve which shows the history of fhe con-
nection between height and time,

And again the scales on which time and height are
measured are altogether inditferent, as long as we read our
curve by the same scale on which we construct it. The
student should accustom himself to draw a curve on a
number of different scales and ohserve the wonderful
changes in its appearance, while its meaning, however
tested, always remains the same.

All these points are illustrated in Fig. 2, where the
very same history of the connection between time and
height in a body projected vertically upwards at 123 ft.
per second is traced for four seconds and 256 ft., but the
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height is drawn on the scale 50 ft. } in. instead of 10
ft. } in. It shows us that the lines representing space
and those representing time Y
enter into the construction of
the curve on precisely the ’
same footing. The curve, if
drawn, would therefore be
neither a curve of time nor
a curve of height, but a curve
of time-and-height,

The curve theu, is not a :ﬂ
picture of the course of the
projectile in space, and a ©
similar curve might equally
well represent the history of a phenomenon that has no
course in space and is mdependeut of time.

For instance, the expansion of a metal bar under
tension is a function of the degree of tension; and a
testing machine may register the connection between
the tension and expansion upon a curve. The ten-
sion is the variable z (measured in tons, per inch cross-
section of specimen tested, and dravwn on axis of z to
the scale of, say, seven tons to the inch), and the ex-
pansion is fis) or y (measured in inches, and drawn on
axis of y, say to the natural scale, 1:1).*

The tension and expansion, then, are indicated by
straight lines, constantly changing in length, but the
history of their connection is a curve. It is not a curve

* If we take tension (the variable) along y, and expansion (the
function) along x, the theory is of course the same. As a fact,
1t 15 usudl iy testing-machines to regand the tebsion as measured
ou the vertical and the expansion on the horizontal. It is ouly s
caeation of kow the paper is held in the hand, and the reader will do
well to throw the curve of time-and-height also, on its side, read its
o wsy sud 1ty as x, and learn with ease and certainty to resd off the
Salie Pesults as beture.  This will be mscful in finally dispelling the
oot (hiat Peasserts itself with sotie obstiuacy) that the fizure repre-
aetts the course of the projectile.  The fizures may also be varicd by
lwinyg drawy fron richt to left iustead of fmm left to nght, ete. I is

of greal lnjrtabice bot 10 becote dependent ou suy spoclal couvertion
A 10 The posiliol, et of the curves

Fig. 2.
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of expansion or a curve of tension, but a curve of tension-
-and-expansion, :

Or again, the pleasurable sensation of sitting in a
Turkish bath is a function, amongst other things, of
the temperature to which the bath is raised. 1f we.
treat that temperature as the variable, and measure its
increase by slipping the bearer along the base line OX,
then the whole body of facts concerning the varying
degrees of pleasure to be derived from the bath, accord-
ing to its varying degrees of heat, might be represented
by a curve, which would be insome respects analogous
to that represented on Fig. 1; for, as we measure the
rise of temperature by moving the bearer along our
base line, we shall, up to a certain point, read’ our in-
creasing sense of luxury on the increasing length of the
vertical intercepted by a rising curve, after which the
increasing temperature will be accompanied by a de-
creasing sense of enjoyment, till at last the enjoyment
will sink to zero, and, if the heat is still raised, will
become a rapidly increasing negative quantity, Thus:

If we have a function (of one variable), then whalever
the nature of the fumstion may be, the connection between the
Sunction and the variable is theoretically capable of vepre-
sentution by a curve. And since we have seen that the
total satisfaction we derive from the enjoyment or use
of any commodity is a function of the quantity we
possess (.. changes in magnitnde as the quantity in-
creases or decreases), it follows that a curve must theo-
retically exist wchich assigns to every conceirable quantity of
a given commodify the corvesponding tolid satisfaction to be
derived Ty o given man from is use or possession ; or, in
other words, the connection beficeen the tolal satisfuctim
derived from the enjoyment of & commodity and fhe quantily
of the commodity so enjoyed is theoretically capable of being
represented by a curve.  Now this “total satisfaction .
derived ” is what economists call the “total utility,” or
the “valueinuse” of a commodity. The conclusion
we have r?%lllgg may therefore be stated thus: Since
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the value-in-use of a commodity varies witl the quantity
of the commodity used, the connection between the quantity
of & commodily possessed and ils value-in-use may, theoreti-
cally, be represented by o curve.

4
Here an initial difficulty presents itself. To imagine the
construction of such & curve as even theoretically possible, we
should have to conceive the theoretical possibility of fizing
a unit of eatisfaction, by which to measure off satisfactions
two, three, four times as great as the standard unit, on our
vertical line, just as we measured tens of feet on it in Fig. 1,
We shall naturally be led in the course of our inquiry to deal
with this oljection, which is not really formidable (see p. 52);
aud it is only mentioned here to show that it has pot been
overlooked,  Meanwhile, it may be observed that since satis-
faction ie certainly capable of being “more” or “less” and
since the mind is capable of estimating one satisfaction as
“greater than” or “equal to” another, it cannot be theo-
retically impossible to conceive of such a thing as an accurate
weasurement of satisfaction, even though its practical measure-
wment should always remain as vague as that of heat was when
thie thermometér was not yet invented.

We may go a step farther, and may say that,
if curves representing the counection between these
economic functions (values-in-use) and their variables
(quantities of commaodity) could be actually drawn out,
they would, at any rate in many cases, present an im-
portant point of analogy with our eurve in Fig, 1; for
they would first ascend and then descend, and ultimately
pasé below zero.  As the quantity of any commodity in
our possession increases we gradually approach the point
at which it Lus conferred upon us the full satisfaction
weare cupable of deriving from it; after this a larper
stock 18 uut in any degree desived, and would not add
anything to our satisfution. In a word, we have as
much a5 we want, and would not tuke any more a
a gift The function has then reached its maximum
value, cortespouding to the Lighest point on the curve,
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If the commodity is still thrust upon us beyond this
point of complete satisfaction, the further increments
become, as a rule, discommodious, and the excessive
quantity diminishes the total satisfaction we derive from
Possessing the commodity, till at length a point is
reached at which the inconvenience of the excessive
supply veutralises the whole of the advantage derived
from that part which we can enjoy, and we would just
as soon go without it altogether as have so far too
much of a good thing. If the supply is still increased,
the net result is a balance of inconvenience, and (if shut
up to the alternative of all or mone) we should, on the
whole, be the gainers if relieved of the advantage and
disadvantage alike. The heat of a Turkish bath has
already given us one instance ; and for another we may
take butcher's meat. Most of us derive (or suppose
ourselves to derive) considerable satisfaction from the
consumption of fresh meat. The sum of satisfaction
inereases as the amount of meat increases up to a point
roughly fixed by the popular estimate at half to three--
“quarters of a pound per diem. Then we have enough,
and if we were required to consume or otherwise per-
sonally dispose of a larger amount, the inconvenience
of eating, burying, burning, or otherwise getting rid of
the surplus, or the unutterable consequences of failing
to do so, would partially neutralise the pleasure and
advantage of eating the first half pound, till at some
point short of a hundredweight of fresh meat per head
per diem we should (if shut in to the alternative of all
or none) regretfully embrace vegetarianism as the Jesser
evil. In this case the curve connecting the value-in-use
of meat with its quantity would rise as the supply of
meat, measured along the base line, increased until, say
at half a pound a day, it reached its maximum elevation,
indicating that up to that point more meat meant more
satisfaction, after which the curve would begin to.de-
scend, indicating that additional supplies of meat would
be worse than useless, and would tend to neutralise the
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satisfaction derived from the portion really desired, and
to reduce the total gratification conferred, till at a
certain point the curve would cross the base line, indi-
cating that so much meat as that (if we were obliged to
take all or none) would be just as bad as none at alf}
and that if more yet were thrust upon us it would on
the whole be worse than having none.

Though practically we are almost always concerned with
commodities our desire for which is not fully satisfied, that
is to say, with the portions of our curves which are still ascend-
ing, vet it is highly important, as & matter of theory, to realise
the fact that curves of quantity-and-value-in-use must always
tend to reach & maximum somewhere, and that as a rule they
would actually reach that maximum if the variable (measured
slong the axis of #) were made large enough, and would then
descend if the variable were still further increased ; or in
other words, that there is hardly any commodity of which
we might not conceivably have enough and too much, and
even if there be such a commodity its increase would still
tend to produce satiety (compare p. 5). Some difficulty is
ofen felt in fully grasping this very simple and elementary
fact, because we cannot easily divest our minds in imagination
of the conditions to which we are practically accustomed.
Thus we may find that our minds refuse to isolate the direct
use of commolities and to contemplate that alone (though it
18 of this direct use only that we are at present speaking),
sud persist, when we are off our guard, in readmitting the
idea that we might exchange what we cannot use ourselves
for sometling we want, A man will say, for instance, if
confrouted with the illustration of fresh meat which I have
used above, thay he would very gladly receive & hundred-
weight of fresh meat a-day and would still want more,
Lecause he could sedl what he did not need for himself.
This is of coune beside the mark, since our contention is that
the durect valus-inuse of an article always tends to reach a
i imun ; but in onler to assist the imagination it may be
well o tuke a case in which & whole community may suffer
from havirg 100 much of & good thing, so that the confusing
aide-lights of possible exchange may not divert the attention,

[¢]
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Rain, in England at least, is an absolute necessary of life,
but if the rainfall is too heavy we derive less benefit from it -
than if it is normal. Every extra inch of rainfall then
becomes & very serious discommodity, reducing the total
atility or satisfaction-derived to something lower than it
would have been had the rain been less ; and it is conceiv-
able that in certain districts the rain might produce floods
that would drown theinhabitants or isolate them, in
inacceseible islands, till they died of starvation, thus cancel-
ling the whole of the advantages it confers and making their
absolute sum zero,

Another class of objections is, however, sometimes raised,
We are told that there are some things, notably money, of
which the ordinary man could never have as much as he
wanted ; and daily experience shows us that so far from an
increased supply of money tending to satisfy the desire for
it, the more men have the more they want. This objection
is based on & loose use of the phrase “more money,” Let
us take any definite sum, say £1, and ask what effort or
privation a man will be willing to face in order that he may
secure it. We shall find, of course, that if a man has a
hundred thousand a-year he will be willing to make none
but the very smallest effort in order to get a pound more,
whereas if the same man only has thirty shillings a-week he
will do a good deal to get an extra pound, It is true that
the millionaire may still exert himself to get more money ;
but to induce him to do so the prospect of gain must be
much greater than was necessary when he was a compara-
tively poor man, He does not want the same sum of money as
much as he did when he was poor, but he sees the possibility
of getting a very large sum, and wants that as much as he
used to want a small one. All other objections and apparent
exceptions will be found to yield in like manner to careful
and accurate consideration,

It is true, however, that a man may form instinctive
habits of money-making which are founded on no rational
principle, and are difficult to include in any rationale of
action ; but even in these cases the action of our law is only
complicated by combination with others, not really suspended.

It is also true that the very fact of our having a thing
may develop our taste for it and make us want more ; but
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this, too, 18 quite consistent with our theory, and will be
duly provided for hereafter (p. 63).

Enough has now been said in initial explanation of
a curve in general, and specifically a curve that firsf
ascends and then descends, as an appropriate means of
representing the connection between the quantity of a
commodity and its value-in-use, or the total satisfaction
it confers,

But if we return once more to Fig. 1, and recollect
that the curve there depicted is & curve of time-and-
height, representing the connection between the elevation
a body has attained (function) and the time that has
clapsed since its projection (variable), we are reminded
that there is another closely-connected function of the
same variable, with which we are all familiar, We are
accustomed to ask of a body falling from rest not only
how far it will have travelled in so many seconds, but
af what tute it will be moring at any given time. And so,
of & budy projected vertically upwards we ask not only
at what height will it be at the end of z seconds, but
also af what rate wil it then be rising. Let us pause for
a moment to inquire exactly what we mean by saying
that at a given moment a body, the velocity of which
I coustantly changing, is moving “at the rate” of, say,
y fect per second.  We mean that if, at that moment,
all causes which mudify the movement of the body were
suddenly to become inoperative, and it were to move on
golely under the impulse already operative, it would then
muove y feet in every second, and, consequently, ay feet
I a seconds. In the case of Fig. 1 the modifying
furce is the action of gravitation, and what we mean by
thie rute at which the Lody is moving at any moment is
the rate st which it would move, from that moment oy-
wards, if from that moment the action of gravitation
ceused 1o Le vperative,

As 2 matter of fuct it never moves through any space,
however small, at the rate we assign, because modifying
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causes are at work continuously (i.e. without intervals
and without jerks), so that the velocity is never uniform
over any fraction of time or space, however small

o When we speak of rate of movement “at a point,”
then, we are using an abbreviated expression for the
rate of movement which would set in at that point if all
modifying causes abruptly ceased to act thenceforth.

For instance, if we say that a body falling from rest
has acquired a velocity of 32 feet per second when it
has been falling for one second, we mean that if, after
acting for one second, terrestrial gravitation should then
cease to act, the body would thenceforth move 32 feet
in every second,

It follows, then, that the departures from this ideal
rate spring from the continuous action of the modifying
cause, and will be greater or smaller according as the
action of that cause has been more or less considerable ;
and since the cause (in this instance) acts uniformly in
time, it will act more in more time and less in less.
Hence, the less the time we allow after the close of one
second the more nearly will the rate at every moment
throughout that time (and therefore the average rate
during that time) conform to the rate of 32 feet per
second. And in fact we find that if we caleulate (by
the formula s=162") the space traversed between the
close of the first second and some subsequent point of
time, then the smaller the time we allow the more
nearly does the average rate throughout that time
become 32 ft. per second. Thus—

Average rate
Body falla  per sec.

Between 1 sec. and 2 sec. 48 ft. 481t
» 1 ” 1% » 20 » 40 »

» 1 3 1} ”» 9 » 36 ”

» 1 » 1%‘ ” ‘I’ » 34 ”

” 1 ”» 1‘[‘[ " » 33 ”
1

w ldr #H 325
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and the average rate between 1 second and 1 + L second
. Zz

may be made as near 32 ft.  second as we like, hy mak-
ing # large enough. This is usually expressed by saying

that the average rate between 1 second and t:l seconds

becomes 32 ft. per second in the limil, as z becomes greater,
or the time allowed smaller.

We may, therefore, define “rate at a point” as
the “limit of the average rafe between that point and
o subsequent point, as the distance befween the two points
decreases,”

With this explanation we may speak of the rate at
which the projected body is moving s a function of the
time that has elapsed since its projection ; for obviously
the rate changes with the time, and that is all that is
peeded to justify us in regarding the time that elapses as
a variable and the rate of movement as a function of that
variable. Let us go on then, to consider the relation of
this new function of the time elapsed to the function we
have already considered. We will call the first function
() and the second function f'(z), Then we shall have
7= the lapse of time since the projection of the body,
measured in seconds ; f(r) = the height attained by the
body in 2 seconds, measured in feet; f'(z) = the rate
at which the body is rising after £ seconds, measured in
feet per seeond.

Tt will Le observed that 2 must be positive, for we have
no data s to the history of the body before its projection,
atl if x were negative that would mean that the lapse of
tinie since the projection was negative, f.¢, that the projection
was still in the future, On the other Land, f (5} =128z - 162
will become negative a6 soon a5 168 is greater than 135y,
e s oot a8 16z is prester than 198, or z greater than
Vot 85 which nicans that after eight secouds the body will
bt only Lave pussed its greatest heiglt but will alwady
Lave fullen Lelow the point from which it was origiually
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projected, 8o that the “height ” at which it is now found, .r.
S (@), will be nega.tive. Again f'(z), or the rate at which the
body is #rising,” will become negative as soon as the maxi-
mum helght is passed, for then the body will be rising
Regatively, 4.. falling. .

We have now to examine the connection between
f() and f(x). . Our common phraseology will help us
to understand it. Thus: f(z) expresses the height of
the body at any moment, f'(x) expresses the rate at which
the body is rising; but the rate at which it is rising is
the rafe af which ifs height, or f(x), is inereasing. That is,
f'(z) represents the rate which f(z) is increasing. A glance
at Fig. 1 will suffice to show that this rate is not uniform
throughout the course of the projectile. At first the
moving body rises, or increases its height, rapidly, then
less rapldly, then not at all, then negatively—that is to
say, it begins to fall. This, as we have seen, may be
expressed in two ways. We may say f(z)[ = the
height] first increases rapidly, then slowly, then nega-
tively, or we may say f'(z) [ = the rate of rising] is first
great, then small, then negative.

Formula: f'(z) represents the rate af which f(z)
grows.

It is obvious then that some definite relation exists
hetween f(z) and f'(z), and Newton and Leibnitz dis-
covered the mature of that relation and established rules
by which, if any function whatever, f(z), be given, another
function f(x) may be derived from it which shall
indicate the rate at which it is growing,

This second function is called the * first derived function,”
or the “diffrential eoefficient ”* of the original function, and if
the original function is called f(z), it is usnal to represent the
first derived function by f'(z). In some cases it is possible
to perform the reverse operation, and if a function be given,
say $(x) to find ancther function such that ¢(x) shall

* See p. 3L
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represent tle rate of its increase® This fuuction is then
called the “integral” of ¢(z), and is written f '¢(a:)dz. Thus,
[}

if we start with f(z), find the function which represents the
rate of its growth and call it f'(z), and then starting witle
f(x) find & function whose rate of growth is f'(z) and call

it f * )z, we shall obviously have f *flda=1 o)
o [
The only flaw in the argument is that it assumes there to

be only one function of z which increases at the rate indicated
by f'(z), and therefore assumes that if we find any function

f ' f(r)dx which increases at that rate, it must necessarily be
0

the function, f(z), which we already know does increase at that
rate. This is not strictly true, and f i [(x)dx is, therefore, an

0

indeterminate symbol, which represents f(x) and also certain
other functions of z, which resemble f(z) in all respects save
one, which one will not in any way aflect our inquiries. As
far as any properties we shall have to consider are concerned,
we may regard the equation

[irens=pia

as alsolute,

In the case we are now considering f(x)is 1282 - 162°,
and an application of Newton's rules will tell us that
J(0)is 128 -32x. That is to say, if we are told that
2 being the number of seconds since the projection, the
height of the body in feet is always 128z - 162 for all
values of 1, then we know by the rules, without further
experiment, that the rate at which its height is inereas-
g wil always be 128 - 32z ft.- per-seeond, for all
valued of 2. Dut the rate at which the height is
increasing is the rate at which the body is rising, so
that 128 - 32r is the formula which will tell ns the
ate at which the body is rising after the lapse of 2
[JENVHTIES

Nuch o fanctio slways exists, but we exumot always “tind " i,
ceoenprens Gaiveiien Lyl Bate ahecleaiead Latation,
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_ Rate at which the
"Es e rjenon. f’(w)=1zs-a2x={ body i iing, n
) feot-per-second.

0 f'(0)=128-32x0= 128
1 f(H=128-32x1= 96
2 f(2)=128-32x2= 64
3 f'(3)=128-32x3= 32
4 - f'(4)=128-32x4= 0
5 f'(5)=128-32x5= -32
6 f(6)=128-32x6= -64
7 f{)=128-32x7T= -96
8 f'(8)=128-32x8=-128
ete. ete. ete. ete,

Now the connection between f'(z) and 2 can be
represented graphically, just as the connection between
f(z) and 2 was. It must be represented by a curve (in
this case a straight line), which makes the vertical
intercept 138 (representing 128 ft. per second), when
the bearer is at the origin (i.e. when 2 is 0), making it 96
when the bearer has been moved through one unit to the
right of the origin (or when z is 1), and so forth. It is
givenin Fig. 3 (p. 9), and registers all the facts drawn out
in our table, together with all the intermediate facts
connected with them. If we wish to read this curve,
and to know at what rate the body will be rising after,
say, one and a half seconds, we suppose our bearer to
be pushed half-way between 1 and 2 on our base line,
and then running our eye up the vertical line it carries
till it is intercepted by the curve, we find that the
vertical intercept measures 8 units. This means that
the rate at which the body is rising, one and a half
seconds after its projection, is 80 ft. per second.

No attempt will be made here to demonstrate, even in a
simple case, the algebraical rules by which the derived
functions are obtained from the original ones ; but it may be
well to show in some little detail, by geometrical methods,
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the true nature of the connection between a function and its
derived function, and the possibility of passing from the oue
to the other.¥

Suppose OP,P,P, in Fig, 4 to be a curve representing the
connection of f(r) and 2. We may again suppose f(x) t
represent the amount of work done against some constant
force, in which case it will conform to the type y=f(z)=
ax -0z The curve in the figure is drawn to the formula

f(z)=2z—%ﬂ, where =2, b=1.

This will give the following pairs of corresponding values:—

) Growth for last

2z fla) = 21‘-5 = ¢ it of in-

crease of &,

0 fO)=2x0-§=

1 f)=2xi-}=1} 1

2 f@)=2x2-¢=3} 1_52

3 f(3)=3x2—§=4% lTl

4 f(4)=4x2—¥=6 3

5 f(5)=5x2—‘-§=6§ i

6 f(ﬁ)=6x2_§s‘l=7é %

7 f(7)=7x2—%=7% 3
j(8)=8x2-°-53=8 &
f(9)=9X2-§”l=7% '-%

efe.  ete, ete. ete.

It is clear from ap inspection of the curve and from the
List column in our table that the rate at which f(x) or y
Iuehviset per unit inerease of 7 s not unifurm throughout its
history. While 1 increases from 0 1o 1, y grows nearly two
units, but while # increases from 7 w & y ouly pgrows one
«izlith of & unitl, Now we want to construct a curve on
which we can tead off the rate st which y is growing at any
piut of ite Listory.  For ustauce, if y represeuts the height

* Tie studert who fiuds this note difieult to wuderstand is recows
tuetided Bot W sjetd wuch tue over it Ll be Las studicd the rest of
e buok.
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of & body doing work against gravitation (say rising), we want
to construct a cutve which shall tell us at what rate the height
is increasing at any moment, i.. at what rate the body is rising.

Now since the increase of the function is represented by
the rising of the curve, the rate at which the function is
increasing is the same thing as the rate at which the curve is
rising, and this is the same thing as the steepness of the curve.

Again, common sense seems to tell us (and I shall presently
show that it may be rigorously proved) that the steepness of
the tangent, or line tonching the curve, at any point is the
same thing as the steepness of the curve at that point. Thns
in Fig: 4, RP; (the tangent at P)) is steeper than R,P,
{the tangent at P,), and that again is steeper than R, P, (the
tangent at P,), which last indeed has no steepness at all ; and
obviously the curve too is steeper at P, than at P,, and
has no steepness at all at Py,

But we can go farther than this and can get a precise numeri-
cal expression for the steepness of the tangent at any point P,
by measuring how many times the line QP contains the line
RQ (Q being the point at which the perpendicular from any
point, P, cuts the axis of z, and R the point at which
the tangent to the curve, at the same point P, cuts the same
axis) For since QP represents the total npward movement
accomplished by passing from R to P, while RQ represents
the total forward movement, obviously QP : RQ = ratio of up-
ward movement to forward movement = steepness of tangent.

But steepress of tangent at P=steepness of curve at P=
rate at which y is growing at P.  To find the rate at which
y is growing at P, P,, Py, ete. we must therefore find the
mtiosgi QLP’ Qi‘l’ ete. But if we take 7, v, 1, etc,

R] 1 IRE-BET
-each one umt to the 1eft of Q, Qy Qy ete. and draw r, p,

TyPy T3Py ete. parallel severally 1o R,Py, R)Py RyPy ete,
then by similar triangles we shall have

Qb _On QP Qp QP Qs ete,

B RO RGTr0C
lut the denominators of the fractions on the rnjbt band of
the equations are all of them, by hypothesis, unity, There-
fore the steepness of the corve at the points P, Py, Py ete.
is nunierieally represented by Q,p,, Q.ry Q,p,, etc.

In our fioure the poiutz Py, Py, Py correspond to the
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values 2=9, £=4, #=8, and the lines Q,p, Q,p, Qyp; are
found on measurement to be 3, 1, 0.

We may now tabulate the three degrees of steepness of
the curve (or rates at which the function is increasing), corre.
sponding to the three values of  :—

Steepness of curve = rate

a: at which y is growing.
2 3
4 1
8 0

By the same miethod we may fisd’ss many more pairs of
corresponding values as we choose, and it becomes obvious
that the rate at which y or f(z) is growing is itself a function
of « (since it changes as z changes); and we may indicate this
function by f'(z). Then our table gives us pairs of correspond-
ing values of £ aud f'(z), and we may represent the connec-
tion between them by & curve, as usual. In this particular
instance the curve turns out to be a straight line, and it is
drawn out in Fig. 5% Any vertical intercept on Fig. 5,
therefore, represents the rate at which the vertical intercept
for the same value of z on Fig. 4 is growing.

Thus we sce that, given a curve of any variable and
function, & simple graphical method enables uvs to find as
many points as we like upon the curve of the same varislle
and & secend funetion, which second funetion represents the
rate st which the fist function is growing; eg, given a
curve of time-and-height that tells ue what the height of a
body will be after the Lipse of any given time, we can con-
struet a curve of time-and-rate which will tell us at what rate
thiat height s increusing, .. at what rate the body is rising,
al aly given time,

1t rvtuuine for ue to show that the common sense notion
of the steepuess of the curve at any point being measured Ly
the steeptioss of the tangent is rigidly accurate. In proving
Wis we ehall thruw further light on the conecption of  rate

* lis formula is y:‘!-}.
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of increase at & point” as applied to a movement, or other
increase, which is constantly varying,

If T ask what is the average rate of increase of y between
the points P, and P, (Fig, 4), I mean: If the increase of
% bore a uniform ratw to the increase of = between the
points P, and Py, what would that ratio be? or, if a point
moved from P, to Py and if throughout its course its upward
movement bore 4 umform Tatio to its forward movement,
what would that ratio be! The answer obviously is ;—g
Completing the figure as in Fig. 4 we have, by Blmllds]‘
triangles, average ratio of inecrease of y to increase of z

between the points P, and P, ~§zls)” - B
3

Now, keeping the same construction, we will let P, slip
“along the curve towards P, making the distance over which
the average increase is to be taken smaller and smaller.
Obviously as P, moves, Q, S;, and M will move also, and

" the ratio P_S' * will change its value, but the ratio I?[sqs will

likewise change its value in precisely the same way, and will
always remain equal to the other. This is indicated by the
dotted lines and the thin letters in Fig, 4.

Thus, however near Py comes to P, the average ratio of
the inerease of y to the increase of  between P, and P, will

QP’ But this ratio, though it changes

as Py approaches Pg, does not change indefinitely, or without
limit ; on the contrary, it is always approaching a definite,
fised value, which it can mever quite reach as long as P,
remains distinet from Py, but which it can approach within
any fraction we choose to name, however small, if we make
P, approach P, near enough, It is easy to see what this
ratio is. For as P, approaches P,, 8, approaches Py, Q, ap-

always be equal o 37

proaches Q,, M approaches R,, and therefore the ratio g‘iz

approaches the ratio @by , which is the ratio that measures
the steepness of the tanoent at P, We must realise exactly
what is meant by thm. The lenfrths Q,P; and R,Q, have
definite magnitudes, which do not change as Py approaches
P, whereas the lengths S;Py and MR, +Q,Q;, which dis- .
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tinguish Q,P, and R,Q, from Q,P, and MQ, respectively,
may be made as small as we please, and therefore as
swall fractions of the fixed lengths Q,P, and R,Q, as
we please. Therefore the numerator and denominator of
), \ ’
;‘1%3 may be made to differ from the numerator and denom-
s
P, )
inator of%:Q: by as small fractions of QP and R,Q, them
sclves as we please, That is to say, the former fraction, or
ratio, may be made to approach the latter without limit,
. QP
But the ratio rf;s—:is always the same as the ratio %;“Q:’ and
therefore the ratio PKTSB (or the average ratio of the increase of
y to the increase of z between P, and Py} may be made to
QP -
approach the ratio %Q: without limit. Thus, though S,P,
and P,S, can be made as small as we please absolutely, neither
of them can be made as small as we please with reference to
the other. On the contrary, they tend towards the fixed ratio
P Lo .
;“';Q_: 88 they severally approach gero. This is the limit of
the average ratio of the increase of y to the increase of 2
Letween Py and Py, and may be approached as nearly as we
please by taking that average over a small enough part of the
curve, that is by taking Py near enough to P, If we take
the averayge over no space at all and make Py coincide with
P,, we may if we like say that the ratio of the increase of y
. . Q.
to the increase of £ gt the point Py actually i %gi, or Q,p,
per unit,  [N.B.—Let special note be taken of the concep-
tion of rute per wnit a8 & limit to which a ratio approaches, as
the reluted quantities diminish without Limit.] But we must
remewber that since neither y nor z inereases at all af 8
Point, aud since 8Py and P,8; both alike disappear when Py
cuilicides with P,, there is not really any ratio between thew
at the limit.  But this is exactly in accordance with our
onginal debinition of the “rate of growth of y ot 8 given
peint in its Listery™ (p19), which we discovered to niean
“the rute st which y would grow if &ll modifying eircum-
#lances ceased to operate,” or “ the limit of the average rate
of growth of y Yetween Py ard Py as Pyojpraackes PL* Asa
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matter of fact y never grows at that rate at all, for as soon as it
grows ever so little it becomes subject to modifying influence,

We see, then, that as P, approaches P, the limiting posi-
tion of the line P,P,M is P,R, the tangent at P, (as indeed
v evident to the eye), and the limiting ratio of the increase

of y to the increase of = is 1%:—3"’ or the steepness of the
2

tangent at P, Thus *the steepness of the tangent at P,” is
the -only exact interpretation we can give to “the steepness
of the curve at P,,” and our common eense notion turns out
to be rigidly scientific,

We see, then, that by drawing the tangents we can read
S'(@) as well as f(z) from Fig. 4. But this is not easy. On
the other hand, in Fig, 5, it is easy to read f{z), but not so
easy to read f(x). This latter may also be read, however, Let
the student count the units of area included in the triangle
OPP, (Fig. 5). He will find that they equal the units of
length in Q,P; (Fig. 4). Or if he take Q, in Fig, 5, corre-
sponding to Q, in Fig. 4, he will find that the area OPP,Q,
(Fig. 5) contains as many units as the length Q,P, (Fig. 4).
Or again, taking Q, and Qy, the area Q,P,P,Q, (Fig. 5) con-
tains as many units as the length S;P, (Fig, 4), which gives
the growth of y between P, and P,

Thus in Fig. 4 the absolute value of y, or f(z), is indicated
by length and the rate of growth of 4, or f'(x), by slope of
the tangent ; whereas in Fig. 5 f'(z) is indicated by length
and f() by area. In either case the different character of the
units in which f(z) and f/(z) are estimated indicates the differ-
ence in their nature, the one being space and the other rate,

The reason why the areas in Fig. 5 correspond to the
lengths in Fig 4 is not very difficult to understand, for we
shall find that the unita of length in S,P, (Fig. 4), for ex-
ample, and the units of area in Q,P,P,Q, (Fig. 5) both repre-
sent exactly the same thing, viz the product of the average
rate of growth of y between P, and P, into the period over
which that average growth is taken, which is obviously equiv-
alent to the total actual growth of y between the two points.

To bring this out, let us call the average rate of growth
of y, between P, and P, v, and the period over which that
growth is taken, & Then we shall have rt=average rate of
growth x period of growth = total growth,
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Now,in Fig.4, takmgOQl—xl,OQz-xz,Ql =1 QP =Yy

P,
we shall have r= P? 2 ) -11’ and ¢=0Q,Q,=x,-7, and
ntazh (@~ ) =¥~ 4,=PSy

g~ Xy
We must now find the representative of #f in Fig. 5, and
to do g0 we must look for some line that represents v or

’lx

" or the average rate of growth of y between P, and P,

I\ow 'the rate of growth of y at P, is represented by y') and
its zate of growth at Py by y'p_; and an inspection of the
fizure shows that it declines wniformly between the two
pointn s0 that the average rate will be half way between y',
and g’ This is represented by the line AB, which equals

(*_EALQ_! y_,ll;.y_'ﬂ We have then, in Fig. 5, r=AB,

But tu 2, -1, or Q,Q, as before. Therefore 1t=AB x Q,Q,.
Again, a glance at Fig. 5 will show that, by equality of
triangles, the area ABx Q,Q, is equal to the area Q,P,P,Q,
Combining our results then, we have

Q,P,P,Q, (Fig. 5)=rt=P,S, (Fig. 4)
or units of length in P.S, = units of area in QP P)Q,
QED.

Haud the curve in Fig. 5 not been a straight line, the proof
would Lave been the same in principle, though not so simple
aud the dreas would still bave corresponded exactly to the
lengths in the figure of the original function.®

It is essential that the reader should familiarise
himselt perfectly with the precise nature of the relation

* We have sven that the inerement of y (ar y; - ¢) equals the iucre-

went of 7 (or zg - ;) multiplied by “W’( :: Zi)

Thus: facrement of y=increment of zxy’ﬂ/’ and ﬁﬂ/’

re \,_,'“ ), ‘pow the increment of y is the maguitude that dlﬂer
eulintes yy from v, aud is, therefore, called by Leibnits the * quan-
tiles J:ferentials " of y, though this term is ouly applied when y, avnd
¥: &re lahell Very bear togethier, 60 that the “ quantitas differentialis *
ot y; aud yy bears only & very small ratio to the “ quantitas integralis,”
of 1 teerd waguitude of " itself,

Tus whes yy aud & approach y, and g, very nearly, wo Lava
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subsisting between the two functions we have been in-
vestigating, and I make no apology, therefore, for dwell-
ing on the subject at some length and even risking
repetitions,

We have scen that f'(z) is the rate at which f() is
increasing, or rate of growth of f(x). And we measure
the rate at which a function is increasing by the
number of units which would be added to the function
while one unit is being added to the variable if all the
conditions which determine the relation should remain
throughout the unit exactly what they were at its com-
mencement.

Again, when we denote a certain function of # by the
symbol £(z), we have y= f(z), and for z=0a y=f(a),
forz=1y=f(1),for 2=0 y=£(0), ete. This has been
fully illustrated in previous tables (compare p. 24).

Thus if fle) =128z - 167,
then o f(9)=[128x2-16x2"]
=192,

In future, then, we may omit the intermediate stage
and write at once f(x) = 128z - 1627; f(2) =192, ete.
We may therefore epitomise the information given us
by the curves in Figs. 1 and 3 (combined in Fig. 6)
Thus— .

differential of y,=differential of z, xr-(’—‘)j'@, and 83 we approach
n 1 F) Pp

the limit, and the difference between f’(z)) and f’{x,) becomes not
only swaller itself, but a smaller fraction of f'(x;), we find that
r (ﬂ):f (=) approaches I’(-'n);! @) _ ().

In the limit, then, we have differential of y, = differential of 2y X f*(z));
or generally, differential of y=differential of = x f'(z), where £’ (2) is
the coefiicient which turns the diferential of z into the differentiol
of y. Hence f'(z) or ¥ is called the *differential coefficient” of
fle)ory, and y or f(z) is called the “integral ™ of f*(x) or ¢/,

I insert this explanation in deference to the wish of a friend, who
declares that he “can never properly nnderstand & term scientifi-
cally until he understands it etymologically,” aml asks “why it is a
coefficient and why it is differential.” I believe bia state of mind is
typical
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f0) =128, 162 f(r) =128 - 32z
o= 0 fO)= 128
7(1)=112 F()= 96
| f@)=191 f)= 6,
7(3) = 240 3= 3
J(4)=256 f(4)= 0
#(5) =240 fl5)= -32
7(6)=192 F(6)= -64
J(T=112 M= -96
f)= 0 f@®)= -128

which may be read in Fig. 6 from the lengths cut off
by the two curves respectively on the vertical carried
by the bearer as it passes points 0, 1, 2, 3, ete.

This table states the following facts :—At the com-
mencement the height of the body [f(x)] is 0, but the
rate at which that height is increasing [ f'(x)] is 128 ft. per
second. That is to say, the height would inerease by 128
ft., while the time increased by one second, if the conditions
which regulute the relations between the time that elapses
and spuce traversed remained throughout the second
exactly what they are at the beginning of it.  But those

~comlitions are continuously changing and never remain
the sume throughout any period of time, however small
At the end of the first second then, the height attained
[ £4)] is, not 128 ft. as it would have been had there
been no change of conditions, but 112 ft., and the rate
at which that beight is now growing is 96 ft. per second.
That is to suy, if the conditions which determine the
relution between the time allowed and the space traversed
were to remain throughont the second exactly what they
are at the Yeginning of it, then the beight of the body
[ fio)] would grew 96 ft., while the time grew one second.
Niteg these conditions change, however, the height
grows, not 96 ft, but 80 ft. during the next second, so
that afier the Lipse of two seconds it has reached the
height of (1124 80) =192 fr, and is now growing at
the rute of 04 ft. per second.  After the lupse of four
D
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seconds the height of the body is 256 ft., and that height
is nof growing af afl. That is to say, if the conditions
remained exactly what they are at this moment, then
the lapse of time would not affect the height of the
ody at all’ But in this case we realise with peenliar
vividoess the fact that these conditions never do
remain exactly what they are for any space of time,
however brief. The movement of the body is the
resultant of two tendencies, the constant tendency to
rise 128 ft. per second in virtue of its initial veloeity,
and the growing tendency to fall in virtue of the con-
tinuous action of gravitation. At this moment these
two tendencies are exactly equal, and if they remained
equal then the body would rise O ft. per second, and
the lapse of time would not affect its position, But of
the two tendencies now exactly equal to each other,
one is continuously increasing while the other remains
constant. Therefore they will not remain equal dur-
ing any period, however short. Up to this moment
the body rises, after this moment the body falls,
There is no period, however short, during which it is
neither rising nor falling, but there is a point of time af
which the conditions are such that if they were continned
(which they are not) it would neither rise nor fall. This
is expressed by saying that af that moment the rate at
which the height is growing is 0. If the reader will
pause to consider this special case, and theu apply the
like reasoning to other points in the history of the pro-
jectile, it may serve to fortify his conception of “rate.”
After 6 seconds the height is 192, and the rate at
which it is growing is — 64 ft.-per-second. That is to
say, the body is falling at the rate of 64 ft.-per-second.
At the end of 8 seconds the height is 0, and the rate
at which the height is growing is - 128 ft.-persecond.
All this is represented on the table, which may be
continued indefinitely on the supposition that the body
is free to fall below the point from which it was
originally projected.
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The instance of the vertically projected body must
be kept for permanent reference in the reader’s mind,
8o that if any doubt or confusion as to the relation
between f'(z) and f(r) should occur, he may be able,
to use it as a tuning fork: f'(z) is the rate at which
f(z) is growing, so that if f(x)is the space traversed,
then f'(z) is the rate of motion, ie. the rate at which
the space traversed, f(z), is being increased.

Now, when we are regarding time solely as a regu-
lator of the height of the body, we may without any
great stretch of language speak of the effect of the
lupse of time in allowing or securing a definite result
in height. Thus the effect of 1 second would be
represented by 112 ft., the effect of 4 seconds by 256
ft., the effoct of 7 seconds by 112 ft, the effect of
8 scconds by 0 ft.  And to make it clear that we mean
to register only the net yesult of the whole lapse of
time in question, we might call this the “total effect”
of s0 many seconds. In this case f(x) will represent
the total effect of the lapse of z seconds, regarded as
a condition affecting the height of the body. What,
then, will f'(+) signify? It will signify, as always,
the rate at which f(r) is increasing. That is to say,
it will signify the rate at which additions to the time
are at this point increasing the effect, i.e. the rate at
which the effect is growing, Now, since more time
must ulways be added on at the margin of the time
that has already elapsed, we way say that f(r) repre-
seuts the ftul «ffect of 2 seconds of time in giving height
to the body, and that f(x) represents the efecticeness
of time, added at the margin of x seconds, in inereasing
the height. O, briefly, f(<) = total effect, f'(z) = mar-
ginal etlectiveness,

Here the change of terms from “eflect” to “cffective-
Less” may serve to remind us that in the two cases
we are dealing with two different kinds of magnitude—
in the oue case ypuce measured in feet absolutely (etlect)
in the vther case rafe measured in feet-per-socond.
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Before passing on to the economic interpretation of
all that has been said, we will deal very briefly with
another scientific illustration, which may serve as a
Jransition,

Suppose we have a carbon furnace in which the
carbon burns at a temperature of 1500° centigrade, and

. suppose We are using it to heat a mass of air under
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given conditions. Obviously the temperature to which
we raise the air will be a function of the amount of
carbon we burn, and will be a function which will
increase as the variable increases; but not without
limit, for it can never exceed the temperature of 1500°,
Suppose the conditions are such that the first pound
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of carhon burnt raises the temperature of the air from
0° to 500°, i.e. raises it one-third of the way from its
present temperature to that of the burning carbon, then
(neglecting certain corrections) the second pound ofe
carbon burnt will again raise the temperature one-third
of the way from its present point (300°) to that of
the carban (1500°), That is to say, it will raise it to
833:3°; and so forth. Measuring the pounds of carbon
consumed along the axis of & and the degrees centi-
grade to which the air is raised along the axis of ¢
(100° to a unit), we may now represent the con-
nection between f(2) and 2 by a curve.* Its general
form may be seen in Fig. 7, and we shall have the
total effect of the carbon in raising the temperature
represented by f(x), and assuming the following values :—

Jy= J4)=1204  f(8)=1442

J()= 5[=500°] f(5)=1302  f(9)=1461

1(9)= 83 f(6) 1368 f(10)=14T4

f(3)=10% ) =1412 F(11)=1483
f(12) = 1488

Now here, as before, we may proceed (either graphi-
cally, see p. 26, or by aid of the rules of the calculus)
to construct @ second curve, the curve of ¢ and f'(x),
which shall set forth the connection between r and the
steepnuss of the first curve, i.e, the connection between
the value of r and the rute at which f(+) is growing.}
Again allowing 100° to the unit, measured ou the axis
of v, we shall obtain (Fig, 8)—

f‘w Ouo =12 f(8)="24

$03 fO)= 8 f9)="16
—)7 JE)= 93 f(10)=1
j(o)v-IB fG)= 3 ete,

What then will f(+) represent?  Here as always

* The fornuls wil be y=fi0=15 {147
t 1t formuia will Le 15 {1 luv 3

(- Pl
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we have f'(z) = the rate at which f(z) is growing. But
f(x)=the heat to which the air is raised, ie. the total
effect of the carbon. Therefore f"(z) is the rate at which
ecarhon, added at the margin, will increase the heat, or the
marginal effectiveness of carbon in raising the heat,
We have # = quantity of carbon burat, f{z) =total effect
of & in raising the heat of the air, f'(z) = marginal effect-
iveness of additions to 7.
Comparing the illustration of the heated air- with
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that of the falling body we find that pounds of carbon
have taken the place of seconds of time as the variable,
total rise of temperature has taken the place of total
space traversed as the first function of the variable, rate
at which additions to carbon are increasing the tem-
perature has taken the place of rate at which additions
to the time allowed are increasing the space traversed,
as the derived function; but in both cases the derived
funetion represents the rate at which the first function
is growing, in both cases the first function represents
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the'total efficiency of any given quantity of the variable,
and the derived function represents it effectiveness at
any selected margin, so that in both cases the relation
of f(x} to f(2) ia identical.

And now at last we may return to the economic
interpretation of the curves.

Assuming that Fig. 1 (p. 9) represents the connection
between some economic function and its variable, as, for
example, the counection between the quantity of coal I
burn and the sum of advantages or gratifications I
derive from it, and assuming further that one unit along
the axis of z is taken to mean one ton of coal per month,
we shall have no difficulty in reading Fig, 1 as follows :
f10)=0, ie if T burn no coal I get no benefit from
burning it; f(1) =112, 1, the total effect of burning
one ton of coal per month is represented by 11-2 units
of satisfaction ; f(2) =192, ie. the total effect of burn-
ing two tons of coal a month is greater than that of
burning one ton & month, but not twice as great. The.
difference to my comfort between burning no coal and
burning a ton & month is greater than the difference
between burning one and burning two tons.  So again,
J4) =256, de the total effect of four tons of coal per
month in adding to my comfort is represented by 256
units of gratification, and at this point its total effect is
at its maximwn ; for now I have as much coal as 1
want, and if ] were forced to burn more the total effect
of that greater quantity would be less than that of a
snudier quantity, or f(5) is less than f(4). At lust the
point would arrive at which if I were forced to chioose be-
tween burning, say, eizht tons of coal a month and burning
none at all, 1 bhould ‘be quite indifferent in the matter,
The total effect of eight tons of coal per month as a
direct instrument of comfort would then be nothing,
Aud if more vet were forced upon me at last I should
prefer the risk of dying of cold to the certainty of
beitig burned to death, and f(z) would Le a wegative
qunum)
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It must be observed that I am not here speaking of the
construction of economic curves, but of their interpretation sup-
posing we had them (see p. 15). But it will be seen presently
that the construction of such curves is quite conceivable
*ideally, and that there is no absurdity involved in speaking
of so many units of gratification, It is extremely improbable,
however, that any actual economic curve would coincide with
that of Fig. 1 (see p. 48).

Such would be the interpretation of Fig. 1, f(x) being
read as the curve of quantity-and-total-effect of coal as
a producer of comfort under given conditions of con-
sumption, What then would be the interpretation of
Fig. 3 or f'(z}4 Obviously f'(x), siguifying the rate of
growth of f(z), or the ratio of the increase of f(z) to the
increase of # at any point, would mean the rate at which
an additional supply of coal is increasing my comfort,
or the marginal effectiveness of coal as a producer of
comfort to me. This marginal effectiveness of course
varies with the amount I already enjoy. That is to
say, f'() assumes different values as # changes, When
I have no coal, the marginal effectiveness is very high..
That is to say, increments of coal would add to my com-
fort at a great rate, f(0)=12-8. When I already com-
mand a ton a month further increments of coal would
add to my comfort at a less rapid rate, f(1)=96;
when I have four tons a month further increments would
not add to my comfort at all, f'(4) =0, after that yet
farther increments would detract from my comfort,
f(5)=-32

In thus interpreting Figs. 1 and 3 we have subr
stituted consumption of coal per month (measured in
tons), for lapse of time (measured in seconds), as our
variable ; sum of advantages derived from consuming
the coal, for space traversed by the projectile, as f(r),
or the total effect of the variable; and rate per unit
at which coal is increasing comfort, for rate per unit
at which time is increasing the space traversed, as
J(2), or the marginal effectiveness of the variable,
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If we call f(z) the “total utility” of # tons of coal
per month, we might call f'(z) the “marginal useful
ness” of coal when the supply is 2 tons per month.

The reader should now turn back to p. 33, and
read the table of successive values of f(x) and f'(x)
with the subsequent comments and interpretations,
substituting the economic meanings of #, f(z), and
f'(z) for the physical ones throughout.

A similar re-reading of Figs. 7 and 8 will also be
instructive.

Before going on to the further consideration of the
total effect and marginal effectiveness of & commodity
as functions of the quantity possessed, it will be well
to point out a method of reading f'(x) which will bring
it more nearly within the range of our ordinary experi-
ences, and make it stand for something more definitely
realisuble by the practical intellect than can be the
case with the abstract idea of rate.

Reverting to our first interpretation of Fig. 3, we
remember that f(2)=64 means that after the lapse
of 2 scconds the body will be rising af the rate of
64 ft. per second ; bus it is entively untrue that it will
actuwally rise 64 ft. during the next following second.
We seo by Fig. 1 that it will ouly rise 48 ft. in that
sccond,  This is because the rate, which was 64 ft.
per second at the beginning of the second, has eon-
stantly changed during the lapse of the second itself.
But the rate of G4 ft. per second is the same thing as the
rate of 64 ft. per tenth of a second (or per 1 second),
and this aguin is the sume as the rate 64 ft. per 0l
second, or V00064 ft. per 000001 svevnd, and I may
therefore read Fig. 3 thus: f/(2) = €4, i.e. after the lapse
of 2 seconds the body will be rising at the rate of
64 willionths of a foot per millionth of a second.  Now,
wo shoull have to allow nuny williouths of a second
to elipse lufore the rate of movement materially
altered, and therefore we may with & very close apoxi-
mation to the truth say that the rate of motion will

/
i
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be the same at the end as it was at the beginning
of the first millionth of a second, ¢ 64 millionths
of a foot per millionth of a second, Hence it will
e approximately true to say that during the next
millionth of a second the body will actually rise 64
millionths of a foot (compare p. 20).* But a rise of
64 millionths of a foot would be a concrete effect; hence
if we dranslate the EFFECTIVENESS of the variable info terms
of o small enough unit, if tells us within any degree of
accuracy we may demand the actual EFFECT of the next small
increment of the varigble. This is expressed by saying
that “in the limit ” each small increment actually pro-
duces this effect; which means that by making the
increments small enough we may make the proposition
as nearly true as we like. '

Thus [assuming the ordinary formula y=162® to
be absolutely correct] it is nearly true to say that when
a body has been falling 2 seconds it will fall 64
millionths of a foot in the next millionth of a second,
128 millionths of a foot in the next 2 millionths of a
second, 64n millionths of a foot in the next # mil-
lionths of a second, so long as # i3 an insignificant
number in comparison to one million. What is nearly
true when the unit is small and more and more nearly
true as the unit grows smaller is said to be “true in
the limit, as the unit decreases.”

Marginal effectiveness of the variable, then, may always
be read as marginal effect per unit of very small units
of increment. And in this sense we shall generally
understand it. Total effect and unitary marginal effect
will then be magnitudes of the same nature or character ;
and indeed' the unitary marginal effect will itself
be a total effect in a certain sense, the total effect
namely of one small unit, added at that particular place.
Even when we are mot dealing with small units we

* Tt would be [assuming the formula to be absolutely true]
63999984 millionths of a foot. The error, therefore, would be

1005357 OF grbyg in 64
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may still speak of the marginal effect of a unit of the
commodity, but in that case the effect of a unit of the
commodity at the margin of « will no longer correspond
closely to the marginal effectiveness of the commodity
at z. It will correspond to the average marginal effect-
iveness of the commodity between #, at which its
application begins, and z + 1, at which it ends. And if
the effect of the next unit after the o™ is 2, it will pro-
bably not be true (as it is in the case of small units)
that the effect of the next two units will be nearly 2z
A reference to Figs. 1, 3, 7, 8, and a comparison of
the last column and the last but one in the table of
p. 4, will sufficiently illustrate this point; and the
economic illustration of the next paragraph will furnish
an instance of the correspondence, in the limit, between
the effectiveness of the commodity and the effect of a
small unit.

Reverting to Figs. 4 and 5 (p. 25) we have Q,p, in Fig. 4
=Q,P,inFig. 5. But we have seen that if we start from P, in
Fig. 4 and move & very little way along the curve, the ratio of
the increment of « to the increment of y will be very nearly

"(‘1, or in the Limit Derementofz_ nQy  py ’1Q1=1
I increment of y ~ Q, ;y
3 fr 1
thercfore in the limip Derement of z_ Fig. 4 Fig,
ereore increment of y— Qpy (Fig. 4)= QP (Fig

5Y ory in the limit, QP x increment of £=increment of y.
Now in Fig. 5 increments of z are measured along 0X, and
therefure (if we fullow the ordinary system of interpretation)
we shall rezard Q,P) x increment of z, as an area, and it will
be seen that as & decreases the area in question approximates
W thin elice cut vertically from the triangle QP P, But we
Bave seen that areas cut in vertical lices ¢ out of tlus triangle
correspund 0 lengths in Fig. 4, or portions of the total effect
of the varialle. Thus if a exuall unit s taken, the ¢fect of
units of & conmodity applied at any margin (Fig. 4) is ap-
proinutely represented by the offctivencs of the cowmadity
st that murgin Fig. 5) waltiplied by the number of units,
Aud in the limit this relation is said to Lold absolutely
{compare yp. 21, 42,
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The method of reading curves of quantity-and-
wmarginal-effectiveness as though they were curves of
quantity-and-marginal-effect may be illustrated by the
following example. .

Fig. 9 represents part of the curve of quantity-and-
marginal-effectiveness of wheat in Great Britain, based
upon a celebrated estimate made about the beginning of
the eighteenth-century.* In the figure the unit of # is
(roughly speaking) about 20 millions of bushels ; and if
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we place our quantity-index eleven units from the origin,
that will mean that we suppose the supply of wheat in
Great Britain to be 220 millions of bushels per annum.
Our curve asserts that when we have that supply
additions of wheat will have an “ effectiveness” in sup-
plying “our wants represented by ‘8 per 20 million
bushels ; hut we cannot translate the “effectiveness”
into the actual “effect” which 20 millions of bushels

1.9

* The estimate is generally known as  Gregory King's,
formula is

and its

60y =1500 - 374c+ 332 -,
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would have ; because the “effectiveness ” would not con-
tinue the same if so large an addition were made to our
supply.  On the contrary it would drop from *8 to 6.
But & per 20,000,000 hushels is ‘00000008 per 2,
bushels and 00000004 per bushel, and since the ad-
dition of another bushel to the 220 millions already
possessed will not materially affect the usefulness or
effectiveness of wheat at the margin, we may say that
that effectiveness remains constant during the con-
sumption of the bushel of wheat, and therefore, given
a supply of 20,000,000 bushels a year, not only is the
*marginal effectiveness” of wheat ‘8 per 20,000,000
bushels or 0000004 per bushel, but the “marginal
eflect” of a bushel is ‘00000004, Thus, if we had two
commodities, W and V, and curves of their quantity-and-
marginal-usefulness or effectiveness similar to that in
Fig. 9, the vertical intercepts on the quantity-indices
would indicate the marginal usefuluess per unit of the .
two commodities, and if we then selected “small ” units
af each commodity bearing in each case the same pro-
portion (say 1:2) to the unit to which the curve of the
commodity was drawn, we should then have the marginal
utility or effeet of the small units of the two commodities
proportions] to the length of the vertical intercepts, and
cilling the small uuit of W, u, and the small unit of V, ¢,
and the ratio of the marginal usefulness of W to that of V,
r, we should have
marginal utility of w = x marginal utlity of ¢
» w  2uw=2r xmarginal utity of e.
ete. ete, (compare p. 56)

We shall muke it a convention henceforth to use
Roman eapitls A, X, W, ete,, to signify commodities,
italie minuscules 6, 7, w, ete, to siguify units of these
comtuwdities {renerally “small” units in the sense ex-
platied), and ilie eapitals, 4, B, ete,, to eznify persons,
This we eball speak of the marginal wsfulness or «fect-
teness of &, W, ete, and the margind utdity or ofect of
4, v, ele.
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What precise interpretation we are to give to our
“units of satisfaction” or “utility” measured on the
axis of y is another matter, the consideration of which
must be reserved for a later stage of our inquiry (see
L
pp- 52, 78).

Jevons uses the terms “total utility” and ¢ final degree of
utility,” meaning by the latter what I have termed “ marginal
usefulness”-or “marginal effectiveness.” His terminology
hardly admits of sufficient distinction between * marginal
effectiveness,” 4. the rate per unit at which the commodity is
satisfying desire, and the “marginal eflect” of a unit of the
commodity, 4.6 the actual result which it produces when
applied at the margin, T think this has sometimes confused
his readers, and I hope that my attempt to preserve the dis-
tinction will not be found vexations. Note that the curves
are always curves of quantity-and-marginal-usefulness, but
that we can read them with more or less accuracy according
to the smalluess of the supposed increment into eurves of
quantity-and-marginal-utility for small increments.

If the reader has now gained a precise idea of the
total utility or effect and the marginal usefulness of
commodities, he Wwill see without difficulty that when
we take a broad general view of life we are chiefly
concerned with those commodities the total utility of
which (or their total effect in securing comfort, giving
pleasure, averting suffering, etc) is high, In con-
sidering from & general point of view our own material
welfare or that of a nation, our first inquiries will
concern the necessaries of life, food, water, clothing,
shelter, fuel.  For these are the things a moderate
supply of which has the highest total utility, The
sum of advantages we derive from them collectively
is, indeed, no other than the advantage of the life they
support. This is what economists have in view when
they speak of the *value in use” of such a commodity
as water, and say that nothing is more “ useful ” than
it. They mean that the total advantage derived from



| I
Pz
;5
/
/‘
/
/ — ]
| |
s,/ T
[
[ =
[
|
P11 15| b
Fig. ]
Y
10 r
\
\
\\
/A
AN
= : L
ST T

Fig. 11,



1 TOTAL AND MARGINAL UTILITY a7

even & small supply of water, the total difference
hetween a little water and no water, is enormously
great. The graphical expression of this would be a
curve (connecting the total utility of water with its
quantity) which wonld rise rapidly and to a great height.*
But if it is obvious that when we look upon life as
8 whole, and in the abstract, we are chiefly concerned
with total utilities, and ask what are the commodities
we could least afford to dispense with altogether, it is
equally obvious that in detail and in concrete practice
we are chiefly concerned not with the total utility but
the marginal usefulness of things, or rather, their mar-
ginal utility ; and we ask, not what is my whole stock
of such & commodity worth to me, but how much would
a little suore of it add to my satisfaction or a little less
of it detract therefrom, For instance, we do not ask,
What is the total advantage I derive from all the water
I can command, but what additional advantage should I
derive from the extra supply of water for a bath-room,
or for a garden hose? Materfamilias does not ask
what advantage she derives from having a kitchen fire,
but she asks, what additional advantage she would
derive by keeping up her kitchen fire after dinner, by
heating the oven every day, or by always letting the
pirls have a fire in the room when they are “ practising.”
Or inversely, we do not ask what disadvantage we
should incur by ceasing to burn coal, but what dis-
advantage we should incur by letting our fires go down
earlier in the day, or baving fewer of them. And note
that this inquiry as to marginal usefulness of a com-
modity is made on its own merits, and wholly without
referenice to the total utilities of the articles in question,
The fuct tiat 1 should be much worse off without
cluthes than without books does not make me spend
fifteen shillings on a new waistcoat instesd of on
Rossetti's warks, if T think that the latter will «dd more
to my comfurt and enjoyment than the former. For
J (cluthes) may be as wuch bigger thun ¢ (bocks) as it
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likes, but if f' (clothes) is smaller than ¢’ (books) I shall
spend the money on the books. So much is this the
case that we habitually lose sight of the connection
Dbetween ¢ (books) and ¢ {books), between £ (clothes)
and f (clothes), and do mot think, for instance, of
¢' (hooks) as marking the rate at which additional books
increase the gratification we derive Jrom books, but simply
as marking the rate at which they increase our gratifi-
_cation in general
Before developing certain consequences of the prin- -
ciples we have been examining, let us try to get a
better representation of our supposed economic functions
than is supplied by the diagram of a projected body.
It will be remembered that we saw reason to think
that a large class of economic funetions, representing
total utilities, would bear an analogy to our Fig. 1in
so far as they would first increase and then decrease
as the variable (ie. the supply of the commodity)
increased.  But it is highly improbable that any
economic curve would increase and decrease in the
symmetrical manner there represented It is not
likely, for instance, that the inconvenience of having a
unit too much of a commodity would be exactly equiva-
lent to the inconvenience of having a unit too little,
As a rule it wonld be decidedly less,  Our economic
functions, then, will, in many instances, rise more rapidly
than ‘they fall. The connection of such a function and
its variable is represented by the upper curve on
Fig. 10,¥ which rises rapidly at first, then rises slowly,
and then falls more slowly still Household linen
might give a curve something of this character. 1t is
not exactly a necessary of life, but the sum of advan-
tages conferred by even a small stock is great, The
rate at which additions to the stock add to its total
* The conditions stated in the text will be complied with by a
funetion of the form @ log, (z+5)—log b~z ; and there are some
theoretical reasons for thinking that such a function may be a fair ap.

proximation to some classes of actual economic functions. The
upper exrve in Fig. 9 is drawn to the formula y=11log, (s+1)-=
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utility is at first rapid, but it declines pretty quickly.
At last we should have as much as we wanted and
should find it positively inconvenient to stow away any
more, The excoss, however, would have to be very
great indeed in order to reduce us to a condition as
deplorable as if we bad no linen at all. By way of
practice in interpreting economic, curves, let us suppose
the unit of household linen, measured along the hase
line, to be such an amount as might be purchased for
£3. The curve would then represent the following
case, which might well be that of a young housekeeper
with a four or five roomed cottage, and not much
epace for storage: llousehold linen (sheets, tablecloths,
towels, ete.) to the amount of some £6 or £10 worth
(r=2 or 3}) is little short of a necessity. After this
additions to the stock, though very acceptable, are not
50 urgently needed, and when the stock has reached
£18 or £20 worth (z=6 or 63) our housekeeper will
consider herself very well supplied, and will scarcely
desire more,  Still, if she could get it for nothing, she
would be glad to fiud room for it up to, say, £30 worth
(x=10). If after this any one should offer her a present
of more she would prefer to find a polite excuse for not
accepting it, but would not be much troubled if she had to
take it, unless the amount were very large ;* but when
the total stock had reached, say, £45 (2= 15), the incon-
venience would becowe serious, and our heroine, on the
whole, would be nearly as hard put to it by having £15
warth too much as she would bave been by haviny £12
worth too little, If her stock were still increased till -
it reached £60 worth (x=20) she would be as badly
off as if she had only £11: 8s. worth (£=34). At this
point our “epic of the hearth ” breaks of.

We may, of course, apply to this curve the process with
which we ure already familiar, and may find the derived
function which represents the marginal efectiveness or

* We are suppsing throughout that the conditions exclude sale or
barter of the unvalued part of the stock.

E
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usefulness of linen, that is to say, the rate at which
increments of linen are increasing the sum of advant-
ages derived from it. This marginal effectiveness or
usefulness of Linen is set forth on the higher curve in
“Fig. 11;* on which may be read the Tacts already
elaborated in connection with the curve on Fig. 10,
the only difference being that the specific increase
between any values of # is more easily read on Fig. 10,
and the rate of increase ab any point more easily read
on Fig, 11,

An analogous pair of curves, with other constants,}
may be found in the lower lines in Figs. 10 and 11.}
They might represent respectively the total utility and
the marginal usefulness of china, for example. InFig. 10
the lower curve does not rise so rapidly or so high as
the other. That is to say, we suppose the total advan-
tage derived from as much china as one would care to
have to be far less than' that derived from a similarly
full supply of household linen. To be totally deprived
of china (not including coarse crockery in the term)
would be a less privation than to be totully deprived
of linen, But we also observe that at a.certain point,
when the curve of linen is rising very slowly, the curve
of china is rising rather more rapidly. That is to say,
if our supplies of both linen and china increase pari
passu, unit for unit (£3 worth is the unit we have sup-
posed), then there comes a point at which increments of
china would add to our enjoyment at a greater rate than
similar increments of linen, although in the mass the
linen has done much more to make us comfortable than
the china,

On the curves of Fig, 11 this pomt 1s indicated by
the point at which the curve of the marginal usefulness

» L1
Its formula is pre] L
t See p. 9.
% They are drawn to the formule y=30 Jog, (x+15)~log, 15-2

30 _—
andy= ;;ﬁ -1 respectively.
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of china crosses, and thenceforth runs above, the curve
of the waryinal usefulness of linen.

Now if I possess a certain stock of linen and a
certain stock of china, and am in doult as to the,
use to make of an opportunity which presents iteelf”
for adding in certain proportions” to either or both,
how will the problem present itsclf to me} I shall
not concern myself at all with the total utilities,
Lut shall simply ask, “ Will the quantity of linen or the
quantity of china I can now secure add most to my
satisfaction.”  The total gratification I derive from the
two articles together is made up of their two total utilities
(represented by two straight lines, viz the vertical in-
tercepts made by the two curves on Fig. 10), and it is
indiflerent to e whether I increase the one already
greatest or the other, as long as the increase is the
the same. I therefore ask not which curve is the highest,
but which is the sfeepest at the points I have reached on
them respectively, or since the curves on Fig. 11 repre-
sent the steepness of those on Fig 10, I ask which of
these i highest.  In other words, I examine the f'(z)’s,
not the fie)'s; I compare the marginal usefulness and
not the total utilities of the two commodities. If
the choice is between one small unit of china and one
sinilar unit of linen, I shall ask “ Which of the two has
the bigher murginal wility.” If my stock of both is
low, the answer will be “linen.” If my stock of both is
Ligh, it will be “cLina” If, on the other hand, the
chwice 15 between one smull uuit of china and fico similar
units of linen, the question will be “Is the marginal
etlectiveness of clina fuice as great as that of linen,” if
ot T shall chiouse the linen, sitce double the amouns at
auything more than hulf the effectiveness gives & balance
of etfect over what the other alternative would yicld
It secws dificult 0 imagive the mental process by
which one thing shall be pronounced exactly tirice as
uscful us wulhcr we may express the sume thing in
oldier terms by asking whether Lalf a small unit of china
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i3 a3 useful to us (or is worth as much to us) as one

small unit of linen, thus transferring the inequality from-

the utilities to the quantities, and the equality from the
, quantities to the utilities.*

Such considerations as these spontaneously solve the
problem that suggested itself at the threshold of our
inquiries (p. 15) as to the theoretical possibility of fix-
ing a unit of utility or satisfaction, and so theoretically
constructing economic curves. We now see clearly
enough that though our psychological arithmetic is so
little developed that the simplest sums in hedonistic
multiplication ‘or division seem impossible and even
absurd, yet, as a matter of fact, we are constantly com-
paring and weighing against each other the most hetero-
geneous satisfactions. and determining which is the
greater. The enjoyment of fresh air and friendship, of
fresh eggs and opportunities of study, all in definite
quantities, are weighed against each other when we
canvass the advantages of residence in London within

- reach of our friends and the British Museum and resi-
dence in the country with fresh air and fresh eggs.
Nay, we may even regard space and time as commodities
each with its varying marginal usefulness. This year I
eagerly accept a present of books which will occupy a
great deal of space in my house, but will save me an*
oceasional journey to the library; for the marginal
usefulness of my space and of my time are such that I
find an advantage in losing space and gaining time
under given conditions of exchange. Next year my
space is more contracted, and its marginal usefulness is
therefore higher; so I decline a similar present, pre-
ferring the occasional loss of half an hour to the perma-
nent cramping of my movements in my own study.

Thus we see that the most ahsolutely heterogeneous

* (bserve that this transfer can only be made in the case of smmall
ugits, for it assumes that half & unit of china is half as nsefnl asa
whole unit, which implies that the marginal usefulness of china
remaina the same throughout the unit.
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satisfactions are capable of being practically equated
against one another, and therefore may be regarded as
theoretically reducible fo a common measure, and con-
sequently capable of heing measured off in lengths, and,
connected by a curve with the lengths representing the
quantities of commodity to which they correspond.
We might, for instance, take the effort of doing a given
amount of work as the standard unit by which to esti-
mate the magnitude of satisfaction. Hence the truth of
the remark, “Pleasures cannot be measured in feet, and
they cannot be measured in pounds; but they can be
measured in foot-pounds” (Launhardt). If I only had
one ton of coal per month, how much lifting work should
I be willing to do for a hundredweight of coal? If 1
had two tons a month, how much lifting work would
I then do for a hundredweight { Definite answers to
these two questions and other similar ones are con-
céivable ; and they would furnish material for a curve
on which the utility of one, two, three, ete. hundredweight
of coal per month would be estimated in foot-pounds.
In academical circles it is not unusual to take an hour of
correcting examination papers as the standard measure
of pleasures and pains. A pleasure to secure which a
man would be willing to correct examination papers for
six hours (choosing his time and not necessarily work-
ing continuously) must be regarded as six times as great
as one for which Le would only correct papers for an
hour. 1f we wished to reduce satisfactions so estimated
to the foot-pound standard, we should ouly have to
ascertain in the case of each of the university dizuitaries
in question how many foot-pounds of heaving work he
would undertake in order to escape an hour's work at
the exawination mill. Obviously this change of measure
would not atfect the redifive magnitudes of the satisfae-
tions already estinated on the other scale. It does not,
then, matter what we suppose the standurd unit of satis-
faction to Ve, provided we retain it nuchanged throughout
any set of investizations,
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It should be noted that to be theoretically accurate we
must not suppose the quantity of work offered for the same
quantity of the commodity to change over different parts of
the curve, but rather the quantity of the ecommodity for
*which the same fixed quantity of work is offered. For if
we change the quantity of work, we thereby generally
change its hedonistic value per unit also, inasmuch as 400
foot-tons of work, for instance, would generally be more than
twice as irksome as 200 foot-tons. ’

In working out an imaginary example, however, we will
ignore this fact, and will suppose the hedonistic value of 100
foot-tons to be constant. Let us, then, suppose that a house-
holder would be willing to do 3300 foot-tons of work* for a
certain amount of linen, if he could not get it any other way.
We will reckon that amount of linen the unit, and calling x
the amount of linen and y its total ntility, we shall have for
_2=14=3300, or allowing 500 foot-tons to the unit of ,
z=1y=66. Now suppose that having secured one unit,
our householder would be willmg to do 1750 foot-tons of
work for a second unit, but not more. This would be repre-
sented on our scale by 35, which, added to the previous 66,
would give y =101 forz=2. For yet another unit of linen,
perhaps no more than 1125 foot-tons would be offered, repre-
sented by 22 on our scale, or y =12-3 for =3, etc. On com-
paring these suppositions with Fig. 10 (p. 47), it will be found
that this case would be graphically represented by the wpper
curve of that figure, It will be seen that though we have
imagined an ideally perfect and exact power of estimating
what one would be willing to do under given circumstances
in order to secure a certain object of desire, yet there is
nothing theoretically absurd in the imaginary process; so
that the construction of economic curves may henceforth be
regarded as theoretically possible.

The reader may find it interesting to attempt to construct
the economic curves that depict the history of some of his
own wants, Taking some such article as cotfee or tobacco,
let him ask himself how much work he would do for a single
cup or pipe per Week or per day soomer than go entirely

* An ordinary day's work is reckoned at 300 foot-tons; a dock
labourer does 325 (Mulhall).
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without, how much for a secoud, etc,, and dotting down
the results, see whether they seem to follow any law and
form any regular curve, If they do not, it probably shows
that hie imagination is not eufficiently vivid and accurate to
enable him to realise approximately what he would be willing *
to do under varylog circumstances, In any case he wil
prohably soon convince himsclf of the perfect theoretical
legitimacy of thus supposing actual concrete economic curves
to be constructed.  But even if he cannot tell what amount
of work he would be willing to do under the varying circum-
stances, obviously there is & given amount, which, as a matter
of fact, he would be willing to do under any given eircum-
stances, Thus the curve really exists, whether he is able to
trace it or not,

We may now return to our curves with a clear con-
science, knowing that for any object of desire at any
momwent there actually exists a curve (could we but get
at it) representing the complete history of the varying
total utility that would accompany the varying quantity
Jossessed.  The man who knows most nearly what that
curve s, In each case, has the most powerful and
scrurate economic imagination, and is best able to pre-
dict what his expenditure, habits of work, ete. would
Le under changed circumstances.

We have now actually constructed some hypothetical
curves (pp. 48, 50), and have shown that there are cer-
tain propertics, easy to represent, which a large class of
ceonomic curves must have (pp. 15, 48); and we have
further shown that we are practically engaged, from
duy to day, in considering and comparing the marginal
utilities of units of heterogeneous articles, that is to say,
in construeting and comparing fragments of economie
CUrves,

We live seen, too, that if I had a chance of getting
more ching or more linen I should not consider the total
utiiities of these commodities, but the marginal utilities
of the respective quantities between which the option
Ly,

-
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And so, too, if I had the opportunity of exchanging a
given quantity of china for a given quantity of linen, or the
reverse, I should consider the marginal utilities of those
quantities,. Thus we see that the equivalence in worth to
me of units of two commodities is measured by their mar-
ginal, not their total, utilities, and in the limit (p. 44) is
directly proportional to their marginal effectiveness or nseful-
ness, If, for the stocks I possess, the marginal usefulness of
linen is twice as great as that of china, 4.¢. if f' (linen)= 24’
(china), then I shall be glad to sacrifice small units of china
in order to secure similar units of linen at anything up to the
rate of two to one. But this very process, by decreasing my
stock of china and increasing my stock of linen, will depress
the marginal usefulness of the latter and increase that of the
former, so that now we have

£ (inen) < 24’ (china).

[’ (liven) > ¢' (china)
is still true, I shall still wish to sacrifice china for the sake
of lineu, unit for unit, until by the action of the same principle
we have reached the point at which we have

f (linen)=  ¢'(china).

After this I shall not be willing to sacrifice china for the
sake of obtaining linen unless I can obtain a unit of linen by
foregoing less than a unit of china. All this may be repre-
sented very simply and clearly on our diagrams, Drawing
out separately, for convenience, the curves given in Fig 11,
and making any assumptions we choose as to quantities of
linen and china possessed, we may read at once (Fig. 12) the
equivalents in worth (to the possessor) of linen and china. Thus
if I have eight units of china [¢’ (china)=-3] and four units
of linen [f (linen)=12]; then in the limit one small unit
of linen at the margin is equivalent in worth to four small
units of china at the margin. If I have seven units of linen
and two of china, then one small anit of china at the margin is
- equivalent in worth to two small units of linen at the margin,

If, however,

~ Hitherto we have spoken of foot-tons, or generally of
i work, nfeely, as a standard by which to measure a man’s
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estimato of the various objects of his desire; but we
know, as a matter of fact, that work is often a means of
securing these ohjects, and it by no means follows that
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the preciee amount of work a man would e willing to do
rather than go without a thiug is also the precise amount
of work he will have to do in order to makeit  Indeed
there 15 10 rea.on in general why a man should Lave to
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do either more or less work for the first unit of a com-
modity with its high utility than for the last with its
comparatively low utility. The question then arises:
©n what principle will a man distribute his work
hetween two objects of desire? In other words, If a
man can make two different things which he wants, in
what proportions will he make them 4

We must begin by drawing out the eurves of quantlty-
and—marginal-usefulness of the two commodities, and we
will select as the unit on the axis of # in each case that
quantity of the commodity that can be made or got by
an hour’s work. Suppose Robinson Crusoe* has pro-
vided himself with the absolute necessarfes of life,%ut
finds that he can vary his diet by digging for esculent
roots, and can add to the comfort and beauty of his hut
by gathering fresh rushes to strew on the floor two or
three times a week. * Adopting any arbitrary standard
unit of satisfaction, let us suppose that the marginal
usefulness of the roots begins at six and would be extin-
guished (for the week, let us say) when eight hours’
work had been done. That-is to say, the quantity
which Robinson could dig in eight hours would abso-
lutely satisfy him for a week, so that he would not care
for more even if he could get them for nothing, In like
manner let the marginal usefulness of rushes begin at .
four and be extinguished (for the week) by five hours’
work ; and let the other data be such asare depicted on
the two curves in Fig. 13.f  Now suppese further that
Robinson can give seven hours a week to the two tasks
together. How will he distribute bis Iabour between
them? If he gives four hours’ work to digging for roots
" and three to oathennﬂ rushes, the marginal usefulness
of the two articles will be measured by the vertical
intercepts on & and o' respectively, Clearly there has

* «Political economists have always been addicted to Robin-

soniads " (Marx),
+ They are drawn to the formule—

2i-3 40-%
¥= d.y_10 o respectively,
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heen waste, for the latter portions of the time devoted
to rush-gathering have been devoted to producing a
thing less urgently needed than a further supply of roots.
Again, if six hours be given to digging and one to rushe
gathering, the marginal usefulness will be measured by
the vortical intercepts on b and ¥, and again there
has heen waste, this time from excessive root digging.
But if five hours are given to digging for roots and two
to rush-gathering, the usefulness will be measured
by the vertical intercepts on ¢ and ¢, and there is no
loss, for obviously any labour subtracted from either

Y,

L -.,‘_.-I;f*‘__:ll: } J ’ Y 2 u'w ‘
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Fig. 18,

cecupation aud added to the other would result in the
sucrifice of a greater satisfaction than the oue it secured.

It is obvious that for any given time, such as three
hours or two hours, there is & similar ideal distribution
between the two occupations which secures the muxi-
wun result in gratification of desires ; and the wethod
of distribution may be represeuted by a very simple and
beanuful graphie device, exemplitied in Py, 14,

First draw the two curves one witlin the other,*
then wld them together sideways, 50 us to make a

* 1 the curves should cross, as in Fig. 10, the principle 1s entirly
whattel
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third curve (dotted in figure), after the following fashion :

For y=1 the corresponding value of 2 for the inner

curve is 2, and that for the outer curve 5. Adding

shese two together we obtain 7 ; and for our new curve

we shall have ‘
y=1 a=T.

Every other point of the new curve may be found in
the same way, and we shall then have a dotted curve such
that if any line pp,p,p, be drawn parallel to the axis
of 7, and catting the three curves, the line p,p, shall
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be equal to the line pp,.  We shall then have pp, = pp,
+gp,;* and if we desire to see how Robinson will
apportion any quantity of time Og, between the two
occupations we shall simply have to erect a perpendicular
at ¢, and where it cuts the dotted curve draw a parallel
to the axis of z cutting the other curves at p, and p,.
We shall then have divided the whole time of 07, into

* If the curves are drawn to the formule y=F12) and y=¢/7) we
may express them also ay z=/-{y) and z=¢—‘, y). Tt is obvious
that oor new curve will then be z=f -}y'+¢-Yy), which in this
case will give x-al., :1:"—%! to which formula the eurve is drawn
between the values y=4 and y=0.




1 RIVAL CLAIMANTS 61

two parts, Og, and Og, (=pp, and pp,), such that if Og,
is devoted to the one occupation and Og, to the other
the maximum satisfaction will be secured.

If we take Og, =7 we shall find we get Og; =2, Oy,
=5, as above.* ?

Tbis is & principle of the utmost importance, applicable to
a great variety of problems, such as the most advauntageous
distribution of & given quantity of any commodity between
two or more different uses. It is particularly important in
the pure theory of the currency. It need hardly be pointed
out that these diagrams do not pretend to assist any one in
practically determining how to divide his time, They are
nierely intended to throw light on the process by which he
effects the distribution. In any concrete investigation we
should have direct access to the result but not to the con-
ditions of want and estimated satisfaction which determine
it ; so that the actual distributions would be our data and
the preceding conditions of desire, eic. our quasita.

We bave now reached a stage of our investigations
at which it will be useful to recapitulate and expand
our conclusions as to the marginal usefulness of com-
modities, In doing so we must bear in mind especially
what has been said as to the nature of our diagrammatic
curves (p. 12).  The law of a curve is the law of the
conncetion between the corresponding pairs of values of
two varying quantities, one of which is a function of the
other,  The curve on Fig. T, for instance, is not the
“curve of the heat produced by given quantities of
carbon in a furnace,” nor yet the “curve of the quan-
tities of carbou whicli effect given degrees of heat in a
furnace,” but “the curve of the conncction between
varying quantities of carbon burned and varying degrees

* Note that when the hours of work have been distriliuted Letween
the two occupations they pass into concrete results in the shaps of
cotutuity.  Thus, strictly speaking, we measure hours alotg the axis
of x whed dewlug with the dotted curve, but Avwr-resuits in com-
niod:ty when we corue 10 the other curves If Oy,=7, then, whervas
Ug;=T hours, Og, and Oy, represent respectively 2 and § wnils of
commudily, sack GLIT beltg the result of an hour's work.
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of heat produced,” eachof which magnitudes severally is
always measured by a vertical or horizontal straight line.

In like manner, the first curve in Fig. 13 is not “the
curve of the varying marginal usefulness of esculent
roots to Robinson at given margins,” mor “the curve
of the varying quantities of esculent roots which
correspond to given marginal usefulnesses,” but “the
curve of the connection between the quantity of roots
Robinson possesses and the marginal usefuluess of roots
to him,”

When this fact is fully grasped it will become obvious
that there are only two things which can conceivably
alter the marginal usefulness of a commodity to me:
either the quantity I possess must change, or the law
must change which connects that quantity and the
marginal usefulness of the commodity. If bofk these
remain the same, obviously the marginal utility must
remain the same, Or, in symbols, if y=f()* the value
of y can ouly be altered by changing the value of =, or
by changing the function signified by f. The necessity
for insisting upon this axiomatic truth will become
evident as we proceed, Meanwhile,

One charge, one sovereign charge I press,
And stamp it with reiterate stress,

viz. to bear in mind, 0 as to recognise it under all dis-
guises, the fundamental and self-evident truth, that the
marginal -nsefulness of a’commodity always depenis
upon the quantity of the commodity possessed [y =f(+)],
and that if the nafure of the dependence [the form of
the function f] and the quantity of the commodity
possessed [the value of z] remain the same, then the
marginal usefulness of ‘the commodity [the value of y]
likewise remains unchanged. WkLatever changes it must

* Note that the symbol f(x) is perfectly general, and signifiea any
kind of function of 2. 1t therefore inclades and may properly repre-
sent the class of functions e have hitherto represented Ly letters with
a dash, f(x), ¢'lz), ete.
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do 8o either by changing the nature of its dependence
upon the quantity possessed or by changing that quan-
tity itself ; nothing which caunot change either of
these can change the marginal usefuluess; and what-
ever changes the marginal usefulness does so by meand
of changing one of these. The length of the vertical
intercept cannot change unless eiffier the course of the
curve changes or the position of the bearer is shifted.

These remarks, of course, apply to total utility as
well as to marginal usefulness,

Now, hitherto we have considered changes in the
quantity possessed only ; and have supposed the nature
of the counection between the quantity and the total
utility or marginal usefulness to remain constant, i..
we have shifted our bearers, but have supposed our
curves to remain fixed in their forms. But obviously
w practical life it is quite as important to consider the
shifting of the curve as the shitting of the bearer and
the quuantity-index. To revert to our first example.
The law that connects the quantity of coal I burn with
the sum of advantages I derive from its consumption is
not the same in winter and in summer, or in the house
I now live in and the house T Jefp ten years ago. And
in other cases, where there is a Ieg obvious external
cause of change, 8 man’s tastes and deNresarevan eaic-
loss perpetually varying. The state of his heulth, the
state of his atfections, the nature of his studies, and a
thousand other causes change the amount of enjoyment
or advantage he can derive from a given quantity of a
gwen comwodity ; and if we wish to have an adequate
coneeption of the real ecouomic conditions of life we
tuust ut ouly iwagine what we have called the © bearer,”
thiet carries the vertical or quantity-index moviug frely
ulong the uxis of z, but we wust also imagine the form
of tue curve 1o be perpetually flowing and changing,

The cbvicus iwpossibility of sdequately represcating on
disgrame the flux and chunge of the curves prescnts a great
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dificulty to the demonstrator. Some attempt will here be
made to convey to the reader an elementary conception of
the nature of these changes,

We will take the simplest case, that of the straight line,
# an illustration, Suppose (a not very probable supposition)
that the quantity-and-marginal-usefulness enrve of a certain
commodity for a certain man at & certain time is represented
by . y=12 -2,
By giving successive values to » we shall find the corre-
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sponding values of ¥, and shall see that the curve is the
highest of the straight lines represented on Fig. 15 (4). Now
suppose that, owing to some cause or other, the man comed
to need the commodity less, so that its marginal utility,
while still decreasing by the same law as before, shall now
begin at ten instead of twelve. The formula of the curve
will then be y=10 -2z, and the curve will be the second
straisht line in Fig. 15 (a). Bytaking the formula, y=8 - 2z,
we may obtain vet another line, and so on indefinitely,
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What we have now been doing may be represented by the
formula y=f(r,a)=4~2x,
where y is a function of two variables, namely # and z, and
we proceed by giving # successive valnes, and then for each
several value of % giving & successive values, If instead of®
taking the values 12, 10, 8 for #, we suppose it to pass con-
tinuously through sll values, it is obvious that we should
have a rystem of parallel straight lines, one of which would
* pass through any given point on the axis of & or y.

But we have supposed the modifications in the position of
the line always to be of one perfectly simple character ;
whercas 1t is easy to imagine that the man whose wants we
are conxidering might find that for some reason he needed a
swaller and smaller quantity of the commodity in question
completely to satisfy Lis wants, whereas lis initial desire
remaiued a5 keen as ever,  Such a case would be represented
by y=fls 1)=12 -,
in which we may give  the values of 2, 3, 4, 6 successively,
and then trace the lines in Fig 15 (8) by making z poss
through all values from Q to !;—2, after which the values of y
would be negative,

But again we might suppose that while the quantity of
the commodity needed completely to sate a man remained
the sune, the eagerness of his initial desire xight abate.
This case might be represented by

y=f x)=z—gx,
where by muaking 2 successively equal to 12, 10, 8, 6, ete.,
we shall pet a system of lines such as those in Fig, 15 (c),

Tlus i very far from exhausting the different modifications
var curve might undergo while still remaining & straight
line.  For instauce we might have a series of lines, one of
which should run from 12 on the axis of y to 6 on the axis
of « as Lefore, while anatber ran from 8 an the sxis of y
to 12 on the wxis of 2, and s0 on.  This would indicate that
o independent causes were ot work 1o moldify the man's
want for the connuadity,

Passitg on to 8 case rather less simple, we may take the
first curve of Fig 13, which was drawn to the formula

L -8
y=fa="0
¥
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and confining ourselves to a single modification, may regard

it 58 y=ftym)=22%,

when, by making 2 successively equal 4, 6, 8, and 12, we
“cshall get the four curves of Fig. 16,

If we suppose that # and @ are both changing at the same
time, 7., that the quantity of the commodity und the nature
of the dependence of its marginal usefulness upon its quantity
are changing together, then the effect of the two changes

may be that each will intensify the other, or it may be that
Y

'
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Fig. 16.

they will counteract each other. Thus in y=f{zz)=
2:;3”, if z is first 5 and then 3, while # at the same time

passes from 4 to 12, we shall have for the two values of y
24-3x5. and 24-3x3
4+3 12+3

shown on the figure by the lines at a and b,

We must remember, then, that two things, and only two,
can alter the marginal usefulness of a commodity, viz. (i) 8
change in its quantity and (i) a cliarge in the connection
between its quantity and its marginal vsefulness. In the
diagrams these are represented by (i) a movemert of the
“bearer” carrving the vertical to aud fro on the base line,
and (ii) 8 change in the form or position of the curve. In

,and in either case y=1. This is
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symbols they are represented (i) by a change in the value of
z, and (i) by & change in the meaning of £, Anything that
changes the value of ¢ must do so by changing one of these.
Generally speaking the causes that affect, the nature of the
function (r.e. the shape and position of the curve), o far as'
they lend themselves to investigation, must be studied under
the “theory of consumption ;” while an examination of the
cauges which affect the magnitude of # (i.e. the position of the
“ quantity-index”) will include, together with other things,
the “ theory of production,”
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WE have seen that the most varied and heterogensous
wants and desires that exist #n oe wind or “subject”
may be reduced to a common measure and compared
one with smother; bub there 13 another truth which must
never be lost sight of on peril of a total misconception of
all the results we may wrrive av in our investigations;
and that is, that by no possibility can desires or wants,
oven for one and the sae thing, which exist i diferent
minds, be measured against one another or reduced to a
common measure. X 2, 4, and # ave all of them objects
of desite to 4, we can tall by his actions which of them
ha desires most, but if 4, B, and €' s}l desive 2 no pos-
sible process can determine which of them desires it
most. For any method of investigation is open to the
fato? objection that it must use ay & standard of mea-
surement sometbing that may not mean the same in
the different minds to be compared. Lady Jane Grey
studies Plato while her eompanions ride in Bradgate
Park, whence we learn that an howr's study was more
than an equivalent to the vide to Lady Jane and loss
than ite equivalens to tho others, But who s to tell
us whether Greek gave her more pleasure than hunting
gave fhem? Ledy Jane fancied it did, hut she may
have heen mistakea. My account-book, intelligently
studied, may tell you a good deal a5 to thoe equivalence
of various pleasures and comforts to me, bub it can
ostablish no kind of equation betwoen the amoynt of
pleasure which I derive from & certoin article and the



u XO BRIDGE FROM 4 TO B 69

amount of pleasure you would derive from it. B wears his
black coats out to the bitter end and goes shabby three
months in every year in order to get a few pounds
worth of books per annum. 4 would never think ofe
doing so—but whether because he values books less or
a genteel appearance more than B does not appear.
Nay, it is even possible he values books more, but
that his sensitiveness in the matter of clothing ex-
ceeds B's in a still higher degree. € may be willing
to wait three hours at the door of a theatre to geta
place, whereas D will not wait more than ten minutes;
but this does not show that C wants ta witness the
representation more than D does ; it may be that J has
Juss physical endurance than C, and would suffer severely
from the exhaustion of long waiting ; or it may be that
' has nothing particular to do with his time and so
does not value it as much as D does Lis.

Look at it how we will, then, it is impossible to
establish any scientific comparison between the wants
and desires of two or more separate individuals, Yet
it is obvious that almost the whole field of economie
investigation is concerned with collective wants and
desires ; and we shall constantly have to speak of the
relative intensity of the demand for different articles or
commuodities not on the part of this or that individual,
but on the part of soclety in general  In like munner
we slull speak of the marginal wsefulness aud urility
of such aud such an article, not for the individual but
for the comunnity at large.  What right have we to use
sach Tanguage, and what must we take it to mean?

To answer this question satisfactorily we must make
the relative inteusity of the desires and wants of the
idividual our gtarting-point.  Let us suppose that A
Jressesses stocks of U, V, W, X, Y, Z, the marginal uiility
to ki of the customary unit (pound, yard, plece, buskel,
Lundtedweight, or whatever it may be) of each of
these urticles being such that, calling o unit of U,y
sunit of V, ¢ cic, weehall have 3w or 10 or 4w or
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£
4
one unit of Z)at the margin, Portions of arbitrary
«curves illustrating the supposed cases of U, X, and Z
are given in Fig. 17 (4). The curves represent the mar- -
ginal usefulness per unit of U as being one-third as great
as that of Z. That is to say, if »1s but a very small
fraction of A's whole stock of U, then, in the limit, 3u =

or %,. applied at the inargin, just equivalent to # (i.e.

In like manner E:z, in the limit. Now let us take

another man, B. We may find that he does not possess
* (and possibly is not aware of definitely desiring) any V,
W, or Y at all; but we will suppose that he possesses
stocks of U, X, and Z. In this case (neglecting the
practically very important element of friction) we shall
find that the units of U, X, and Z stand in exactly the
same relative positions for him as they do for 4 ; that is

to say, we shall find that for B, as for 4, 3 or ; 13 ex-

actly equivalent to 2. For were it otherwise the condi-
tions for a mutually advantageous exchange would
obviously be present.

Suppose, for instance, we have

g equivalent to 2»  for B,
as represented in Fig 17 (B), while
2 is equivalent to 3u for 4,

as before.  Then, reducing to more convenient forms,*
we shall have |
6u equivalent toz - for B,
194 equivalent to 2 for 4.

Observe that though we may suppose there will frequently
“be some general similarity of form between the curves that

* This process is legitimate if 2 and w are “small” units of X and
U, so that the marginal usefulnesa of U remaius sensibly constant
throughout the consuwption of 3u, etc.
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connect the quantity of U with its marginal usefulness in
the cases of A and B respectively, yet we have no right
whatever to assume any close reserublance between these
curves, .

- Now since six units of U are equivalent to a unit of
X for B, he will evidently be glad to receive anything
more than siz units of U in exchange for a unit of X ;
whereas 4 will be glad te give anythiny less than tuelve
units of U for a unit of X. The precise terms on which
we may expect the exchange to take place will not be
investigated here, but it is obvious that there is a wide
margin for an arrangement by which 4 can give U in
exchange for X from B, to the mutual advantage of the
two parties. The result of such an exchange will be to
change the quantities and make the quantity indices
move in the directions indicated by the arrow heads;
A's stock of U decreasing and his stock of X increas-
ing, while B's stock of U increases and his stock of X
decreases.  But this very process tends to bring the
marginal weefulness of U marginal utility of u
marginal usefulness of X W
nearer to unity (ie increase it) for 4, for whom it
is now y, and to remove it farther from unity
e decrease it) for B, to whom it is mow 3. This
is ubvious from a glance at the figures or s moment’s

ratio

. S
reflection on what they represent.  Using sas a

maryinal utility of »

symbol of - T e e Y, ¢
- * rgival utility of x we may, therclore, say

N o
that the ratio : will increase for 4, to whom it is now

luw(-s.t, und decrease for B, to whom it is now bighest,
If this movement coutinues long enough,* there must

. ¥
come & point at which : will be the same for 4 aud B.
Now until this point is reacled the causes which produce

* Cowpre below, p. 73 aud the note,
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the motion towards it continue to be operative, for it is

always possible to imagine a ratio of exchange ;—: which
0 . ) u )

shall be greater than A’s : and less than B’s ;f, and shall
therefore be advantageous to both. But when s g

and B's :—: have met there will be equilibrium. Hence

if the relutive worth, at the margin, of units of any two
commodities U and X should not be identical for two
persons 4 and B, the conditions of a profitable exchange
between them exist, and continue to exist, until the
resultant changes have brought about 3 state of equili-
brium, in which the relative worths, at the margin, of
units of the two commodities are identical for the two
individuals,

" This proposition is of such crucial and fundamental
importance that we will repeat the demonstration with a
more sparing use of symbols, and without reference to
the figures.

B, who is glad to get anything more than 6u for »,
and 4, who is glad to give anything short of 12u4 for
7, exchange U and X to their mutual advantage, B getting
U and giving X, while 4 gets X and gives U.

But by this very act of exchange B's stock of X is
decreased and his stock of U inereased, and thereby the
marginal usefulness of X is raised and that of U lowered,
so that B will now find 64 less than the equivalent
of z; or in other words, the interval between the worth
of a unit of X and that of a unit of U is increasing,
and at the same time A’s stock of X is increasing and
his stock of U diminishing, whereby the marginal use-
fulness of U increases and that of X diminishes, so that
now less than twelve units of U are needed to make an
equivalent to one unit of X; or in other words, the
interval between the worths at the margin of a unit of
U and a unit of X is diminishing. To begin witb, then,
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v and & differ less in wortl, at the margin, to B than
they do to 4, but the difference in worth to B is con-
stantly increasing and that to 4 constantly diminish-
ing as the exchange goes on. There must, therefore,
come a point at which the expanding smaller difference
and the contracting greater difference will coincide.*
The conditions for a profitable exchange will then cease
_ to exist; but at the same moment the marginal worths
of wand z will come to stand in precisely the same ratio
for 4 and for B. Wherever, then, articles possessed in
common by A4 and B differ in the ratie of their unitary
warginal ntilities as estimated by 4 and B, the conditions
of & profitable exchange exist, and this exchauge itself
tends to removg the difference which gives rise to it.
We may take it, then, that in a state of equilibrium the
ratios of the unitary marginal utilities of any articles, X,
Y, 7, etc.,, possessed in common by 4, B, C, etc., taken
two by two, viz. 21y, 212,y 2, ete., are severally identical
Jor el the possessors.  Any departure from this state of
equilibrium tends to correct itself by giving rise to
exchunges that restore the equilibrium on the same or
atother basis. )
To give precision and firmness to this conception, we
may work it out a little farther. Let us call such a
tuble as the one given on pp. 69, 70 & “scale of the relutive
unitary marginal utilities to 4 of the commodities he
possesses,” or Lriefly, “4’s relative scale” How shall
we bring the relative scales of B, C, ete. into the form
st convenient for comparison with 451 In 4’5 rela-
tive seule the unitary marginal utilities of all the articles,
that Is tosuy, ¢, 1, w, &, ¥, 2, Were expressed lu terws of
e unitary warginal utility of Z, that is to say, 2. And
i iike weamier 1's relutive seule expressed « and r in terms
of 2 bt tow suppose C possesses 8, T, V, X, and Y,
tut no U, W,or 20 It is obvious that, in so far as Le
possesses the sune commoditivs as 4 and £, Lis relative

® L Liess, ihdu\l, the whole stuck of '8 X wr of 55 U is exbausted
ture eqiilibnuts s reached.  doe p. 82
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scale, when, there is equilibrium, must coincide with
theirs. But when we attempt to draw out that scale by
direct reference to B’s wants, we find ourselves unable
4o express the unitary marginal utilities of his commodi-
ties in terms of the unitary marginal utility of Z, for
since he has no Z (and perhaps does not want any) we
cannot ask him to estimate its marginal usefulness to
him* But it is obvious that A’s scale fixes the rela-
tive marginal utilities of the units v, 2, and y in terms
of each other as well a3 in terms of 2, and unless they
are the same to (' that they are to 4 the conditions
of an advantageous exchange between 4 and C will
arise and will continue till #, 2, y coincide on the
two relative scales. In like manner Bs scale.expresses
the marginal utilities of the units s and ¢ in terms
of each other, and (’s scale must, when there is
equilibrium, coineide with B's in respect of these two
units. Now, even though € not ouly possesses no Z,
but does not even desire any, there is nothing to pre-
vent him, for convenience of transactions with 4 and B,
from estimating s, 4, v, 2, and y not in terms of each
other, but in terms of 7 placing it hypothetically in his
own scale in the same place relatively to the other units
which it occupies for 4 and B. Thus he may express
his desire for the commodities he has or wants to have,
in terms of a desire to which he is himself a stranger,
but the relative strength of which in other men’s minds
he has been able to ascertain.

Lastly, if € knows that he can at any time get §
and T from B, and V, X and Y from 4, in exchange for
7, on definite terms of exchange, then, although he may
not want Z for himself, and may have no possible use
for it, yet he will be glad to get it, though only as re-
presenting the things he does want, and for which be

* We shall see presently (p. 82) that the estimate must positively
be made in terms of a commodity possessed, and that eveu if B wants
Z, and knows exactly how much he wants a first unit of it, that want

will not serve as the standard nnit of desire unless he actually pos-
sesses some quantity of Z.
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will immediately exchange it, unless indeed he finds it
more couvenient to keep a stock of Z on hand ready to
exchange for 8, T, etc. as he wants them for actual
consumption than to keep those commodities themselves
in any large quantities.

All this is exactly what really takes place. Gold
(in England) is the Z adopted for purposes of refer-
ence (and also, though less exclusively, as a vehicle of
exchange). Gold is valuable for many purposes in
the arts and sciences, and, therefore, there are always
a number of persons who want gold to use, and
will give other things in exchange for it. Most of
us possess, and use in a very direct manner, a small
quantity of gold which we could not dispense with
without great immediate suffering and the risk of serious
ultimate detriment to our health, viz, the gold stoppings
of some of our teeth. There is a constant demand for
gold for this use. Lettering and ornamenting the backs
of hooks is another use of gold in which vast numbers
of persons have an immediate interest as consumers.
I'lute and oroaments are a more obvious if not more
important means of employing gold for the direct
gratification of human desires or supply of human wants.
In shiort, there are a great number of well-known and
casily uccessible persons who, for one purpose or auother
of direct use or enjoyment, desire gold, and since these
persons desire many other things also, their wants
furuish a scale on which the unitary warginal utilities
of & great variety of articles are registered in terms of
the unitary murginal utility of gold, and if the relative
scales of any two of thess gold-and-othercommodities-
desiving individuals differ, then exchanges will be nisde
until they coincide. Other persons who have no direct
desive or use for gold desire a number of the other com-
uiodities which find & place in the scle of the gold-
desiring  persons, and can, therefore, compare the
relutive positions they occupy in their own scale of
desires with that which is ussigned them in the seale of
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the gold-desiring people, and if these relative positions
vary exchanges may advantageously be made until they
coincide. Thus the non-gold-desiring people may find
it convenient to express their desires in terms of the
gold-desire to which they are themselves strangers, and
seeing that the gold-desiring people are accessible and
numerous, even those who have no real personal gold-
desire will always value gold, because they can always
get what they want in exchange for it from the gold-
desiring people. Indeed, as soon as this fact is generally
known and realised, people will generally find it con-
venient to keep a certain portion of their possessions not
in the form of anything they really want, but in the
form of gold.

We may, therefore, measure all concrete utilities in
terms of gold, and so compare them one with another.
- Only we must remember that by this means we reach
a purely objective and material scale of equivalence, and
that the fact that I can get a sovereign for either of
two articles does not prove, or in any way tend to prove,
that the two articles really confer equivalent benefits,
unless it is the sume man who is willing to give a sovereign
Sor either. ‘

A’s and B's desires for U and W, when measured in
their respective desires for Z, are indeed equivalent ;
but the measure ifself may mean to the two men things
severed by a hell-wide chasm ; for A's desire for U, W,
and Z alike may be satisfied almost to the point of
satiety, so that an extra unit of Z would hardly confer
any pereeptible gratification upon him ; whereas B may
be in extreme need alike of U, W, and Z, so that an
extra unit of Z would minister to an almost unendurable
craving,

Or again, 4 may possess certain commodities, V, X,
Y, which B does not possess, and is not conscious of
wanting at all (say billiard tables, pictures by old
masters, and fancy ball costumes), and in like manner
B may possess Wand T (say corduroy breeches and
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tripe), which 4 neither possesses nor desires, Now in

By seale of marginal atilities we may find that ¢= W
(taking # = one cut of trips, and £ = the gold in a
sovereign),* whereas in B's scale one =150z  Then
taking one # as & purely objective standard, and negleet-
ing the difference of its meaning to the two men, and
regarding 4 and B as forming a “community,” we
might say that in thet community 2= 807 and v= 50z,
or ¢ 40004, 1.c. one » iy worth 4000 times as much as
oue £, DBy thix we should mean that the man in the
community who wants Z will give 4000 times as much
for & unib of it as you can got out of the man who
wants T in exchange for a unit of that.  But this does
not even tend to show that a it of V will give the
man who wants it 4000 times the pleasure which the
other man would derive fron a wnit of T. Nay, it is
quite possible tliut the latter satisfaction might be posi-
tively the greater of the two,

Note, then, that the function of gold, or money, a3 a
standard, is to reduce all kinds of services and” eommodities
to an objective scale of equivalence ; and this constifutes its
value in commereig] affuirs, and at the sane time explains
the ingtinetive dislike of money dealingg with friends which
many men exporience.  Mouey ix the symbol of the exact
balancing and setting off one against the ather of servies
rendered or goods exchanged 5 and this Yalaneing ean enly
be atfected by absolutely renouncing all attempts to arrive at
o il equivalence of effort or sacrific, and adopling in its-
place an external and mechanical equivalence which has no
tendency to conform to the real equivalence. "It is fhe
systematising of the individualistie point of view which says,
“One unit of Z may be a very different thing for 4 or B to
give, hut it s exactly the same thing for me to gef, wherever

¥ These cannoh be regarded as “swall” umits ju the technical
sensz, in this nase.  We are speaking in this example sirietly of the
velues of units-as the wargin, snd they will not cdincide even roughly
with the ideal “sefulness ™ of the conmedity ab the margin,
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it comes from ; and, therefore, I regard it as the same thing
all the world over, and measure all that I get or give in
terms of it” Where the relations to be regulated are them.
selves prevailingly external and objective, this plan works ex-
cellently. But amongst friends, and wherever friendship or
any high degree of conscious and active goodwill enters into
the relatious to be regulated, two things are felt, In the first
place we do not wish to keep an evenly balanced account, and
to set services, etc; against each other, but we wish to act on the
principle of the mutual gratuitousness of services; and in the
second place, 8o far as any ides of a rough equivalence enters
our minds at all, we are not satisfied with anything but a
real equivalence, an equivalence, that is, of saerifice or effort ;
and this may depart indefinitely from the objective equivalence
in gold. This also explains the dislike of money and money
dealings which characterises such saints as St. Francis of
Assisi.  Money is the incarnate negation of their principle of
, mutual gratuitousness of service,

Under what circumstances the objective scale might be
supposed roughly, and taken over a wide ares, to coincide
with the real scale, we shall ask presently, If such circurm-
stances were realised, and in as far as they actually are
realised, it i obvious thet the objective scale has a social
and moral, as well as a commercial, value. (Compare p. 86.)

In future we may speak of a man’s desire or want of
“gold ” without implying that he has any literal gold-
desire at all, but using the “unitary marginal utility of
gold” as the standard unit of desire, and expressing
the (objective) intensity of any man’s want of anything
in terms of that unit. It is abundantly obvious from
what has gone before in what way we shall reduce to
this unit the wants of 2 man who has no real desire for
goldatall. When we use gold in this extended and repre-
sentative sense we shall indicate the fact by putting it in
quotation marks: “gold” Thus any one who possesses
anything at all must to that extent possess *gold,”
though he may be entirely without gold

The result we have now reached is of the utmost
importance. We have shown that in any catalluctic com-
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munity,* when in the state of equilibrium, the marginal
utilities of units of all the commodities that enter into the
circle of exchange will arrange themselves on a certain
relative scale or table in which any one of them can
be expressed in terms of any other, and that that scale
will be general ; that is to say, it will accurately trans-
lute or express, for each individual in the community, the
worth at the margin of a unit of any of the eom-
modities he possesses, in terms of any other,

The scope and significance of this. result will be-
come more and more apparent as we proceed ; but we
can already see that the desiredness at the margin of a
unit of any commodity, expressed in terms of the de-
siredness at the margin of a unit of any other commodity,
is the same thing as the valuen-exchange {or exchange-
value) of the first commodity expressed in terms of the
second.

Wo have therefore established a precise relation be-
twoen value-in-use and value-in-exchange ; for we have
discovered that the valug-in-exchange of an article con-
furws to the pluce it occupies on the (necessarily coinci-
dent) relative scales of all the persons in the com-
munity who possess it. Now to every man the
wargiual utility of an article, that is to say of a unit of
any commodity, is determined by the average between
the marginal usefulness of the commodity at the begin-
ning and its marginal uscfulness at the end of the
acquisition of that unit; and this marginal usefulness
iself is the first derived function, or the differential
cocflicient, of the total utility of the stock of the eom-
wmudity, which the man possesses.  Or briefly, the talue-
wweachange of o conmodity s the diffrential coeflicient of
tice botad Wdily, o eack member of the community, of the stock
of the comdndily he possesses.

“The thiugs which bave the greatest value-in-use

* 1 wean by o eatalluctic commuuity oue in Whick the individuals

frec'y excbatice cummolitio ove with another, each with & view 1o
Uaatig Ui edjobaent be Qerives frotw bis possessions & waxium,
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have frequently little or no value-in-exchange; and, on
the contrary, those which have the greatest value-in-ex-
change have frequently little or no value-in-use. Nothing
is more useful than water; but it will purchase scarce
- anything ; scarce anything can be had in exchange for
it” (Adam Smith). Now that we know exchange-value
to be measured by marginal usefulness, we can well
understand this fact. For as the total value in use of a
thing approaches its maximum its exchange-value tends
to disappear. Were water less abundant its value-in-
use would be reduced, but its exchange-value would be
so much increased that there would be “scarce any-
thing that could not be had in exchange for it.” As it
is the total effect of water is so near its maximum that
its effectiveness at the margin is comparatively small,

Before proceeding farther we will look somewhat
more closely into this matter of the identity of the
exchange-value of a unit of any commodity and its
desiredness at the margin of the stocks of the persons
who possess it. ’

In practical life, if 1 say that the exchange-value of a
horse is £31, I am either speaking from the point of view
of & buyer, and mean that a horse of a certain quality could
be got in exchange for 8 0z.0f gold ;¥ or  am speaking from
the point of view of a seller, and mean that a man could
get 8 oz of gold for the horse ; but I cannot mean both,
for motoriously (if all the conditions remain the same)
the buying and eelling prices are never identical. What
then do I mean when, speaking as an economist, I sup- -
pose, withont further specification, that the exchange-
value of a horse in ounces of gold is 81 . I mean that
the offer of anything more than the 8 oz of gold for
a horse of the quality specified will fend fo induce some
possessor of such a horse to part with him, and the offer
of such a horse for anything less than 8 oz of gold will
tend 1o induce some possessor of gold to take the horse
in exchange for some of it ; and if I reduce the friction

* Abont 797 ox. of gold is contained in £3).
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1 VALUE OF A HORSE &

of exchange (both physical and mentsl) towards the
vanishing point, I may say that every man who is
willing to give any more than 8 oz of gold for a horse
can get him, and every man who is willing to take any
less than 8 oz of gold for & horse can sell him.

The exchange-value of a horse, then, in ounces of gold,
represents a quantity of gold such that a man can get
anything short of it for a horse, and can get a horse for
anything above it.  And obviously, if the conditions re-
main the sawe, every exchange will tend to destroy the
conditions under which exchanges will take place, for
after each exchange the number of people who desire to
exchiange on terms which will “induce business” tends to
be reduced by two.

Thus if the exchange value of 8 horse is 8 o of
gold, that means that the ratio “1 horse to 8 oz. gold”
18 & point on either side of which exchanges will take
plave, each exchange, however, tending to produce an
eyuilibrium on the attainment of which exchange will
cease,

Now we have shown in detail that the relative scale
of murginul utilities is a table of precisely such ratios,
between units of all commodities that enter into the
circle of exchunge.  Any departure in the relative scale
of any individual from these ratios will at once induce
exclunges that will tend to restore equilibrium. We
find,. then, that the relative scale is, in point of fact, @
table f exchange talues, and that the exclange value of
an article is simply its marginal utility measured in the
warginal utility of the commodity selected as the stand-
ard of value.  And, after all, this is no more than the
sl dest dictate of cowmon sense and experience ; for we
buve seen that the eondizions of exclange are that sowe
oe shouid be wiling, a5 2 matter of business, to give more
(or take lest) than & oz of gold fur a horse; Lutwhat eould
iuduce that willingness except the fact that the marginal
utiity of & horee 1 grester, to the man in question, than
the marginad utity of 8 o goldt And what should

G
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induce any other man to do business with him except
the fact that to that other man the marginal utility of a
horse is nof greater than that of 8 oz. of gold ! In other
words, the conditions of exchange only exist when there
is a discrepancy in the relative scales of two individuals
who belong to the same community; and, as we have seen,
the exchange itself tends to remove this discrepancy.

Thus, the function of exchange is o bring the velative
scules of all the individuals of o catallactic community indo
correspondence, and the equilibrium-ratio of exchange
between any two commodities is the ratio which exists
between their unitary marginal utilities when this cor-
respondence has been established. Thus if the machinery
of exchange were absolutely perfect, then, given the
initial possessions of each individual in the commumty, there
would be such a redistribution of them that no two men
who could derive mutual satisfaction from exchanges
would fail to find each other out; and so in a certain
sense the satisfactions of the community would be
maximised by the flow of all commodities from the
place in which they were relatively less to the place in
which they were relatively more valued. But the con-
formity of the met result to any principle of justice or
of public good would depend entirely on initial conditions
prior to all exchange.

1t must never be forgotten that the coincident relative
scales of the individuals who make up a community
severally contain the things actually possessed (or com-
manded) only, not all the things wanted by the respective
individuals, If a maw’s indial want of X relatively to
his (marginal) want of “gold” is not so great as the
marginal want of X relatively to the (marginal) want of
gold experienced by the possessors of X, then he will not
come into the possession of X at all, and all that we
shall learn from the fact of his having no X, together
with an inspection of the position of X in the relative
seale of marginal utilities, is that he desires X with less
relative intensity than its possessors do. But this does
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not by any means prove that his actual want of X is less
pressing than theirs. It may very well be that he wants
X far more than they do, but seeing that he has very
little of anything at all, his want of “gold” exceeds
theirs in a still higher degree. And, again, if one man
wants X but does not want Y, and another wants Y but
does not want X, and if the man who wants X wants it
more, relatively to “gold,” than the man who wants Y,
it does not in the least follow that the one wants X
absolutely more than the other wants Y, for we have no
means of comparing the want of “gold” in the two
cases, 50 that we measure the want of X and the want
of Y in two units that have not been brought into
any relation with each other. All this is only to
say that because I cannot “afford to buy” a thing it
does not follow that I have less need of it or less desire
to have it thau another man who can and does afford it.

Obvious as this is, it is constantly overlooked in
amateur attempts “to apply the principles of political
economy to the practical problems of life” We are
told, for instance, that where there is no “demand* for
a thing it shows that no one really wants it. But before
we can assent to this proposition we must know what is
meant by “demand.”

Now if T want a thing that I have not got, there are
many ways of “demanding” it. I may beg forit. I
wuy try to make people uncomfortable by forcing the
extremity of my want upon them. 1 may try to terrify
them nto giving me what I want. I may attempt to
scize it T wmay offer something for it which stands
lower than it on the relative scale of marginal utilities
i my community. I may offer to work for it.  All
tiese furws of *demand,” and many more, the econo-
tuists have with five, if unconsclous, irony elussed
together under oue negative description. Not one of
them costitutes an “ efiective ” demand.  An “effoctive”
demand (geverally described, with the omission of the
atective, & “demanl” siwply) is that dewand, and
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that demand only, which expresses itself in the offer in
exchange for the thing demanded of something else that
stands at least as high as it does on the relative scale of
marginal utilities, No demand which expresses itself in
any language other than such an offer is recognised as a
demand at all—it is not “effective.” Now this phrase-
ology is convenient enough in economic treatises, but
unhappily the-lay diseiples of the economists have a
tendency to adopt their conclusions and then discard
their definitions. Thus they learn that it is waste of
effort to produce & commodity or render a service which
is less wanted than some other commodity or service
that would demand no greater expenditure (whether of
money, time, toil, or what not); they learn that what
men want most they will give most for; and the con-
clusion which seems obvious is announced in such terms
as these: “Political economy shows that it is a mistake
and a waste to produce or provide anything for people -
which they are not willing to pay for at a fair remuner-
ative rate;” or, “It is false political economy to sub-
sidise anything, for if people won't pay for a thing it
shows they dou't want it.” Of course political economy
does not really teach any such thing, for if it did it
would teach that a poor man never “wants” food as
much as a rich one, that a poor man never “wants” a
holiday as much as a rich one ; in a word, that & man who
has not much of anything at all has nearly as much of
everything as he wants—which is shown by his being
willing to give so very little for some more,

The fallacy, of course, lies in the use made of the
assertion that * what men want most they will give most
for” This is true only if we are always speaking of the
sume men, or if we have found 3. measure which can
determine which of two different men is really giving
“most.” Neither of these conditions is fulfilled in the
case we are dealing with. “When two men give the
same thing, it 15 not the same thing they give,” and if
A spends £100 on a ccntinental tour and L half a crown
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on & day at the seaside no one can say, or without
further examination can even guess, which of them has
given “most” for his holiday.

Apain, some confusion may be introduced into our
thonghts by the fact that desires not immediately backed by
any “effective” demand for gratification sometimes succeed in
getting themselves indirectly registered Ly means of secondary
desires. which they beget in the minds of well-disposed
persons who are in a8 position to give “effect” to them,
Thus we may suppose that Sarah Bernhardt is charging three
hundred guiness as her fee for reciting at an evening party,
and that the three hundred guineas would provide 8 weeks'
holiday in the country for six hundred London children. A
lenevolent and fashionable gentleman is in doubt which of
these two methods of spending the sum in question he shall
adopt, and after much debate internal makes his selection.
What do we learn from his decision ! We learn whether his
fesire to give his friends the treat of hearing the recitation or
to give the children the benefit of -country air is the greater.
It tells us nothing whatever of the relative intensity of the
desire of the guests to hear the recitation and of the clildren
to breathe the purer air.  The primary desires concerned have
not repistered their relative intensities at all, it is only the
secondary desires which they beget in the benevolent host
thut register themselves ; and if the result proclaims the fact
that the marginal utility of & recitation from the tragie
activss 38 just six hundred times as great as the marginal
utility of & week in the country to 8 sick cLild, this does not
mean that the pleasure or advantage couferted on the e
pany by the mecitation s (or is expected to be) six Lundrd
e a8 vat as that conferred upon each child by the Loli-
duy ; nor dues it mean that the company would bave esti-
mated their pleasure in their own “pold ¥ 8t the sume sum
as that at which the eix bundred children would bave esti-
wated their jleasure in their “gold,” Lut that the Lost's
desire to give the plessure to the company is 85 great as
ks desite 1o pive the pleasure to the six hundred ehildren
And enee we dave supposed the husts desites ta Le the
vty “eflective ™ ouey, they alune are commerclally siynificant.
No hind of ejuation—not even an chjective oue—is estul-
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lished between the primary desires in question, viz those of
the guests and of the children respectively.®

The exchange value, then, of any commodity or ser-
vice indicates its position on ils possessors’ relative scale
of unitary marginal utilities; and if expressed in “ gold ”
it indicates the ratio between the unitary marginal
desiredness of the commodity and that of “gold” upon
all the (necessarily coincident) relative scales of all the
members of the community who possess if,

I have repeatedly insisted on the fact that we have no
common measure by which we can compare the necessities,
wants, or desires of one man with those of another, We
cannot even say that “a shilling is worth more to a poor
man than to a rich one,” if we mean to enunciate a rule that
can be safely applied to individual casea The most we can
say is, that a shilling is worth more to a man when he is poor
than (ceeteris paribus) to the same man when he is rich.

But if we take into account the principle of averages, by
which any purely personal variations may be assumed to
nentralise each other over any considerable area, then we
may assert that shillings either are or ought to be worth
more to poor men than to rich. I say “either are or ought
to be ;” for it is obvious that the rich man already has his
desires gratified to a greater extent than the poor man, and
if in spite of that they still remain as clamorous for one
shilling’s worth more of satisfaction, it must be because his
tastes are g0 much more developed and his sensitiveness to
gratification has become so much finer that his organism even
when its most imperative claims are satisfied still remains
more sensitive to satisfactions of various kinds than the
other's.  But if the poor man owes his comparative freedom

* It is interesting to note that there are considerable manufactures
of things the direct desire for which seldom or never asserts itself at
all There are immense masses of tracts and Bibles produced, for
instance, which are paid for by persons who do not desire to use them
but to give them away to other persons whose desire for them is not
in any way an effective factor in the proceeding. And there are
nambers of expensive things made expressly to be bought for * pre-
sents,” and which no sane person is ever expected to buy for himself,
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from desires to & Jow development and blunted powers, then
the very fact that though he has eo few shillings yet one in
eddition would be worth no more to him than to his richer
neighbour is iteelf the indication of social pressure and
inequality, On the assumption, then, that the bumanity of
all classes of society onght ideally to receive equal develop-
ment, we may say that shillings either are or ought to be
worth more to poor men than to rich, Thus, if 4 manu-
factures articles which fetch Is. each in the open market and
are used principally by rich men, and if B produces articles
which fetch the same price but are principally consumed by
Toor men, then the commercial equivalence of the two wares
does not indicate a social equivalence, de. it does not indicate
that the two articles confer an equal benefit or pleasure on
the community, On the contrary, if the full humanity of
B's customers has not been stunted, then his wares are of
Liigher social significance than A's.

It is obvious, too, that if ("s wares are such as rich and
poor consume alike, the different lots which he eells to his
different customers, though each commercially equivalent to
the others, perform different services to the opulent and the
needy respectively,

Now, anything which tends to the more equal distribution
of wealth tends to remove these discrepancies,  Obviously if
all were equally rich the neutralising, over a wide ares, of
individual variations would take full effect 5 and if & thousand
men were willing to give & shilling for 4's article and five
hundnd to give o shilling for I, it would be a fair assump-
tion that though fewer men wanted B's wares than 4’s, yet
those who did want them wanted them (at the margin) aa
mudh  nor would there be any reason to suppose that differ-
eut Jots of the same ware ministered, as 8 rule, to widely
different intensities of maryinal desirve; the irreducible vari-
ations of personal constitutivn aud habit being the only
source of inequality Ift,

1t is true that the desire for 4's and B's wares might not
be equully legitimate, from & moral point of view. [ may
“want” & shameful and hurtful thing as much as T % wawt”
& beautful and usful one The Nute wsunally steps in to
ay that certain wante must not be provided for at all—in
Englaud the © waut® of gawing tabley, for instance—and &
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man’s own conscience may preclude him from supplying many
other wants. But on the supposition we are now making
equal intensity of commercial demand would at least repre-
sent (what no one can be sure that it represents now) equal
intensity of desire on the part of the persons respectively
supplied. If wealth were more equally distributed, there-
fore, it would be nearer the truth than it now is to say that
when we supply what will sell best we are supplying what is
wanted most.

These considerations are the more important because, in
general, this index of price is almost the only one we can
have to guide us as to what really is most wanted. When
we enter into any extensive relations with men of whom we
have little personal knowledge it is impossible that we should
form a eatisfactory opinion as to the real “equivalence” of
services between ourselves and them, and it would be an
immense social and moral amelioration of our civilised life if
we could have some assurance that a moderate conformity
existed, over every considerable area, between the price a
thing would fetch and the intensity of the marginal want of
it. This would be an “economic harmony ” of inestimable
importance. Within the narrower area of close and intimate
personal relations attempts would still be made, as now, to
get behind the mere “averaging ” process and eonsider the
personal wants and capacities of the individuals, the ideal
being for each to ¢ contribute according to his powers and
receive according to his needs” Thus the different prin-
ciples of conducting the affairs of business and of home would
remain in force, but instead of their being, as they are now,
in many respects opposed to each other the principles of
business would be a first approximation—the closest ad-
mitted by the nature of the case—to the principles on which
we deal with family and frienda,

Now certain social reformers have imagined an economie
Ttopia in which an equal distribution of wealth, such as we
have been contemplating, would be brought about as fullows:—
Certain industrial, social and political forees are supposed to
be at work which will ultimately throw the opportunities of
acquiring manual and mental skill completely open ; and
gkill will then cease to be a monopoly. Seeing, then, that
there will only be a small number of persons jucapable of
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duing anything but heaving, it will follow that the greater
part of the heaving work of the world will be done by persons
capable of doing skilled work, And hence again it will
{ollow that every skilled task may be estimated in the foot-
tons, which would be regarded by & heaver as its equivalent
in irksomeness, And if we ask *What heaver 1" the answer
will be “The man at present engaged in heaviny who esti-
mates the relative irksomeness of the shilled task most lightly,
and would therefore be most ready to take it up.” Then the
reward, or wages, for doing the task in question will be the
same a8 for doing its equivalent (so defined) in foot-tons.
If more were offered some of the present heavers would
apply.  If less were offered some of those now engaged in
the ekilled work would do heaving instead. To me per-
sonally heaving may be impossible or highly distasteful, but
a8 long 8s some of my colleagues in my task ave capable of
heaving and some of the heavers capable of doing my task, &
scale of equivalence will be established at the margin between
them, and this will fix the scale of remuneration. Thus earn-
ings will tend to equality with efforts, estimated in foot-tons.

From this it would follow that inequalities of earnings
could not well be greater than the natural inequalities of
mere brute strength ; for since fuot-tons of labour-power are
the ultimate measure of all remunerated efforts, he who has
most foot-tons of labour-power at his disposal is potentially
the largest earner,

Again, the reformers who luok forward to this state of
things hold that forces are already at work which will ulti-
nately dry up all sourees of income except earnings, so that
we shall not only have earnings proportional to effurts, esti-
mated in foot-tons, but also incutmes proportional to earnings.
Thus inegualities in the distribution of wealth will le re-
straiued within the limits of inequalities of original endow-
suent in strength,

The epeculutive weakness of this Utipia obvivusly liee in

\i:s taking wo sutlicient account of ditlerences of personal
wbilitv. Thowing open opportunities might level the rank
aud b up wl) trades, induding skilled craftsmen, artists, and
heavers; bt it would bardly tend to ditinish the distance,
for exatnple, between the mere “man who ean paiut” and
the pheat artast,
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~ Nevertheless it is interesting to inquire how things would
go in such & Utopia, In the first place we are obvionsly as
far as ever from having established any common measure
between man and man or any ahstract reign of justice ; for a
foot-ton is not the same thing to 4 and to B, neither is there any
justice in a strong man having more comforts than a weak one,
Nevertheless there would be greater equality. For the
number of individual families whose “means” in foot-tons of
labour-power lic near about the average means, is much
greater than the number of families whose present means in
“gold” lie near the average means. As this statement deals
with & subject on Which there is a good deal of loose and, in-
accurate thought, it may be well to expand the conception,

It M—T—w remains the same, then the arithmetical

average of the five quantities remains the same. Suppose
that average is 200. Then we may have a=b=c=d=¢=
200, or we may have a =996, b=c=d=¢=1, or 4=394,
=202, ¢=198, d=200, ¢=6. In all these cases the
average is 200, but in the second case not one of the several
quantities lies anywhere near the average, So again, if we
pass from the case a=b=c=d=¢=200 to the case a= 997,
b=¢=d=e¢=1, we shall actually have raised the average,
Dbut we shall have removed each quantity, severally, immensely
farther away from that average,

Now if we reflect that the average income of & family of
five in the United Kingdom is estimated at £175 per annum,
it is obvious that an enormons number of families have in.
comes a long way below the average. It is held to be self-
evident that a smaller number of families fall conspicuously
short of the average means in labour-power.

Further, the extremes evidently lie within less distance of
the average in the case of lahour-power than in the case of
“gald.” There are, it is true, some families of extraordinary
athletic power, races of cricketers, oarsmen, runners, and e
forth, but if we imagine such & family, while still remaining
an industrial unit, to contain six or seven members each able
to do the work of a whole average family, we shall probably
have alrealy exceeded the Emit of legitimate speculation,
and this would give six or seven times the average as the
upper limit.  Whereas the average “ gold” income (as given
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above) being £175, we have only to think of the incomes of
our millionaires to see how much farther above the average
the upper limit of *“gold ™ incomes rises than it could possibly
do in the case of labour-power.

The lower limit being zero in both cases does not lend
itself to this comparison,

It may be urged, further, that there is no such broad
distinction between the goods required by the strong (7 skates,
bicycles, ete.) and those required by the  weak ™ (? respira-
tors, reading-chairs, etc.) as there is between those demanded
by the “rich” and those demanded by the “poor.” So
that the analogue of the cases mentioned on p. 87 would
handly occur j especially when we take into account the
lalancing effect of the association of strong and weak in the
same family.

The whole of this inquiry may be epitomised and eluci-
dated by a diagramatic illustration,

The unitary marginal utilities of U and V stand in the
ratio of 3 : 4 on the relative scale of the community in which -
A and Blive. 4 possesses & considerable supply both of U
aud V, Parts of the curves are given in Fig. 18 4 (i), where
the zold " standard is enpposed to be adopted in measuring
marginal usefulness and utility, B possesses a little V, Lut
no U, and would be willing (as shown on the curves Fig. 18
B (i) to yive f} for (¢ aud u being small units of Vand T),
lut since « is only worth half as much as ¢ to him, he will
not buy it on higher terms than this  Now we lave sup-
posed the ratio of wtilities of u and ¢ on the relative scale to
be 3:4. That is t0 say, it u contains three small wnits of

. . u

utility then ¢ coutaing four.  Therefore § Las the sane value-

. . ae ¢ Su

in-eschange or margingd utility as 3wl g or u hias the
. Se ) 3o

rate Value-in-cxclange as 4 + Wherelure an offer of —, Lut

nothing Jower than this, constitutes an “effective ® dewand

{ vl Lot 2 . .

or v whereie B oouly offers gor 3 for it Measuring the

btensity of 3 want by the offer of “@ld” it prow ts, we
thotdd sy, that B wants ¢ a5 much a5 4 does, but wants %
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less than A4 does, This, however, is delusive, for we do not
know how much each of them wants the units of * gold” in
which all- his other wants are estimated. Suppose we sy,
“What a man wants he will work for,” and ascertein that 4
would be willing to do half a foot-ton of work for a unit of
“gold,” whereas B would do one and  half foot-tons for it,
This would show that, measured in work, the standard unit
was worth three times as much to B as to 4. Reducing the
units on the axis of y to % for 4, and raising them to % for
B, we shall have the eurves of Fig. 18 4 (if) and B (ii) show-
ing the respective *wants” of 4 and B estimated in willing-
ness to do work, It will then appear that B wants » three
times as much and « twice as much as A does; but his

demand for u is still not effective, for he only offers g or ?Zv

. . LB :
for it, and its exchange-valne is 7. There is only enough

U to supply those who want & unit of it at least as much as
they want § of a unit of V, and B is not one of these,

Now if 4 and B badl both been oblized to earn their
“oold” hy work, with equal opportunities, then obviously
the unitary marginal utility of “gold,” estimated in foot-tons,
must have been equally high for both of them, since each
would go on getting “gold ” till at the margin it was just
worth the work it cost to get and no more, And therefore
the marginal utilities of % and v (whether measured in foot-
tons or in “gold ™) must also have stood at the same height
for 4 and B. Hence B could not have been wholly without
U while A possessed it, unless, measured in foot-tons, its
marginal usefulness was less to him than to 4.

It would remain possible that a foot-ton might represent
widely different things to the two men ; but the contention is
that this is less probable, and possible only within narrower
limits, than in the corresponding ease of “gold” under our
present system. I need hardly remind the reader that the
assumptions of Fig 18 are arbitrary, and might have been
so made as to yicld any result desired, The figure illustrates
a perhaps rational supposition, and throws light on the
nature and effects of a ehange of the standard unit of utility.
1t does not prove anything as to the actual result which
would follow upon any specified change of the standard
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The whole of this note must be regarded as a purely specu-
lative examination of the conditions (whether possible of
gpproximate realisation or not) under which it might he
roughly true that “ what men want most they will pay most
for.”

We have now gained a distinct conception of what
is meant by the exchange-value of a commodity. It is
identical with the marginal utility which a unit of the
commodity bas to every member of the community
who possesses it, expressed in terms of the marginal
utility of some concrete unit conventionally agreed
upon. There is no assignable limit to the divergence
that may exist in the absolufe utility of the standard
unit at the margin to different members of the com-
munity, but the reutive warginal utilities of the standard
unit and a unit of any other article must be identical to
every member of the community who possesses them, on
the supposition of perfectly developed frictionless ex-
change, aud “small " units,

We may now proceed to show the principle on which
to construct collective or social curves of quantity-
possessed-and -marginal -usefulness without danger of
being misled by the equivocal nature of the standard,
or weasure, of usefulness which we shall be obliged to
cploy.

In approaching this problem let us take an artiticially
simple case, deliberately setting aside all the secondary
considerations aud complications that would rise in
Practive,

We will suppose, then, that & man has absolute con-
trol of 8 medicinal spring of wiique properties, and that
its existence and virtues are generally known to the
wedical faculty.  We will further suppose that the
uwner is actuated by no cunsiderstion except the desire
10 nske as wuck as be can out of Lis property, without
exerting hunself to conduct the business of bottling and
dispusivig of the watera He determines, therefore, to
alow people 10 tuke the water on whatever terms
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prove most profitable to himself, and to concern himself
no further in the matter.

Now there are from time to time men of enormous
wealth who would like to try the water, and would give
many pounds for permission to draw a quart of it, but
these extreme cases fall nunder no law. One year the
owner might have the offer of £30 for a quart, and for
the next ten years he might never have an offer of more
than £3, and in neither case would there be any regular
flow of demand at these fancy prices. He finds that in
order to strike a broad enough stratum of consumers to
give him a basis for averaging his sales even over a series
of years he must let people draw the water at not more
than ten shillings a quart, at which price he has a small
but appreciable and tolerably steady demand, which he
can average with fair certainty at so much a year. This
means that there i3 no steady flow of patients to whom
the marginal utility of a quart of the water is greater
than that of ten shillings In other words, the initial
utility of the water to the community is ten shillings a
quart. (learly, then, the cueve of quantity-and-marginal-
usefulness of the water cuts the axis of y (that is to say,
begins to exist for our purposes) at a value representing
ten shillings a quart. If we were to take our unit on z to
represent a quart and our unit on y to represent a shilling,
then we should have the corresponding values 2= 0,y = 10.
But since we shall hase to deal with large quantities of
the water, it will be convenient to have a larger unit for
diagramatic purposes; and since the rate of 10a. per
quart is also the rate of £3000 per 10,000 quarts, we
may keep our corresponding values z=0, y =10, while
intepreting our unit on z as 10,000 quarts and our unit
on y as £300 (=10,000 shillings). The curve, then,
cuts the axis of y at the height 10 ; which is to say that
the initial usefulness of the water to the community is
£300 per 10,000 quarts, or ten shillinzs a quart, which
latter estimate being made in “small® units may be
converted into the scatement that the initial wfilily of a
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quart of the water is equal to that of ten shillings, of
two quarts twenty shillings, ete.*

But at this price customers are fcw, and the owner
makes ouly a few pounds a year. He finds that if he
lowers the price the increased consumption more than
compensates him, and as he gradually and experimentally
lowers the price he finds his revenue steadily rising.
Even a reduction to nine shillings enables him to sell

]
EENNREETINEETEN
Fig. 19,

ubout 1000 quirts a year, and so to derive a not incon-
siderable income (£450) from kis yroperty, A further
reduction of a shilling about doubles Lis sale, and he
sclis 2000 quarts & year at eight shillings, waking £800
income. When Le lowers the price still further to six
ehiiiings, ke sells between 5000 and 6000 QUAT'S & Year,
and Bis dncowe rises to £1500.

Lefore fuliuwing bim further we will lovk at the prob-

® Whervas it canuot be ssid that the ivitial utility of 10,000

Quarts 3 £200, fr the itatid usetulvess is ot sustained throughout
the oolsimplion of Ju, 000 quarts.
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lem from the other side. At first no one could get a-
quart of the water unless its marginal utility to him
was as great as that of ten shillings. Now the issue
just suffices to supply every one whose marginal want of
& quart is as high as six shillings, These and these only
possess the water, and on their relative scales it stands
a3 having a marginal utility of six shillings a quart.
This, then, may be called the marginal utility of the
water fo the community; only we must bear in mind that
we have no reason to suppose that the marginal wants
of the possessors are in themselves either all equal to
each other or all more urgent than those of the yet un-
supplied; but relatively to “gold” they will be so.

We will now suppose that the owner tries the effect -
of lowering the price further still, and finds that when
he has come down to four shillings a quart he sells
11,000 quarts a year, so that his revenue is still increas-
ing, being now more than £2200 per annum. This means
that over 11,000 quarts are needed to supply all those
members of the community to whom the marginal utility
of & quart is as great as the marginal utility of four
shillings. Still the owner lowers the price, and discovers
at every stage what quantity of the water it is thut has the
unilary marginal utility to the communily corresponding fo
the grice he has fired, By this means he is tracing the
curve of price-and-quantity-demanded, and he is doing so
by giving successive values to y and ascertaining the
values of 2 that severally correspond to them. Fig. 19
shows the supposed result of his experiments, which,
however, he will not himself carry on much beyond
y =1, which gives =10,* and represents an income of
ten units of area, each unit representing £300, or £5000
inall. The price is now at the rate of £300 per 10,000
quarts, or one shilling per quart, and the annual sales
amount to 100,000 quarts. Up to this point we have
supposed that every reduction of the price has increased

. 120-2  B-20x4+1%0
® In the dingram y= oo - —




MINERAL SPRING 97

the total pecuniary yield to the owner. Dut this can-
not go on for ever, inasmuch as the owner is seeking to
increase the value of z x y by diminishing y and increas-
ing z,and since in the nature of the case z cannot be
indefinitely extended (there heing a limit to the quantity
of the water wanted by the public at all} it follows that
as ¥ diminishes a point must come at which the increase
of ¢ will fail to compensate for the decrease of 3, and sy
will hecome smaller as y decreases.  This is obvious from
the fizure.  We suppose, then, that when the owner has
already reduced Lis price to one shilling a quart ke finds
that further reductions fail to bring in a sufficient increase
of custom to muke up for the decline in price. To make
the public take 160,000 quarts a year he would not only
have to give it away, but would have to pay something
for having it removed.

We bave supposed the owner to fix the price and to
let'the quantity sold fix itself to correspond. That is,
we have supposed him to say: Any one on whose re-
lative scale of wmarginal utilities & quart of this water
stands as high as y shillings may have it, and I will see
how many quarts per annum it will take to meet
the “ demand ” of all such. Hence he is constructing
& curve in which the price is the varislle and the
quantity demanded at that price is the function. This
i8 & curve of price-and-quantity-demanded, It is usual
t call it & “curve of demand” simply, but this is
an ellpticdl, ambiguous, and misleading phrase, which
should be strictly excluded from elementary treatises.
We Lave secn (p. 12) that a curve is never a curve
of height, time, quantity, utility, or any other one thing,
but ulwivs & curve of connection between some fww
thitgs. The amounts of the things themselves are slways
represctited by strudght lines, and it is the connection of
the corresponding pairs of these lines that is depicted on
the eurve.  1f we not ouly slways bear this in mind,
Lut abwaye express it, it will be an inestimable safe-
gpuard agxingt confusion and ambiguity, and we may

U
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make it & convention always to put the magnitlide
which we regard as the variable first. Thus the curve
we have just traced is a4 curve of price-and-quantity-
demanded.

But it would have been just as easy to suppose our
owner to fix the quantity issued, and then let the price
fix itself. The curve itself would, of course, be the
same (compare pp. 3, 13), but we should now regard it as
a curve of quantity-issued-and-intensity-of-demand. The
price obtainable always indicating the intensity of the
demand for more when just so much is issued. From
this point of view also it might be called a “curve of
demand,” but “demand ” would then mesn intensity of
demand (the quantity issued being given), and would
be measured by the price or y. In the other case *de-
mand” would mean quantity demanded (at a given
price), and would be measured by s,

Now this curve of quantity-issued-and-intensity-of-
demand is the same thing as the curve of quantity-
possessed-(by the community)-and-marginal-usefulness,
or briefly quantity-and-price. Thus if we call the curve
a curve of price-and-quantity we indicate that we are
supposing the owner to fix the price and let the
quantity sold fix itself, whereas if we call it the carve
of quantity-and-price we are supposing the owner to fix
the amount he will issue and let the price fix itself. In
either case we put the variable first, and call it the
curve of the varable-and-function.

Regarding the curve as one of quantity-and-price
then, we suppose the owner to say : I will draw 2 times
10,000 quarts (of course z may be a fraction) from my
spring every year, and will see how urzent in comparison
with the want of “gold” the want that the last quart
meets turns out to be. In this case it is obvious that
as the owner increases the issue the new wants satisfied
by the larger supply will be less urgent, relatively to
“gold,” than the wants supplied before, but still the
marginal utility of a quart relatively to “gold” will be

~
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tlie same to all the purchasers, and will be greater to
them than to any of those who do not yet take any.
Thus as the issue increases the marginal utility to the
cowmunity of a quart steadily sinks on the relative scale
of the community, and shows itself, as in the case of the
individual, to be a decreasing function of the quantity
possessed, each fresh increment meeting a less urgent
want than the last. But meanwhile the fufal service
done to the community by the water is increased by
every additional quart.  The man who bought one
quart a year for ten shillings, and who buys two quarts
a year when it comes down to eight shillings, and ten
quarts & year when it is only a shilling, would still be
willing to give ten shillings for a single quart if he could
not get it cheaper, and the second and following quarts,
though not ministering to so urgent a want as the first,
yot in no way interfere with or lessen the advantage it has
already conferred, while they add a further advantage of
their own.  Thus from his first quart the man now gets
for a shilling the full advantage which he estimated at ten
shillings, and from the second quart the advantage he
estimated at eight shillings, and so on. It is only the last
quart from which he derives an advantage no more than
equivalent to what he gives for it.  We may, therefore,
still preserving the “gold” standard, say that the total
utility of the ¢ quarts which . consumes in the year is
made up of the whole sum he would have given for
one quart rather than have none, plus the whole quantity
he would have given for a second quart sooner than
have ouly one +. ., +the whole sum he gives for the
gth quart sooner than be satisfied with (g-1).  In like
niunner the successive quarts, up to p, which B adds to
his yearly consumption as the price comes down, each
coufers & fresh benetit, while leaving the benetits already
conferred by the others as great ss ever. Thus we
slould comtruct for 4, B, C, ete., severally, curves of
quantity-and-total-utility of the water, on which we
could read the totd benefit derived frum any given
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quantity of the water by each individual measured in
terms of the marginal utility to him of the unit of gold.
And regarding the total utility as a function of the
quantity possessed, we shall, of course, find that each
consumer goes on possessing himself of more till the
fiest derived function (rate at which more is adding to
his satisfaction) coincides with the price at which he can
purchase the water. )

In like manner we may, if we choose, add up all the
utilities of the successive quarts to 4, B, C ete,
measured in “gold,” as they accrue (neglecting the fact
that they are not subjectively but only objectively
commensurate with each other), and may make a curve
showing the grand total of the utility to the community
of the whole quantity of water consumed. And this
curve would of course continue to rise (though at a
decreasing rate) as long as any one who had anything to
give in exchange wanted a quart more of the water than
he had, _

Thus we have seen that as the issue increases the
utility of a quart at the margin to each individual and
to the whole community continuously falls on the relative
scale, the exchange value of course (recorded in the
price) steadily accompanying it ; while at the same time
each extra quart confers a fresh advantage on the
community without in any way interfering with or
lessening the advantages already conferred ; that is to
say, the total advantage to the community increases as
the issue increases, whereas the marginal usefulness con-
stantly decreases, The maximum total utility would
be realised when the issue became free, and every one
was allowed as much of the water as he wanted, and
then the marginal utility would sink to nothing, that is
to say, no one would attach any value to more than he
already had. This is in precise accordance with the
results already obtained with reference to a single in-
dividoal. The total effect is at its maximum when the
marginal effectiveness is zere.

(
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Dut now returning to the owner of the spring, we
note that lis attention is fixed neither upon the total
nor the marginal utility of the water, but on the total
price he receives, and we note that that price is re-
presented in the diagram by a rectangle, the base of
which is z, or the quantity sold measured in the unit
agreed upon, and the height y, the price or rate per unit
(determined by its marginal usefulness) at which when
issued in that quantity the commodity sells. The area,
therefore, is #5.  And this brings us to the important
principle involved in what is known as the *law of indif-
ference.” By this law the owner finds himself obliged to
sel] all his wares at the price which the least wgently needed -
will feteh, for he cannot as a rule make a separate bargain
with each customer for each unit, making each pay as
much for each successive unit as that unit is worth to him ;
since, unless he sold the same quantity at the same price
to all his customers, those whom he charged high would
deal with those whom he charged low, instead of directly
with him.  “There cannot be two prices for the same
article in the same market” Thus we see again, and
sve with ever increasing distinetness, that the exchange
value of a commodity is regulated by its marginal
atility, and @s independent of the service which that
particular specimen happens to render to the particalar
dividual who purchiases it.

Thus (if we bear in mind the purely relative and
therefore swially equivocal nature of our standurd of
UtLItY) we may now generalise the conclusions we
reached in the first instance with exclusive reference to
the individual. From the collective as from the indi-
vidual point of view the marginal wtility of & comumodity
1 & function of the quantity of it possessed or eot-
vanded I the quantity chunges, the comwuna) mar-
g uniiity wid therefure the exchange-value changes
with it} and this altogether irrespective of the nature
of the causes which produce the change in quantity,
Whether 1t is that mature provides 80 wuch sud wo
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more, or that some one who has power to control the
supply chooses, for whatever reason, to issue just so
much and no miore, or that producers think it worth
while to produce so much and no more—all this, though
of the utmost consequence in determining whether and
how the supply can be further changed, is absolutely im-
" material in the primary determination of the marginal
utility, and therefore of the exchange-value, so long as
just so much and no more 45 issued, This amount is
the variable, and, given a relation between the variable
and the function (i.e. given the curve), then, when the
variable is determined, no matter how, why, or by
-whom, the function is thereby determined also (compare
p. 62)

Etchange value, then, is 'relatwe marginal value-s m#use,
und i & function of quantily possessed,

The ¢ Law of Indifference ” is of fundamental importance
in economics, Its full significance and bearing cannot be
grasped till the whole field of economics has been traversed ;
but we may derive both amusement and instruction, at the
stage we have nmow reached, from the consideration of the
various attempts which are made to evade it, and from the light
which a reference to it throws upon the real nature of many
familiar transactions.

In the first place, then, sale by auction is often an attempt
to escape the law of indifference. The auctioneer has, say,
ten pictures by a certain master whose work does not often
come into the market, and his skill consists in getting the
man who is most keen for a specimen to give his full price
for the first sold.  Then he has to let the second go cheaper,
because the keenest bidder is no longer competing ; but he
tries to make the next man give kis outside price ; and so on.
The bidders, on the other hand, if eool enough, try to form a
rough estimate of the marginal utility of the pictures, that ia
to say, of the price which the tenth man will give fur a
picture when the nine keenest bidders are disposed of, and
they know that if they steadily refuse to go abuve this point
there will be one for each of them at the price.  When the
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[
things on sale are such as can be readily got elsewhere, the
auctioneer is powerless to evade the law of indifference.
Another instance constantly occurs in the stock markets,
A broker wishes to dispose of a large amount of a certain
stock, which is being taken, say, at 95. But he knows that
only a little can be sold at that price, because a few thousands
would be enough to wmeet all demands of the urgeney repre-
sented by that figure. In fact, the stock he has to part with
would suflice to meet all the wants represented by 93 and
upwards, and accordingly the law of indifference would com-
pel him to part with the first thousand at that rate just as
much as the last if he were to offer all he means to sell
at once. This, in fact, will be the selling price of the
whole when he has cowpleted his operations,  But mean-
while he endeavours to hold the law of indifference at bay by
producing ouly 8 small part of his stock and doing business
at 95 till thicre are no more demands urgent enough to prompt
an offer of more than 94, He then proceeds cantiously to
meet these wants likewise, obtaining in each case the maxi-
muin that the other party is willing to give ; and so on, till,
if cumpletely successful, he has let the stock down 1 at a
tine frum 95 to 93. By this time, of course, not only his own
last Latch, but all the others that he Las sold, are down at 93.
The law of indifference has been defeated only so far as he is
concerned, and not in its general operation on the market,
The general principle involved is illustrated, without
special reference W the cases cited, in Fig 20. The law of
indiference dictates that if the quantity Og, is to be sold,
then Og, 991,919, 9,94, 959, must all be treated inditlerently,
"f'4 therure :pld at the price measured by Op, (=gym)
This would reulise au amount represented by the area pg,.
But the sller endeavours to musk the fact that Oy, is to be
sld, and by isuing separate instalments tries to secure the
Buccessive Brvad g+ 89, a0, + 60,460, Obviously the
“luuit® of this process, under the wost favourable possille
circumstauees, is the securing of the whole ara bounded by
the curve, the ares, and the line g, m, ‘where g, stands for the
Last of the series ¢, g, ete.® 1 the Law of indifference takes

i Upory= i 0, de if yis fia), theo the aree o yuestion
wili be / :j".‘,.i.c ace pp 23, 81). The moating of this sywbol may
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{
full effect the seller is apt to regard the area Pp,m, as a

territory to be reclaimed. The public, he thinks, has got it
without paying for it. If the law of indifference is com-
pletely evaded, the public, in its turn, is apt to think that it
has been cheated to the extent of this area,

We may now consider some more special cases of attempts
to escape the action of the law of indifference. The system
of  two prices " in retail dealing is a good instance, Itisan -
attempt to isolate two classes of customers and to confine the
action of the law of indifference to equalising the prices within
these classes, taken severally, In fact, the principle of “fixed
prices in retail trade” is strictly involved in the frank accept-
ance of the law of indifference ; and all evasions or modifica-
tions of that principle are attempts to escape the action of
the law, The extent to which “double prices” prevail in
London is perhaps not.generally realised. A differential
charge of a halfpenny or penny s quart on milk, for instance,
according to the average status (estimated by house rent) of

now be explained. The sum of all the rectangular areas is py+ 87,

+oygatete., o gm.Og+qmy. g+ gy paatete., but gm s
J(Og)y qym 18 £{Ogy), guing 38 f(Ogu), etc. Therefore the sum of the

&reas 18
J(0g). Og+£(0g)). 451 +/(00y) - 0rgy +ete.

But Og=qq,=qq,=cte. We may call this quantity *‘the increment
of ,” and may wiite it Az, The sum of the rectangular areas will then
be

{£(0g)+£(0g,) +/(0g,) + ete.} As,
. or sum {f(Og)y A, or Z{f(Oy); Az

When we wish o indicate the limit of any expression into which
Az, .. an increment of z, enters, as the increment becomes smaller
and smaller, it i8 uwsual to say that Ar becomes dz, In the
limit then 2{f(0q)} Az becomes / f(Og\dz, where [is simply the
letter s, the abbreviation of “sum.” The symbol then means, the
limit of the sum of the areas of the rectangles as the bases become
smaller and the number of the rectangles greater. But we have further
to indicate the limita within which we are to perform this summing of
the rectangles. If we wished to express the area gymymyyy the linits
would be Op; and Og We should wish to sum all the rectangles
bounded by i 0q,), t.e. gymy, and F(Og,), i.e. gomy  This we should
indicate thus—

O

/.Ug).de

Og
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the inbabitants of each street or neighbonrhood, seems to be
common,
1t is ¢lear, too, that when be has established a system of
differential charges, the tradesman can, if he likes, sell to the
low-priced customer af a price which would not pay him* if
charged all round ; for the small profit he would make on each
transaction would not enable him to meet his standing expeuses,
Haviug mef them, however, from the profits of his bigh-priced
buginess, he may now put down any balance of receipts over
cxpenses out of pocket on the other busines as pure gain, If in
Tig, 20 the rectangles represent not the actual receipts for the
ive sales, but the balance of receipt expenses o of
yoeket on each several transaction, we may suppose that the
" dealer requires to realise nn azed of 0 in order to meet hig
slanding expeuses and make 8 living. He can do business
to the extent of Og, at the (gross)t rate of profit Op,, which gives
him his svea of 20, €& p,9, If he did business to the extent
of Ogy ab wifora (grosy) profit of "Opg, he would cnly
secure an area of 18, 44 pngn, and so could a0t carry on busi-

ness at sll.  But if he can keep Og, at the profit Op, and |

And the area OPuipyy Will be
4
.[E (0g).dz

Thig means that the values sncewssively assumed by Og in the expres-
sion, sam (0. dz) ate, respeclively, all the valnes between Ogy and
Quy, or all the values between 0 and Ogn. Finally, since the succes.
alve valueg of Og are the succesaive valucs of s, and sinoe Og, iy the

.

Jast value of = we are to consider, we may write the expression for

OPmags

: /}(z).az
9
or tho exprassion for qytymags
' flz).de
am ..
remembering the 2 in f(x) standa for afl the suecessive values of {he
varigble, #, whereas i m or / M om generally f constan, @ Siands
only for the lust of the nlues «of the variable considared,
* This phrase is used in anticipation, but is perhaps mﬂuenﬂy
clear {sco Lelow),

+ Le, surglus of receipts over expenies ont of pooket on that frans-
aetiony all standing expenses bemg already incurred.
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then without detriment to the other add g,g, at a profit
Opy, he secures 20+ 8, 4. p,q, + 8,05  Nay, it is conceivable
enough that he could not carry on business at all except on
the principle of double prices, Suppose, in the case illus-
trated by the figure, that he must realise an ares of 25 in
order to go on. It will be found that no rectangle contain-
ing so large an area can be drawn in the curve, The maxi-
mum rectangle will be found to correspond to the value of
nearly 45 for , which will give an area of only a little more
than 20, If the law of indifference, then, takes full effect,
our tradesman cannot do business at all ; but if he can deal
with Og, and q,g, separately, he may do very well. -

In this case the “ double price” system is the only possible
one ; and the high-priced customers are not really paying an
unnaturally high price.  For unless some one pays as high as
that the ware cannot be brought into the market at all. But
it would be easy so to modify our supposition as to make the
tradesman a kind of commercial Robin Hood, forcing up the
price for one class of customers above the level at which they
would naturally be able to obtain their goods, and then
lowering it for others below the paying line.

The differential charges of railway companies illustrate
this, A company finds that certain goods Og must neces
sarily be sent on their line, whereas gg, may be equally well
sent by another line. An average surplus of receipts
over expenses out of pocket represented by an area of four
units per unit of & will pay the company; e Op, per
unit, giving p,9, or 20 on the carriage of Og, would pay.
On Qg the company puts a charge which will yield gross
profits at the rate of Op, and thus secure pg=14. They
then underbid the other company for the carriage of g7, Op,
being the minimum average gross profit that will pay (in
view of standing expenses), they offer to carry ab a gross
profit of Opy, for their standing expenses are already incurred,
and they thus secure an extra gross profit of g8, (= 8) which,
together with the pg (=14) they have already secured, gives
them & total of 22, or 2 more than if they bad run at
uniform prices, Of the ten extra units of area which they
extracted from the consizners of Og, they have given eizht to
the consigners of gq, in the shape of a deluction from the
legitimate charge.
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Another interesting case is that of a theatre. Here the
“two (or morc) price” system i8 disguised by withholding
from the low-price customers certain conveniences which prac-
tically cost nothing, but which serve s 8 badge of distinction
and enable the lugh price customers to pay for the privilege
of being separated from the reat without offensively parading
before them that this sepuration is in fact the privilege for
which they are paying 8s. each. The accommodation is
limited, and the nature of the demand varies aucurdmg 10 the

larity of the piece. E: ional circum-
stances custom fixes the charges for mlls and pn, to which we
will confine ounselves ; and thongh the manager would rather
fill his floor with aLal]s than with benches, yet ke is glad of all
the half-crowns which do not displace half-guineas, since his
expenses out of pocket for each additional pittite are trivial or
non-cxistent. Neglecting the difference of space assigned to
a sitter in a stall and on & bench, let ua suppose the whole
ﬁour to lmld 800 seats, 400 of which are made into stalls,

7 g & hundred theatre-goers by a unit on z, and the
Tate of 16 & head, or £6 & 100 by the unit on y, and so
making each unit of area represent £5 receipts, we may
read the two curves ¢ and & in Fig 21 thus ‘There isa
nightly supply of four hundred theatre-goers who value the
entertainment, accornpsuied by the dignity and comfort of &
stall at not less than 10z 6d. & seat (rate of £52 :10s. per
bundred seats) There are also five hundred more who value
it, with the discomforts of the pit, st 2s 6d. 8 seat (rate of
£12 108 per hundred). There 1s ot accommodation for all
the lalter, since there are but four hundred pit seats, and
custom prevents the manager from filling bis*pit at & little
over 3. a place a8 he might do. o he lets his customers fight
it out at the door and takes in four hundred at 2s 64, each
(area p'a’) His takings are (106 x 44 26 x 4) times £6=
£3260, since each unit of area represents £5. The areas
are po and y'w’, The former pa is a8 great 88 the mar-
giml utility of the article offered admits of, but the Intter
p'e’ s limited horizontally by the epace available and verti-
cally by eustom.

As the public gets tired of the plnv the curves a and 4’ are
replaced by b and &, The manager might fill his stalls by
going down to 8., and might almost fill his pit at 25 But

P
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: ¢
custom forbids this. His prices are fixed and his issue of tickets
fixes itself, He has 200 stalls and 300 places in the pit
taken every night. Area=pb+p'¥. Receipts (10°5 x 2+ 25
x 3) times £5 = £142:10s,

When the manager puts on a new piece the curves ¢
and ¢ replace b and b'; and finding that he can issue six
hundred stall tickets per night at 10s. 6d., the manager
pushes his stalls back and cuts down the pit to two
hundred places, for whick six or seven hundred theatre-goers
fight; several hundred more, who would gladly have
paid 2s. 6d. each for places, retreating when they find
that they must wait a few hours and fight with wild
beasts for ten minutes in addition to paying their half-
crowns, When the two hundred successful competitors find
that the manager has mot sacrificed £80 a night for the
sake of keeping the four hundred seats they consider due to
them and their order, they try to convince him that a pittite
and peace therewith is better than a stalled ox and contention
with it. It would be interesting to know in what terms they
would state their case ; but evidently the merely commercial
principles of “business” do not command their loyal assent.
The areas pe+pe’ are (10:5 x 6+ 25 x 2) times £5 = £340,

The case of “reduced terms” at boarding schools is very
like the cases of the railway and the theatre. The reader
may work it out in detail. As long as the school is not full,
the “reduced ” pupils do something towards helping things
along, if they pay anything more than they actually eat and
break. At the same time it would be impossible to meet the
standing expenses and carry on the school if the terms were
reduced all round. If pupils are tsken at reduced terms
when their places could be filled by paying ones, then the -
master is sacrificing the full amount of the reduction.

These instances, which might be increased almost
indefinitely, will serve to illustrate the importance of the law
of indifference and the attempts to escape ils action.

Having now a sufficiently clear and precise conception
of the marginal utilities of varions commodities to the
communify, we may take up aguin from the general
point of view the investization which we have already
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itered upon {on p, b8) with reference to the individual,
and may inquire what principles will regulate the direc-
tion taken in an industrial community by the labour
{und other eflorts or sacrifices, if there are any others)
needful to productiou.

Strictly speaking, this does nob come within the
scope of our present inquiry. We have already seen
that the exchange value of an article is & function of the
quantity possessed, completely independent of the way
in which that quantity comes to be possessed; and
any inquiries as to the circumstances that determine, in
particular cases, the actual quantity produced and there-
fore possessed, fall into the domain of the “theory of
production ” or “making” rather than into that of the
“theory of value? or “worth” - But the two subjects
have been so much confounded, and the connection
between them is in reality so intimate and so important,
that even an elementary treatment of the subject of
“value” would be incomplete unless it included an
exaination of the simplest case of connection between
value and what is called cost of production. The con-
sideration of any case except the simplest would be out
of place here,

Suppose 4 can command the efforts and sacrifices
necded to produce either U or V, and suppose the pro-
duction of either will require the same application of
these productive agents per unit produced.  Obvivusly
A, if he approaches his prollem from the purely mercan-
tile side, has simply to ask, “Which of the two, when
produced, will be worth most in * guld’ to the comuu-
uity 17 d¢, be wust inguire which of the two bas the
hizhest relative marginad utility, or stands highest on the
relative beale,  Suppose & unit  has, at the margin,
twice the relutive utility of the uuit o; 4 will then
devote himslf to the production of T, for by so doing
lie will create a thivg Laving twice the exchange value,
and will therefore obtain twice as much in exchange, us
if be twck the other course.  He will therefure produce
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w simply because, when produced, it will exchange dr
more “gold” than v. 4 will not be alone in this pre-
ference. Other producers, whose productive forces are
freely disposable, will likewise produce U in preference
to V, and the result will be a continual increase in the
quantity of U, Now we have seen that an increased
quantity of U means a decreased marginal usefulness of
U measured in “gold,” so that the production of U in
greater and greater quantities means the gradual declen-
sion on the relative scale of its unitary marginal utility,
and its gradual approximation to that of V, which will
cause the exchange values of % and » to become more
and more nearly equal But as long as the marginal
utility of  stands at all above that of » on the relative
scale, the producers will still devote themselyes by pre-
ference to the production of U, and consequently its
marginal usefulness will continue to fall on the
scale until at last it comes down to that of V. Then
the marginal utilities and exchange values of % and ¢
will be equal, and as the expenditure of productive
forces necessary to make them is by hypothesis equal
also, there will be no reason why producers should
prefer the one to the other, There will now be equili-
brium, and if more of either is produced, then more of
both will be produced in such proportions as to preserve
the equilibrium now established. In fact the diagram
(Fig. 14, p. 60) by which we illustrated the principla upon
which a wise man would distribute his own personal
labour between two methods of directly supplying his
own wants, will apply without modification to the
principles upon which purely mercantile considerations
tend to distribute the productive forces in a mercantile
society. - But though the diagram is the same thereis a
momentous difference in its signification, for in the one
case it represents a genuine balancing of desire against
desire in one and the same mind or “subject,” where
the several desires bave a real common measure ; in the
other case it represents a mere mechanical and external
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%quivalence in the desires gratified arrived at by
measuring each of them in the corresponding desires for
“gold " existing respectively in different “ subjects.”

It only remains to eneralise our conclusions, No
new principle is introduced by supposing an indefinite
nuber of alternatives, instead of only two, to lie hefure
the wiclders of productive forces.. There will always Le
a tendency to turn all freely disposable productive forces
towards those branches of production in which the
smallest sum of labour and other necessaries will pro-
duce a given utility ; that is to suy, to the production of
those commodities which have the highest marginal
utility in proportion to the labour, etc., required to pro-
duce them ; and this rush of productive forces into these
particular channels will increase the amount of the
respective commodities, and so reduce their marginal
usefulness till units of them are no longer of more value
at the margin than units of other things that can be
made by the same expenditure of productive forces,
There will then no longer be any special reason for
further increasing the supply of them.

The productive forces of the community then, like
the labuur of a self-sufficing industrial unit, will tend to
distribute themselves in such a way that a given sum of
productive force will produce equal utilities at the
niurgin (measured externally by equivalents in ¢ gold ™)
wherever applied,

To muke this still clearer, we may take a single case
in detall, and supposing general equilibrium to exist
amongst the industries, may ask what will regulate the
extent to which a newly developed industry will be
taken upt But &8 8 preliminary to this inquiry we
must define wore closely our idea of & general equi-
Librium amougst the industries. On p. 73 sy we estab-
lished the principle that if commodities A and B are
freely exclanged, aud commoditics B aud € are frecly
exchanged also, then the unitary marginal utilities, and
thus the exchunge values of ¢ aud ¢ muy be expressed
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each in terms of the other, even though it should happen
that no owners of A want C, and no owners of C want A,
and in consequence thers is no direct exchange between
them. In like manner the principle of the distribution
of efforts and sacrifices just established enables us to
select & single industry as a standard and bring all the
others into comparison with it. It will be convenient,
as we took gold for our standard commodity, so to take
gold-digging as our standard industry ; and as we have
written * gold ” as a short expression for ¢ gold and all the
commodities in the circle of exchange, expressed in terms
of gold,” so we may write “ gold-digging” as a short ex-
pression for “gold-digging and all the industries opeu to
producers, in equilibrium with gold-digging,” and we
shall mean by one industry being in equilibrium with
another that the conditions are such that a unit of .
effort-and-sacrifice applied at the margin of either
industry will produce an equivalent utility.* If, then,
a sufficient number of persons have a practical option
between gold-digging () and cattle-breeding (), this
will establish equilibrium between these two occupations
e and B, in accordance with the principle just laid
down ; and if a sufficient number of other persons to
whom gold-digging is impossible have a practical option
between cattle-breeding (8) and corn-growing (y), then
that will establish equlibrium between 8 and y. But
since thers will always be equilibrium between a and 8
as long as sufficient persons have the option between
them, and since that equilibrium will be restored, when-
ever disturbed, by the forces that first established 1, it
follows that if there is equilibrium between S8 and y

* To speak of the ““margin” of an industry again juvolves an
anticipation of matters not dealt with in this volume, but I trust it
will create no confusion. It must be taken here simply to mean “‘a
unit of productive force added to those already employed in A certaiv
industry,” and the assnmption is that all units are employed at the
same sdvantage, the difference in the utility of their yields being due
simply to the decreasing marginal utility of the same unit of the com
mndity as the quantity of the commodity progressively increases.
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there will be equilibrium between o and y also. We
may therefore conveniently solect o or gold-digging as
the industry of general reference, and may say that a
man will prefer y or corn- "!’o“mg to “ gold-digging " as
long as the yield is higher in the former industry,
_ although as a matter of fuct it is not the yield in gold-
digging but the yield in cattle-breeding (itself equi-
Librated with gold-digging) with which he directly com-
pares his results in corn growing. Iudustries in equili-
brium with the same are in equilibrium with each
other,

We assume, then, that there is a point of equilibrium
about which all the industries, librated with each other
directly and indirectly, oscillate ; and, neglecting the
oscillations, we use the yield to a given application of
productive forces in gold-digging as the representative
of the equivalent yield in all the other industries in
equilibrium with it,

Now we imagine 8 new industry to be proposed, and
producers who ‘command freely disposable efforts and
sacrifices to turn their attention to it. Their option is
between the new industry and “golddigging” in the
extended sense just explained We are justified in
assuning, for the sake of simplicity, that the whole sum
of the productive forces under consideration would not
seusibly atfeet the marginal usefulness of “ gold ® (in the
extended sense, obome) if applicd to “ gold-divying ;"
thut is to say, we assume that in no case will the new
industry draw to itself so great a volume of effort-and-
sacrifice a8 to starve the other industries of the world,
tuken collectively, and make the general wantof the things
they yield perceptibly more keen.  Therefore, in examin-
ing the ulterutive of “ gold-digzing,” we assume thiat the
whole volume of labour aud other Pequisites of produe-
tion, ot ctlurt-and sscrifice, which is in question might
be appiicd to “ golddicying ™ without reducing the war-
gina] uscfulness u[ “guld,” or might be withdeawn from
it without inereaing that uscfulhe‘& The yield in

1
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“gold” of any quantity of labour and other requisited,
then, would be exactly proportional to that quantity.
Fixing on any arbitrary unit of effort-and-sacrifice
(say 100,000 foot-tons), and taking as our standard unit
of utility the gold that it would produce (say 30 ounces),
we may represent the “ gold” yield of any given amount
of labour and ‘other requisites by the aid of a straight
line, drawn parallel to the abscissa at a distance of unity
from it (Fig. 22). Thus if Og effort and sacrifice were
devoted to “gold-digging,” the area Gq would represent
the exchange value of the result, Now let the upper
curve on the figure be the curve of quantity-and-mar-
ginal-usefulness of the new product, the unit of quantity
being that amount which the unit of labour and other
requisites (100,000 foot-tons) will produce. And here
we must make a simplification which would be violent
M we were studying the theory of production, but which
15 perfectly legitimate for our present purpose. We
nust suppose, namely, that however much or little of
the new product is secured it is always got under the
same conditions, so that the yield per unit effort-and-
sacrifice 15 the same at every stage of the process. But
though the quantily produced by a unit of productive
force is always the same its marginal usefulness and
exchange value will of course descend, according to the
universal law, as the total quantity of the ware increases.
In the first instance, then, the commercial mind has
simply to ask, “Are there persons to whom such an
amount of this article as I can produce by applying the
unit of productive force will be worth more than the
¢ gold’ Y could produce by the same application of furce 17
In other words,* Will the unit of productive force applied
to this industry produce more than the unit of utiliy 1”
Under the conditions represented in the fizure the
answer will be a decisive affirmative, and the prodacer
will turn his disposable forees of productivn into the new
channel.  But as 300n as he dies s0 the most importunate
d-mands for the new article will be sat'sfied, and if any
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fhrther production is carried on it must he to meet a
demand of decreasing importunacy, i the marginal
utility of the article is decreasing, and the exchanze
value of the yield of the unit of productive force in
the new industry is falling. Production will coutinue,
however, as long as there is any advantage in the new
industry over gold-production, t.e. till the yield of unit
productive force in the new industry hus sunk to unit
utility. '

Thus, if Oy, effort and sacrifice is devoted to the
new industry, the marginal usefulness of the product will
be measured by ¢, f,, and the exchange value of the
whole output by the rectangle bounded by the dotted
line and g, f,, etc. This is much more than Gy, the
slternative * gold ” yield to the same productive force,
But there is still an advantage in devoting productive
forces to the new industry, since ¢ f, is greater thun
¢, and even if the present producers are unable to
devote more work to it, or unwilling to do so, because
it would diwinish the area of the rectangle (p. Y6), yet
there will beé others anxious t0 get & return W their
wark at the rate of g, f) instead of g Obvicusly,
then, the new cowmodity will be produced to the extent
of Uy where ¢f = ¢y, te, the point at which the carve
cuts the straight live G, which is the alteruative  gold
curve.  1f production be carried further it will be carried
on at & disadvantage. At g, for iwstanice, g, f, is less
thian g0, that 35 w0 say, if the supply is nmd\ Oy,
then » Iunlnr supply will meet 8 dewand the impor-
tunity of which is less than that of the dewund for the
*gold ™ which the sume productive foree would vield
Tiis will beget 8 tendeney 1o desert the industry, and
w1l reduce the quanuty wwards Uy,

We have sopposed our units of = gold " and the vew
commuldity 6v seiccted that It requires squa applications
of productive agencies 10 eecure either, but in Practice
We Uslas.§ €sLiluate oututtiondilies 10 CUStOMATy units that
kave no relerence to any cuch equivalence.  Thin of
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course does not affect our reasoning. If the unit of F fs
such that our unit of labour and other necessaries yields
a bundred units of F and only one unit of G, then,
obviously, we shall go on producing F' until, but only
until, the exchange value of a hundred units of ¥' (the
product of unit of labour, etc., in F) becomes equal to the
exchange value of one unit of G (the product of unit of
labour, etc., in G).  Or, generally, if it needs z times as
much effort and sacrifice to produce one unit A as it
takes to produce one unit B, then it takes as much to
produce z units B as to produce one unit A, and there
will always be an advantage either in producing zb or
in producing one g, by preference, unless the exchange
value of both is the same ; that is to say, unless the
marginal value of 2 equals ¢ times that of . Thus, if a con-
lains @ times as much work as b, then there will mol be
equilibrivm until 4 and B are produced in such amounis as
to muke the exchange volue of & just % fimes the exchange
value of b.

This, then, is the connection between the exchange
value of an article (that can be produced freely and in
indefinite quantities) and the amount of work it con-
tains. ~ Here as everywhere the quantity possessed
determines the marginal utility, and with it the ex-
change value ; and if the curve is given us we have only
to Jook at the quantity-index in order to read the ex-
change value of the commodity (see pp. 62, 67). But in
the practically and theoretically very important case of
commodities freely producible in indefinite quantities
we may now note this further fact as to the principle
by which the position of the quantity-index is in its turn
fixed —that fluid labour-and-sacrifice tends so to dis-
tribute itself and so to shift the quantity-indexes as to
make the unifary margingl ulility of every commodily
directly proportional lo the amount of work i conduins.

This fact, that the effort-and-sacrifice needed to produce
two articles iy, in a large clase of cases (those, namely, in
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:vhich production is free and capable of indefinite extension),
proportional to the exchange values of the articles themselves,
has led to  strange and persistent detusion not only amongst
the thoughtless and ignerant but amongst many patient and
earnest thinkers, who have not relised that the exchange
value of & commodity is a function of the quantity pos-
sessed, and may be made to vary indefinitely by regulating
that quantity. The delusion to which I refer is that it is the
amount of effort-and-sacrifice or *Jabonr® needed to produce
a commodity which gives that commodity its valuc in exchange,
A glance at Fig, 22 will remind the reader of the magnitude
and scope of the error involved in this ides. The com-
modity, on our hypothesis, always contains the same amount
of effort-and-sacrifice per unit, whether much or little is pro-
duced, but the fact that only the unit of “labour” has heen
put into it does mot prevent its exchange value being more
than unity all the time till it exists in the quantity Og, nor
does the fact of its containing & full unit of labour keep its
exchange value up to wnity as soon as it exists in excess of
the quantity Og. What gives the commodity its value in
exchange is the quantity in which it exists and the nature of
the curve connecting quantity and marginal nsefulness ; and:
it is no more true and no more sensible to aay that the
quantity of “labour” contained in an article determines its
valne than it would be to say that it is the amonut of money
which I give for a thing that makes it useful or beautiful,
The fact 18, of coursc, precisely the" other way. 1 give g0
much money for the thing becanse I expect t¢ find it nseful
or think it beautiful; and the producer Puts eo much
“ 1abcur into the making of a thing because when made he
"7 ™ to have such and such an exchange value, Thus
Lvﬂn‘lﬁ 18 not worth twice as much as another becanse if
hae twice a3 much “labour” in it, but producers have been
willing to put iwice as much “labour” into it because they
know that when produced it 1] be worth twice as much,
Dbecause it will be twice as “useful ", or twice as much
desired.

Thia i g0 obvious that serious thmkcls could mot huve
fallen into and persisted in the error, and wonld not be
perpetually liable to relapse into it, were it not for certain
considerations which must now be.noticed.
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¢

In the first place, if we have not fully realised and com-
pletely assimilated the fact that exchange value is a function
of the quantity possessed, and changes as the quantity-index
shifts, it seems reasonable to say, “It is all very well to
say that because people want o twice as much ss b they
will be willing to do twice as much to get a as they will to
get b, but how does it follow that they will be able to get the
article @ by devoting just twice as much labour to it as to
b1 Surely you cannot maintain that it always happens that
the thing people want twice as much needs exactly twice as
much “labour” to produce as the other? And yet you
admit yourself that the thing which has twice the exchange
value always does contain twice the “labour.” If it is not
a chance, then, what is it 7" The answer is obvious, and the
Teader is recommended to write it out for himself as clearly
and concisely as possible, and then to compare it with the
following statement: If people want @ just twice as much
a3 b, and no more, it does not follow that a producer will
find @ just twice as hard to get, but it does follow that if he
finds @ is more than twice as hard to get (say  times as hard)
he will not get it at all, but will devote his productive
energies to making b Confining ourselves, for the sake
of simplicity, to these two commodities, we note that other
producers will, for the like reason, also produce B in prefer-
ence to A. The result will be an increased supply of B,
and, therefore, a decreased intensity of the want of it
whereas the want of A remaining the same as it wag, the
utility of & is now more than twice as great as the (diminished)
utility of b; and as soon as the want of b relatively to the

want of ¢ has sunk to ;, then one ¢ is worth 2 I’y and as it

needs just x times the effort-and-sacrifice to produce a, there
is now equilibrium, and A and B will both be made in such
quantities as to preserve the equilibrium henceforth ; but the
proportion of one utility to the other, and the propor-
tion of the “labour” contained in one commodity to that
contained in the other, do not “happen” to coincide ; they
have been made to coincide by a suitable adjustment of efforts
50 a8 to secure the maximum satisfaction.

Another souree of confusion lurks in the ambignous use
of the word “becanse”; and behind that in aloose conception
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of what is implied and what is involved in one thing being
the ¢ cause " of another.

Thus we sometimes say ‘& is true because y is true,”
when we mean not that y being true is the cause, but that it
is the evidence of z being true.  For instance, we might say
“prime beef is less esteemed by the public than prime
wutton, because the latter sells at 1d. or §d. more per pound
than the former.” By this we should mean to indicate the
Jigher price given for mutton not as the cause of its being
more esteemed, but as the evidence that it is so.®  So again,
15 the House sitting ?"— Yes ! because the light on the clock-
tower is shining” This does not mean that the light shining
causes the House to sit, but that it shows us it is sitting.

In like manner a man may say, * If I want to know how
much the exchange value of o exceeds that of b, I shall look
into the cost of producing them, and if I find four times ss
much *labour” put into a, I shall say o is worth four times
b, becanse T find that producers have put four times the
‘labour’ into it ;” and if he means by this that he knows
the respective values in exchange of o and b on the evidence
of the amount of effurt-and-sacrifice which he finds producers
willing to put into them respectively, then we have no fault
to find with his economics, though he is using language
dangerously liabde fo musconception. But if he means that
it is the effurt-and-sacrifice, or * labour,” contained in them
which gives them their value in exchange, he is entirely
wrong.  As a matter of fact, the defenders of the erroncous
theory somctimes miake the assertion in the erroneous sense,
vietoriously defend ity when pressed, in the true sense, and
then retain and apyly it in the erroneous sense,

Again, though it is never true that the quantity of
“Jubour ” contained in an article gives it its value-in-exchange,
vet it may be and often is true, in 8 certain sense, that the
quantity of “lulour” it contains is the eause of its having
fuch and such o value in exchange  But if ever we allow
oursdves 10 use such languave we must exercise ceaseless
viglunce to prevent its misleading oursclves and others,

* Buch pevchological reactions a6 the desive to put ane dish on the
tsdle 1n preference 10 another, sunply becsuse it is knows 1o be more
exjeusive, do not fall witkin the scope of thas ingury,
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For what does it mean? The quantity-index and the curve
fix the value-in-exchange. But the quantity-index may run
the whole gamut of the curve, and we have seen that what
determines the direction of its movement and the point at
which it rests is, in the case of freely producible articles,
precisely the quantity of ““labour” contained in the article,
This quantity of “labonr” contained, then, determines the
amount of the commodity produced, and this again deter-
mines the valuein-exchange. In this sense the amount of
‘“labour ” contained in an article is the cause of its exchange
value. But this is only in the same sense in which the
approach of a storm may be called the cause of the storm-
signal rising. The approach of the storm causes an intelligent
agent to pull a string, and the tension on the string causes
the signal to rise. In this sense the storm is the cause of
the signal rising. But it would be a woful mistake, which
might have disastrous consequences, to suppose that there is
any immediate causal nexus between the brewing of the
storm and the rising of the ball. And if our mechanics
were based on the principle that a certain state of the atmos-
phere “gives an upward movement to & storm-signal,” the
science would stand in urgent need of revision. So in our
case : Relative ease of production makes intelligent agents
produce largely if they can ; increasing production results in
falling marginal utilities and exchange-values ; therefore, in a
certain sense, ease of production causes low marginal utilities
and exchange -values, But there is no immediate causal
nexus between ease of production and low exchange-values.
Exchange values, high and low, are found in things which
cannot be produced at all; and if (owing to monopolies,
artificial or natural) the intelligent agents who observe how
eastly a thing is produced are not in a position to produce it
abundantly, or have reasons for mot doing so, the ease of
production may coexist with a very high marginal utility,
and consequently with a very high exchange value. In such
a case the amount of “labour” contained in the article will
be small out of all proportion to its exchange-value; and the
quantity produced may be regulated by natural causes that
have no connection with effort and sacrifice, or by the desire
on the part of a monopolist to secure the maximum gains,
Finally, there are certain phenomena, of not rare occur-
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.rence in the industrial world, which reslly seem at first
sight to give countenance to the idea that the exchange-
value of a commodity 18 determined, not by its marginal
desiredness, but by the quantity of “labour” it contuins,
These phenomena are for the most part explained by the
prineiple of “discounting,” or treating as prosent, & state of
things which is forescen a8 certain to be vealised in a near
future, For instance, suppose a new application of science to
industry, or the rise into favour of & new sport or game, sud-
denly creates s demand for apecial apparatus, and suppose one
or two manufacturers are at once prepared to meet it, They
may, and often do, take advantage of the urgency of the want
of those who are keenest for the new apparatug, and sell it at its
full initial exchange-value, only reducing their price as it be-
comes necessary to strike a lower level of desire, and thus
travelling step byetep all down the curveof quantity-and-value-
in-exchange till the point of equilibrium is at last resched, and
every one cau bny the new apparatus who desires it as much
a3 the “gold ” that the same effort-and-gacrifice would produce,
But it may also happen that the manufacturets who are
already on the field foresee that others will very soon be
ready to compete with them, and that it will require a com-
paratively small quantity of the new apparatus to bring it
down to its point of equilibrium, irasmuch as it cannot,
in the nature of the case, he very extensively nsed. They
feel, therefore, that they bave not much to gain by seenring
high prices for the firsh specimens, and on the other hand, if
they “ discount ” or anticipate the fall to the point of equili- -
brium, and at once offer the apparatus on auch terms as will
secure a1l the orders, they will prevent its being worth while
for any other manufacturess to enter upon the new industry,
and will secure the whet~ ~f +ho yermunent trade to them-
setves, D

Any intermediae course between these two may likewise
be adopted ; Fut the disconnting or anticipation of the fore-
seen event only disguises and does not change the nature of
the forces in action.

A more complicated case occurs when a4 man wanta 8
single article made for his special use which will be useless
‘to any one else.  Let us say he wants a machine to do certain
work and to fit into a certain place in bis shop. - The im-
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portance to him of having such a machine is great enough‘
to make him willing to give £100 for it sooner than go
without it. But the “labour” (including the skill of the
designer) needed to produce it would, if applied to making
other machines, or generally to “gold-digging,” only produce
an article of the exchange-value of £50. “In this case,” it
will be said, “the marginal utility of the machine is measured
by £100, yet the manufacturer (if his skill is not a monopoly)
can only get £50 for making it, because it only contains
labour and other requisites to production represented by that
sum, Does not this show conclusively that it ia the “labour
contained in an article, not its finel utility, which determines
its exchange-value t” To judge of the validity of this objec-
tion, let us begin by asking exactly what our theory would
lead us to anticipate, and then let us eompare it with the
alleged facts, We have seen that in equilibrium the marginal
utility of the unit of a commodity must occupy the same
place on the relative scales of all those who possess it;
and further, that if ever that marginal utility should be
higher on A’s relative scale than on Bs, then (if B possesses
any of the commodity) the conditions for a mutually profit-
able exchange exist, though on what terms that exchange
will be made remains, as far as our investigations have taken
us, indeterminate, within certain assignable limits. Now if
we suppose the machine to be actually made we shall have
this situation: A, on whose relative scale the marginal
utility of the machine stands at £100 has not got it. B,
on whose relative scale it stands at zero, possesses it. The
conditions of a mutually advantageous exchange therefore
exist. But the terms on which that exchange will take place
are indeterminate between 0 and £100, When a single
exchange has been made, on whatever terms, then the
article will stand at zero on every relative scale except
that of its possessor, and mo further exchange will be
made. If the machine ecists, therefore, its exchange-value
will be indeterminate between zero and £100. Now if
we consistently carry out our system of graphic representa-
tion this position will be reproduced with faultless accuracy.
The curve of quantity-possessed-and-marginal usefulness with
reference to the community being drawn out, the vertical
intercept om-the quantity-index indicates the exchange-value
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o'f the commodity, Now in this instance the curve in ques-
tion eonsists of the rectangle in Fig, 23 (a), where the unit on
the axis of y is £100 per machine, and the unit on the azis
of « s one machine. For the nselulness of the first machine
to the community is af the rate of £100 per machine, and |
the usefulness of all other machines at the rate of O per
machine. Therefore the curve falls abruptly from 1 to 0 af
the valne z=1. -But the quantity possessed by the com-
munity is one machine, Therefore the quantity index is at

Y|
A{ s

g

Fig. %, - N

the distance umty from the origin, Fig, 23 (). What is the
length of the intercept! Obviously it is indeterminate be-
tween 0 and 1. This is exaclly in accordauce with the facts.
Supposing the machine actually to exist, then, our thecry
vindicates itself emtirely. But if the machine does not yet
exist, what does our theory tell us of the prospect of its being
wade? We have seen that a thing will be made if there is 2
prospect of its exchange-value, when made, being at Jeast a9
trreat: ag that of anything else that could be made by the same
effort-and-sacrifice.  Now the exchange-value-is determined
Dy the intercept on ths quantity-index. Before the machine
18 made that intercept is 1 (=£100), but that does not con-
cern the maker, for he wants to know what it will be when
the machine is made, not what it is before. But. it will ta
indeterminate, as we have seen, and therefore there is n
security in making the machine, In order o geb the
machine made, therefore, the man who wants it fnst remove
the indeterminsteness of the problem by stipulating in
advance that be will give not less thany£50 for it. But
what he is now doing is not getting the machine (which does
not exist) in exchange for “gold” It is getting conirol or
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direction of & given application of labour, etc. in exchang‘e
for “gold,” and this being so, it is not to be wondered at
that the price he pays for this “labour ” should be propor-
tionate to the quantity of it he gets,

This is the general principle of “ienders” for specific
work,

We may appropriately close our study of exchange
value by a few reflections and applications suggested
by the ordinary expenditure of private income, and
especially shopping and housekeeping.

On p. 58 we considered what would be the most
sensible way of distributing labour amongst the various
occupations which might claim it on a desert island
There labour was the purchasing power, and the question
was in whit proportions it would be best to exchange it
for thé varions things it could secure. We were not
then able to extend the principle to the more familiar
case of money as a purchasing power, because we had
not investigated the phenomena of exchange value and
price. ' We may now return to the problem under this
aspect,  The principle obviously remains the same.
Robinson Crusoe, when industrial equilibrium is estab-
lished in his island, so distributes his labour that the
last hour's work devoted to each several task results in
an equivalent mass or body of satisfaction in every case.
If the last hour devoted to securing A produced less
satisfaction than the last hour devoted to securing B,
Robinson would reduce the former application of labour
till, his stock of A falling and its marginal usefulness

rising, the last hour devoted to securing it produced a
satishaction as great as it could secure if applied other-
wise. He would then keep his supply at this level, or
advance the supply of A and B together in such propor-
tions as to maintain this relation, If he lets his stock
of A sink lower he incurs a privation which could be
removed at the expense of another privation not so
great; if he makes it greater he gets a smaller grati-
fication at a cost which would have secured a greater
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one if applied elsewhere. In equilibrium, then, the last
hour's work applied to each task produces an equal
gratification, removes an equal discomfort, or gratifies
an equal volume of desire ; which is to say, that Robin-
son's supply of all desired things is kept at such a
lovel that the unitary marginal utilities of them all
are directly proportional to the labour it takes to secure
them.

In like manner the householder or housewife must
aim at making the last penny (shilling, pound, or what-
ever, in the particular case, is the mintmum sensibile *)
expended on every commodity produce the same gratifi-
cation. If this result is not attained then the money
is not epent to the best advantage. But how is it to be
attained ¥ Obviously by so regulating the supplies of
the several commodities that the marginal utilities of a
pennyworth of each shall be equal.  We take it that the
demand of the purchaser in question is so small & part
of the total demand for each commodity as not sensibly
to affect the position of its quantity-index on the national
register, and we therefore take the price of each com-
modity as being determined, independently of bhis
dewand, on the principles already laid down. There is
enough lump sugar available of & given quality to supply
all people to whom it is worth 3d. a pound.  Our house-
wife therefore gets lump sugar until the marginal utility
of one pound is reduced to the level represented by 3d.
Perhaps this point will be reached when she buys six
pounds a week.  The difference between six pounds and
seven pounds & week 18 not worth threepence to her.
The difference between five pounds and six is.  Sovuer
than go without any loaf sugar at all she would yerlisps
pay a ebilling & weck for one pound. That pound
socured, & second pound a week would be ouly worth,
sa, eightpence.  Possibly the whole six pounds may
represent o total utllity that would be measured Ly

¢ Lo the smallest thing he ean “fecl” The importance of thig
Qualilication wid becowe apurent presently (soe p 1oy,
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(12d. + 8d. + 53d. + 4d. + 33d. + 3d.) three shillings, or'
an average of sixpence a pound, but the unitary mar-
ginal utility of a pound is represented by threepence.
Another housekeeper might be willing to' give one and
sixpence a week for a pound of sugar sooner than go
without altogether, and to give a shilling a week for
a second pound, but her demand, though more keen, may
be also more limited than her nclvhbour 8. She gets a
third pound a week, worth, say, sevenpence to her, and
# fourth worth threepence, and there she stops, because
a fifth pound would be worth less than threepence to
her, and there is only enough for those who think it
worth 3d. a pound or more. She has purchased for a
shilling sugar the total utility of which is represented
by (18d +19d + 7d.+3d =) 3s. 4d, but the unitary
marginal utility of a pound is 3d., as in the other case.

So with all other commodities. Fach should be pur-
chased in such quantities that the marginal utility of one
pennyworth of it exactly balances the marginal utility of
one pennyworth of any of the rest; the absolute mar-
ginal utility of the penny itself changmv of course, with
cirenmstances of income, family, and so forth, but the
relative utilities of pennyworths at the margin always
being kept equal to each other. The clever housekeeper
has a delicate sense for marginal utilities, and can
balance them with great nicety. She is always on the
alert and free from the slavery of tradition. She fol-
lows changes of condition closely and quickly, and keeps
her system of expenditure fluid, so to speak, always
ready to rise or fall in any one of the innumerable and ever
shifting, expanding and contracting channels through
which it is distributed, and so always keeping or
recovering the same level everywhere, She keeps her
marginal utilities balanced, and never spends a penny on
A when it would be more effective if spent on B; and
comhines the maximum of comfort and economy with
the minimum of ¢ pinching.”

The clumsy housekeeper spends a great dzal too much
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oh one commodity and a great deal too little on another,
She does not realise or follow the constant changes of
condition fast enmough to overtake them, and buys
according to custom and tradition. Her system of
expendituré is viscous, and cannot change its levels
80 fast as the channels chauge their bore.  She can
never get her marginal utilities balanced, and there-
fore, though she drives as hard bargains as any one,
and always scems to “get her moneys worth” in
the abstract, yet in comfort and pleasure she does
not make it go as far as her neighbour does, and
never has “a penny in her pocket to give to a boy,"* a
fact that she can never clearly understand because she
has not learned the meaning of the formula, My co-
etficient of viscosity is abnormally high.”

It is rather unfurtunate for the advance of economic
science that the class of persons who study it do not as a yule
belong to the class in whose daily experience its elementary
principles receive the sharpest and most emphatic lustra-
tions.  For examyle, few students of economics are obliged to
realise from day to day that a night’s lodging, and a supper,
possess utilities that fluctuate with extraordinary rapidity ;
aud the tramps who, towards nightfall, in the possession of
twopence each, make a rush on suppers, aud sleep out, if the
thurmonieter is 4t 45°, and make 8 rush ou the beds and go
supperless If it is at 30°, have paid little attention to the
coonowic theories which their experience illustrates,  Av &
rule it seelns easier t train the intellect than to cultivate the
insagination, and while it is incredibly difficult to muke the
well-w-do houscholder realise that there ure peaple tv whow
the probletu of the mavginal utilities of 8 bed aud a bowl of
slew 16 & reality, on the contrary, it is quite easy to demon-
strate the genersl theary of vilue 10 suv honsckeeper who
s been accustomed 0 keep an eve on the crusts, even
though she way never have Lad kuy econowic traiving.  For
toe proat practical dithienlty in the way of guining acceptance
fur the true theory is the inpression oo the part of all but

* The sbocnuce of wiich was Intuetted by au 6ld Yorkshire woman
< the groitoet il jucdent 0 poverty aud depesdenca,
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the very poor or the very careful that it is contradicted by
experience. In truth our theory demands that no want
should be completely satisfied as long as the commodity that
satisfies it costs anything at all; for in equilibrium the
unitary merginal utilities are all to be proportional to the
prices, and if any want is completely satisfied then the
unitary marginal utility of the corresponding commodity
must be zero, and this cannot be proportional to the price
unless that is zero too, Again, since all the unitary mar-
ginal utilities are kept proportional to the prices, it follows
that though none of them can reach zero while the correspond-
ing commodity has any price, they must all approach zero
together. Now all this, it is said, is contrary to experience,
In the first place, we all of us have as much bread and meat
and potatoes as we want, though they all cost something ;
and in the next place, whereas the marginal utility of these
things has actually reached zero, the marginal utility of pic-
tures, horses, and turtle soup has not even approached it, for
we should like much more than we get of them all.

We have only to run this objection down in order to sce
how completely our theory can justify itself ; but we must
begin by reminding ourselves—first, that real commodities
are not infinitely divisible, and that we are obliged to choose
between buying a definite quantity more or no more at all ;
and second, that our mental and bodily organs are only cap-
able of discerning certain definite intervals, There may be
two tones, not in absolute unison, which no human ear conld
distinguish; twodegrees of heat, not absolutely identical, which
the most highly trained expert could not arrange in their
order of intensity. With this proviso as to the minimum
venale® and the minsmum sensibile, let us examine the supposed
case in detail. A gentleman has as much bread but mot as
much turtle soup as he would like. This is bad husbandry, for
he ought to stop short of the complete gratification of his desire
for bread at the point represented by a usefulness of sixteen-
pence a quartern (for we assume that he takes the best quality),
and the surplus which he now wastefully expends on reducing

* The reply, “ We don’t make up ha'poths,” which damps the
purchasing ardonr of the youth of Northern England, is constantly
made by nature and by mae to the economist who trics to apply the
doctrine of continnity to the case of individuala,
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fliat usefulness to absolute zero might have been spent on
turtle soup. But let us see how this would work. We must
not allow him to adopt the royal precept of eating cake when
he has no bread, but must suppose him bona fide to save on
Lis consumption of bread in order to increase his expendi-
ture on turtle and on nothing else.. Probally he already
regemlles Falstalf in incurring relatively small charges on
account of bread—eay his bill is 3d. 8 day. He has as much
as he wants, and therefore the marginal utility is zera, but the
curve descends rapidly, and if we reduce Lis allowance by
one<ixth, and Lis toast at breakfast, his roll at dinoer and
lunch, and his thin bread-and-butter at tea, or with Lig white-
liait, ave all of them a little less than he wants, he will find
that the marginal utility of bread has risen far above la 4d
a quartern, and 33 more like & chilling an ounce, Taking
the unit of x as 1 ounce, and the unit of y as 1d,it isa
delicate operation to arrest the curve for some value be-
twoen #=2}, y=12, and =3, y=0. But It us suppose
our houscholder equal to it He finds that z=9% gives
y=1, aud sccondingly determines to dock himself of 5
of his eupply and save {d & day on bread. But now
arises another difficulty. He wants always to have his bread
fresh, and the }d. worth be eaves to-day is not euitable
for his consumption to-morrow. The whole machinery
of the- baking trade aud of his establishment is too
rourh to follow his nice discrimination. Its utmost delicacy
cannot get beyond discerning between 2}d. and 3d, and he
finds that to be sure of not letting the marginal utility of
bread down to 2ero he must generally keep it up immensely
above 1d. per ounce.  Suppuse this difficulty also overcome.
Then our economist saves §4. o day on bread or 64. in twenty-
fourdava  In one year and 139 davs he has saved enough to
el all extra pint of turtie soup, which if it does not reduce its
marsinal ublity below 108 64) fully compensates bim for
Lis Joes of bresd—buat not fur the mental wear and tear and the
unpleasintues in the servants’ hull which have secompaniad
Lie tine distrbution of his mesns smoengst the otjects of
Lis appetite. This is in fact only an claboration of the prin.
cipie lad downon 125,

Ai g rule, however, it 18 by 00 mens true that we all
Yave ad much bread, meat, and puotatoes s we want  Qwit-

K
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ting all consideration of the great numbers who are habitually’
hungry, and confining our attention to the comfortable classes
who always have enough to eat in & general way, we shall
nevertheless find that the bread-bill is very carefully watched,
and that a eensible fall in the price of bread would im-
mediately cause a sensible increase in the amount taken,
For instance, if bread were much cheaper, or if the house-
keeping allowance were much raised, many a erust would be
allowed to rest in peace which now reappears in the “ resur-
rection pudding,” familiar rather than dear to the schoolboy,
who has given it its name; but also known in villadom,
where his sister uncomplainingly swallows it without vili-
fying it by theological epithets,

The aseertion which for a moment seems to be true of
bread, though it is not, is obviously false when made con-
cerning milk, meat, potatoes, ete. The people who have as
much as they want” of these things are few ; and if in most
cases 8 more of less inflexible tradition in our expenditure
prevents us from quite realising that we save out of potatoes
to spend on literature or fashion, it is none the less true that
we do s0. Indeed, there are probably many houses in which
sixpence & week is consciously saved out of bread, milk,
cheese, etc,, for the daily paper during the session, when its
marginal utility is relatively high, to be restored to material
purposes when Parliament adjourns.

Before leaving the subject of domestic expenditure, I
would again emphasise the important part which tradition
and viscosity play in it. This is so great that sometimes a
loss of fortune, which makes it absolutely necessary to break
up the established system and begin again with the results of
past experience, but free from enslaving tradition, has been
found to result in a positive increase of material comfort and
enjoyment.

One of the benefits of accurate account-keeping consists in
the help it is found to give in keeping the distribution of

- funds flnid, and preventing an undue sum being spent on any
one thing without the administrator realising what he is

doing, .

A few miscellaneous notes may be added, in con-
clusion, on points for which no suitable place has been
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*found in the course of our investigation, but which can-
not be passed over altogether.

The reader may have observed & frequent oscillation
between the conceptions of “so much & year, a month, a day,
etc.,” and “go much ” absolutely, If a man has one watch,
he will want a second watch less. DBut we cannot say that
if he has one loaf of bread he will want a second loaf less,
We can only say if he has one loaf of bread a week (or a day,
or some other period) he will want & second less Our
curves then do not always mean the same thing Gener.
ally the length on the abscissa indicates the breadth of a
strcam of supply which must be regarded as continuously
flowing, for most of our wants are of such a nature as to
destroy the things that supply them and to need a perpetual
renewal of the stores provided to meet them. And in the
same way the area of the curve of quantity-and-marginal-
usefulness or the height of the curve of quantity-and-total-
utility does not indicate an absolute sum of gratification or
relief from pain, but & rate of enjoyment or relief per week,
month, year, etc. Thus, strictly speaking, the value of y in
one of our quantity-and-marginal-usefulness eurves measures
the rate at which incrementa in the rate of supply are increas-
ing the rate of enjoyment; but we may, when there is no
dungeer of misconception, cancel the two last * rates ¥ against
each vther, and speak of the rate at which increments in the
supply increase the gratificatson ; for the gratification (area)
and the supply (base), though rates absolutely, are not rates
with reference to each other, but the ratio of the increase of
the oue to the increase of the other is & rate with refer-
ence to the quantities themselves,

Wao must remember, then, that, as & matter of fact, it is
generally rates of supply and eousumption, not abeolute
quantities pusscased, of which we are speaking ; and especially
when we are considering the conditions of the mainteninee
of equilibnium. Tt will repay us to Jook into this conception
wore clusly than we Lave Litherto done ; and ss the prob-
lew becomes extremely complex, unless we coufine ourselves
to the simplest cases, we will suppoee ouly two persons, 4
and B, to constitute the conuuunity, and ouly two articles,
"V aud W, 10 be ninde aud exchanged by them, V being miade
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exclusively by 4, and W exclusively by B, Let the curves on’
Fig. 24 represent A’s and B's curves of quantity-and-marginal-
‘utility of V and W; and let 4 consume V at the rate of g, per
day (or month or other unit of time) and W at the rate of g,
while B consumes V at the rate of g,,, and W at the rate of
" ¢y And let the position of the amount indices in the figure
represent a position of equilibrium, Let us first inquire how
- many of the data in the figures are arbitrary, and then ask
what inferences we can draw as to the conditions for main-
taining equilibrium and the effects of failure to comply with
«those conditions. .
Since the quantities g, g,,, ei¢. represent rates of con-
sumption, it is evident that if equilibrium is to be preserved
the rate of production must exactly balance them. Now the .
total rate of consumption, and therefore of production, of V
- i8 g+ ¢y 80d that of Wis g,,+¢,,, calling these respec.
tively g, and ¢,, we have

(1) (% + Qoe =n
(ll) 9lW + Qow = Twr

If we call the ratio of the marginal utility of w to that of

v on 4’ relative scale 7, then we shall know, by the general
law, that in equilibrium the respective marginal utilities
must bear the same ratio on the relative scale of B; and if A’s
curve of quantity-and-marginal-usefulness in ¥ be y=4, (z),
and if y=,(x), y=b,@), y=1,(x) be the other three curves
then we shall have (

vy YalGen) _ Yolgoe) _

D0 g = plge) "
where ¢,(g,,) etc. are the vertical intercepts on the figures,
and where each of the ratios indicated is the ratio of the
marginal utility of v to that of » on the relative seale. And,
finally, since B gets all his V by giving W in exchange for
it, getting 7 units v in exchange for one unit w, and since the
rate at which he geta it is, on the hypothesis of equilibrium,
the rate at which he consumes it (g}, and the rate at which
he gives W is the rate at which A consumes it (3, ), we bave

(V) an = rqaw’

and we suppose, throughout, that the eonsumption and pro-



Y, 4
A
5 \
=g, (x)
X
° L,
0
Y, v
j\ I |
\
Nl
N\
HEAN
et el N
—
X
;qbr j
0“{ - IZB




" COXDITIONS OF EQUILIBRIUM 138

}duction go on coutinuously, that is to eay, not by jerks, so
that the conditions established are never disturbed.
Here, then, we have eleven quantities,

%o 91 Jumr Qaw Juows Qo d’.(flu-)) '}m(q’u)» #’n(‘l\n)» ¢h(‘lm)v L

and we Lave five relations between them. It fullows that
we may arlitrarily fix any six of the eleven quantities Our
five relutions will then determine the other five.

Thus, if in the fizures we assume that the four curves are
known, that is equivalent to assuming that ¢ (g,,), ete. are
given in terms of g,,, etc., Which reduces the number of our
unknown quantities to seven, between which we have five
relations We may therefore arbitrarily fix two of them.
Qay g, =13, ¢, =7, We shall then have

(1) Qv t o = 13)
(11) th + q)“ = 7! )
o i Yot i)
(i) v e talged "
(%) Q=14
which, if the meaning of ¢,{) etc be known, as we have
rupposed, gives us five equations by which to determine five
unknown quantitics If ¢, (x) ete. were interpreted in ac-
cordunce with the formule of the cnrves in the figure, these
equatins would yicld the answers

qll = 57
=4,
Qb- = 81
ow =3,

r=3

1 do not give the furmule, aud work out the eslculation,
gie such artificial precision tends to withdraw the attention
from the real importance of the diagramuatic method, which
cunsiets I the lickt it throws vu the nature of processes, not
in auy power it can bave of theoretically antivipating en-
ervte indurtrial plienomens,

Now su] poce 4 Cenres, for any reason, to yroduce at the
rate of 13, wud bencefurth ouly produces at the rate of 10,
The equilibrium will then be disturled and must be re-estab-
Lisbed under the chanaed econditions  We shall luve the
satue five equations from which w deternine the distrilutivn
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of Vand W, and the equilibrium exchange value betweer'
them except that (i) will be replaced by

Gt =10

If we wrote out ¢,(g,,), etc, in terms of g,,, etc, accord-
ing to the formule of the curves, we might obtain definite
answers giving the values of ¢,,, ete., and » for equilibrinm
“under the new conditions; but without doing so we can
determine by inspection the general character of the change
which will take place,

If 4 continues, as before, to consume W at the rate of 4,
giving V for if at the rate of 8, he will only be able to con-
sume V at the rate of 2 himself, and the marginal utility of
o will rise to more than half that of w, He will therefore
find that he is buying his last increments of W at too high
& price, and will contract his expenditure on it, 4.., the quan-
tity index of ¢,, will move in the direction indicated by the
arrow-head. But again, if 4 continues to consume V at the full
present rate of 5, he will only be able to use it for purchasing
W at the rate of (the remaining) 5, instead of 8 as now, and he
will therefore get less than g¢,,. The marginal utility of w
will therefore be more than twice that of v, and 4 will find
that he is enjoying his last increments of V at too great s
sacrifice of W, He will therefore consume less V, and the
quantity index will move in the direction indicated by the
arrow-head, 4., 4 will consume less V and less W, and the
unitary marginal values of both of them will rise,

But since we have seen that 4 gives less V to B (and
receives less W from him), it follows that B, who cannot
produce V himself, must consume it at a slower rate than
before.  This i again indicated by the direction of the
arrow-head on the quantity-index of ¢, Lastly, since 4
now receives less W than before there is more Jeft for B, who
now consumes it at an increased rate; as is again indicated
by the arrow-head of the quantity-index of g,y

Now since B's quantity-indexes are moving in opposite
directions, and the one i3 registering a higher and the other
a lower marginal usefulness, it follows that the new value of
r will be lower than the old one. A’s quantity-indexes, then,
must move in such a way that the length intercepted on that
of ¢,, shall increase more than the length intercepted on that
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of ¢,w Whether this will iuvolve the former index actually
moving farther than the latter depends on the character of
the curves.

The pet result is that though the rate of exchange has
altered in favour of 4, yet he loses part of bis enjoyment of
Vand of W alike, while B loses some of his enjoyment of V,
but is partly (not wholly) compensated by an increased en-
joyment of W,

If we begin by representing the marginal usefulness of V
and W as being not only relatively but absolutely equal for
4 and B, then the deterioration in 4’s position relatively to
Bs after the change will be indicated by the final nsefulness
of buth articles coming to rest at & higher value for him than
far B.

The only assumption made in the foregoing argument is
that all the curves decline as they recede from the origin.

It should be noted——first, that we have investigated the
conditions with which the new equilibrium must comply
when reached, aud the general character of the forces that
will Jead towards it, but not the precise quantitative relations
of the actual steps by which it will be reached ; and second,
that stuce the equations (iii) and (iv) involve quadratics (if
not equations of yef higher order) it must be left unde-
termined in this treatise whether or not there can theoreti-
cally be two or more points of equilibrium,

The investigation of the same problem with any number
of producers and articles iy similar in character, But if we
discuss the conditions and motives that determine the amounts
of each commeodity produced by 4, B, ete. respectively, we shall
be trespussing on the theory of pruduction or “ making”

Now, if we turn from the problem of rates of consumption
and attempt to deal with guantitics pussessed, in the strict
scuse, without reference to the wearing down or renewal of
the stocks, we shull find the problem takes the fullowing
form. Given A's stock of V, an imperishalle article which
both ke and B desire; given s stok of W, s similar
articde ; wnd given A's aud B's curved of quantits-and-mar.
gitial-desireduess for Vaud W oalike ; on what principles and
m what rotio will 4 sud B exchunge parts of their stocks !
The prollom appedrs to be the sane as before, but on closcr
Mejevtion 2 i found that equation (v, duss bot bold ; for we
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cannot be sure that V and W will be exchanged at a uniforn
rate up to a certain point, and then not exchanged any more,
Therefore we cannot say

Qv =" am

for in the case of rates of production, of exchange, and of con-
sumption, everytentative step is reversibleat the next moment.
By the flow of the commodities the conditions assumed as
data are being perpetually renewed ; and if either of the
exchangers finds that he can do better than he has done as
yet, he can try again with his next batch with exactly the same
advantages as originally, since at every moment he starts fresh
with his new product ; and if the stream of this new product
flows into chanuels regnlated in any other way than that
demanded by the conditions of equilibrium we have investi-
gated, then ever renewed forces will ceaselesdly tend with
unimpaired vigour to bring it into conformity with those
conditions, so long as the curves and the quantities produced
remain constant, But when the stocks are absolute, and
cannot be replaced, then every partial or tentative exchange
alters the conditions, and is so far irreversible; nor is there
any recuperative principle at work to restore the former con-
ditions. The problem, therefore, is indeterminate, since we
have not enough equations to find our unknown quantities
by, The limits within which it is indeterminate cannot be
examined in an elementary treatise. The student will find
them discussed in F. Y, Edgeworth’s Mathematical Psychics
(London, 1881).

This problem of absolute quantities possessed is not only
of much greater difficulty but also of much less importance
than the problem of rates of consumption. For when we
are considering the economic aspect of such a manufacture
as that of watches, for instance, though the wares are, rela-
tively speaking, permanent, and we do not talk of the * rate
of a man’s consumption ” of watches, as we do in the case of
bread—or umbrellas,—yet the manufucturerhas to consider the
rate of consumption of watches per annum, etc., regarded as a
stream, not the absolute demand for them considered a3 a vol-
ume. Hence the cases are very few in which we have to dea)
with absolute quantities possessed, from the point of view of
the community and of exchange values, DBut this does not
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Yabeolve us from the neccssity of investigating the problem
with reference to the individual, for he possesses some things
and consumes others, and has to make equations not only
between possession and posession, and again between con-
sumption and consumption, but also between possession and
consumption. That is to eay, he must ask uot ouly, “Do I
prefer to possess a book of Darwin's or & Waterbury wateh?”
and, “ Do I prefer having fish for diomer or baving 4 cigar
with my coffes?” but he must also aak, “Do I prefer to
possess & valuable picture of to consume s0 much 8 year in
places at the opers?” or, in earlier kife, % Is it worth while
to give =p consuming ices till I have saved enough to possws
aknife?”  But these problems generally resolve themselves
into the others The picture is regarded as yielding &
revenue of enjoyment, 80 to speak, aud eo its possession
becowes & mte of consumpiion comparable with auother raa
of conmumption ; and the abstinenee from joes is of deflnite
duration aod the total enjoyrent sacrificed is estimated and
balsnced against the total enjoyment anticipated from the
possession of the knife I, however, the enjoyment of the
knife 18 regarded as & permanent revenas (subject to riske of
Toss) it becomes difficnlt to analyse the process of balancing
which goes ca in the boy's mind, for be seems to be com-
paring & volume of sedfice and & efream of enjoyrment, and
the atream is to flow for an indefinite pariod. Msthemat~
ically the problem must be regarded as the summing of &
convergent series; but if we ure to keep within the
limits of an elementary treakise, we can only fall beck
upon the fact that, however he arives ab it, the hoy

& wants® the knife enough ¢o make bim incur the privations
"¢ saving up” for the ecessary period. Ho ie balancing

B %" and whether o nob we can get behind them and
Juatity their volumes ar weights it is clear that, as & matter
of fact, be can and does equate them.

This will serve as a whelesome reminder that we have
throughout been desling. with the balanciug of dwires of
equal weight or volume, 1 have spoken indifferently of
* guatification,” “relief,” “enjoyment,” “ privation,” and w
forth, but since it is only with the extimated volurnes of el) thes
that we have to do the only things resily campared-are th
dewives founded op those estimates  And so too the “ sens
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of duty,” “love,” “integrity,” and other spiritual motives all(
inspire desires which may be greater or less than others, but
are certainly commensarate with them, This thought, when
pursued to its consequences, so far from degrading life, will
help us to clear our minds of a great deal of cant, and to
substitute true sentiment for empty sentimentality. When
inclined to say, “I have a great affection for him, and would
do anything I could for him, but I cannot give money for 1
have not got it,” we shall do well to translate the idea into
the terms, “ My marginal desire to help him is great, but
relatively to my marginal desire for potatoes, hansom cabs,
books, and everything on which T spend my money, it is not
high enough to establish an ¢ effective’ demand for gratifica-
tion.” It may be perfectly right that it should be so; but
then it is mot becanse “affection cannot be estimated in
potatoes ;” it is because the gratification of this particular
affection, beyond the point to which it is now satisfied, is
(perhaps rightly) esteemed by us as not worth the potatoes
it would eost, Rightly looked upon, this sense of the
unity and continuity of life, by heightening our feelings of
responsibility in dealing with material things, and showing
that they are subjectively commensurable with immaterial
things, will not lower our estimate of affection, but will
increase our respect for potatoes and for the now no longer
“ dismal ” science that teaches us to understand them in their
social, and therefore human and spiritual, significance.
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exhau)st the possible causes of change in marginal effectiveness (pp?
61-67).

XIIL The absolute intensities of two desires existing in two
different “subjects ” cannot be compared with each other ; but the
ratio of A’s desire for u to 4's desire for 1 may be compared with
the ratio of B's desire for 4 or for v to B’s desire for w (pp, 68-71).

XIV. Thus, though there can be no real subjective common
measure between the desires of different subjects, yet we may have
a conventional, objective, standard unit of desire by reference to
which the desires of different subjects may be reduced to an objee-
tive common measure (pp. 73-77).

XV. Ina catallactic community there cannot be equilibrium as
long as any two individuals, 4 and B, possessing stocks of the same
two commodities U and W respectiveY , desire or esteem « and %
(at the margin) with unlike relative intensity (pp. 71-73).

XVL The function of exchange is to bring about a state of
equilibrium in which no such divergencies exist in the relative in-
tensity with which diverse possessors of commodities severally
desire or esteem (small) units of them at the margin (pp. 80-82).

XVIL The relative intensity of desire for a unit of any given
- commodity on the part of one who does nof possess a stock of it,
may fall indefinitely below that with which ore or more of its pos-
. sessors desire it at the margin without disturbing equilibrium (pp.
82-86).

XVIIL Hence in every catallactic community there is a general
relative scale of marginal utilities on which all the commodities in
the circle of exchange are registered ; and if any member of the
community construets for himself a relative scale of the marginal
ntilities, to him, of all the articles he possesses, this scale will (on
the hypothesis of frictionless equilibrinm) coincide absolutely, as
far as it goes, with the corresponding selection of entries on the
general scale ; Whereas, if he inserts on his relative scale any article
he does not possess, the entry will rank somewhere below (and may
rank anywhers below) the position that would be assigned to it in
conformity with the general scale.

And this general relative scale is a table of exchange values.

Thus the exchange value of a small unit of commodity is, in the
limit, measured by the differential coefficient of the total utility, to
any one member of the community, of the quantity of the commo-
dity he possesses ; and this measure necessarily yields the same re-
sult whatever member of the community be selected (pp. 71-86).

XIX. Asarule exchange value is at its maximum when valae-i-
use is zero, and exchange value is zero when value-in-use is at its
maximam (pp. 79, 80, 93-102).

XX. If we can indefinitely increase or decrease onr supplies of two
commodities, then we may indefinitely change the ratio between
the marginal effects to us, of their respective units (pp. 108-124),

XXI. Labour, money, or other purchasing power, secures the
maximum of satisfaction to the purchaser when so distributed that
equal outlays secure equal satisfactions to whichever of the alterna-
tive margins they are applied (pp. 124-130).



INDEX. OF ILLUSTRATIONS

Account-poo, 63
Account/-keepmg, 130
E

Athletes 90
Auction, 102

Bnm;oou, L4
Bed versus supper, 127
Beer, 8

1y
Bibles, 86
Bicyeles, 91
Tillisrd-tables, 76
Blankels, 6

Bradgate Park, 08

Carpox Furxack, 37
Cutle-tresdling, 112
China, 50, 5
~lgar, 147
Cloth, prics of, 1
Caal, 39, 47, 53, 63
Coats, 69

Cooling iron, 2
Corduroys, 76
Corn-growing, 112

Banx Parsy, 130
Darwin's Works, 137
Duty, senze of, 138

Eoas, fresh, 52
Examination papers, 53

FALLING RODY, 2
Falstatf, 129 -
w

Fancy ball costumes, 76

Fire in * practising” room, 47
Fish for dinuer, 137

Foot-tons, 53, 54

Fortame, loss of, 130

Francis of Assigi, 78
Friendship, 52

Ganes, 121

Garden-hose, 47

Cimles, 8

Gold-digging, 112

Gold steppings in teoth, 75

Harsou Cass, 138

Holiday, 84, 85

Horse, 80

House of Commans sitting, 119
Housekeeper, 49, 125

Tcrs, 137
Iron, cooling, 2

Krrcuen Figg, 47
Knife, 13

Lapy Javk Gruy, 68
Linen, 48, 54, 56
Mzaw, butcher's, 16’
Milkman's prives, 104
BMineral spring, 43
Musenm, British, 52
OPERA, 187

Pavyy “to give to a boy,” 127
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Pictures, 76, 137

Plato, 68

Poor men’s wares, 86, 87
Presents, 86

Pro,]ectxle, 5, 8,19, 32

Rarway charges, differential, 106
Rainfall, 18

Reading-chairs, 91

Reduced terms ab school, 108
Respirators, 91

Resurrection pudding, 130

Rich men’s wares, 86, 87
Robinson Crusoe, 58, 124

INDEX

Stock-broking, 103
Storm-signal, 120
Sugar, 125

Tesrrve MAcHINE, 13
Theatre, pit and stalls, 107
Theatre, waiting, 69, 10§
Thermometer, 15, 127
Time, distribution of, 60
Tracts, 86

Tripe, 77

Turkish bath, 14

Turtle soup, 128

Root-digging, 58 Waistcoar, 47 -
Rossetti’s Works, 47 Waiting (at theatre), 69, 108
Rush-gathering, 58 Watches, 7, 137, 136
Water, 47, 80
SARAH BERNHARDT, 85 Wheat, 44
Skates, 91 Wine, 8
THE END
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