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CHAPTER 1

THE CONCEPTION OF THE PRICE INDEX OF A
GROUP OF COMMODITIES

ONE of the reasons why there has been so much con-
troversy on the subject of the price index of a group of
commodities is that writers have never agreed on a
definition. Certainly it is not easy to define the price
index in a few words nor to form a precise conception
of it.

The following statement of what the writer puts
forward, without claiming any originality for it, as the
most satisfactory conception of the price index can
hardly be called a definition, as he proceeds by first
expressing the conception in vague terms and after-
wards trying to give a moré precise meaning to those
terms.

In accordance with the usual notation, let the prices
of the commodities in the base year be p,’, $", £o’"»
etc., and the prices in the given year p,’, $,", 2,”, etc.
Let the quantities of the commodities in the base year
be ¢, ¢’ ¢o"', etc., and the quantities in the given
year g1, ¢,", ¢,"", etc.

Then the values of the commodities are p,'g,,
P02, P09, etc., in the base year and 2,g,’,
20" 240", ete., in the given year,

The aggregate value of the commodities is Zp,g, in
in the base year and Zg,g, in the given year.

B



2 THE MATHEMATICAL PROBLEM OF ;PHE PRICE INDEX

Comparing the commodities in the given year with
the commodities in the base year, we note that both
prices and quantities have changed. The aggregate
value has also changed, and the change in aggregate
value is partly due to the changes in price and partly
to the changes in qua.ntlty

Here we are using vague phrases: " due to the
changes in price” and “due to the changes in
quantity.” We shall hope to make clearer, presently,
what we mean by these phrases.

Let us now suppose that, instead of varying with the
commodity, the change of price had been uniform for
all commodities in the group and that, in like manner,
there had been a uniform change in the quantities,
Let the proportionality factor for price be P,; and the
proportionality factor for quantity Q.

Then, in this case (which we will call the hypothetical

case, to distinguish it from the actual case), we have a
group of commodities of which the prices in the base
year are the same as in the actual case, but the prices
in the given year are Pyd,, Pabe’s Pope'» €tc.,
while the quantities in the base year are the same as
in the actual case, but the quantities in the given year
are Qo190’s Co1do » Coado » €lc.
. The aggregate value, in the hypothetical case, is
Zpoge in the base year and ZPy 50,4, or (since
Py and @y, are the same for all the commodities)
Py00124q, in the given year,

So far, it will be observed, we may attach any values
we like to Py, and Q.

Now, a fundamental conception of the price index
and the quantity index is that, if they are applied as
proportionality factors to the prices and quantities of
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the commodities in the base year, the resulting aggregate
value of the commodities is the same as the aggregate
value in the given year in the actual case, In other
words, if Py, and Q,, are the price index and the
quantity index, they must fulfil the condition

ZPy1p0C@ude = Zh1ta

or, since Py, and g, are the same for all the com-
modities,

If it were not so, Py, and Q,, would have no relation
to the prices and quantities in the given year, and could
in no way serve to establish a comparison between the
prices in the given year and the prices in the base year
and between the guantities in the given year and the
quantities in the base year,

Up to this point there is general agreement. It is
usually admitted that the price index, Py, and the
quantity index, Qy,, must have the property indicated
by the above equation.

But this does not carry us very far towards the
determination of P,, and @,,. Obviously there is an
infinite series of pairs of values for P,; and Q,, which

fulfi] the condition. They take the forms (%M)‘ and
zelz )t - P (ﬂo
ofa
Hence it is clear that P, and Q,, must fulfil other
conditions. The conception (the writer submits) must
be extended by saying that the price index must corre-

spond to the change in the aggregate value due to the
changes in price and the quantity index must correspond
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to the change in the aggregate value due to the changes
in quantity.

But here again we are using vague terms. What do
we mean by “ correspond to” and by “ due to the
changes in price ”’? And how is the change in aggre-
gate value measured?

Let us answer the last question first.

The change in aggregate value may be measured in
three ways :

(1) As the ratio of the aggregate value in the given

year to the aggregate value in the base year, or %‘%
0
(2) As the difference between the aggregate value in

the given year and the aggregate value in the base year,
or Zp,qy — Zpedy;

(3) As the ratio of the difference between the aggre-
gate value in the given year and the aggregate value
in the base year to the aggregate value in the base year,
or Zp1gy — z?u?o.

Zpeda

Reverting to the conception of P,, and @,, as pro-
.portionality factors and recalling what we have called
the hypothetical case, we may note that the change of
aggregate value, in whichever way it may be measured,
is the same in the hypothetical case as in the actual
case, since

ZPg1$oQ0190 = Zh1qy
ZPypoQ0g0 — Zpoto = Zpsgy — Thote

Py, po00do — Zpods _ Zpygs — Zpodo
and 2pody - 2pot )
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~ The first measure of the change of aggregate value,

lq‘, is a ratio. Let us suppose that it is trans-
py PP

formed into the product of two ratios, one {which we
will call Rr) representing the change in the aggregate
value due to the changes in price, and the other (which
we will call Rq) representing the change in the aggregate
value due to the changes in quantity. We have still
to explain what we mean by * due to the changes in
price ”’ and ' due to the changes in quantity,” but let
us postpone the explanation for 2 moment.

In the hypothetical case, let us suppose that the

change in aggregate value EP‘% P:g“‘q" (which is equal to
0

ELE P;gl) is transformed into the product of two ratios,

0 . .
one {which we will call [Re]) representing the change
in the aggregate value due to the changes in price and
the other (which we will call [Rq]) representing the
change in the aggregate value due to the changes in
quantity.

Then [Rr] must be equal to Rr and [Rq] must be
equal to Re. This is what we mean when we say that
* the price index must correspond to the change in the
aggregate value due to the changes in price, and
the quantity index must correspond to the change in
the aggregate value due to the changes in quantity.”

In the hypothetical case, it is obvious that [Rs] is
P,, and that [Re] is Qy;. Hence, if we can determine
R» and Rq our problem is solved.

There must be a similar correspondence if we take
the other measures of the change in the aggregate
value. If the change in the aggregate wvalue is
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Zpyq1 — ZPogp, We may speak of it as the increase in
the aggregate value and divide it into the sum of two
values, one (which we will call V») being the increase
in the aggregate value due to the changes in price, and
the other (which we will call ¥q) being the increase in
the aggregate value due to the changes in quantity.

In the hypothetical case the increase in the aggregate
value is ZPy9¢00c — Zpedp (which is equal to
Zpiq1 — Zpodo). Let us divide it into two values, one
(which we will call [V:]) being the increase in the
aggregate value due to the changes in price, and
the other (which we will call [V«4]) being the increase in
the aggregate value due to the changes in quantity.

Then [Ve] must be equal to V> and [Ve] to Ve.

Again, if the change in the aggregate value is ex-

pressed by g’uﬂ“‘q—“ (the proportional increase)

we may divide it into the sum of two ratios, one (wﬁich
we will call Re, to distinguish it from Rs) representing
the proportional increase in the aggregate value due to
the changes in price, and the other (which we will call
Rq) representing the proportional increase in the
aggregate value due to the changes in quantity.

In the hypothetical case, the proportional increase in
ZPp1#o0nda — ZPodo
5 > Zpodo
(which is equal to —Pl%—?:-:q—h@),.and we may divide

[+]
it into the sum of two ratios, one (which we will call
[Rr]) representing the proportional increase in the
aggregate value due to the changes in price, and the
other (which we will call [Rq]) representing the pro-

the aggregate valué is expressed by
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portional increase in the aggregate value due to the
changes in quantity. _ _

Then [R»} must be equal 1:0 R.- and [Re] to R,
5 __ Va b1 _
VB;It ObVIOI.lSIY [ﬁr] z poq RG == m,. [R.p] =
P ]
and [Re] =
pote 220 R = 550,

l.'l
Hence, if [Ve] = Ve and [Ve] = Ve, we also have
[Re] = = Rr and [Re] = Ra, so that the last two equa-
tions do not give us any new conditions for determining
Py and Qgy.

It should be noted that all the conditions above
indicated must be fulfilled. We must have {Rr] = Re
[Ri] =Re, [V#]=Vr, [Vi]=Vs [R]]=Rr and
[Re] = Re. It is not that we arbitrarily choose one
method of expressing the change in aggregate value.
It must be indifferent which method we choose,



CHAPTER II
THE TRANSFORMATION OF MEASURES OF CHANGE

WE have now to make clear what we mean by * the
change in the aggregate value due to the changes in
price,” and ‘‘ the change in the aggregate value due
to the changes in quantity.” We shall obtain a clearer
idea. of this by studying the following series of pro-
positions relating, not to prices, quantities and values,
but to pure numbers,

I—let A +a+b+c+...=DBRaRoR: . . .

where (speaking in vague terms) Ra corresponds to
a, Ko to b, R: to ¢, and so on. Let us further assume
that A is positive and that, although-any of the terms
@, b, ¢, etc.,, may be negative, A +a+b+4+c+. . .is
also positive.

Speaking more precisely, let 4 +a+b04+c 4. . .
be equal to B multiplied by factors Rs, R», R, etc.,
such that the operation of multiplying B by Ra (simul-
taneously with the other factors) contributes as much
to the product BRaRsR: . . . as the operation of adding
a to A contributes tothesum A +a+d+e¢-+. . .,
and similarly for R», Re, etc. (We need not say
“adding 4 to 4 simultaneously with the other terms,”
for the effect of adding 4 is the same whether it is
added with the other terms or is added separately.)

If a =0, Ra =1, since adding o leaves the sum

8



THE TRANSFORMATION OF MEASURES OF CHANGE ¢

unchanged and multiplying by 1 leaves the product
unchanged. Hence, puttmg a=0,b= 0, ¢ =0, and
so on, we have 4 =

Thus we must sa.y

let A+a4+b+c+...=ARRsRc . . .

We must consider closely what we are doing when we
endeavour to determine Ra, Rb, Re, etc. We know
precisely what are the changes, measured as differences,
produced by adding 4, b, ¢, etc., to 4; we want to
know what are those changes measured as ratios.

If only a is added to A, there is no difficulty.
We have

' A+ a=ARa
which gives Rs = é——j—“

But if there are even two terms added, 4 and &,
the problem becomes more complicated.

Let A+ a+ b=ARR

Now suppose that @ + & is constant and equal to K,
but that ¢ and b vary.

If @ =0, it is clear, as we have seen above, that
Ra = 1. In this case, b-—-Kande:A :K.

Now let @ increase gradually, and b decrease gradu-
ally, @ + b always remaining equal to K. Then,
since the change produced by adding & gradually
increases and the change produced by adding & gradu-
ally diminishes, Rs must gradually increase and Re
must gradually diminish.

When a = b, adding b increases the sum by the same
amount as adding @, and multiplying by Ré must,
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therefore, increase the product by the same amount

]
as multiplyipg by Re. Hence Re = Rs = (42K,

As a continues to increase and becomes larger than
b, Ra becomes greater than Rs. When a becomes equal

to K and b becomes o, Ra ~4 j;K and Ry =1,

If & still continues to increase & becomes negative.
As the change produced in 4 by adding a negative
quantity is to decrease it, R must now be less than 1.
As a continues to increase until it reaches <o, Ra
also reaches w0, and Rb decreases until it becomes o.
Ry does not become negative since, by hypothesis,
A + a 4- b is positive.

A special case, which does not occur when we suppose
a+b=K,iswhena+b=o0, or b = —a. In this
case, since the total change produced is nil, RaRb =1,

I .
or Rb = B

Similar reasoning may be applied to any number of
terms and to cases where a, 5, ¢, etc., vary independently
and we obtain the following general properties, which
apply not only to Rs and R», but to any two of the
factors Ra, Rs, Re, etc.

If a=o0, Ra=1x; if b =0, Rb =1, and so on.

If aZ5, RaZ Ro.
- X
Ifa = —b,Ra=“m.

Again, if we treat @ -}- b as a single term of the sum
and let Ra+b be the factor corresponding to 4 + b, then
Ra+b = RaRb, since multiplying by RaRp increases the
product by the'same amount as adding both @ and &
(that is, & 4 b) to the sum.
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If b=a, we have Res = (Rs)%, and this may be
extended so that, where x is a positive integer,
Rsa = (Ra)".

Again, from the fact that when b= —a, Rb=

1% = (Ra)."' we can deduce that R-2s = (Ra)?, and

this can be extended, so that where x is a negative
integer it is also true that Rxs = (Ra)".

Now let a =xr, b =yr, ¢ = zr, and so on, where
x, ¥, 2, etc., are integers. This can always be done
by making r small enough.

Thend +a+b+eo+...=ARRK: . ..
= ARwRyrRar . . .
=A(Rr)’( ')V(R'): o
=A(R')'+$+l+‘..
-
Hence Rr=(A+a+bA+c+. . .)‘+1’:+l+...
But Ra = Rxr = (R')s

Therefore R.=(A+‘+5A+c+. . _)=+,+.+___

_____.(A+a+b+c+. . )-—+F+“=T““

4
b
Similarly Rh=('4 +a+bA+c+. ..)"' +
[
R _(A+a+b+c+...7¥ﬁ?¥f'-'-
= A
and so on. .

In the special case in which A = 1 we have
I14+a+d+c+...=RaRbRc ...
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Ra=(1t+a+bd+c+.. .)-“+T+'_=+l...
b
Re=(zx+a+b+c+.. _)s_""'+a+=+...
R=@+a+b+c+.. )sFotet e
and so on.

It will be noted that we are not transforming
a4+ b+c-...into the product of factors Ra, R»,
R, etc., of which Ra corresponds to a4, R to b, R: toc,
and soon,but 1 +a+b+c4 ... Itwould seem

that it is not possible to convert a+b+c+. . .
into the product of such factors.

2.—In the equation
A+a4b+ec4...=ARsRoRc . .
let A=a°+bo+co+ - 8 ey a=al—'ao, b=b1—'bu,
¢ =¢; — Cp, and so on. We must further assume that

@ +b+c¢+...and gy + 8, 4¢,+. .. are both
positive, though any of the terms {g, — a,), (6; — &,),
ey — ¢y), etc., may be negative.

Then we can say:

Let ay+b to+. - .+ (3 — ) + (b — &)
+ (e —cg+ ...
=(@g+ b+ ¢+ .. )Ra-a R0, -tRe,—¢, . . .

In this case Ra-a is such that multiplying
(@4 + b+ co+ . ..) by Ra-a, (simultaneously with
the other factors Rs, - 4, Re, - o, etc.) contributes as much
to the product (a; + by + ¢ + . . JRa, - a b, -8 Re;— ¢y ..
(which is equal to @; 4+ &; + ¢, + . . .) as changing
a, to a, contributes to the sumn 4, 4- 3, +¢, +. . .
(or, in other words, adds to the sumay + 8y + ¢y + . . .),
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and similarly for Rs, -8, Re;—¢,, etc. Hence we may say
that Ra, - s, represents the change (measured as a ratio)
in ag+4 by + ¢y + . . . due to the change of a, to a,,
Ry, -b, represents the change (measured as a ratio)
due to the change of b, to ,, and so on.

On the analogy of the formula in section 1, we have

“"—=
g+ by + . . . (8 — a)\ @ —WFE-ETF
Rey-ay = n+?bl—bo 1 )
au + bo + Cg + ..
_(“1+51+61+ .. .)¢'a—-)+(b.—.;.)-l'-’(a.-s.)+..;
T\ F byt ot -

and siﬁilarly for Re,-8, R, -c,, etc.

. @yt b4 4. .
Hence we can transform the ratloan Fhtat. ..
into the product of factors corresponding to @, — a,,
by — b, ¢; — ¢ etc., that is corresponding to the
changes from a, to a,, from &, to b, from ¢, to ¢,, etc.

3.—If we say:

Let A+“+b+;+' " — ARaRR: . . .

defining Rs, R%, R, etc., in a similar manner. to the way
in which they are defined in section 1, we find that

Re=(z4otbtet.. )+—.+-+—-

‘ By putting A =1, B=ay+ b+ ¢ +..., a=
a; —ay b=25, — b, ¢c=¢, — ¢, etc.,, we arrive at
the same result as in section 2,
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4—1f we say:
JetA+a+b+c+.

B+R¢+Rb+Rc+ v e ey
where KRa contributes as much to the sum
B4+ Ra+ R+ R:+. .. as a contributes to the
sum A+a+b+4+c¢+ ... and similarly for R,
Re, etc., then it is obvious that B = A, Ra = a4, Rb = b,
Re = ¢, and so on, but if we shut our eyes to the obvious
fact and calculate Rs, R», Rc, etc., by similar methods

we find that
a

Ra=(a+b4c+.. ')a+b+‘c+. =g
b

=@+btet. . ) orprag— ="
b

=@+dbtc+.. ')a+b+0+- e

and so on. This serves as a check on the soundness
of our method.

5—let Agbe . . . =B+ Ra+Rv+Rc+..

where Ra corresponds to a, Re to b, Rc to ¢, and so on.

Speaking more precisely, let Ra, R, Re, etc., be such
that adding Ra to B contributes as much to the sum
B+ Ra+Ro+ Re+ ... as multiplying 4 by a
(simultaneously with the other factors) contributes
to the product Aabc . . ., and similarly for Rs, R, etc.

If a =1, Ra = 0, since multiplying by 1 leaves the
product unchanged and adding o leaves the sum un-
changed. Hence, puttinga =1, % =1, ¢ =1, and so
on, we have 4 = B,

Thus we must say :

Let dabc...=A+Ra+Ro+Re ...
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Let us consider, in this case also, what we are
doing when we endeavour to determine Ra, Rs, Re, etc.
We know what are the changes, measured as ratios,
produced in 4 by multiplying it by a, b, ¢, etc. We
wish to know what those changes are measured as
differences.

If A is only multiplied by one factor, 4, we have
Aa = A + Ra, which gives Ra = Aa — A.

If, however, 4 is multiplied even by only two
factors, 4 and b, the problem is already more compli-
cated. We have Adab =4 + Ra 4+ Rb.

-Let us suppose that ab remains constant and equal
to K but that @ and b vary.

If 3 =1, Ra =0, as we have seen above. In this
case b = K and Ry = AK — A.

Now let & increase gradually and b gradually de-
crease. Then Ra gradually increases and Rs» gradually
decreases,

When a = b, Ra = R», since in this case multiplying
by & increases the product by the same amount as
muitiplying by & and, therefore, adding Ras must
increase the sum by the same amount as adding Rs.

As a continues to increase and & to decrease, g be-
comes greater than 4, and Ra becomes greater than Rs.
When a becomes equal to Kand dto 1, Ra = 4K — 4
and Rs =o0. If a increases still further, so that &
becomes less than x, the change produced in 4 by
multiplying it by & is to reduce it and therefore Rs
becomes negative. 'When a becomes o and 4 becomes
0, Re = o0 and Rb = — o0,

" A case that does not occur when we suppose that ab =

Kisthecaseinwhichab=:orb=z. In this case,
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the result of multiplying by ab is to leave 4 unchs
Hence the result of adding Rs and Rb must be to
A unchanged. Thu$ Rs + Re =0 or Ro = ~

The same reasoning may be extended to’
factors and applied in cases in which a, b, ¢
vary independently, and thus we obtain the foll
general properties, which apply not only to Ra a1
but to any two of the terms Ra, Rs, Re, etc..

Iia=1x, Ra=¢; if b =1, Rb =0, and soon,
Ifa%b,Ra%Rb.

Ifb=§,m=-R..

Again, if we treat ab as a single factor and I
be the term corresponding to ab, then Rab = Ra
since multiplying by both @ and & (that is, Lt
increases the product by the same amount as a
both Re and Re (that is, Ra 4 Rb) to the sum.

From this it also results that Rss = xRas, wh
is a positive integer, and from the property tl
b=al, Rs = — Ra it can also be shown that |
xRa, where % is a negative integer.

Now let a =7, b=+, ¢ =7, and so on, !
%, ¥, %, etc., are integers. This can always be
not absolutely, but to any desired degree of approxim
provided g, b, ¢, etc., are positive, and in what fc
we must suppose this to be the case.

For example, let a = 1-36, b = -84, ¢ = 15-27.

We have :

Log 1-36 = -1335389
"Log -84 = 1-9242793 = —-0757207
Log 1527 = 1-1838390
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I \ 1335389
1-36 is approximately equal to (mﬁ‘)
2 \-757207
-84 is approximately equal to (10“')
1 111538390
15-27 is approximately equal to (ro“')
The larger the number of places of decimals to which
the logarithms are calculated the closer the approxi-
" mation becomes,
Hence, if 4, b, ¢, etc., are positive, we may say let
a =7, b=17,c=7" and so on, where %, ¥, 2, etc., are
integers.
Then Aabe . . . =A4rrrY . ..
. =A+Re+Rw+Rr+...
=A 4 xRe +yRr+ 2Rr 4. . .

where Rr is the term corresponding to the factor r.

Hence Aabe . . . —A=(x+y+z24+.. )R
Re=Afgho . . . — ot

But Ra = R = xRr ’

Therefore Ra = A(abc . . . _I)x-i—.y +xz+

But x:y:z2...=loga:logh:loge. ..

since loga==xlogr, logh=ylogr, logc=2zlogy,
_and so on.
Therefore

_ log a
'R‘“‘A(“bc‘“_I)loga—i-logb-{-logc-l—---

_ log a
. —A(ab@...—x)m
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Similarly

— Alabe. .. x)th‘?i"—
&=A(da...—1)ﬂ-’%

and so on.
In the special case in which 4 = 1, we have

abc...=I+ Ra+ Rp 4 Rc 4.
loga

=(abc. -—I)Iog—.-
log &
=(abc...—I)IOT_2§B-T:

loge
=(abc"'—1)log_'a7g5:

and so on.

This only applies where g, b, ¢, etc., are all positive,

6.—In the equation

dabe . . . =A+ R+ R+ Re ...

let A =apye, ... a =:—:, b=:—:, c=£—;, and so on,
where ay, b, ¢,, etc., and a,, b, ¢, etc., are all positive.

Then 5

a, ¢
(anb,,co...)a—o F" —‘...
—a,,boc,, - .+Rg+R5+Ra+.

where Ra is such that adding R:. to agbecy . . . cOn-

tributes as much to the sum uoboco oot Rs: + R:_: +

Ra 4+ . .. (which is equal to a,b,c, . . .} as multi~
&
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plying agbyc, . . . by ;i‘ (simultaneously with the other
: 0
factors :—1, z—', etc.) contributes to the product
0

(@ohoto - - .:‘ %"z—‘ . . (which is also equal to
0o Yo *O

a.b,cy . . .) and similarly for_R;;, R:n_‘, etc. Hence we

may say that R;: represents the change (measured as a

difference) in a,b,co . . . due lo the change from a, to a,,
that R}: represents the change (measured as a difference)

in aybecy . . . due lo the change from b, to b;, and so on.
We have

R2= (8y516y - . . — @gBobp . - )

Ra=(41b‘cl PR —ﬂnboco . )W

Rﬂ = (belcx L —‘aoboc° v = .)

and so on.

Thus we can transform the difference
abic, . . . — @bty . . ., which is the increase of
agbeto - duc to the change of @y 10 4,, by to by, ¢y to ¢y,
and so on, into the sum of a series of terms RG_-, Ra R&,

etc., of which Rz represents the increase of aoboco ca
due lo the change of a, to a, (simultaneously with the
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change of b, to &,, ¢, to ¢,, and so on), Rb. represents

the increase of a,b4¢, . . due to the change of b, to b,
(simultaneously with the other changes), and so on.

It should be noted that in this case it is not necessary
that a,, &, ¢, etc., and a,, 3,, ¢,, etc., should be pure
numbers, since the reasoning turns on the supposition
that—=r’,h v, —_r' andsoon,and a‘, ﬁ,‘;—‘,
T ay by ¢ by’ €o
etc., are ratios and therefore pure numbers. It is, of
course, essential that 4, and 4, should be measured in
the same unit, that b, and &, should be measured in the
same unit, and so on, and that it should be possible to

attach a meaning to a;b;e, . . . and azbye, .
7—If we say :
Let dabe . . . = BRaRoR: . . .

where Ra is such that it contributes as much to the
product BRaRsR: . . . as @ contributes to the product
Aabe . . ., and similarly for Rb, Re, etc., then it is
obvious that B =4, Ra =4, Rb = b, Rc = ¢, and so
on. But if we shut our eyes to this and calculate
Ra, Rs, Re, etc., by similar methods, we get the result :

loga loga

= (abe . . .)losobc... — ogabe ) fogabe s — ologs — g
log & log

= (abec . . )m— = g(hg“"')louu — gl — }
. toge ogo

= {abc . . .)'%m---=g“°“°‘ Jicgabe. 1. — gloge — ¢

and so on, This is a futther check on the soundness
‘of our method,

8.—Applying the method to other functions, giving
in each case the appropriate definitions of Ra, Re, Re,
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etc., and making the necessary limitations, we obtain
the following results :~-

If % - — {RaRbR: .
loga
=(tabc...—:)logm...
If twheie - = fbae s RuRbRe |
b G
g%
fobir. . N BB
R“‘ (;-#- ) L

If  #*-=i+Rs4+Ro+ R+ .
R¢=(l“‘"‘—t)a+b+ac+.

If fsdr-oe == fodée- 4 R+ Rb 4 R +.
e " L)

a4

Ré:(ﬂah‘a---_m,_) ; a:
atntat:

I gtddet.. T 4 Rat Rb+ Ro. ..
R¢=(t'+b+c+..._l)a+b+ac+

I mtdtat.. = mtdhtat... +

' Re,-# + R-b, + Rey-a + .
Re,-8, = ("|+5|+01+... —

fathtat..)
(ay

G —3a
—a)) + (01 —bg + (1 —cpd + ...



22 THE MATHEMATICAL PROBLEM OF THE PRICE INDEX
If gp+d+et.- = RaRoR: . .

Ra = (gs+i’—c+..".)7+_b-i:"iﬁ =
as it obviously must be.
If log(x+a+b4¢c+..)=Rs+Ro+Re+.
Ra={log(1+a+b—|—c+...)}a_'_b_i_ac_f__“

If log@@y+b,4+6+..)=
-log (@o+ o+ cot+ . . J+Ra,-a,+ Rty -4+ Rer-0o4- . . .

Re,—a _ [log(a,+8,4.. )} a; — &
— Uog{ag+by+. . ) (@r—ag) + (b —bp} +. . .
If log Aabe . . .= (log A)RaRsR: . . .
' Iog s
Ra — (log Aabe . . )W
‘= log A

In this case if 4 = 1, Ra, Rb, Re, etc., all become
equal to infinity.

If logaybie; . . . = (logaghy, - - -)R}‘_R:-‘Rg: ..
»”
_‘:‘ﬁ_
og @,b,¢c, . log 5 2
Ry _Gog agbycy . . )

If logabc...=Ré+Rb+Rc+.

Re = (log abc . . )— 1088

')log_abc . =loga

as it obviously must be,
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9.—We must now endeavour to apply the method-
to a more complex function. ,

In the equation '
A+a4+b4c+...=ARsRoRe . . .
let 4 = a,'by'c,’ . + ao"b o' v .. leta=
B A A B S
8y By''c, e o . . . and so on. Let us further assume that

all the numbers of the form a,, a,, b,, &,, ¢, ¢y, etc.,
are positive.
~ Then ay'byey’ . . .+ ayb)'¢" . . .+ .. .+
(ay'byc," . T ao'bo co') + (“1""-’1" =
ao'lboll‘ ” . ) + (aofb . + a llb f’ l' . +
)R(a.'blc‘ 'b.c. )R(a."b" SR A ') .
where R(a,'b,'c,'.. Be'ey s} 1S such tha.t multlply-
ing {a,'dy'cy’ . . .+ ay "b e L .} by
Riab'e v vmagbe'cs’ o)) sxmultaneously w1th the other
factors Ria/n/6" ... -6t .. ), €tc., contributes as
much to the product (ao'bo'co' ce T ay By ey L L+
. .)R(c;'b,'c,‘.-.— 'b.’c,’...)R(a,"b "c," . SN
(which is equal to 4,’d,'¢c," . +a1"b " ” v
.. ) as a.dding (@1'8,°ey" . . .~ ay'by c,, ..) to
(@e'b’cy’ . . . + ao"b oo L. + .} contributes to
the sum ao'bo N N "...+...+
(3,8y'e)" ... — “o'bo SR B o PP
R N I S (which isalso equal to al'b et
al"b "¢, ...+ ...) and similarly for the other
factors

Then R’ - . .- ay'by'cy’ A .
s 0e s . = by
a,"g! 3{:1 f ++ (8" :‘b‘ ‘.ﬂk,c,‘ }
ag'by'c +
llb ll ll +
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We may write this more simply

Ta.b, B
be” Bty = (280G . - TR TS
R('lblﬁ AL L ARE R (Edoboco - .)
r r,r 4 b ’
NOW al bl 01 2’% b].'b cl;co
B.Ild ao'b,,’co' R ao"b 1, " R +
(al'blfcll .. _aofbo . ) + (ﬂlub ", n )

—doub"cu .. .)-I—... .
=“1'b1' ' +G"b" "---+-

_a bl '51 a" ub" Mcl"

= L bg -|- ,aa b"b" o,,...-{-...
Let

El_' lhf .rc__l'_ a’l nbl ncl

aofao botbo co.rco + uao b ubo 7 AR + e

= (ao,bo'cn + a, "b 1o 11

" )RuRuRi . . . RegRucRs:

%

where multiplying (2,'8'cy’ . . . + @ 'by"'ce” . . . +
.. by R%‘ {simultaneously w1th the other factors)

contributes as much to the product (8,'05¢y" . . . +
8y 'by"cy” . . )R-.ILRgL . Rﬁ"Rh_Rc-

{which is equa.l to al’b1 . -]- a, "b e " c.o 4
..) as mult:plymg @'by'cy’ . ... -1 (simulta-

neously with g,, o etc., and at the same tune that

lf "
ay By ey . . . is multlphed by o g,,, c -1, etc., and
0 (]

rcl

so on) contributes to the sum “‘,ao % ,bo -+
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S u"gl,,bo"ﬁ‘,,co ...+ .. (which is also equal

to a;'bj'c,’ . +a1"b “e," .. .4 ...), and simil-
arly for the other factors.
Now, in the second case, multiplying ay',c,’
™ ay By e
I‘esult aS adding (al’bl 01' L T ao'bo'c‘)' = s .) tO
ag'by’cy’ . . ay'"by"'ey” . . .+ . . .in the first case,
Hence RE,R&,R;:, . = R@a b, .« \—ay'bcs’ . )

. produces precisely the same

Reasoning on the same lines as in sections 1 and 5,

it is clear that Re; 3 = Re( . i, and that if 0%, = &4,
. iy by oy b bo o
R:_:; = RE" Hence it can be shown that if x is a positive
by _ 1 a6 by
bf_a_lllaol‘bo'

ay
(™ LN __ j— -!._
and R u- Ry = 1, whence R;. .. (R-A,) From

integer, R(E.":). = (sz)'. Againif ;% —

this it can be shown that, if % is a negative integer,
it is also true that R(g;;)" = (Rn_-:)’. (It must be noted

bi = ﬂ- Rﬁ is not equal to Re%)

b’ c
Now let E','," =(r)", r;, = ('), E:"’ = (#')*, and so

on, where #', ¥', #, etc., are integers.
Then Re, = (Rr)¥, R = (Rr)¥, Ry = (Rr)", and
s0 on.
Thus RaRyRs . . .= (Ry)¥+yr+s+...
&b A

But Rz;RE;Rg v o= Riabe o o—alblst .. )
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Therefore

Ta,b Ty
Yy 4rd ... 310461 . 8310y o 0 o= Bybyry . -
() (anboco .. )
Zab }fl;' » _":; i FEEY
#1916y . iy« « < = bl - T
e = (Z“nbo"o ' )
But = (R
at R = (R7)
Hence R«
ay P B’ .
abicy . . _)J-”(aab;ca oY e R +.'+
boto - - )
by~ ey h‘.l
_ (Zaybe ... Fabie - - -~ obea - :;‘-T"E‘:?_"
- zaoboco . . ,) ..b'
Similarly Rb
o' by
_ dl 161 . s 10481 « oy = By e log : :c:.._
- @auboce .. _) ay'Byey" v n
and so on.
If we now say :
Let Ealaog bo "'o -
(Eanbocg )R(__‘ “, —m )RG‘;' )

where R (: a7, .,"' ...) is such that multiplying anboco e

by R(_,_, &) simultaneously with the other
fa.ctors contrlbutes as much to the product
(Zagheco - - )R(:-_.%%)R(g:g%) . . . {which is
equal to Za,b,¢, . . .) as multiplying &,'dy'c,” . . . by
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s

H
a a
” a‘o"bu" H .. by 1 s anrnboufcotu . by 1”"
ao - ao -
and 50 on (at the same time that ay’b)'c,’ . . . is

multlphed by 5—7, -1 etc., a,"by' ¢y’ . . . is multiplied

by g—; Z” etc., and so on), and similarly for the other

factors, then it is evident that

U ] — - nR L v
R g = ReRecRs

a" &
: .
Hence Eladiey .o o —agbyry. . ) e
&b,
Za,b,c Z(bety - - - — Sybaty "b'c'
1416y 1 -
R(ss.) = W)
Similarly h.h
D{mbyey o o pbyly .. 2} -
‘ . g g - Ealblcl [ Z{@byey - o — by . . )
RAA) = (—-—zaubﬁ, —)

and so on.

It will be seen that it is not necessary that the
symbols of the form a,, by, ¢,, etc., and a,, b, ¢,, etc.,
should represent pure numbers. It is, however, essen-
tial that each pair of the form g, and a,, bo and d,, ¢,
and ¢,, and so on, should be measured in the same
unit, so that :ﬂ ?. ﬁ , etc., are pure numbers. It is

0
also essential that all products of the form aghyc, . . -
or a,b,¢, . . . should represent the same thing and be
measured in the same unit.

But R(E."E‘.: -;..;) is the change, measured as a

ratio, of Zaghicy . . . due to the changes of a)' to a,,
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of ay'' to a,"”, of 4"’ to a,""", and so on, and similarly

for R(i;,bn_",gx_d"’ o) et Thus in transforming

Tabyey . .
Zaghecy . - .
R b b0 ), etc., we have solved a problem of which

B B b

~ into the product of ratios R(s. 5"

50,50 ),

the problem of the price index and the quantity index
is only a special case.



CHAPTER 1II

THE DETERMINATION OF THE FORMULA FOR
THE PRICE INDEX

. WE are now in a position to determine the formule
for Py, and @Q,, in accordance with the conception-
that we have put forward, Of course, if a different
conception is adopted, the mathematical problem will
be different.

1.—Taking the measure of the change of aggregate
z?:h
Zpdlo
is transformed into .the product of two ratios, one
(which we will call Re) representing the change in the
aggregate value due to the changes in price, and the
other (which we will call Rq) representing the change in
the aggregate value due to the changes in quantity.

In the light of the illustrations given, we may
expand this by saying :

Let 'z%pu‘-’-‘-qu = (SpgoReRs,
Po T

where' Re and Rq are such that multiplying Zp.g,
by Re (simultaneously with R¢) contributes as much
to the product (Epoqo)RzRq (which is equal to p,q,)
H
as multiplying py'qy’ by g—s Po"q”" by ﬁ—;— P9
29

value as we have said: Let us suppose that it
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" PO o )
* by g‘m,‘ and so on (simultaneously with the multipli--
P .-

cation of 15,,’ : ?o" o p A " by g.lw,
and s6 on) contnbutes to the sum Zgl q (which -

is-also equal to Ep,q,) and mulmplymg Epoqo by Ry
(simultaneously with Re)-contributes as much to the.

product (ngoqo)RpRa as multiplying $,q," by glu

50" by a1 0" £ by g,,,, and so on (slmulta-

neously w1th the multlphca.tlon of $,'q, by 5" po"‘ !

by %ﬁ, 2090 o by <1 ol and so on) contributes to the
21

sum Po—%
. If now we say
Let zgl Pogy = (Spoto) ResReRRuRow R

where R& is such that ‘multiplying Epuqo by RP: (simul-

taneously with the other factors) contnbutes as much
to the product (Ejooqo)R?,R},Rg:‘_,R: :R%MR}M

(which is equal to Ep,g)) as multiplying pu' by 1!1

b
(at the same time that ¢, is multiplied by - by
;lns %" g—‘,—, and so on) contributes to the sum

zh 1;‘) q‘q., (which is also equal to £p,¢,) and s:mllarly

for the other factors, then it is clear that
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_,R&,,Rﬁ_” =Rs
and RuReRa; . . . = R
n oo
But the equation is of the form
z“lblcl .. = (anbﬂcﬂ .. .)R?‘;RE.Q;R:I_;: e R:._l::Rgtr.:R:_.\: a0
Hence on the analogy of
oo, b U hgﬂ;
(mbfe oo —abe .. -)I'mf::si'r:-:—j
Ret = (Ealblc, .. ) Tlahtr - <= Oebyig < ) -
-~ Zagbqto -
we have vor_pran 5
av e — pa'w) lo-—g-;‘L,E::
Ra Zhy (i — Pt
&“ @Psﬁo)
and since Rr = R%_Rﬁ;R%{;’
we obtain x(’l'l"‘pl'l} —-'—'—lo ::
(‘Eplql) I~ 3
ZPodo .
s s h._l
Similarly s — pot) — u&'_-

R = (zirg’;)‘”m—m&"

1t is obvious that Rr = P,, and Rq = Q,, but we
need not assume this.

In the hypothetical case :

Let ZPy1peCnde = (Zpogo)[Rr][Re] - ,
where [Rr] and [Ra] are defined in an analogous way
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By substituting Py, for 1 anq Qg for gl in the
0

o
ZPadnts —$old) o

(EP OIpOQoﬂo) Z(PutOuts — Do)

log log Pyy
Tog EP1ts

— (rfplﬁ € Zpde
b

_log Pu_
( Tog z?lh)]og P20

formula for R», we ha.ve

P p
— elod’Pu
= Py,

Similarly [Re] = Qos-
As, in accordance with the conception [Rr] = R
and [R¢] = Ra, we have Py; = Rr and @y, = Re,

hence Eipuy — ) — 2

P (Eplgl) Ziputs— pedd)
7 \Zpugo

and Zipts — Pet)

log had

T _
log &2
Our = @ﬁm) zw.&.-—'m.fﬂ

2.~—If we now take the second measure of the change
in the aggregate value, that is, Zp,q9, — Zpef, Which
we may speak of as the increase in aggregate value,
we notice first that the increase due to the change
of /g, to 2,9, is clearly $,'q," — po'qy. Hence if
we can transform p,'q," — $,q,’ into the sum of two
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values, of which one, V%', represents the increase

of p,'q,’ due to multiplying p,'g," by ﬁ‘ (simultaneously

with g‘,) and the other, Va represents the increase
1)

P,
of $y'q,’ due to multiplying py’g, q (sunultaneously

with $1 ), then EV& will represent the increase in

Zpyg, due to the cha.nges in price and ZV@ will represent

the increase in Zpyq, due to the changes i m quantity.
Hence Ve, as we defined it on page 6, is equal to
EV& and Vq is equal to EV&

We have
P's — Pt = Vﬁ:; + V"!-:;
or H'a' =p'e + V&: + V:—:;
This last equation is of the form
@by . . =ahty - - +R::+RQ|+R£;+
in which case we have found that lop &1
og -1
RE: = (alblcl . e —aoboct' . .) —'—a—lblcj.é.
log Gobyto
. log;%
Hence Vﬁ:: = ($1'7:" — Pa'% )1 P:'?h'
O 5=
$0'%
log%‘—,
and Ve, = (8,0 — 20’00} —5 7~ ) g'
) o8 5t

-
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We have therefore

log P

Po
Ve = EV’% = Z($1q1 — Pod0) Par
108 5 oo 220

Io gﬁ

and Vo= EV% = Z(p:141 — Dofo) ogu
Podo
Turning to the hypothetical case we may say :
Let  Pypy'Qude’ =po'd + V‘P_;;.;&-' +'V°-"-‘.:‘;-"

where VJ_’g.g.: and VOT-:t;; are defined in an analogous

way.
Then [Vr], as we defined it on page 6, is equal to
EVP;:D- and [Ve¢] is equal to ZVO_;-L-.

Substituting Py, for % and @y, for g—l; in the formule
[ 0
for Vg:: and Vgg we have

! r .’ 1 i
= (Porfo'Quiga’ — £0'%0") F;gf’?ﬁ;

, . n logQ
. ' _2¥5 Yol
Vo;..c. = (Po1fa'Corfo’ — £0'%0) log Py,001

These give
log P,,
[Ve] = ZV_eb Z(Py120Q0do — Pofo) Tog . Pol%()l

= B2 — pn) ~E
8 Sheto
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and 1 |
[Va] = EVP“G = Z(p,q1 — Pud0) —EgEL-P::h
8 2Py

Bat, in accordance with the conception, [Vs] = Vr
and [Vq] = V.

Hence log 2]
log P P
Z($:191 — PoAo) ﬁﬁz—l = Z(p191 — Podo) logp—’;qi‘
Zhedo Doto
log %l
b _ o
Shan (8191 — Pot0) log %ﬂ;
log P., < (1 191 ofo
%8 Fu ( 8 go%/ 201 — Podo)
which gives Ziouds = Pot Jiuié
P = p,gl) I~ b
o Podo
. 5 -
Sumla.l‘ly Siput — M);é;
00, — Zplql)_!m—-mim'
0 Podo

These are the same formulz that we obtained by
i :
takin f—u as the measure of the change in aggregate
§ Dodo & 28

value,

3.~Still taking the change in aggregate value as
expressed by Zp,q; — Zpg, we can obtain the same
result without introducing the hypothetical case.
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Let  Zpego + ZV‘% + ZV? = (Zpogo)RrRe

where Re and Re¢ are such that multiplying Zp.q, by
Rr (simultaneously with Re) contributes as much to the
product (Zp,g,) ReRe (which is equal to Xp,q,) as adding
ZV%: to Zpyg, contributes to the sum Zpyg, + EV%: +

LVa (which is also equal to Xp,q,), and similarly for

-0
Re. Then it is evident that R» = Py, and Re = Q,,,
since ZV% represents the change (measured as an

increase) in the aggregate value due to the changes
_in price and EV? represents the change (measured as

an increase) in the aggregate value due to the changes
in quantity.
But the equation

is analogous to the equation
A4a+bdb+c4...=ARRRc . . .
In this case

Ra — A+a+b+c+. . .)g+3+c+...
' A

Hence by analogy

Ivh
(Eﬁoqo +ZVe + ZVg)W?,“’Vg
Zpodo

Rr =

1

log =2

- —P
Ziputy— o) x;

1‘11) b —pold)
Podo
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tog £
Elpugs — bore) *&.

: .__..._2!!!.
Hence P, ‘q‘) “outu =Pl
Po?

hg!s
bgm

_— St
Similarly @, = @glql) TanTeal

4—We have already seen (page 7) that the
third measure of the change in aggregate wvalue,

z’?ﬂ‘-——z’%ﬁﬂ, does not give us any further conditions
[1]

for determining Py, and Q,,. But by three different
methods we have arrived at the result that
1.,5&

Zibsth— ot

Zitw

Py, = (zp,gl)—zmﬂ'

o?o

g B
m.;.—o.m—”—

and Pl‘h) I = "'3

zf’n?ﬂ P
log £2
5.—In the case that %‘ = l. (8191 — Pot0) PPo
og 101
Pdfo

9
ta.kes the form , but it does not become indeterminate.
We have &

@1?1"?&?0} M - = (P12 — Pofo)
log %12
Dodo

g2

log (I +P19} u_qf’oqo)
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But when &i};}ﬁ-ﬂ is infinitesimal
0
log, (I 1 P41 — Pofo) _ D191 — Podo

Poto 2
Hence when b1
Po Z_l
To
log &2 p
($191 — Po20) P11 ; = Pofo 10ge L2 Pl
108 Zoto

It must be noted that in this case we must use
logarithms to the base e.

Again if Zp.,q, = Zpyg,, log P,; takes the form
'g. but it is not indeterminate.

log %1
Z(p1q: —?090)1 P1;1
— (100 2222 8 et
log Poy = (log Zﬁ:q:,) 2Z($191 — Podo} ’

log ;l

z(ﬁlql —f’o?o) ?_l;;

Z(p.9: — Podo) %8 pu

= {log I+ 2pofa : } Z(P191 — Pofo) ’

Hence when Z($1¢1 — 270 ;
o

is infinitesimal

log $1
Po
Z(p191 — Pod0) Prta

08 % 4
logs Pyy = o $ofs
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In the case in which, for all commodities, £2 hH I
o 1
T
los. P Zpogo logs 2,
08¢ L'y = Zhudo

6.—We must emphasize that our formulz have been
arrived at on the basis of the conception that we
have outlined at the beginning of these notes. If a
different conception is adopted, the mathematical
problem is different and the resulting formulz will be
different,

Assuming, however, that our conception is admitted,
we may venture, in the light of the foregoing dis-
cussion of the problem, to give the following definition
of the price index and the quantity index as here con-
ceived :—

The price index is the change, measured as a ratio,
in the aggregate value produced by the changes in
price (when occurring simultaneously with the changes
in quantity), and the quantity index is the change,
measured as & ralio, in the aggregate value produced
by the changes in quantity {(when occurring simulta-
neously with the changes in price).

This definition is perfectly consistent with the con-
ception put forward and avoids the notion of proportion-
ality factors and the introduction of the hypothetical
case, but it is hardly mte.lhglble without the explana-
" tions and illustrations we have given,



CHAPTER 1V

THE PRICE INDICES OF SEPARATE COMMODITIES IN THE
GROUP.

I.—WE have not only .determined the formula
for the general price index of a group of commodities,
but incidentally we have determined the formula
for the price index of each separate commodity in the
group, when treated as part of the group and not con-
sidered independently. The factors R?j, R%;;, %,

etc., as defined on page 30, represent, in fact, the
change, measured as a ratio, in the aggregate value
produced by the changes in price of the separate com-
modities (when occurring simultaneously with the
changes in price of the other commodities and the
changes in quantity of all the commodities).

These factors, R&, Re;_, Re;m, etc., are, then, the

price indices of the sepa.rate commodltles, when re-
garded as part of the group. They must be carefully

distinguished from the price relatives, £% 2y gl:n %r_:n
0

etc., of the commodities when con51dered separately
and apart from the group.

But we have : log B4,
’ ' — b'ad ——-Z!-. g
Iog PLOL,

I Y ™
(Zplq (P — Pla)
2P,

and similarly for R‘% ) Rglm, etc.
40
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If, then, we call the price index of any commodity
in the group Pp. (instead of R%) we have

. vl
(Plﬁ"P-ﬁ)—é'l‘
Py, = 21’1?1) T R
“ Podo
and Py PpuPpy~ . . . = Py,.

The indices of separate commodities may be of con-
siderable practical value as furnishing a measure of
the change in aggregate value due to the change in
price of each commodity of the group. Where, for
example, there is a general rise in prices, it is of in-
terest to inquire which commodities have contributed
most to the rise. The price indices of the separate
commodities will give precise indications of this,
and will enable the commodities to be arranged in order
according to the extent to which their rise in price has
contributed to the increase in aggregate value.

2,—Price indices can also be calculated for sub-
groups of commodities, treated, of course, as forming
part of the whole group. These must not be confused
with the price indices of the sub-groups when taken
separately.

Let the prices of a sub-group of commodities be pm,’,
om’', pm'"’, etc,, in the base year and pw,’, fm,", fm,"”,
etc., in the given year, and the corresponding quantities
be gm,’, gmy’’, gmy'"’, etc,, in the base year and gm,’, gm,”,
gm’", etc,, in the given year, Then if Pp,, is the price
index of any commodity in the sub-group and Prx,
is the price index of the sub-group treated as part of the
whole group
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Tog P

— _Pra
1og Dmagmy

t? q Zitdy — potdd bt
v, = (222)

(Pwrdm; — Dwalme)

P PNy = P PM'P p,,“anﬂ“,,. ..

Py
log 2™
log Pmudmy
- Z‘"EA) Z0uts — Peie)

P00

On the other hand, if PM,, is the price index of the
sub-group independently of the rest of the whole group

" Z{pmigm; — Puetma)

i

“-‘(P-:r-.-—m)h‘h"_l
' ) Z(posfms — Pretmg)
PMy = (5 P:g:) -

It may also at times be useful to calculate PM,,,
but care must be taken to distinguish it from Pru..

3.—~In the same way as we have determined a price
index for each commodity separately, we can also
determine a quantity index. This we may call Qga,
and we have

wt
(Pt — Pela) 2
it
Ot = (?xﬁ) Buts = poin)
Podo '
a.nd Qﬂn’qu"qum .= 001‘

But there is also a value index for each commoditjr,
that is, the increase, measured as a ratio, in the aggre-
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gate value due to the change in value (or to the change
in price and to the change in quantity jointly) of each
commodity. If we call this Vv, we have

bt puts
Vou = PpuQan = (%_g__g:)"’-ﬁ-m.)
and Vou Vo Vo o o . = %%:g—:
We need not speak of a general value index, as this

would be merely %ﬁ‘ﬁ
070

We can thus present a complete picture of the changes
in aggregate value produced by the changes in price
and the changes in quantity by giving for each com-
modity the following indices :

log B
(m‘-—MJv-—f—-

P:Y:) Wﬁrﬂ
Podo

1og T
o‘ﬁ

& — Mo}

b, ,)—mP"
Pofo
D= Pets
- qu Zip1ts — P}
Po‘!

as well as the general price index, P,,, and the general
quantity index, Q,,.

Vou

4.—If we wish to express the increase in aggregate
value due to the change in the price of a single com-
modity as a percentage of the increase in aggregate
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value due to all the changes in price, we can convert

the product Pp.Pp,*Ppy~ . .. (which is equal to
Py,) into a sum of terms,

Let PpyPpPpy ... =1+ Reps +

Repe 4+ Repy + . - .
Then Repy
= (Ppu'Pp"Ppu —1) log Py’
" Y (') . - . IOg PP..'Pﬁ,."Pﬁ“"’ s
_ log Pp,;
= (Por — 1) Tog P,

Repy  log Py
Py —1 log Py,

Hence the increase in the aggregate value due to
the increase in the price of a single commodity, ex-
pressed as a percentage of the increase in aggregate
100 log Ppa

log Py, -

Again, if we wish to express the increase in the aggre-
gate value due to the change in the price of a single
commodity as a percentage of the total increase in the
aggregate value we can convert Pp.Pp,Ppa~ . .
Qe QenQtu~ - . . (which is equal to PgyQ,) into
a sum of terms.

Let PPy =Py~ . . . Qﬂn'qu"Qﬂn" “ae

=1+ Rep + Repr + Repan + . . .+
R«ﬂ'+RWu"+RWnM+ « .

value due to all the changes in price, is

This gives
Repo __ log Ppo
PyQor — 1 log Py,Qus
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Hence the increase in the aggregate value due to
the increase in the price of a single commodity expressed
as a percentage of the total increase in aggregate value

is 100 log Pp,,

log Py0py
log?f—l—,
@' — Po'%) P Z
But log Py, — P [y
log Py, log H
Z(P:g1 —Poto) Pj;:
108 5 boTo
Vel
ZV&
and log Py, _ log Py
log Pyy0p; _l TGy
Og. Podo
tog 21, pl
= ($,'0s" — $¢'t0")
1 1‘21
°8 0%
2{Prgy — Do)

Vel

= 2P — Do)

Hence the increase in aggregate value due to the
change in the price of a single commodity expressed as
a percentage of the increase in aggregate value due
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) Ioon.
to all the changes in pnce is ZV& ~72" and expressed as a

percentage of the total increase 1n aggregate value is
100V8

RN .

Z(P191 — Pota)’

But these results could have been obtained directly.
We have determined them indirectly in order to give
a further demonstration of the soundness and flexi-
bility of our method of transforming measures of
change.

5.—In like manner we can express the increase in
the aggregate value due to the change in quantity
of any one commodity as a percentage either of the
increase in aggregate value due to all the changes
in quantity, or as a percentage of the total increase in
ageregate value.

We can further express the change in aggregate
value due to the change in the value of any one com-
modity (that is, to the change in price and in quantity
jointly} as a percentage of the total change in aggregate

value. This is-obviously W
111 [

We can present another complete picture of the
changes in the aggregate value due to the changes in
price, in quantity and in value, in the form of per-
centages of the total increase in the aggregate value.
To do so we must give for each commodity :

The increase in the aggregate value due to the
increase in price of the commodity expressed as a
percentage of the total increase in the aggregate
value. The formula for this is
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log -fl—
100($1¢1 — Podo) Ps
%8 futo

Z(p1g1 — Podo)

The increase in the aggregate value due to the in-
crease in quantity of the commodity expressed as
a percentage of the total increase in aggregate value :

log g‘
100($1¢1 — Poffo) P1;'1
%€ Poto
Z(p1q1 — Podo)

The increase in the value of the commodity ex-
pressed as a percentage of the total increase in aggre-
gate value :

100@1?1 2ot0)
191 — Pofo)

To these must be added :

The increase in aggregate value due to the changes
in price in all the commodities, expressed as a percent-
age of the total increase in aggregate value :

log ﬁ‘
100Z($4¢1 — Dofo) &;!
log Podo
(1 — o)

The increase in aggregate value due to the changes
in quantity in all the commodities, expressed as a
percentage of the total increase in aggregate value :
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log ?
100Z(P 141 ~ Pofo) onﬁ
. og ﬁ
Z(P1q1 — Podo)

By substituting Zpyg, for Z(p,g; — poge) in the
denominator of the foregoing formule we can express
the increases in aggregate value due to the changes
in price, quantity and value of the separate com-
modities as percentages of the aggregate value in the
base year, and these are possibly even more useful

figures,



CHAPTER V

THE DIFFERENTIAL METHOD OF DETERMINING THE
PRICE INDEX

THE writer first obtained his formul® for P, and Q,,
by applying differential methods,! and though the
reasoning is not entirely convincing in itself, the fact
that it results in precisely the same formule as the
methods set out in the preceding chapters may serve
as a confirmation of the soundness of those methods.

In applying differential methods we suppose that
the changes in price from p,’ to $,", from p," to $,”,
from p,""' to $,"”, and so on, and the changes in quan-
tity from ¢, to ¢,", from g,"*to ¢,", from g,""* to ¢,"”,
and so on, take place by infinitesimal increments.
This is the weak point in the method, as it obviously
does not correspond to reality. However, there is
nothing to prevent us from making the assumption
and analysing the changes on the basis of that supposi-
tion.

Taking the equation

Py =pofo+ Ve + Vo

where Vg: and Vz_‘ are defined as on page 33, we may
write it in the form

* The first to apply differential methods to the price index
was Professor F. Divisia, See: * Economique rationelle,"
Paris, 1928, Chapter XIV.

E 49 .
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Voot Vo = p,q; — Dugs
| [

Treating p, and ¢, as constant, and making the equa-
tion general for any value of $, and ¢,, we have

Ve + Vi =pg -2
Differentiating, we have

8Ve + 8Ve = gdp + p¥q

But ¢8p is clearly the infinitesimal increment of
value due to the increment of price 8p, and $3¢ is the
increment of value due to the increment of quantity
3.

Hence SV;*; = ¢gbp

and 8Ve = p8g

These equations cannot be integrated to determine
V;g and V= unless we assume a relation between $ and

] e
¢, because the differential forms are such that the
integral depends on the path, What assumption are
we justified in making? Is there any assumption
that we are compelled by the conditions of the problem
to make?

Here we fall back on the principle of symmetry ;
Zp.q. and Zpyg, are symmetrical in relation to p and ¢.
At every stage in the determination of Py, and @y
there must be symmetry as between $ and ¢; they must,
in fact, be interchangeable without altering the equa-
tions obtained at any point. Hence the assumption
we make must be symmetrical. If we assume that

Eq;=f (1%0' %’:- g‘:), then the function must be such
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that the same equation can be wntten P =fl= q % 151)
(1]

o o Po
Moreover, the symmetry must be continued along the

path in either direction beyond the ‘tract that lies be-
tween the points ($,, ¢,) and ($,,¢,). We must imagine
# and ¢ increasing from o to s« or decreasing from
w to o with symmetry at every point. Hence the
path must pass through the points (0, o) and (e, )
or through the points (=0, 0} and (o, ).

An assumption that fulfils these conditions is

g_ :2)‘
Qo (?
a being determined by the fact that the path passes

through (p,, ¢,) and ($,, ¢,), and it does not appear that
any other assumption fulfils them.

This assumption gives the relation

. log'—'

g _(2)b
go=(§n) >

which may also be written

g
£- (S

Continuing, for the sake of simplicity, to write a

. log el
for —J2, we have
log %
0
SV;Q‘ = gbp
—_ ‘I_o_ %5y

X
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Vi .
[*avs = sl rap
3

— 9o I
VE po‘ a+1z

a+x _puu+x)

=2z + I :Px;,f.‘lo “Pn%)

= ;—_“T_*‘I“(Pﬂl — Pofo)

log &
But I )
at1 log 172
Podo
log 2‘
Hence VE = ($1q1 — PoT0) 1’1?1
8 fodo Podo
lo g QI
Similarly, V:-l = (P11 — Pod0) p 71
' 198 4 oo
In the hypothetical case :
log Py,

= (PutoQudo — Polo) og B0

_ — pay 108 Qo1
and  Veut = (PoutoQoido — $lo) o P01,

Equating £V# with ZVPat and ZVe with ZF0ue we
s Ps L o

obtain the same formula for Py, and @, as we obtained
in Chapter III.

The formule for P,, and Q,,; have been arrived at :
by differential methods, but without directly obtaining
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differential equations for P and Q. These may,
however, be obtained.

By the conception of the price index, the increase
in aggregate value due to the increases in price when
the prices are increased from $, to $ and the quantities
from g, to ¢ is equal to the increase in aggregate value
due to the increases in price when the prices are in-
creased from p, to Pp, and the quantities from @, to

Fo- . :

Similarly, the increase in the aggregate value due
to the increases in price - when the prices increase
from p, to p + 8p and the quantities increase from
go to g 4- 8¢ is equal to the increase in the aggregate
value when the prices increase from p, to {P + 8P)p,
and the quantities from g, to (Q -+ §Q)g,.

By subtraction, we get that the increase in aggregate
value due to the increases in price when the prices
increase from p to p + 8p and the quantities from
¢ to ¢ -+ 3¢ is equal to the increase in aggregate value
when the prices increase from Pp, to (P + 3P)p,
and the quantities from Qg, to (@ + 8Q)q,.

Hence ZQqdPp, = Zgsp
Q3P . Zpyo = 2‘45?
SP
@EP
- Zeop

The differential equation

Zpg
Similacly, -g fp%?
P _ Syip
g
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is analogous to the differential equation for the monet-
ary index worked out by Professor Divisia 1:

SI _ Zq8p
~ Ipg

and could have been arrived at by precisely the same
reasoning as that used by Professor Divisia.
In the form
SP . Zq%
~ Ifg

the differential equation for P cannot be mtegrated
even by making the assumption

N AY
Q’u_( o)
But in the form

QdPZpyg, = Zgbp

it tan be integrated by making this assumption and
the further assumption that, by analogy, ¢ = P4
This assumption is justified, as we must assume that
whatever path is followed by the point {f, ¢), an
analogous path must, in the hypothetical case, be
followed by the point (Pp,, Qg,).

In fact, it will be observed that, in the calculations
by which we arrived at the formul® for P,, and Q,,, if,
instead of deducing VP..p- from VP: we had calculated

it by integration, we should have had to make the
assumption

0= pF-TP:.
L F. Divisia, op. cil., page 269.
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analogous to the assumption

(}"
%o
The result of mtegratmg the differential equations

with the aid of the two assumptions is to give precisely

the same formule as we have obtained by other
methods.

p.»Li



CHAPTER VI
SOME PROPERTIES OF THE PRICE INDEX

WITHOUT actually determining the formule for P,
and @y, some properties of the price index and of
the quantity index may be deduced from the concep-
tion here adopted.

1.—It is possible, fer example, to determine the
limits between which Py, and Q,; must lie.
We have

V%: + V:-: =219z — Doto
=(P1—Pol9o+ (21— F0)Pot+{P1—P0)(71—10)

Now (p; — Po)gs is clearly part of the increase in
value due to the increase of price, while (g, — g,lf,
is part of the increase in value due to the increase of

quantity..
Hence .VE lies between (P, — Po)go and (£ — Po)0 +

($1 — Po)(g: — qo)> that is, between (P, — p)g, and

(#: - _Po)‘?z- .
Similarly Vg; lies between (¢, — gu)fo and (g, — go)21.

Note that, since
V%: + V:T: = $:1¢y — Polo

if Vg;‘ were at the limit (P, — po)g,, then Fu would be
56
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(g1 — quP1 and if Ve; were at the limit (p; — folq1,
then Vn would be (qiv1 - qo)po

Hence it is more correct to say :

'V& lies between ($p; — Po)g, and (p, — $o)g;, and
Ve fies between (1 — qo)#1 20d (9, — Zoe-

Takmg the whole group of commeodities, ZVA lies
between Z(p, — po)¢s and Z(p; — po)qy. and ZVb

lies between (g, — ¢o)p1 and Z(g; — go)fy
Substituting Py;ps for p; and Qy¢, for ¢; in

these statements, we have that, in the hypothetical

case, EVP ,p. lies between ZXZ(P,; — 1)py9, and

Z(Pyy — I)PoQo:?o and EVO--!- lies between

Z{(Qn — 1)goPo1pe and T(Qe — I)f’o‘lo
Equating the limits of EVm and ZV&.&- and those of

EV«. and ZVQ_._t. we have at the one lnmt

(Por — 1)Zpoge = TPy — ol

and. Py (Qor — 1)Zpoge = Zlg1 — 90}P1
and at the other limit

Qur(Por — 1)ZPote = Z(py — Pola
g.nd (Cor — 1)Zpogo = (g — Fo}Po

These equations give at the one limit

z %
P ~Shie " O =shn

and at the other limit

Pgy _z_ﬁx_?_x and Qg =§T§£‘;-
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Hence P, lies between Zh100 and b 201! and Qp,

” % Zpoo Zpots
lies between =L1f1 and ZPof1
2019, Zhodo

This explains why Professor Irving Fisher's * ideal
formule 1
P,y = o221l ZPidy
’ 2pode " ZhoTr

Qo1 = Zpofy .r‘plﬁ
2podo Zp 190

give a very good approximation for the price index
and the quantity index, since they are the geometrical
means of the limits between which P,, and @,, must
lie,

and

2.—In the special case in which g; = ¢, that is,
in which the quantities remain unchanged, the limits

coincide, so that Py, =§%’ and @y, = 1. Similarly,
0

if the prices remain unchanged, Py, =1 and @, =
Zhog,
Zpodo

3.—We are now in a position to prove that, if the
conception of the price index here put forward is
adopted, the price index cannof have the property

Ppy = Py Pyy
one case of which would be that, if the base were
changed, the price index in the given year relative
to the new base would be equal to the price index in

! Irving FisuER, ** The Malking of Index Numbers,” Boston
and New York, 1922,



SOME PROPERTIES OF THE PRICE INDEX 59

the given year relative to the old base, multiplied by
the price index in the old base year relative to the new
base.

If the equation Py = Py, P, were generally true,
it would be true whatever were the prices and quantities
in the year indicated by the figure 1. Let us suppose
that the prices in that year were the same as in the
year o, but that the quantities were the same as in the
year 2. In other words, for each commodity, let
P1 =p,2nd q; = ¢5. In this case Py; =1 and P,; =

Zpegy
Sheds’ so that

. 2Py

P IJlP 13 _ZP ofs
Now let us make the suppaosition that in the year 1
the prices were the same as in the year 2, but the
quantities were the same as in the year 0. In other
words, for each commodity, let $, = p, and ¢, = q,.

In this case Py, ='§—§’—g—° and Py, = 1, so that
Le |

Z
P, 01P 13 = Eﬁg}

‘ Py Zpeq
But P t be equal both t *and t o,
ut Py, cannot be eq; oth to zjbqua.n 0 Shode
so that it cannot be generally true that Py = P, Py,

Professor Fisher recognised that the formula for the
price index ought not to have this property, and that
his so-called ** circular test ** is not strictly applicable.?
The foregoing is a formal proof that, if the price index
be as we here conceive it, Py, cannot generally be equal
to Py Py,

1 Trving FISHER, op. cif,, page 270.
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4.—Another special case in which the price index
can be calculated without determining the general
formule for Py, and @Q,, is the case in which the
increases in price and quantity are all infinitesimal,

In the formulz representing the limits between
which P,; must lie, substitute pt for p,, ¢ + 5p¢ for
P2, ¢ for gy, ¢ + 8¢s for ¢;.

Then Pt.i4+3 lies between M and

Zpige
Z(pt + Spr)(qe + 3q)
Spde + 57)
Z(pr + Spigr __ P
But 55 ~spp T Tpye
Z(pt + opi) (g + 8q1) Zqidpn
d =
Sqidpe(  Tpdqi\
Yt o Lpuge ( Z'@q:)
Zqbpe
=I+ Thuge
Hence the limits coincide and
Prio+u=1+ E%‘
Similarly Q:.t+8 =1 + gﬁ‘
These equations also give
log Prt+3 = Ez_q_:g
and log Ot 48 =E€;_‘S;?

This property can be used to supply an additional
test of the correctness of any formule that may be
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proposed for the price index and the quantity
index.

5.—From the differential equation

Zgsp

Slog P ="~

' T

and the above formula for log Pt.:+ % another property
of the price index can be deduced.

Since log Pi.1+ & =%_:8‘;a:
log Pt.t+ 8 = 3log Py
= log Po.¢+ 8 — log P
Therefore Po.:+ 8 = Pot. Pr.t+ &

Hence if the differences between $, and #, and
between ¢, and ¢, are infinitesimal Py, = Py Py,

" 6.—We turn now to properties of Py, and @y as
we have determined them.

The writer's formule comply with Professor Fisher's
“ time reversal test,” * though that test was not used
in determining them. We have

log%1

Z(p:q: — Do) l"“ &oq—l

_ Zpy ngoq

log Py, = (log Zpoq:) Z($: — Pofo) ’
fo

log 22

E(put — pigr) — 22

log@

Zp

log Py = (log Lol

%8 £10 ( ogzPl‘h) Z(pgo — 2:01)
i Irving FisuER, op. cil., page 64,
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and it is easy to see that
log Pyy = — log Py,

whence Py = Pi
01

_ . I
Similarly Q= o

7.—The formulz determined are such that they
can readily be extended to other factors, if such
factors exist. This results from the manner in which
they were calculated, as the general propositions
on which they are based are applicable to any number
of factors. But we may prove this property in another
way.

Let us suppose that, besides price and quantity,
there is a third factor, represented by r. Treating
gr as a single factor we have : .

Z{p1a7: — Podo"0) 2o

EP gy og?ﬂgor
— 1 17171 g
IOg Pol ( Og z?oquro) 2(p1q171 - Pﬂo’o)
o ﬁl
?o o
E(qu 1 — Pu%’o) Paaa

Ep ql ' gp Oq o’o

! R)g =\ 1 X

%8 (QR)o = (ogzp ofo’o ) Z(P19171 — 2P0
Analogous formulz can be obtained for log @y,

log (PR),;, log Ry, and log (PQ),, and it will readily

be seen that

Py, Q01Rny =—L—§£:q;::
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and that Qg Ry = (QR)on Py Ry = (PR)g; and

P00 = (PQ)ax-
Treating the * ideal” formulz in the same way

we get
P = E?lqu’o }:45141"1
0n = Po?n"o z?oqxﬂ

Zhaqry

d R)., — ofi”y 2P\fi"

and OB = NSpgre Shidve

with analogous formule for Q,,, (PR)g1, Ro; and (PQ)g;.
These formulz fail to comply with the conditions

P ono:Rox = g—%&%‘
and QoiRor = (QR)¢,, etc.

8.—It is only a special case of the same property that
the formula are applicable to theoretical cases in which
there is a different fundamental relation between
Py, and Qy;. Let us suppose, for example, that

Py'0n = gﬁ::g:

However the calculation may be made, the writer’s
formula gives

log$l
2P0 — bo Qu) ? i

l P = 1 I.'ql P
og P = (1og ?Tn'q) Z:%, —po'qo)
The * ideal ”” formula, on the other hand, gives

5% Sh
(o) = /550 o S T




64 THE MATHEMATICAL PROBLEM OF THE PRICE INDEX

: — 20100 20:.°0
or Py = 2Py .zPof’_ﬂx

according as we treat $2 as one factor and g as the other,
or p as one factor and $g as the other.

9.—The formul® possess another property which it
is not easy to express simply. Let us suppose that our
group of commodities is divided into sub-groups. Let
the prices in the first sub-group be pm,’, pm’’, pm",
etc., in the base year and pm,’, pm’’, Pm"’, etc., in
the given year. Let the prices in the second sub-
group be $n,’, pn,", $m’’, etc., in the base year and
P’y Pm"', Pm’”, etc., in the given year. Let the
quantities be similarly indicated, substituting ¢ for
#. Let PMy,; and @M, be the price index and quan-
tity index of the first sub-group, considered separately,
and ' PN,,, and QN,, the price index and quantity
index of the second sub-group, considered separately,
while Py, and Q,, are the price index and quantity
index of the whole group. Suppose that, in a hypo-
thetical year, the prices in the first sub-group become
PMy,pm), PMy,dm)', PMy pm"”, etc., and the quan-
tities QM y.qm,’, QMo gm,”’, QMygm"’, etc., while the
prices in the second sub-group become PNg ps’,
PNy pn', PNy, pn,'", etc., and the quantities QN g,
QONgign'’, QNyagny'"’, etc.  Combine the two sub-groups
in the hypothetical year.and let PM Ny and QMN,, be
the price index and the quantity index of the com-
bined group in the hypothetical year in relation to
the whole group of commmodities in the base year.
Then, if the formule are correct, we should have
PMNg, = Py; and QMNy; = Q.
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The writer’s formulz comply with this condition.
Noting that the formula for Py, may be written

Iy
(z?l}q )Z(PJI'I — Pota)
we have
zvﬂfnn + ZvENuzy
ZPM o pmQMoygm, + oGl T
_ ¥ ngo ;) Ie’:,, gm PN..p-.oN..n. Dmyimyg—Dmaing

" Zpmegmy -+ Zpnegn,

ZyiMam 4 W‘"ﬂh
2
P, + zp,,‘q,,‘ EPogos ¥ ot = Prcte— Pty

T \Epmgme + Spnyg
But EVLA;,.Q, = ZVE
Hence to
.z.'vg; + zv%
Zhomgm, + Zpngm E(P-.f-.+h;¢-.— — Pratme
PMNo = (Epm.q-. + Zpan
f_q_l) (M:—MJ
Zpoo
= Py

Similarly QMN,, = Qo1

‘"The same property holds good into however many
sub-groups the group of commodities may be divided,
and, using the writer's formula, the price index may
be calculated in a series of stages without affecting
the ultimate result.

The "ideal” formul® break down under this test

also.
F



CHAPTER VII

THE PRACTICAL APPLICATION OF THE FORMULA FOR THE
PRICE INDEX

WHILE the formula for the price index, as determined
in the preceding chapters, is more correct than any
of the formule in use, the calculations involved are
so laborious that its use can be recommended only
when close accuracy is required or when it is desired
to give a complete picture, either in the form of indices
or in that of percentages, of the changes in aggregate
value due to the changes in price and in quantity of
each of the separate commodities. Where fluctuations
are not wide the results obtained by using Professor
Fisher’s “ideal ” formulee and by using the writer's
formulz differ very slightly. But neither the *ideal ”
formulz nor any other formul® at present in use
will enable the complete picture to be given.

The following method is suggested for calculating
the general price index and the general quantity index,
but practice would no doubt enable simplifications
to be made. : i

Arrange the names of the different commodities and.
the figures relating to them in columns, as follows :—

Col. 1: Numbers of the commodities.
Col. 2: Names of the commodities and units’
of measure.
Col, 3: 2,
66
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Col. 4: 2,

Col. 5: ¢,

Col. 6: g

Col. 7: £41

Col. 8: P9,

Col. 9: pyfy — Pots

Col. 10: log $y:
Col. 11 : log 2y
Col. 12: log ¢,
Col. 13: log ¢,

Col. 14: log b

Po
Col. 15 : log &
0
Col. 16: 108%%‘
[1]
Iog&
Col. 17: —Fo
log%i
_ : log%1
Col. 18: (p1 “?‘ﬂ")l gﬁ,
ogpoqu

In columns 14 to 16, as the items enter into opera-
tions of multiplication and division, the logarithms,
when negative, should be expressed as completely nega-
tive numbers and not in the usual way, in which the
mantissa is positive and the characteristic is negative.

: logtl
Dividing Z(p,¢; — M,,)ﬁ. the total of column

log Podo
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18, by Z(p,g, — Po7s), the total of column g, and
multiplying by log Z;lql' calculated from the totals

of columns 7 and 8, we obtain

?
log <2
Z(pts — Pt '1——?%
(log zﬁﬂl) il 1_5:?_0
Zpto Z(p1gy — Podo)

This is equal to log P,;, whence P,, can be obtained.
Again, log @,, = log ?9’1 — log Py,, so that (), can

be easily calculated.

If we desire to obtain the price indices, quantity
indices and value indices of the separate commodities,
additional columns are necessary.

. 2191 — 2o
Z(P19: — Po0)

log 1

5o
i
Col. z0: 0
O 20" T3 g: — Pudd)

(#2191 — Pod0)

(191 — 2ot0) Ty

Col. 21:
(P91 — Podo)

. Iha\ 2191 — Dol
1. : 11
Col. 22 ( o8 EPo?o) Z(P1q1r —Pod0)
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lo g‘
(8191 — Do) 2

. Zhrg
Col. 23: (log Zﬁuq:) =Bxts — Podd)

log 91

(P91 — .f’oqo)

. Zpqy
Col. 24: (log Zp 90) L1 — Po’?’n)

Column 21 may be calculated by subtracting from
each item of column 19 the corresponding item of
column 20, and column 24 may be calculated by sub-
tracting from each item of column 22 the corresponding
item of column 23.

Column 22 gives us, for each commodity, log Vo,
whence Vv, the value index, can be obtained.

Similarly Pp,,, the price index, can be obtained,
for each commodity, from columa 23, and Qq., the
quantity index, from column 24.

With one additional column we shall be in a position
to give the increase in value due to the increase in the
price and in the quantity of each commodity, both in
absolute figures and as a percentage of the aggregate
increase in value.

The column required is :
log 7
Col. 252 (P — Poie) —re-
o8 Poo

This may be calculated by subtracting from each
item of column g the corresponding item of column 18.
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Column g gives us the increase in the value of each
commodity due to the change both in price and in’
quantity and the total is the increase in aggregate
value.

Column 18 gives us the increase in the value of each
commodity due to the change in price and the total
is the increase in aggregate value due to all the
changes in price,

Column 25 gives us the increase in the value of
each commodity due to the change in quantity and the
total is the increase in aggregate value due to all the
changes in quantity.

Columns 19, 20 and 21 (each item being multiplied
by 100) give us the same increases in value expressed
as percentages of the aggregate increase in value.

To express the same increases of value as percent-
ages of the aggregate value in the base year we need
three more columns.

Col. 26 : 2141 — P
° 2o

($:91 — Pod)

Col. 27:

_ o
($191 — Podo) P10y

og £171
Col. 28 ; 2oty
° Zpodo
The percentages are obtained by multiplying each
item of columns 26, 27 and 28 by 100.
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An illustration of the use of the writer's formulz
is given in the following tables, in which they are applied
to the group of commodities taken by Professor Fisher
himself as the basis of his calculations in *“ The Making
of Index Numbers.” The group contains 36 comnmodi-
ties, with prices and quantities for six successive years,
1913 to 1918, and our example relates to the prices
and quantities in 1913 and 1917.! The difference
between the price index as calculated by the *‘ ideal ™
formula and the price index as calculated by the writer's
formula is trifling; the * ideal” formula gives 16156,
while the writer's formula gives 161-74.

' For the full list of prices and quantities see pages 489 and

490 of “ The Making of Index Numbers,” Our p, and ¢,
correspond to p, and ¢, in the full list,



TasLE 1.

Prices and Quantities 1 in the Given Year and in the
Base Year tn the Example Chosen.

No.of
o | Commodity and unit 'y e @ P

1 Bacon, lb. . . ©0-2382| o-1236( 1:87°00] 1077'00

2 ,bu, . . 1°3232[ 06263 209'00| 17820

3 | Beef, ib. . . 01672( o-1295 | 841700 658900

4 | Butter,1b, . . 0'4034| ©°2969 | 1842'00| 175700

5 Cattle, cwt, . . | 15'6354| 1270396 | 103'50 6980

6 | Cement, bbi, . 2'0942| 1-5800 8810 8580

7 | Ceal, anth,, ton . 56218 5°0636 7'83 690

8 | Coal, bit.,, ton .| 3'580] 12700 552:'00| 47700

9 Coffee, Ib. . . o'og2g9| ©'r113 | 1j320700| 86300
10 | Coke, short ton . | 10°6600| 3'0300 56'70 4630
11 | Copper, Ib. . .| ©o2764| 01533 | ¥316°50[ 81230
12 | Cotton, Ib. . .| o-2350f o0'1279 | 342300 2785'00
13 | Eggs, doz. . . 0°4015] 0'2468 | 1882'00( 172200
14 | Hay,ton . . | 176042 | 1172500 94'90 7920
15 | Hides, 1b. . .| ©-2828( o-1727| 1113700 672°00
16 Hogs, cwt. . . | 157047| 83654 6780 68 40
17 Iron, bar, cwt. . 4'o600| 1'5100| 13300 79°20
18 | Ironm, pig, ton . | 38:8082| 14'0025 3870 31'00
19 TLead ﬁw]:ute) Ib. . o'1121] 00676 | 23000| 286'00
20 | Lead, 1b oo879| o0'0437 | 1099°80| B8z23'70
2% Lumber, M. bd. ft 105°0400 | 90°3974 21°20 21-80
2z | Mutton, 1b. . 0°1664| o0°1025| 474°00{ 732'00
23 | Petroleum, ga.l . | ©1242| ©°1233 [14880°00 (1040000
24 | Pork, Ib. . | o©°2435| ©'1486 | 84z700| 921100
25 Rubber, 1b, . .| o6477| o8o7r ! 37590 11580
26 | Silk, Ib. . « | 59957 39083 29°40 19°10
27 | Silver, oz, . .| o-8142| o-5980| 133'60| 146'10
28 Skips, skin . . 5'5208] 2-5833 270 670
29 Steel rails, ton . | 38-0000| 280000 294 350
30 Tin, pig, cwt. . | 61'6500| 44°3200 1°56 1°04
31 | Tin, plate, cwt. 91250 3°5583 29°50 1530
32 | Wheat, bu. . . 2'3211| o'gr31| 6osco| S§55'00
33 | Wool, b, . 1-284x| 05883 707'00| 44800
34 | Lime, bbl, 300 lb 1"7604| 1°2500 2400 23'30
35 Lard, Ib. o-2170| o'1102 | 927'00| 110000
36 | Oats, bu. . .| o6372{ 03758 | 158700 1122'00

1 The prices are expressed in dollars per unit and the quantitiesin
millions of units.

T2



TasLE II.

Price Indices, Quantity Indices and Value Indices
of Separate Commodilies.

No.of co ) Price indices of Quantityindices| Value indico$
. mmodity. se
modity. Y commodities, | commodities. | commediries.
100 Py, 100 Qgqy 100 Frg
1 Bacon . 100°71 100°10 100°73
2 Barley . 10074 100°26 100'G0
3 Beef . . 10154 10148 103'04
4 | Butter . 10105 100°16 10I'20
5 Cattle . . 10169 102°56 10430
6 | Cement . . 100°24 100°02 100°36
7 | Coal, anth, . 100°02 160°04 100°05
8 i Coal, bit.. . 10671 100°92 107°69
9 Coffee . . 9989 100°25 100714
10 | Coke . . 102°'19 100°35 102754
II Copper . 100°7T 100°58 10130
12 Cotton . . 10183 10028 102°45
13 Eggs . . IOI'52 100°38 10180
14 | Ha . . 103'05 101°22 10430
15 | Hides . . 100°53 100°54 ror-o8
16 Hogs . . 102°74 9996 102°70
17 Iron, bar . 101°50 100°78 102°30
18 Iron, . 104°66 101°06 10578
19 Lead fwhnte) . 100°06 99°97 100°03
20 . . 100°23 100°10 100°33
2r - Lumber . 10172 99°68 101'39
22 Mutton . . 100°20 99'82 100°02
23 | Fetroleum .| 100706 103°04 103°IX
24 Pork . . 104°61 99'19 103°75
25 Rubber ., . 9981 10100 100°81
26 | Silk . . 10027 100°38 100°55
2 Silver . . 100°16. 99'95 100°17
2 Skins . . 95'93 100°08 100°01
29 Steel rails . 100°17 99'90 100'07
30 Tin, pig . . 100°12 1005 10027
31 Tin, plate . 10045 100°48 101'17
32 Wheat . . 10454 100°42 104°07
33 | Wool . 102°Bg 100'63 103°55
34 | Lime . . 1000 100°01 100'07
35 Lard . 1005 99'92 102°77
36 Oats . 10194 101°27 10324
General Indices | 16174 x18-80 192°23

100Fy 1000y | yooiPihy

Zpode
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Tasie IIL

Changes in Aggregate Value due to the Changes in Pricg
Quantity and V alue of Separale Commodities, in Absolukt
Figuses and as Percentages of the Aggregate Value in th

Base Year.
Increases| Increases|
in value | in value
duetein-| dueto o
!uc:-;lam Inn—vea?u; creasesin ﬁmu “ttum:mlnsesﬁ:l :
in value | in value price ex- quan- e of separate
due to | dustoin. inlnvalm 'u“::, pressed | tity ex- | commodities
1ses | creasesin ("o .| 88 per- pressed | expressed as per-
No. in price | quantity | oo | centages | as per- | centages of the
of | Commod- | ofsepar- | of separ- | “ginCy of the | centages te vatue
com- ity. ate com- | ate com- g te| of the in the base
mod- madities. | modities, valde in ate year.
ity. the base ue in
year. | the base
year.
v | ove | pn— [P0V | PVR |1000atad
» " P | Tpaw | Toet Lhes
X + | x30°3099 193363 | 1496262 o994 o148 '143
z. | Batley . | 135'9624 289797 | 164-9421r| 1037 0231 1359
3 {Beef . | aBzwzqr| a7r-12a8| ss40469( 27159 2069 4228
4 |Butter , | rox-8420 29:5675 | 2214095 | 1°464 o226 1690
5 |Cattls | | 3102420 46765781 777Bon8| 2367 3569 5936
6 |Cement , 447348 42002| 4B8-9350| 0341 0033 o374
7 | Coal, anth. 41102 49697 90799 0031 o038 0069
8 | Coal, bit, [z201-1197| 169-2503 | rsyo-groo| 9-16% 292 10437
9 |Coflee ., |—19-6607| 265761 69154 |— 0130 333 @acy
10 | Coke « | 89974153 64°59%5 | 464'1330| 3050 o491 8‘343
11 | Cop . | 1315737 | Yoy7813| 239-3550) 3004 | o822 1826
2 (Cotton . | 3347121| IX3-4o1d| 448-2035] 2°534 0866 3420
13 | Eggs o} 2703866 | 8I-0468| 3306334 213 o390 2'538
14 Hf! . | 5553436 234:2950| 7796386] 423 x-yi1 3948
15 |Hides , | 98-2186| 1004834| X98-7020| o749 o767 1516
16 | Hogs . 499-3838 —6988s | 492'5953| 3813 |--0053 3759
17 |Xron,bar | 27sBayr| z44'5600} 420738 108 1103 5208
:g l.l'cnci pig 8442146 195°6832 | 1039 [ V7] 1493 7935
{white) 113318 | —48822 64494 ] o086 |—0-03F o049
30 |Lead .| 4a-9223]| 179543 6767 o327 | 0136 0463
a1 |Luraber . | 314-6855 | —5B-5008 | 256-1847| 2401 |—044b 1958
az {Mutton ., | a72780] —334344 98436) oaly |—o23s 0029
23 | Petroleum | xr-asBg| 354:5176[ $65-7760) o086 47231 #317
24 | Pork . | 833 3247 |— 1501048 O83-2199[ 6350 |(—1'X sraig
a5 | Rubber —3544719| 3844801 150008z |—0-263 x4 148
26 | Silkc .| so613s srorx6| x0x-6as1| o386 o3lp o7
ay |Silver .| so-zby( —Byszr| ar4ops| o2g0 |—orob7 016
28 |Skins ., | 1272097 — 13-6116 —2'40191 ©'093 {~0-201 —orot
29 | Steelraily 319766 | — 183566 13-7200| ©O3244 [—0O'I39 o103
go |Tin, pig , | 224736 276086 so-o812| o171 021X o382
g1 | Tin, plate | r26-5326| 8B-2129| 214'7455| 0966 w673 1639
32 | Wh . | Baxs3se| 759586 Boyagse] 6260 1 wsbo 6849
3z |Wool |, | 4068373| 2376330| 644-3003| ga0s by 4916
a4 | Lime .| raoBoz 170443 1312461 o092 o o100
ss | Lard « | 1070443 | — 36-9933 Boog90| o817 |—-0r206 oIt
a6 [Outs . | 335-8gas| 2336983 5Bo.3888( 2726 | 1-783 499
Totals , [BBg2:8543| 41934723 {r2086-3265] 6785y | 24361 gar228
vm | zvn | D= | POVE | VT lrcaZipiti—peh)
—_— _2_I +
b e bt ZPoin Poils ey
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