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PREFACE

Tue mathematical problems which amse in dealing with
numeyical ‘data are attractive and important. Some know-
ledge regarding them is required by workers in many différ-
ent fields—astronomers, meteorologists, physicists, engineers!
na.val architects, aotuanes, biometricians, and - statisticians,
as well as pyre mathematicians; but until recently there
has been very little instruction om the subject in the
‘mathematical departments of the British universities  Of
late, however, there has been a great awakening of interest
in it, and it is now included in the syllabus .for the Open

' Competitive Examination for appointments in the Home and
Indian Civil Services, the Colonial Service, etc.

The *present volume represents courses of lectures given
at different times during the years 1913-1923 by Professor
Whittaker to undergraduate and graduate students in the
Mathematical Laboratory of ‘the. University of Edinburgh, and
may be regarded as a manual of the teaching and practice.
of the Laboratory, complete save for the subject of Descriptive
Geometry, for which a separate text-book is desirable. The
manuscript of the lectures has been prepared for publication by
Mr. Robmson, who has performed the whole of the work of
numerical verifitation and has contributed additional examples.

The exposmon has been designed to make each chapter
as far as pos51ble, intelligible to those who have not mastered
the preceding chapters; so that a.ny one who 'is interested in

some special problem may, by the help of the Table of Contents,
v
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“find and understand what is said about it without being obhned
to read from the beginning of the book.

One feature which perhaps calls for a word of explanation
18 the prominence given to arithmetical, as distinguished froni
graphical, methods. When the Edinburgh Laboratory was
established 1 1913, a trial was made, as far as possible, of
every method which had been proposed for the solution of the
problems under consideration, and many of these methods were,
graphical. Durng the ten years which have elapsed since
then, the graphical methods have almost all been abandoned, as
their infertority has become evident, and at the present time
the work of the Laboratory is almost exclusively arithmetical.
‘A rough sketch on squared paper is often useful, but (except in
Descriptive Geometry) graphical work performed carefully with
instruments on a drawing-board 1s generally lesy rapid and less
accurate than the arithmetical solution of the same problem.

The material equipment essential for a student’s mathe-
matical laboratory is very simple. Each student should have
a copy of Barlow’s tables of squares, etc, a copy of Crelle’s
“(Calculating Tables,” and a seven-place table of logarithms
Further, 1t is necessary to provide a stock of computing paper
{i.e. paper ruled 1nto squares by rulings a quarter of an inch
apart ; each square is intended to hold two digits; the rulings
should be very faint, so as not to catch the eye more than
is necessary to guide the alignment of the calculation), and
lastly, a stock of computing forms for practical Fourier analysis
(those used in Chapter X. of this book may be purchased).
With this modest apparatus nearly all the computations here-
after desecribed may be performed, although time and labour
may .often be saved by the use of mult1p1y1ng and adding
machines  when these are available. ’

Attention may be drawn to the opportumties which the
subject presents to the research worker in Mathematics. There
is an evident need for new and improved methods of dealing
with many of the problems discussed in the later chapters.
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Coeflicients, Fourier, 263
» probable‘error of, ,
280
Coin, frequency distiibution of tosses
of, 176 .
Comcident roots of an equation, 117
Complex roots of an equation, 113
Compound deviation, modulus of pre-
‘cision of, 175 ’
Condition, edustions of, 209
Conjuhctive probablhty, 317
Lonservation, thecrems of, 307
Constituent tides, 343
Contingency methods, 338
Correlation, 317-342
as a test for periodicity,
845
coefficient, 329, 335
. ratio, 336 '
Cotes] assumption, 322
*Cubic,’ numerical solution of, 124 ,

2

2

”

Dandelin’s method of solvmg equas,
tions, 108 .
Data, smoothing of, 285 . !
Denvatlves of a fanction, 62 -
” of a function dn terms of
. . central differences, 64
»» "7 of a function mn texms of
¢ divided diﬂ'erences, 65
Determmnnts 7’
Deviation, 168
Difference tables, 2
Differences, for functions of twe nrgu-
. ‘ ments, 371 N
in tcr.ms of denva‘tlves, 364 »
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Dufferences of data, probable value of,
297
' central, 85
»» divided, 20, 96, 104, 371
»s leading, 3

Dafferentiation, generalised, 376

Direct measurements of a single quan-

. taty, 220

Divided differences, 20, 96, 104

for functions of two
arguments, 371

with repeatedargu-
ments, 27

1 ”

» ”

Double integrals, camiputation of, 374

Edgeworth’s method, 259

Encke roots, 107

Equal coeflicients, method of, 236

=Equations, algebraic and transcen-
densal, 78-131

' linear, 75, 231, 234, 236,
239
s of condition, 209

ye 5 reduction to
hnear form, 214
. simultaneons, 88, 90
Error' Function, 179
,, esn, 183, 184
,»  ean, of a determination, 243
,» of mean square, 183
,,  Drobable, 184
Ead 12
280
Errais, 210
;,  of obseivation, effect on fre-
quency curves, 206
Euler-Maclaurin formula, 134, 140
Everett’s formula, 40, 46
Exponentials, interpolation by, 362

Factonial, differences of, 8
" Stirling’s approximation to,
138 .
False position, rule of, 92
Fechner's psychophysical law, 217
Fidehity to data, expiession of, 305
Fitting inverse powers, 248
,»  normal frequency cutves, 186-
196
Forcing of numbers, 187
Fourler analysis, 260-284
Fredholm’s integral equation, 381
Freéquency distribution, 164
involving cor
relation, 319

E}

» i1}

of Fourier coeflicients,

THE ‘CALCULUS OF OBSERVATIONS

Frequency distnbution, not mnotmal,
173, 334
” functlon approxlmatlon to,
171

” general law of, 172, 324
Function, 1
’s given as selies, roots of, 118
» mterpolatory, 20

Galton’s quincunx, 167
Gauss’ formulae of nterpolaticn, 36, 46
back
ward, 87
for mtegration, 159
for mterpolation (t11-
gonometric), 283
s, method of solution of normal
equations, 234
;s Dostulate of the
mean, 215, 217
s Theorwa  Combinatioms  yroof
of the Method of the Least
Squares, 224
o»  Theora Motus proof of ‘the
normal law, 218
Gauss and Seidel’s solving process, 255
Genre of entire functions, 119
«Graduation, 285

€ ey (1 ” »»

11 i1

’ iH)

arithmetic

» Aitken’s development of
Whittaker's  method,
308

" formula, Higham's, 289
Rhodes’s, 316
Sheppard’s,291, 300
" ;» Spencer’s, 290
' » Whttaker's, 303
s+ Woolhouse's, 286
Graeffe’s method of solving equations,
106
Gregory's formula of integration, 143
Gregory-N ewton formula, 10
" . generahsed
to two arguments,
- 373

” il
’ ”

Hardy’s formula for integration, 151
Hermite’s formula for trigonometric
interpolation, 283
,, functions, 174

Hilbert’s integral equation, ‘381
Horner’s methed, 100

»  and divided differ-

ences, 104

” ”

Incomplete data for normal’ curve, 196
e Gamma Function, 377
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JIndirect observations, Gauss’ Theoria
Motus discussion, 223
* Infinite series, roots of, 118
Integral equations, 376
Integrals, double, computation of, 374
Integration, numercal, 132
Interlaced parabolas, giaduation foi-
mula, 300
Interpolation by exponentials, 369
' by sine series, 263

. mverse, 60
X trigonometric, 263
N trigonometric, for un-

equal intervals, 282
Interpolation formula

for functions of two arguments, 371
for quinquenmal sums, 57
Gregory-Newton, 10, 26
. backward, 365
Lagrange's, 28
. remainder term m, 32
Laplace Everett, 40, 46
Newton, for unequal intervals, 24
Newton-Bessel, 39,'47
Newton-Gauss, 36, 46
backward, 37 |
Newbon Stirhing, 38, 43, 46
Interpolatory functions, 20
Inverse interpolation, bO
Iteration, 79

Jacolfl's theorem m Least Squa‘r&s 251

King's formula for qmnquenmal sums,
a7
¢ Lagrange's interpolation formula, 28
B » » Temain.
der term 1n, 32
* Laplace-Everett formula, 40, 46
an]aees ‘hypothesis on frequency
distrbutions, 167
", proof of Method of Least
Squares, 224
Least Squares, Method of, 2092259
Legendre polynomaal, 74 [209
Legendre’s principle of Least Squares,
-Lanear equations, solution of, 75, 231,
234, 236, 239 * .
,» function of deviations, prob-
. ability of, 168
., function of unknawns, weight
“of, 242 ..
Lobachevsky’s method ~of
equations, 106

-

solving
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.

Lozenge diagram, 43

. Lubbock’s formula for summation, 149

Mayer’s method, 258
Mean absolute deviation, 184
,» confingency, 338
,, error, 183, 184
of a determination, 243
,» of observations, weight of, 222
Means, allowance for, 1n Founer
analysis, 279
;»  connected with normal dis-
trijutions, 182
Median, 188 .
,»  probable error of, 197
Method of equal coeffictents, 236
,»  of Least Squares, 209-259
alternatives
to, 258
Minimum approximation method, 259
Modulus, 80
. of precision, 175, 179
accuracy of deter-
mination, 199
Moments, computation by summation,
191
Multiple normal correlation, 340

”» ” Iy
a .

1 12} »

Newton's formula for unequal intervals,
24

for unequal intervals,
gereralised to two
arguments, 371

Newton-Bessel interpolation formula,
39, 47

Newton-Cotes formulae of integration,
152

Newton-Gauss iterpolation formula,
36, 46

Newton-Gauss mterpolation formula,
backward, 37

Newton-Gregory imnterpolation [ormnlz\,

10, 26

Newton -Gregory interpolation formnla,
backward, 365

Newton-Raphson method, 84, 90

Newton-Stirling mterpolation formula,
38, 43, 46

Nomography, 128 .

Normal curve with 1ncomplete data,196
»  equations, 211, 224

» » solution of, 231,
234, 236, 239
» frequency dxstnbutlons, 164-,

208
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Noimal law, Gauss' Theoria Motus
pioof of, 218

of " frequesicy for two
vanables, 821

of fiequency for two
varables, determina-
tion of constants, 324,

Nucleus of an mtegial equation, 376

Operators, symbolic, 4

Patabolic rule for integration, 156
Parabolic-cyhinder functyons, 174
Parameters .connected with a normal
distitbution, 183, 186
Peridd, adjustment to, 1A a Feurer
analysis, 278
Petriodicities, search for, 343-362
Periodicity, correlation®as & test for,
345
Perrodogram, 346
’ equation of, 348
' Schuster'’s, 36I
Peters’ formulae for probuble ertor of
anthmetic mean, 206
Pivotal element, 71
Poisson’s integral equations, 377
Polynomial, differences of, 5
Polynomials of Beinoull, 141
Position, Rule of False, 92
Postulate ‘of the arthmetic mean, 215,
t o217 ’
Powers, sums of, 137, 294 .
Plecmon,.meashre of, 245
s modulus of 173, 179
Probabihity, conjunctive, 311
Piobable enor, 184
determination of, from
residuals, 204
of the arithmetic mean,
196, 206
of Foumner coefficients,
280 .
of the median, 197
of standard deviation
and modulus of pre-

cisiont, 201 !
) value of constant differences
. * of data, 297

Prony's method of interpolation by
exponentials, 369

»v

Quadratic, nomogram for, 128
+ form, reduction of, 235
mean deviation, 183

33 8

2

non-umversality of, 177

4
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_Quadratic mean ertor of a determina

tion, 245
Quartile, 184
' probable error of, 203
Quincunx, Galton's, 167

Repeated roots of an equation, 117
Reproductwe property ol‘ normal law,
175

* Residuals, 234

determination of probable

error flom, 204
" sum of squates, 246

Root-mean-squate contingency, 338

Root-squaring method of solving
equations, 106

Root -squating  method of solving
equations, compared with Banoull's
method, 112

Roots, square, 79

Ruﬂim-Horuer method, 100.

. aud  divided

diffetences, 104

Raule of False Position, 92, .°

Schuster’s periodogram, 3’»16, 361

Secular change, 1 Fourier andyms,
279

Seidel’s solving process, 255

Seminvanants, 171

Series, formula for 100t of an equation,
120

Founer, 263

roots of, 118

summation of slowly-conver
gent, 368

Sheppard’s corrections, 194

1 graduation formulae, 291

»

Shovelton's formula for mtegration,

151 .
Simpson’s formula, 156, 187
v v double, 375
Simultaneous equations, 88, 90
Skew fiequency distributions, 179
Slowly-convergent series, summation
of, 368
Smoothing of data, 285
Smoothness, expression of, 305
bolvmg process of Gauss and Seidd,
255

Spencer’s graduatlon formula, 290

Square roots, 79

Standard deviation, 183

accuracy of deter-
mination of, 19
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Standaid deviation for attiibutes taken
singly, 327
of sum, ete., of two
nmeasures, 328
Stirhing’s approximation to the fact
tonal, 138
,»  jnterpolation formula, 38, 43,
' 48 )
method for slowly-conver-
gent series, 368
Subtabulation, 53
Sum of squares of resduals, 246 |
Summation, 191
by n’s, 287, 288
by parts, 52
formulae of graduation, 288
numerical, 132, 136, 149
of slowly-convergent senes
368

Sxmmetl 1¢ baiycentre, 249

(X} ’s

.

23

”
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2

Theorww Motus, Ganss’, 215, 224

Thiee - exghths rule for mtegration,
157

Transcendental equa'tlons, 78

Transformations preliminary to 1nter-
polation, 50,

Trapezoidal rule for mte«rration 156

Trigonometric mterpol:mon, 263

Trisection method of solving oubie,
124

>

395,

Twelve-ordinate scheme for Fourer
analysis, 267 -

Twenty-four ordimate
Fourier analysis, 273

scheme for

Unequal intervals, t1igonometiic inter- -
polation for, 282 .

Unknowns connected by 11gor0us equa-
tions, 252

Weber-Fechner psychophysical law, 217
Weddle's formula for integiation, 151
Weight of a linear fonction, 222, 226
of a linear functioy of- the un-
knowns, 242
of an pbservation, 220, 221,
225, 228
,, of the unknowns 239
Winttaker's formula for root of a seties
120
graduation method, 303
nomogram for quadratic,
128
solutions of integral equa-
tions, 377 *
Woolhouse’s formula for integration;
, 158,
formula of graduatxon,
286, 289

”»

2

Zero, ditferences of, 6
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