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PREFACE 

The present book grew out of a definite need felt during many years 
' •• eaching at Iowa State College. There seems to be no text adapted to the 

Anerican student of economics (undergraduate or graduate) who has had 
OJ thorough training in college mathematics, but who is willing to acquire 
some (,,'the .mathematical equipment necessary nowadays, for a serious study 

'mics. 
l'his book has been written in an attempt to meet such a specific need. 

t includes some applications of elementary mathematics to economics, as 
',ell as topics in calculus, probability, and elementary statistics. The examples 
a-e taken from economics. The student is not burdened by the necessity of 
f.miliarizing himself with mechanics and other branches of physics, which 
taditionally supply much of the illustrative materials in elementary calculus 
txts. It is felt that the economics student who wants to learn mathematics 
a d statistics has not the time to study those topics which are somewhat 
l"Gnote from his field of interest. 

This book is addressed specifically to the future econometrician-a 
slldent of economics who is willing to use the tools of mathematics and sta
tities in his economic investigations. Little mathematical preparation is 
r,quired of the student. It is believed that some knowledge 01 <tlgebra and 
ecmentary trigonometry will be sufficient, although familiarity with ele
rrentary economics is required. In this connection, two somewhat advanced 
b)oks on economic theory are recommended: Kenneth E. Boulding, Economic 
Aullysis (New York: Harper & Brothers, 1941) and George J. Stigler, The 
7heor.. of P,ice (New York: The Macmillan Company, 1946). The student 
"ill gain a greater insight into the theoretical economic problems used as 
il ustrations if he reads the relevant chapters of one or both texts. It is to be 
h:>ped that, after mastering this text, the student or reader will possess suffi
oent knowledge in mathematics and statistics to understand most of the 
a:·ticles published in such journals as Econometrica, the Review cif Economic 
SlUdies, and the Journal of the American Statistical AssociatIOn. 

It is evident that a book which is planned, not for the future professionaJ. 
mlthematician, but for the future econometrician, cannot be entirely rigor
ous i.l. the proofs of the mathematical theorems involved. Intuitive proofs and 
Aemo tr . .,. - ~1 ___ L_ ... ~ ... __ ... _...J r __ _ ....... t.. ..... ..- ....... : ..... ..,,1 ... ; .... n .... 'UlhPrp the .. ns anons are rrequenuy SUOSUlUlCU tvr llJaLU<ou.<au,-.... "5"', .... ~._ .... 
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viii Preface 

more adequate proof is beyond the scope of the book and also beyond the 
powers of most readers or students. Rigorous treatment is already available 
in many books on advanced calculus, algebra, and statistics. Some of theae 
books are indicated in the postscript. 

Many empirical examples are included in the exercises of this book. Thty 
represent the efforts of econometricians to utilize statistical methods to obtan 
theoretically meaningful economic relationships. The statistical methods usd 
by these econometricians are not always the most modern ones. In spite )f 
this fact, it seemed worth while to include, as illustrations, some of the oldar. 
results, found with the help of somewhat antiquated statistical me. hOf' It 
should be emphasized that the empirical relationships given in the exi1&h._ 
are to be interpreted with some caution. They represent merely efforts 10 

estimate some kind of average relationship between the variables indicat~. 
It is to be hoped that these examples, indicative of the great theoreticu 
interest and practical potentialities of econometrics, will make ~he study of 
mathematics and statistics more interesting to the economist, and will inspiIe 
him to future studies in the field. 

Some of the examples in the text require the use of mathematical tabl9 
The following set of tables can be recommended: H. D. Larsen, Rinelz~~ 
Mathematical Tables, Formulas, and Curves, Enlarged Edition (New York 
Rinehart & Company, Inc., 1953). 

I should like to express my gratitude to a number of my colleagues 1 
Iowa State College who have taken a kindly interest in this text and giv1 
me assistance in various ways. I am particularly obliged to Professor Edwan. 
S. Allen (Department of Mathematics), Professor Dio L. Holl (Head, DepaJ;
ment of Mathematics), Professor William G. Murray (Head, Departmelt 
of Economics), and Professor E. R. Smith (Department of Mathematics).,l 
am also indebted to Professor C. V. Newsom for improvements in the man'r 
script. I have to thank Mr. F. Jarred (Melbourne, Australia) for helping Ire 

with the answers to the problems. 

Problems marked by • contain important ideas and theorems whim 
will be required later. Problems and sections marked .. are somewhat m~ 
difficult and may be omitted. 

Sources of numerical examples 
The numerical examples given in the text are taken from dx 

following publications: 
COBB, CHARLES W., and PAUL H. DOUGLAS, "A Theory of Production," 

American Economic Review, XVIII (Supplement) (1938), 139-156. 
DAVIS, H. T., The Ana{ysis of Economic T,me Series, Cowles Commission {OJ 

Research in Economics, Mono. 6. Bloomington, Ind.: Principia PreIs, 
1941. 

---, The Theory oj Econometrics. Bloomington: Principia Press, t 941. 
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DEAN, JOEL, "Department Store Cost Functions," Stulits, m Mathematical 
Economics and Econometrics; In Memory oj Henry Schult~. c.ucago: Univer
sity of Chicago Press, 1942, pp. 222-254. 

---, "The Relation of Cost to Output for a Leather Belt SlOP," Technical 
Paper 2. New York: National Bureau of Economic Resea-ch, 1941. 

---, "Statistical Cost Functions of a Hosiery Mill," StlUits in Business 
Administration, XI, No.4. Chicago: University of Chica~ Press, 1941. 

DERKSEN, J. B. D., and A. ROMBoUTS, "The Demand for Hcycles in the 
Netherlands," Econometrica, V (1937), 295-300. 

DOUGLAS, PAUL H., The Theory oj Wagts. New York: The Maemillan Com
pany,1934. 

---, and M. BRONFENBRENNER, "Cross-Section Studies n the Cobb
• Douglas Function," Journal oj Political Economy, XLVII (1939), 761-785. 

---, and PATRICIA DALY, "The Production Function hr Canadian 
,Manufactures," Journal oj the American Statistical Associa.'on, XXXIX 
(1943), 178-186. - i 

---, PATRICIA DALY, and ERNEST OLSON, "The Production Function for 
the United States, 1904," Journal oj Political Economy, LI 0. 943), 61-65. 

---, and GRACE T. GUNN, "Further Measurement of MartinaJ Produc
tivity," Quarter!J Journal oj Economics, LlV (1940), 399-42~. 

---, and GRACE T. GUNN, "The Production Function ~ h'J2erican 
1,ial,ufact'Jring for 1914~ Journal :r n,'itical Economy, L (1942), 595-
602. 

---, and GRACE T. GUNN, "The Production Function for American 
Manufacturing in 1919," American Economic Review, XXXI (1941), 67-
80. 

---, and GRACE T. GUNN, "The Production Function for Australian 
Manufacturing," Quarter!JJournal oj Economics, LVI (1941), 108-129. 

---, and MARJORIE H. HANDSAKER, "The Theory of Marginal Produc
tivity Tested by Data for Manufacturing in Victoria," Quarterg Journal 
;l,.~:"nomics. LII (1937), 1-36, 214-254. 

'lods of Measuring the Marginal Propensity to Con
, ;-' -.. _ '. ~~ vJ the American Statistical Association, XLII (1947), 105-

~~ONTIEF. W., The Structure oj the American Economy in 1919-1939; An Empincal 
Application of Equilibrium Ana!Jsis, 2nd ed. Cambridge: Harvard Uni
versi ty Press, 1941. 

':ICHOLS, W. H., Labor Productivity Functions in Meat Packing. Chicago: Uni
versity of Chicago Press, 1948. 

NORDIN, J. A., "Note on a Light Plant's Cost Curve," Econometrica, XV 
(1947),231ff· 

'JlST, W. R., Jr., Butter and Oleomargarine; An AnalYsis of Competing CommodI
ties. (Studies in History, Economics and Public Law, No. 40.) New York: 
Columbia University Prf"qq 1 Q.,,7 



X PreJatr 

1>')05, C. F., aud VICTOR VON SZELISKI, "Factors Governing Changes in 
Domestic A.utomobile Demand," in General Motors Corporation: The 
Dynamics ~Automobile Demand. Detroit: 1939. 

SAMUEL~ON, P L A., "A Statistical Analysis of the Co~umption Function," 
in A. H. ansen, Fiscal Policy and the Business C)'de. New York: W.- W. 
Norton &; Company, Inc., 1941, pp. 250-260. 

SCHULTZ, HET,V, Statistical Laws of Demand and Supply with Special Applications 
to Sugar. r'Thicago: University of Chicago Press, 1928. . 

---, 'The !Tlleory and Measurement oj Demand. Chicago: University of 
Chicago Press, 1938. 

STONE, RICH";RD, "The Analysis of Market Demand," JfJUfnal oj the Royal 
Statistical Society, CVIII (1945), 286-382 .. 

---, The FLJle oj Measurement in Economics. (The Newmarch Lectures, 194~ 
1949.) cambridge, England: Cambridge University Press, 1951. 

SZELISKI, VIm-OR VON, "Frequency Distribution of National Income," 
Report of the Meeting of the Econometric Society in Philadelphia, 
Econometrica, II (1934), 215JJ. 

---, and L. J. PARADISO, "Demand for Shoes As Affected by Price Levels 
and National Income," Econometrica, IV (1936), 338-355. 

TINTNER, GE1HARD, "An Application of the Variate Difference Method to 
1)fultiple Regression." EconometrICa, XII (1944), 97-113. 

---, Econometncs. New YOlk: John Wile}- .:;. Sor.J, Inc., l~~ 
---, "Multiple Regression for Systems of Equations," EcQnomemCfJ, XIV 

(1946}, 5-36. 
---, "A Note of the Derivation of Production Functions from Farm 

Records," Econometrica, XII (1944), 26-34. 
---, "Some Applications of Multivariate Analysis to Economic Data," 

Journal of the American Statistical Association, XLI (1946), 472-500 .• 
---, and O. H. BROWNLEE, "Production Functions Deriva:d from Farm 

Records," Journal oj Farm-Economics, ?'XVI (1944),566-571'. s -: ~ 
WHITMANN, R. H., "The Statistical Law of Demand for a 1f.7'\r (\936) \39 

As Illustrated by the Demand for Steel," EconomeI7iF<~ ~ 1 W'LI~~ 
152 "" \,:»n\O\)\.~ I 

. r~1 

WOLD, HERMAN, Demand Analysis; A Study in Econometr;c$. New York: Johrl-.r. 
Wiley & Sons, Inc., 1953. 

YNTEMA, T. 0., "United States Steel Corporation," TNEC Papers. New 
Yt. • .:: United States Steel Corporation, Vol. It 1940. 
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SOME APPLICATIONS OF 
ELEMENTARY MATHEMATICS 
TO ECONOMICS 



FUNCTIONS AND GRAPHS 

1. Functions 

The function concept is one of the most important in both pure and 
applied mathematics. The variable y is said to be a function of the variable x 

when y depends u~~~ ~ch a ~7iy that the fucEiOr x cfeterjnines _oJle 
or more corresponding values oiy.-Tlie variable x, whose va1ue may be arbi
trarily asslgncil (except lor tfie nonpermissible values) is called the independent 
variable. The variable y, whose numerical value is determined after a per
missible value has been given to x, is the d(pendent variable. If we want to 
indicate that y is a function of x, without fixing the specific form of the 
function, we write y = j(x). Instead of j, we may use also, as functional 
symbols, such letters as g, h, F, G, and so on. Also, we writey = y(x) . 

• EXAMPlE 1 

Let y depend on x through the medium of the formula l' = 1/ x. T~s 
the formUla denotes a functional relationship. If x = 3, we have y = 1/3. If 
x = -7, we havey = -1/7. If x = 8, we havey = 1/8. If x = 1/3, we 
have y = 1/(1/3) ,;.. 3, and so forth. We see that for all permissible values 
of x (that is, all values except x = 0) we can find the correspondingy. SI>e
cifically, we say then thaty is ajunction oj x. 

It is easy to illustrate, from economics, the concept of functional rela
tionship. Consider, for instance, a demand function. Here the quan:ity 
demanded (dependent variable y) may be considered as a function of the 
price (independent variable x) of a certain commodity. In production theory, 

NOTE: Problems marked by contain important ideas and theorems which wLiI be 
required later. Problems and sections marked "'. are somewhat more cWficult and may be 
omitted. 

3 



4 Some Applications oj Elementary Mathematics to Economics 

the quantity of the product (dependent variabley) may be considered as a 
function of the amount of labor involved in production (independent vari
able x), and so on . 

• EXAMPlE 2 

IfJ(x) is the function of Example 1, we may write, for instance, 

1 
y = J(x) = y(x) = -. 

x· 

When we substitute specific values for x, we may write 

J(4) = 1/4, which means that x has been replaced by 4, 

J( - 3) = 1/ ( - 3) = -1/3, which means that - 3 has been substituted fou, 

J(5/3) = 1/(5/3) = 3/5, and so on. 

Instead of a specific number we may substitute into J(x) an algebraic 
expression for x; thus, 

a 

J~) -; . 
• !XEROSES 1 

1. Lety .,}(~) :0: 3 - 2x + ,:,. FindJ(0),J("72),J(5),J(-1). 
2. Let y =J(x) = 2x/(x2 - 1). (a) Find J(O); J(-6); J(5); J(2); J(-3/4). 

(b) Are the values x = 1 and x = -1 permissible Cor the given function? 
3. Let y = J(x) = (2x2 - 4x + 6)/~, ('t) Find J(l); J(O); J( -1); J(1/5); 

J( -1/3). (b) Is the value x = -2 permissible? (c) Is the value x = 0 permissible? 
4. Lety =J(x) = tFindJ(I);J(2);J(4). 
5. Lety =J(x) = (u - 1)2, FindJ(0);J(-1);J(3);J(-1/5). 
6. Let y =J(x) = [2(x - 1)2 + 5]/(x + 3)1. (a) Find J(O); J(-l); J(5); 

J( -1/2). (b) Is x = 3 a permissible value? (c) Is x = -3 a permissible value of 11? 

7. Lety =}(x) = xi. FindJ(0);j(-2);J(4);J(10);J(-10), 
8. Let J(x) = u l - 1. Find (a) J(l), -JJ2); (b) 3[(1), -,U( -1); 

(c) [j(3)]/[j(-2)]. 
To Let lex) = a + bx, where a and • are arbitrary constants. Find (a) J(O); 

(b)J(-2); (c)f(l); (d)J(a); (e)f(-a); (£)j(a/b); (g)J(-a/b). 
10. Let J(x) = axi + bx + c, where a, b and c are constants. Find (a) J(O); 

(b)J(-1); (c)J(1); (d)J(a - b); (e)J(b - a). 
**11. LetJ(x) = 5x. Find }(a);J(b);J(a + .);J(a - b). Show that J(II + b) 

J(a) + J(b). Show thatJ(a - b) = J(a) - J(b). 
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2. Rectangular coordinate. 

The graphical representation of theoretical or statistical relation
ships between 2 variables iJ very important in economics. To represent a pair 
of related numbers 1C andy, which may be positive or negative, we must first 
draw a system of 2 axes, 1 horizontal and 1 vertical. The point of intersection 
of the 2 axes is labeled 0 and is called the origin. The horizontal axis is called 
the X axis and the vertical axis the r axis. The positive directions are to the 
right and upward, respectively. 

Convenient units of 1C andy are chosen. These units need not be the same, 
since 1C and y may represent entirely different types of quantities. The units 
chosen will depend On the ranges of the values of 1C and y which are to be 
included. 

1 

5 

C. (-3,4) 4 

3 A· (2.3) 

2 

1 

5 4 3 2 1 °1 
s 

2 3 4 5 
1 

B 
2 • (1,-2) 

D 
(-1,-3)- 3 

4 

5 

Figure 1 

A pair of related numbers JC andy is designated by (1CVO). The geometric 
representation of such a pair upon an axis system is a point. The 1C number is 
said to be the" coordinate, or abscissa, of the point, and the y number is the 
y coordinate, or ordinate, of the point. To plot a point we proceed as follows: 

a EXAMPLE 1 

To plot the point (2,3) we note that JC == +2, y - +3. We proceed 
from the origin 2 units to the right (positive direction) and then 3 units up
ward (positive direction). This gives the required point (2,3). This point is 
labeled A in Figure 1. 
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II EXAMPLE 2 

To plot the point (1,-2) we note that x = '1, y = -2. We proceed 
from the origin 1 unit to the right (positive direction) and then 2 units down
ward (negative direction). This gives the point (1,-2). The point is desig
nated by B in Figure 1. 

a EXAMPLE 3 

To plot the point (- 3,4) we note that x = - 3,y = 4. We proceed from 
the origin 3 units to the left (negative direction). Then we go 4 units upward 
(positive direction). This gives the point (- 3,4) as required. This is point C 
in Figure 1. 

II EXAMPLE 4 

To plot the point (-1,-3) we note that x = -l,y = -3. We proceed 
from the origin 1 unit to the left (negative direction) and then 3 units down 
(negative direction). This gives the required point (-1,-3). This is point D 
in Figure 1 . 

• EXEROSES 2 

1. Plot the following points in a system of rectangular coordinates: (a) (1,6); 
(b) (1/2,2); (c) (1,1/4); (d) (-1,6); (e) (-3,4); (f) (3,-7); (g) (2,-5); 
(h) (-1,-1); (i) (-4,-1/2). 

2. Plot the points (0,0); (1,1); (2,2); (3,3). Show that they lie on a straight line. 
3. Plot the points (-3,-5); (-2,-3); (-1,-1); (0,1); (1,3); (2,5). Show 

that they are all located on a straight line. 
4. Plot the points (0,-2); (0,-1); (0,0); (0,1); (0,2). 
5. Plot the points (-3,0); (-2,0); (-1,0); (0,0); (1,0); (2,0); connect c~n

secutive points by straight-line segments. 
6. Measure the distance r;:;;-~ -the origin to the following points: (a) (0,4); 

(b) (5,0); (c) (1,2); (d) (-2,1); (e) (0,-5). 
7. Locate the points (1;1); (-1,1); (1,-1); (-1-1). Show that they are 

symmetrically located with respect to the 2 axes. What is~the distance from each axis? 

8. Find the distance between the.points (0,2) and (4,-1). 
9. Find the distance between (1,1) and (5,5). 
10. Find the distance between (-:'3) and (2-,6). 

3. Graphs of Equations 

Suppose that a function y = lex) is given by means of a formula. 
It is possible to learn the simultaneous behavior of x andy by plotting a set 
of points (xIY), where each x is one of the permissible values, selected arbi
trarily, and they in each case is the corresponding value ofy, determined by 
the relationy = j(x). 
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• EXAMPLE 1 

Let .1 = J(x) = 5x - 2. We would like to know something about the 
behavior of x andy for the range x = -3 to x = +3. Therefore we con
struct a table for the choices, x = - 3, - 2, -I, 0, I, 2, 3, along with the 
corresponding values of .1: 

x .1 = J(x) = 5x - 2 

-3 5(-3) - 2 = -17 

-2 5( -':2) - 2 = -12 

-1 5( -1) - 2 = -7 

0 5(0) - 2 = -l.. 
1 5(1) - 2 = 3 

2 5(2) - 2 = 8 

3 5(3) - 2 = 13 

The related values of x andy from this table, namely, (- 3, -17), 
(-2,-12), (-1,-7), and so forth, determine a set of points that are plot
ted on the same graph and connected. The points appear to be on a 
straight line (Figure 2) • 

• EXAMPLE 2 

Assume thaty = J(x} = 2x'. Make a graph indicating the behavior of 
the function from x = -4 to x = +4 . 

x .1 = J(x) = 2x' 

':"'4 32 

-3 18 

-2 8 

-1 2 

0 -0 

1 2 

2 8 

3 18 

4 32 

The graph determined by the resulting collection of points is s.hown in 
Figure 3. If more points are determined in the prescribed range, it is found 
that a smooth curve, known as a parabola, is determined. 
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-5 -4 -3 -2 -1 0 1 2 3 4 5 

figure 3 
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• EXERCISES 3 

1. Graph the functiony = lex) = 4 - 3x for the range x = -3 to x = 5. 
2. Plot the functiony = lex) = 5x - 3 ~or the range x = -10 to x = 10. 
3. Graph the function y = 20 + 3x for the range x = 0 to x = 5, where x 

denotes the amount of labor (in weeks) and y the amount of product (in tons). 
(a) How many tons can be produced with 2 weeks of lab~r (x = 2)? (b) How many 
weeks of labor are necessary to produce 23 tons of the product (y = 23)? 

4. Plot the function y = 2x2 - 5x + 1 for the range x = - 5 to x = 5. Obtain 
sufficient points to gain an idea of the smQ9th curve. 

5. Plot a smooth curve representing the functiony = 24/x for the range x = 1 
to x = 10. Assume that x is the price (in cents) and y the quantity demanded (in 
pounds). (a) What is the quantity demanded if the price is 6 cents (x =; 6)? (b) Which 
price will cause a dema.nd of 4 lb. (y = 4)? 

6. Plot the function y = x4 from x = - 3 to x = 3. 
7. Plot the 2 functions, y = 2x - 5 and y = 10 - x, on the same coordinate 

system from x = -6 to x = 6, and determine graphically their intersectiOD. 
8. Plot, on the same coordinate system, the functions y = xi and y = t - x 

from x = -4 to x = 4, and find graphically their intersection. 
9. Plot, on the same coordinate system, the functions y = x4 and y = 2x - t 

from x = -4 to x = 4, and determine graphically their intersection. 
)10. The following production function has been estimated by W. H. Nichols for 

certain operations in the Chicago meat-packing industry: y = -2.05 + 1.06x 

- 0.04x2. In this equation y is the weekly total live-weight of hogs (in millions of 
pounds) and x is the weekly total of man-hours (thousands). (a) Plot the function 
between x ;= 10 and x = 15. (b) Estimate from the graph the y which corresponds 
to x = !.!: (c) What x corresponds to y = 4,7? 

11. W. H. Nichols estimated the relation between weekly payrolls (y, in millions 
of cents) and weekly total live-weight of hogs (x, in millions of pounds) for a 
Chicago meat-packing house as follows: y = 0.32 - 0.007x + 0.02xi. (a) Plot the 
function between x = 1,500 and x. = 6,000. (b) What y corresponds to x = 3,500? 

(c) What JC corresponds toy = SOO,OOO? 



LINEAR EQUATIONS IN ONE 
UNKNOWN 

4. Linear Equations 

A statemmt oj equality hetween two quantities is an equation. Forinstance, 
2(a - h) = 2a - 2h is an equation. This particular equation is an identity, 
since the statement is true for all possible values of a and h. We have, for 
instance, if a = 1, b = 3,2(1 - 3) = 2 - 6 = -4; that is, each side of the 
equation is equal to -4. By making a = 10, b = 5, we have 2(10 - 5) = 
20 - 10 = 10; here each side of the identity is equal to 10. The statement 
remains true irrespective of the values assigned to a and h. 

Consider now the equation 

2x - 1 = 7. 

This equation differs in nature from the previous one, ·for it is true for 
'f_= 41. and only for :te = 4. We have 2(4) - 1 = 8 - 1 = 7. This is an 
illustration of an equation in one unknown, :te. Only the firs.!...,Eower of the 
unknown:te appears in the equation, so we call it a lmear equation-. 

By solving a linear equation we mean the deterplinatiQ!! of the particular 
value of:te which satisfies the equation. Certain basic rules pertaining to equal
ities are employed in the process of solving; for instance, (a) the same quantity 
may be added to or subtracted from both sides of an equality; (b) both 
members of the equation may be multiplied or divided by any arbitrary 
quantity (except 0). These methods are combined frequently to solve linear 
equations. 

" 
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a EXAMPlE 

Solve the equation 

Add 3 to both sides: 

Divide both sides by 5: 

SA' - 3 = 12. 

SA' - 3 + 3 = 12 + 3, 

5A' = 15. 

SA' 15 - =-, 
5 5 

A' = 3. 

To check such a solution in the original equation, we write 

5(3) - 3 = 12, 

15 - 3 ... 12. 

This is true. Evidently the solution x = 3 is correct. 

• EXERCISES .. 

Solve the following equations and check: 

1. -x + 6 = Sx + 10. 
2. 3x - 7 = 19x + 1. 
3. 9( -x + 1) + S(3x - 5) - (x + t) - O. 
4. (a - 1)/(3 - Sx) - 10. 
6. 1/(2x - 3) = -5. 
6. 10/(1- 5.1') = 5. 
7. 10 - (1/.1') = 4. 
8. 2 - 1/(.1' + 4) = 4. 
9. (Linear programming.) A commodity is produced by using just one (actor, 

for example, labor. Let X). be the first activity, which produces $1. It utilizes onttunit 
of the factor. Let x, be the second activity, which produces $1. It utilizes two units 
of the factor."The total revenue from both activities is , ... X). + x,. This has to be 
maximized under the condition that X). and XI are not negative (iliey may be zero). 
But the total labor su~ply is limited by the relationship X). + ix. = 10. Find the solu
tion which ~ctually maximizes the revenue r. (HINT: AsSum~ first XI ... 0 •. and find 
the revenue. Then assume XJ. = 0 and find the revenue. The particular activity will 
be selected for which the revenue is a maximum.) 

10. (Linear programming.) A commodity is produced with the use of one single 
ractor. There are 3 activities, X)., x" x., which will each yield $1. Hence the total 
revenue is r = X). + x, + X,. Activity X). uses one unit, activity XI two units, activity XI 

three units of the factor. But the supply of the factor is limited by the relationship 
'"I + al + 3.1'1 = 6. Find the activity which yields the maximum revenue. {HINT: 
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Assume (a) XI - x. - 0, (b) Xl - x. - o. (c) Xl - otJ - 0, and select the activity 
which givca maximUm revenue.) 

5. Graphs of linear Functions 

A function of the form y = QJC + b is said to be a linea, Junction. The 
graph corresponding to a linear function is a straighl line. 

-5 -4 -3 -2 

• EXAMPlE • 

5 

4 

3 

2 

1 

-4 

, 

-5 

-6 

-7 

2 3 4 5 

In Figure 4 is sketched the graph of the function), = f(x} = -1 + 2x. 
To obtain this graph we construct the table: 

x )' = f{x} 

-3 -7 

-2 -5 

-1 -3 

0 -1 

1 1 

2 3 

3 5 
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Connecting the points, which are obtained by reference to the table, we 
get the straight line in Figure 4. 

Consider now a line which is supposed to go through 2 given points. This 
condition determines the particular line without ambiguity .• The equation 
of a line, which goes through the 2 fixed points (Xl"l) and (X2"'), is given by 

Y _ Yl =Y2 - Yl (x - Xl). 
X2 - Xl 

It is confirmed readily that such a line goes through the 2 points (XIV'l) and 
(X2"2) by substituting the pair X = Xl, Y = Yl and also the pair x = Xs, 

Y = Y2 into the equation . 

• EXAMPlE 2 

Consider, for instance, the straight line which goes through the points 
(1,1) and (3,5). We have . 

Xl = 1,Yl == 1, XI = 3,YI = 5. 

The above equation becomes 

Simplying this, we get 

5-1 
Y - 1 = -- (x - t). 

- 3 - 1 

y=2x-l. 

This is the equation of the line shown in Figure 4. It will be observed that this 
line passes through the points (1,1) and (3,5). The expression 

Y2 - Yl m=---
XI- Xa 

is known as the slope oj the line. 
The geometric significance of the slope may be shown as follows: From 

any point on the line, proceed horizontally by 1 unit to the right. Then from 
the new point, proceed vertically upward by m units, since the slope is m. 
The point determined in this way is also on the line. If the slope is negative, 
proceed downward. The construction, asjust described, is shown in Figure 4. 
From the'point (1,1) we moved 1 unit horizontally to the right to the point 
(2,1). Since the slope m = 2 is positive, we go up 2 units from (2,1) to the 
point (2,3). This point is again on the line. The equation 

y - Yl ::;:: m(x - Xl), 

gives a straight line, which passes through the point (XIV'!), with slope m. 
This fact follows immediately from the definition of slope and the equation 
of a straight line just considered. 



Linear Equations in One Unknown 15 

• EXAMPlE 3 

Consider, for instance, the construction of a line which goes through 
the point (-_4,2) and has the slope m = - 2. To construct this line, we pro
ceed from the point (- 4,2) 1 unit horizontally to the right and reach the 
point (-3,2). Since the slope is negative we move 2 units vertically down
ward to iii-e point (-3,0). We then draw a straight line through the 2 points 
( - 4,2) and (-3,0). nus is the required line. The construction is shown in 
Figure 5. 

5 

4 

3 

2 

1 

, 

--~~~~-4---+--+--~~~~4--4-S 

-1 0 1 2 3 4 5 
-1 

-2 

-5 

-6 

FIgure 5 

The equation of the line shown in Figure 5 is 

J1 - 2 = - 2(x + 4). 

This equation can be simplified to 

J1 = -2x - 6. 

It is verified easily that this is the function corresponding to the graph in 
Figure 5. 

It is verified readily that the coefficient a in the function JI = ax + b is 
the slope m. So, let us write the equation of a ~trhlght line in' the form 

J1 =J(x} = mx + b. 

By taking x = 0, we find that 

J(O) .... b. 
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Hence b is the value ofy which corresponds to Jt - 0, that is. it is the ordinate 
of a point on the y axis. It is called the y inUrCl,ft. The above equation of a 
straight line is called the 'slop,-~nterc,pt equa~on • 

• EXAMPLE " 

Let us, for instance, construct the graph ofthe equationy =- 3% - 5. We 
know that they intercept is -5. Hence we findy "'" -5 o~ they axis:-Then 
to construct the slope m ;.. 3' we proceed 1 unit horizontally to the right and 
from there 3 uni. vertically u~ard, since the slope is l?~e. This de
termines the point (1,:-.2). So. the straight line passes through the points 
(0,-5) and (1.-2), as shown in Figure 6 

• EXEROSES 5 

4 

3 

2 

1 

-5 -4 -3 -2 -1_
1 

.-2 

-3 

-4 

-5 

, 

Figure 6 

4 5 

1. Find the equations and graphs of the straight lines which pass through the 
following pairs of points: (a) (-1,4), (1, 0); (b) (-1, -2), (-5, -2); (c) (O,O). 
(1, 5); (d) (1, 4), (2, 3). 

2. Make a graph and find the equation of the straight line with slope -4 which 
passes through the point (a) (0, 1); (b) (-3,2); (c) (-3,7); (d) (-5, -2). 

3. Find the equation and the graph of the straight line which passes through 
the point (-1. 3) and has the slope (a) -1; (b) 2; (c) 5; (d) O. 

4. Plot each of the following linear equations, using the slope-intercept method: 
(a).1 = 4A" - 6; (b»)' = 2 - 5A"; (c).1 = -5-7A"; {d).1 - 3A"i {e).1 - 8; (f).1-
2A" + 6. 

6. What is the slope and intercept of each of the following equations: (a).1 .. 
-X; (b) .1 = -4x - 3; (c) .1 .. 3x -7; {d).1- 4x + 6. Plot these equations. 
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6. Linear-Demand Functions 

'We will deal in this book mainly with market or collectwt-demand 
functions. Each of these demand functions shows the relationship between the 
quantity demanded D and the price p charged on a given market. In general, 
the higher the price the lower the demand, though there may be exceptions 
to this rule. 

Collective or market-demand functions can be constructed by adding 
the indiVldual-demand functions for all individuals in a markel. The quantities 
demanded at a given price by all individuals are added . 

• EXAMPLE 1 

The comments on demand functions may be illustrated in the case of a 
market consisting of 5 individuals, designated by A, B, C, E, and F: 

Price 
Quantity Demanded by 

Market Demand 

JI A B C E F D 

$1 6 10 20 5 12 53 
$2 5 6 15 4 11 41 
13 4 2 10 3 10 29 

The demand functions ofthe individuals A, B, C, E, and F can be derived 
from their utility functions or indifference maps. This will be demonstrated 
later. See especially Section 70 and Problems 6 and.7 in Exercises 70. 

The above table tells us that at a price of S1, the individual A will de
mand 6 units of the commodity. At the same price, the demand of B will be 
10 units, the demand of C 20 units, the demand of E 5 units, and the demand 
of F 12 units. There are, by assumption, only these 5 individuals in the 
market. Adding up all the quantities demanded at the price S1, we obtain 
the collective or market-demand D of ~\lnits. The process is repeated for a 
price of $2, and for a price of $3. 

Now the assumption is ~ade for the sake of simplicity that the market 
or collective-demand function is lineFlr. In other words, if plotted, the graph 
will show ~ straight li!!~. Probably this is never strictly true with empirical 
market-demand curves. Linear-demand functions must be considered as 
approximations to the true demand functions, which may be much more 
complicated. 

We have represented grap~ally in Figure 7 the individual-demand 
curves of A, B, C, E, and F, as well as the market or collective-demand curve 
D. It should be noted that, by convention, we always put the quantities D on 
the horizontal axis and the prices p on the vertical axis. 

Linear-demand functions can be derived, by statistical methods, f'rt->m 
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actual market data, that is, by using the prices and quantities recorded at 
various times on the market. These methods will be discussed in Section 100. 

p 
3 

2 

1 

5 10 15'"'20 25 30 35 40 45 50 55 

Figure 7 

• EXAMPLE 2 

Assume a collective-demand curve D = f(pJ = 25 - Sp. (a) What is 
the quantity demanded if the price is S3? We have D = f(3) = 25 - (5)(3) 
= 10. (b) Assume the demand is 18 units. What is the corresponding price? 
We have 18 = 25 - 5p, and, by solving this equation, it is found that 
p = SJ .40. (c) What would be the demand ifthe commodity in question were 
a free good, that is if p = O? We have D = 25 - (5)(0) = ~? (d) What is 
the highest price anybody will pay for the commodity? Put D = 0 = 25 
- 5p. Then p = 5. Actually D = f(5) = O. The price must be less than 5 
in order that any of the commodity be sold on the market. 

• EXERCISES 6 

1. A collective-demand curve is D = 100 - 5p. Find the price if the quantity 
demanded is (a) 50; (b) 16; (c) 5 units. Find the quantity demanded if the price is 
(d) 19; (e) 10; (f) 1. (g) Find tlfed:emand if the commodity were a free good. (h) 
What is the highest price anybody would pay for this commodity? (i) Plot the curve. 

2. Given the collective-demand curve D = 36 -3p. Find the price if the quan
tity demanded is (a) 18, (b) 2. Find the quantity demanded if the price is (c) 11, (d) 5. 
(e) What is the highest price anybody would pay for this commodity? (C) How much 
of the commodity would be demanded if it were a free good? (g1 Plot the curve. 

3. Given the collective-demand curve D = 10 -{p/4.'Find the quantity de
manded if dle price is (a) 4; (b) 16; (c) 25. What is the price if the quantity demanded 
is (d) 9; (e) 7; (f) 2? (g) What is the highest price anybody would pay for this com
modity? (h) How much would be demanded if the commodity were a free good? 
(i) Plot the curve. 

4. Given the collective-demand curve D = 1 - p, find the price if the quantity 
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demanded is (a) 0.9; (b) 0.7; (c) 0.2. Find the quantity demanded which corresponds 
to a price of (d) 0.75; (e) 0.125; (f) 0.0025. (g) What would be the demand if the 
commodity were a free good? (h) What is the highest price anybody would pay for 
this commodity? (i) Plot the curve . 
./ 5. The collective-demand curve for a commodity is D = 12.5 - 2.25p. Find 

the price if the quantity demanded is (a) 11.75; (b) lq; (c) 1.125.>-What is the quan
titydemanded if the price is (d) 3.5; (e) 1; (f) 0$1 (g) Find the highest price anybody 
would pay for this commodity? (h) How~uch would be demanded if it were a free 
good? (i) Plot the curve. 

6. The demand curve for sugar in the United States for 1915--1929 was approxi
mately D = 135 - 8p, where D and p are suitably defined (Henry Schultz). Find 
the quantity demanded if the price is (a) 3; (b) 10; (c) 5. What is the price corre
sponding to a demand of (d) 80? (e) 95? (f) 35? (g) What is the highest price anybody 
will pay for sugar? (h) How much sugar will be consumed if it is a free good? (i) Plot 
the demand curve. 

7. The demand for cotton in the United States for 1915--1929 was estimated as 
10D = 64 - 3p (Henry Schultz). Find the quantity demanded if the price is (a) 10; 
(b) 12.25; (c) 5. "Yhat is the price corresponding to a demand of (d)'?,? (e) 2.44? 
(f) 3.36? (g) What would be the demand for cotton if it were a free good? (h) What 
is the highest price anybody would pay for cotton? (i) Plot the demand curve. 

8. The demand curve (or barley in the United States for the period 1915--1929 
was estimated as lOOD = 207 - P (Henry Schultz). Find the demand for a price of 
<a) ~.5J (b) 160, (c) 85. What is the price if the demand is (d) 1.50; (e) 0.90; (f) 0.8S? 
(g) What is the highest price anybody will pay for barley? (h) How much barley 
would be consumed if it were a (ree good? (i) Plot the demand curve. 

9. The demand curve for rye in the United States, 1915--1929, was estimated 
as lOOD = 88 - P (Henry Schultz). Find the demand if the price is (a) 20, (b) 35, 
(c) 42.5. What is the·price if the demand is (d) 0.40, (e) 0.50, (f) 0.60? (g) What 
would be the consumption of rye if it were a free good? (h) What is the maximum 
price anybody will pay for rye? (i) Plot the demand curve. 

10. The demand for a commodity is D = A - Bp, where A and B are positive 
constants. <a) Find the price if the demand is A/3. (b) Find the demand if the price 
is A/2B. (c) Find the de~and if the commodity 1;'3 free good. (d) What is the highest 
price anybody will pay for it? 

11. Given the relationship 2D + 3p = 5. (a) Find the highest price anybody 
will pay for this commodity. (b) Find the demand if the commodity is a free good. 
(c) Express D in terms of p in the form of an ordinary linear-demand curve. Cd) Plot 
the demand curve. 

7. Linear-Supply Functions 

The indIVidual-supply Junction of a firm, or of a private individual, shows 
the amount of a commodIty that will be offered on the market at a given price. The col
lective or market-supply Junction is the sum of the amounts supplied by various indi
vidUtJ/s or firms at a given price. 
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• EXAMPLE 1 

As an example let us consider a market where a commodity is supplied 
by three firms (or individuals) A, B, and C: 

Price 
Quantity Supplied 

Market Supply 
p A B C S 

$1 0 1 3 4 
$2 1 3 6 10 
$3 2 5 9 16 

At a price of 51 the firm A does not supply any of the commodity. The 
firm B supplies 1 unit and Coffers 3 units of the commodity. Adding all these 
quantities, we have 4 units, as the market or collective-supply S of the com
modity at a price of 51. 

p 
3 

2 

1 

5 10 15 20 

Figure 8 

If the market price is 52, the firm A supplies 1 unit, the firm B 3 units, 
and the firm C 6 units. Adding these quantities, we have a market supply S 
of 10 units if the price is $2. In a similar way we add up all the quantities 
supplied by firms A, B, and C at a price of $3, and have a market supply of 
16 units. 

We show in Figure 8 the individual-supply functions ,of the individuals 
(or firms) A, Band C, as well as the market-supply curve S. 

We assume that the market-supply function is linear; that is, if plotted 
in a graph, it appears as a straight line. Such a function must be considered as I 
an approximation to the actual situation. 

Supply functions are derived from production theory, which will be 
dealt with in Section 71. Statistically they are obtained from market data, 
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that is, from the record of prices and quantities sold on a market at various 
dates. The problem of deriving statistical-supply curves from market data 
will be discussed in Section tOO • 

• EXAMPLE 2 

Let S = 1(P) = 3/1 - 2 be the supply curve for some commodity. (a) 
Given p = 5, what is the supply? We have S = J(5) = (3)(5) - 2 = 13. 
(b) What'price will cause a supply of to? The equation to = 3p - 2 has the 
solution p = 4. (c) What is the lowest price at which the commodity will be 
supplied? We put S = ~ = 3p - 2, wh1chgivesp = 2/3. Actually,S = J(2/3) 
= o. Ai a price of 2..fl-nothing,will be supplied. Hence the price must be 
great" than 2/3 in order that any of the commodity be supplied. --
• EXEROSES 7 

1. Let the supply' curve for some commodity be S = 2p - 1. (a) Find the 
supply if the price is (a)?; (b) 10; ec) 100. Determine the price if the supply is (d) 10; 
(e) 25; (f) 100. (g) What is the lowest price at which any of the commodity will be 
supplied? (b) Plot the curve. 

2. The supply of a commodity is S = 3p. Find the supply if the price is (a) 5; 
(b) 10; (c) 25. Assume that the supply is (c) 90; (e) 25; (f) 2; determine ~C:J:)ric:. 
(g) What is the lowest price at which the commodity will be supplied? (h) Plot the 
curve. 

3. The supply of a commodity is S = 5p - 10. Find the price if the supply is 
(a) lq; (b) 20; (c) 100; (d) 150. Find the supply if the price is (e) 3; (f) 5.50; (g) 10. 
(h) What is the lowest price at whith any of the commodity will be supplied? (i) Plot 
the curve. 

4. Let the IUPPlp curve of a commodity be S = 3p - 10. Determine the price 
if the supply is (a) 160; (b) 13; (c) 40. (d) What is the lowest price at which the 
commodity will be supplied? (e) Plot the curve. 

5. Henry Schultz estimates the supply curve for sugar (imported) for the 
United States in 1903-1913 as S = 1.1p - 0.1, where supply and price are measured 
in convenient units. Find the price if the supply is (a) 1.00-; (b) O.SO; (c) 0.50. De
termine the supply if the price is (d) S; (e) 6; (f) 4.10. (g) What is the lowest price 
that will cause any sugar to be supplied? (h) Plot the supply curve. 

6. The supply of a commodity is S = ap - 6, where a and 6 are positive 
constants. Find the price if the supply is (a) Sa - 6; (b) Q + 26. Determine the supply 
if the price is (c) 36/4; (d) 56/4. (e) What is the lowest price which will cause any 
supply of the commodity? 

7. Let the supply curve of a commodity be S = mp, where m is a positive con
stant. Fir" the supply if the price is (a) 1; (b) 10; (c) mj (d) 113m. Determine the 
price if !upply is (e) 8; (f) 6; (g) m; (h) 5/m., (i) What is the lowest price at which 
anyt!'" I~ll be supplied on the m~k.et? 

.et the sUl>ply curve of a commodity be S = Sp - 10. Find the quantity 
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supplied if the price is (a) 11; (b) 10; (c) 39. Find the price if the supply is (d) 1"; 
(e) 6; (f) toO. (g) What is the lowest price at which this commodity will be supplied 
on the market? 

9. The supply function of a commodity is S = 15p - 75. (a) Find the supply 
if the price is to; (b) ifitis6. Determine the price if the supply is (c) 7; (d) if it is 90. 
(e) What is the lowest price at which any of the commodity will be supplied on the 
market? (f) Plot the curve. 

8. Market Equilibrium 

Under free competition no individual or firm can by itself influence 
the market price. There is free movement in and out of various industries. 

Market equilibrium tA-ists under fr~~~~~ti.tioD if the quantity of a 
commodity demanded is equal to the quantity supplied. This fact determines 
the equilibrium price and the quantity exchanged .. 

It is demonstrated in elementary economics how the equilibrium price 
is established. If the actual price were higher than the equilibrium price, 
where demand and supply are equal, then the quantity demanded would be 
less than -the ql.\antity supplied. Some of the sellers would not be able to sell 
their products at the prevailing price, but would be willing to sell at a lower 
price rather than not sell at all. Competition among the sellers will reduce 
the price until it is established at the level where demand is equal to supply. 

Assume on the other hand that the actual price is lower than the equi
librium price. Then the quantity demanded will exceed the quantity sup
plied. This means that some buyers will not be able to satisfy their demand 
at the prevailing price. Hence they will be willing to pay higher prices rather 
than forego the satisfaction of their demand. Competition among the buyers 
will drive the price up until it is established at the equilibrium level where 
demand is equal to supply. 

These propositions are demonstrated in Problem 8, Exercises 8. Market 
equilibrium under monopoly will be discussed in Section 56. 

It should be noted that we deal here with paI:.tial equilibrium (Marshall). 
We analyze the market of one commodity in isolation and asSume that the 
prices of all other commodities are constant. Problems of general equilibrium 
will be discussed in Section 11 . 

• EXAMPLE 

Let the demand for a commodity be D = 2 - P and the supply be 
S = P - 1 (Figure 9). We must have demand equal to supply, that is, S = D, 
or p - 1 = 2 - p. Solving this equation we get for the equilibrium price, 
p = 3/2. Inserting this value of p into the demand equation, we have D = 2 
- 3/2 = 1/2. Substituting the same value into the supply equation, we 
have S = 3/2 - 1 = 1/2. Hence the equilibrium price is 3/2 and the 
quantity exchanged is 1/2. 
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Let us assume for the given D and S that the actual price is lower than 
the equilibrium price, for example, that p = 1. Then we would have S = 0 
and D = 1. Hence demand is larger than supply, and bidding among the 
buyers will force the price up. 

Assume on the contrary that the actual price is higher than the equi
librium price, for example, that p = 2. Then we have S = 1, D = O. Now 
the supply is larger than the demand. Competition among the sellers will 

2 

1 

--~--~------+-------+-------D 
1 2 

figure 9 

force the price down until the equilibrium level is reached. Such is the case 
only if p = 3/2, which is the very point of intersection between the demand 
and the supply function in our_ example. 

In Figure 9 we show a graphic representation of the demand and the 
supply curves used in this example. The intersection of the demand and the 
supply curves determines the price established on the market (51.50) and the 
quantity sold (0.5) . 

• EXEROSES 8 

1. Let the demand curve for a commodity be D = 10 - 3p and the supply 
curve be S = 2p - 1. (a) Find the equilibrium price. (b) Find the quantity ex
changed on the market. (c) Mak~~ graph of the demand and supply curves. 

2. The demand curve for a commodity is D = 25 - 2p. The supply curve is 
S = P - 2. (a) Find the equilibrium price; (b) the equilibrium quantity. (c) Make 
a graph of the demand and supply curves. 

3. The demand for a commodity is D = 35 - 7p. The supply curve is 
S = 2p - 5. (a) Find the equilibrium price. (b) Find the quantity exchanged on 
the market. (c) ,Graph the demand curve and the supply curve. 

4. The demand curve for a commodity is D = 15 - 2p. The supply curve is 
S = 3p. (a) Find the equilibrium price, and (b) find the equilibrium quantity. 
(c) Make a graph of the demand anti supply curves. 
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5. The demand curve for a commodity is D = 35 - 3p. The supply curve is 
S = 2p. (a) Find the equilibrium price, and (b) find the equilibrium quantity. 
(c) Graph the de~and and supply curves. 

6. Let the demand for a commodity be D = 10 - 2p, and the supply curve 
be S = 4p. (a) Find the equilibrium price. (b) Find the equilibrium quantity ex
changed. (c) Plot the demand and supply curves. 

7. The demand curve for a commodity is D = 10 - 3p, and the supply curve 
is S = 5 (perishable commodity). (a) Determin~ the equilibrium price. (b) Find the 
quantity exchanged. (c) Plot the demand and supply functions. 

8. Let the demand curve for a commodity be D = 1 - p, and the supply 
curve be S = 21. (a) Determine the equilibrium price. (b) What is the quantity 
exchanged in equilibrium? (c) Assume that the government fixes the price at 1/2; 
show that the supply is greater than the demand. (d) Assume that the government 
fixes the price at 1/5; show that the supply is smaller than the demand. (c' Plot the 
demand and supply curves. 

9. Let the demand curve for a commodity be D = A - Bp, and the supply 
curve be S = Mp - N, where A, B, M, N are positive constants. (a) Find theequi
librium price on the market. (b) Determine the quantity exchanged. 

10. Henry Schultz estimated the demand for buckwheat for the United States 
during 1915-1929 as 100D = 234 - 2p. Assume that the supply of buckwheat is 
S = 1.85. (a) Find the equilibrium price. (b) Find the equilibrium quantity 
exchanged. (c) Plot the demand and supply curves. 

11. The demand and the supply of sugar for the United States during 1890-1915 
is estimated according to Henry Schultz as D = 1.6 - 0.5/1 and S = 0.7p + 0.4, 
respectively. (a) Determine the equilibrium price. (b) Find the equilibriwn quantity 
exchanged on the market. (c) Make a graph of the demand and supply curves. 

12. For agricultural products in the United States during 1920-1943 the esti
mated demand was D = 224.125 - 0.097p. and the supply was S = -~9.375 
+ 1.721p (G. Tintner). (a) -Find the eq~ilibrium price and quantity. (b) Make a 
graph of the demand and supply functions. 

9. Taxation 

Suppose that a specific tax is imposed on sales. That is, (or each 
unit of a commodity sold, a certain fixed amount of money has to be paid to 
the government. This is equivalent to an upward shift of the supply function 
by the amount of the tax. 

a EXAMPlE 1 

Consider the following supply function: 

Pdce Quantity Supplied Price after Tax Pnce after Subsidy 

1 3 3 0 
2 5 .. 1 
3 7 S 2 
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For instance, before the imposition of the tax, 3 units were supplied at 
a price oUt. If the tax is 52 per un~~, the consumer has to pay 53 if 51 is to 
be left for the supplic r. Hence, with the tax, it takes a price of $3 to bring 
forth a supply of 3 units on the market. Similarly, before imposition of the 
tax, 5 units were supplied if the price of the commodity was 52. Now a tax of 
52 per unit is imposed. Hence it takes an actual price of 54 (of which 52 go 
to the government and $2 to the supplier) to bring forth a supply of 5 units. 
In the same fashion we can argue thWt, after imposition of the tax of 52 per 
unit, it takes a price of $5 (instead of 53 as before the' imposition of the- tax) 
to bring about a supply of? units on the market. Hence, we can say that the 
supply curve" has shifted upward by the amount of the tax (in this case, $2). 

Next, consider a subsidy. The government pays the sellers of a com
moditya certain fixed amount per unit. We assume a subsidy of 51 per unit. 
Consider the above table again. If the original price without subsidy is S1, 
then 3 units are supplied on the market. But since the government pays a 
subsidy of S1, the price to be charged to the public to bring about a supply 
of 3 units is now 50. Similarly, before the institution of the subsidy it took a 
price of 12 to obtain a supply of 5 units; of th~s amount the subsidy 51 is paid 
by the government. Hence the consumers have only to pay $1 to obtain a 
supply of 5 units on the market, and so forth. It appears that the supply 
curve has shifted downward by the amount of the subsidy (in this case 51). 

II EXAMPlE 2 

Let the demand curve of a commodity be D = 10 - p, and let the 
supply curve be S = - 2 + 2p, before taxation. By setting supply equal to 
demand we get the following equilibrium values: p. = 4 and D = S = 6. 

We represent this situation in Figure 10. Sl is the·supply curve before 
imposition of a tax or subsidy. 

Assume now that a tax of 52 per unit is imposed. The new supply curve. 
becomes S = - 2 + ~<.P._ ~ 2) = - 6 + 2p. This is the curve S2 in Figure 10. 
Again putting demand equal to supply we find that p = 16/3 = 5~, D = 
S = 14/3 = 4%. The total amount of the tax is 2(14/3) = 28/3 = 9~. 
This is the revenue of the government from the tax. 

The price realized by the entrepreneur is now only 16/3 - 2 = lO/3 
= 3K ,-

Now let us assume a subsidy of 51 per unit. The new supply curve be
comes S = -2 + 2(P + 1) = 2p. This is now the curve Sa in Figure 10. 
Equilibrium is established if dem1Ind is equal to supply. This gives p = 10/3 
= 3;.a; D do $ = 20/3 ~. 6%. The total amount of the subsid):' is (20/3)(1) 
= 6%. This iJI the amount which the government has to pay. The price 
realized by the sellers is now 10/3 + 1 = 13/3 = 4;.a. 

• EXERCISES 9 

1. Given the demand curve D = 20 - 2p, and the supply curve S .. -4 + 3p. 
(a) Find the equilibrium amount sold and the price before the imposition of a tax 
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or subsidy. Find the price, the quantity sold, and the total amount of tax or subsidy 
after the imposition of a tax of (b) $1; (c) $2; (d) $0.50; a subsidy (e) of $1; 
(f) of $0.25. 

2. Find the equilibrium price, quantity sold, total amount of tax or subsidy 
for the demand and supply curve in Problem 1, Exercises 8, after the imposition of 
(a) a tax of $1; (b) a tax oUO.50; (c) a tax of SO.10; (d) a subsidy of $1; (e) a subsidy 
of $0.60. (f) Plot the original demand and supply curve and the supply curves after 
the imposition of the taxes and subsidies. 

(./3. Find the equilibrium price, quantity sold, total amount of tax or subsidy, 
for the demand and supply curve in Problem 2, Exercises 8, after the imposition of 
(a) a tax of $0.05; (b) $0.10; (c) SO.50; (d) a subsidy of S0.02; (e) a subsidy of $0.25. 

4. Consider the data in Problem 5, Exercises 8. What amount of tax or subsidy 
would have to be imposed (a) to double the equilibrium price without the tax; 
(b) to halve the equilibrium price; (c) to make the commodity a free good (price SO)? 

5. Consider the data in Problem 6, Exercises 8. What amount of tax or subsidy 
Inust be imposed in order to bring about (a) an increase by 1/8 of the equilibrium 
runount sold before imposition of the tax; (b) decrease by half the amount sold; (c) no 
we effected at all? 

6. Problem 11, Exercises 8, gives demand and supply curves for sugar in the 
United States. Find the equilibrium price, quantity sold, total amount of tax or 
~bsidy after- the imposition of (a) a tax of SO.Q1; (b) a tax of SO.05; (c) a subsidy of 
SO.03; (d) a subsidy of SO.05. Plot the original demand and supply curves and also 
the supply curves after the imposition of taxes and subsidies. 
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7. The demand curve is D = G - hp and the suppJ.y curve is S = -m + np, 
where G, h, m, n, are positive constants. (a) Find the equilibrium price and the 
amount sold on the market before the imposition of a tax or subsidy. (b) Repeat 
(a) if we assume the imposition of a specific tax or a subsidy t, (if t is negative); 
also establish (c) the new equilibrium quantity and price; (d) the total amount of 
tax or subsidy. 

8. Consider the data in Problem 12, Exercises 8. What is the effect on price 
and quantity sold if there is (a) a specific tax of 10; (b) a subsidy of 10 for agricultural 
products. 

9. Consider the demand and supply curves in Problem 4, Exercises 8. Consider 
the effect (a) of the imposition of a specific tax of 1.5 and (b) of a subsidy of 2 on 
equilibrium price and quantity. Analyze the situation graphically. 

10. Let the demand curve be D = 1 - P and the supply curve be S = p. 
Consider the equilibrium quantity and price (a) before and (b) after the imposition 
of a specific tax oC t per unit. 



SYSTEMS OF LINEAR 

EQUATIONS 

10. Linear Equations in More Than One Unknown 

Assume that we have a system of n linear equations in n unknowns. 
Except for the unusual situation when one equation is essentially a restate
ment of one or more of the other equations, such a system has a solution; 
that is, a value for each unknown so that each equation is satisfied. In such, 
a case, the given system may be reduced to a system of n - 1 equations in 
n - 1 unknowns. This can be accomplished by elinrlnating one of the n 
original variables. We can carry out this elimination by combining the n 
equations two by two, by adding or subtracting, after first multiplying them 
by suitable constants. This leaves a system of n - 1 linear equations in' 
n - 1 unknowns. 

This new system can be treated in the same fashion. We combine the 
n - 1 linear equations two by two after multiplying by appropriate constants. 
Thus we can eliminate another unknown. This leaves a system of n - 2 linear 
equations with n - 2 unknawns. 

This process may be continued, until we have 1 linear equation in 1 
unknown. This equation can be solved by methods discussed in Section 4, 
thereby providing the value of 1 unknown. Using 1 equation of the system 
of 2 equations with 2 unknowns, we may derive the necessary value for 
another unknown. The third is found from an equation of the system of 3 
equations with 3 unknowns, and so forth. 

The complete solution should be checked by substituting into the equa
tions of the original system. 

28 
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• EXAMPlE 

Assume that we have the following system of 2 equations in 2 unknowns: 

2x + 6y = 9, 

3x + y = 1. 

Multiply the members of the first equation by 3 and those of the second 
by 2, in order to eliminate x: 

6x + 18y = 27. 

6x + 2y = 2. 

Subtract the second of these equations from the first, thereby obtaining 

16y = 25. 

Dividing both sides of this equation by 16, we have immediately 

25 
y=-. 

16 

We obtain from the first of the original equations: 

2x + 6 G!) = 9, 

150 
2x+ - = 9, 

16 

150 
2x=9--, 

16 

2x = 144 - 150 , 
16 

6 3 
2x=--=--, 

16 8 

3 
x= --0 

16 

The solution of our original system of equations is therefore x = -3/16 
and y = 25/16. 'This solution is checked by substitution into the original 
equations as shown below: 

2 (_ ~) + 6 (25) = 144 = 9 
16 16 16 ' 

3 (_ ~) + 25 = 16 = 1. 
16 16 16 
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• EXERCISES 10 

Solve the following systems of equations and check: 

1. 2x+5y_= -1 andx+2y=9. 
2. -x + 5y = 10 and 3x + y = O. 
3. 4x + 19y = 10 and x - y = 1. 
4. 9x - y = 10 and 5x + 4y = t. 
5. - 3x - 5y = 0 and x + y = O. 
6. (Linear programming.) A commodity can be produced in three ways, 

using two factors. If it is produced by the first method, an activity which yields 
$l's worth of the commodity (Xl) will use 1 unit of the first factor and 1 unit of the 
second factor. If it is being produced in the second way, the activity which produces 
51's worth of the commodity (X2) will use 1 unit of the first factor and 2 units of the 
second factor. Finally, if the third method of production is adopted, we must Ule 

2 units of the first factor and 1 unit of the second factor in order to produce Sl's 
worth of the final commodity (X3). Note that xl, Xs and Xa cannot be negative. The 
total profit is r = XI + X2 + X3. This has to be maximized under the condition that 
the total supply of the first factor is 10 units: XI + Xi + 2X3 = 10; and that the total 
supply of the second factor is 15 units: Xl + 2X2 + Xa = 15. Find the combination 
of activities which maximizes the total receipts T. (HINT: Assume (a) xa = 0, (b) XI = 
0, (c) Xl = 0, and compute the total receipts T in each case. Discard any solution 
where the x's are negative and select the solution where T is the maximum.) 

Solve each of the four systems of equations that follow: 

7. 2x - y = 0, 
,,+<:: = 0, 

<:: = 1. 
8. 2x + 3y + 5<:; = -9, 

x + lOy, + 6<:; = -13, 
-5x + y + 10<:; = 14. 

9. 5x + 4y + 3<:: = 7, 
x + y + 2<:: = 4, 

3x + 5y+ <:; = O. 
10. 5x + 6y + <:; = I, 

2x+ 7y- <::=-1, 

3x + lOy + 2<:: = 2. 

11. Market Equilibrium for Several Commoditie. 

The demand and the supply of a commodity depend frequently, 
not only on the price of the particular commodity, but also upon the prices 
of other related commodities. Again we can determine the equilibrium quan
tities exchanged and the prices, of all commodities concerned. The condition 
for equilibrium is that for all commodities: the supply is equal to the 
demand. 

If we had information about the demand and supply functions of all 
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commodities in the economy, we could determine the IYalrasian gent/al 
tqulhbrium, that is, all prices and all quantitIes exchanged in the economy . 

• EXAMPLE 

Denote by PA the price of commodity A and by PB the price of com
modity B. Let DA and DB be the demand, respectively, for A and B, and SA 
and SB the supply of A and B. Let the demand function for A be DA = 
5 - PA + PB, and the demand function for B be DB = 7 - PA - PB. The 
respective supply functions are SA = -5 + PA + SPB and SB = -1 
+ 3PA + PB. By putting D ... = SA and DB = SB we get the 2 linear equations 

10 = 2PA + ~PB and' 8 = 4PA + 2PB. 

By solving this system of equations, we compute the equilibrium .prices 
PA = 1 and PB = 2. Substituting back into the original equations, we have 
for the equilibrium quantities DA = SA = 6 and DB = SB = 4. 

• EXERoses 11 

1. DA = 10 - PA - 2PB; DB = 6 - PA - PB; SA = -3 + PA + PB; SB = 
-2 + PB. (a) Find the equilibrium prices. (b) Determine the eqUllibrium quantities 
exchanged on the market. 

2. DA = 10 - 2PA + PB - Pc; DB = 12 + PA - 4PB + Pc; Dc = 20 - PA -
IB - Spc; SA = 4; SB = 13; Sc = 2. (a) Find the equilibrium prices. (b) 
Determine the equilibrium quantities exchanged on the market. 

3. DA = 10 - 3PA + PB; DB = 20 + 4PA - 5PB; SA = 9; SB = 14. (a) Find 
the equilibrium prices. (b) Find the equilibrium quantities. 

4. DA = 100 - 2PA - PB - 2pc; DB == 200 - 10PA - 2PB - 3pc; Dc = 
150 - 2PA - 3PB - 5pc; SA = 40; SB = 70; Sc = 10. Find the equilibrium prices 
and quantities. 

5. Let A represent beef, B pork, and C mutton. Henry Schultz estimated the 
demand functions for beef, pork, and mutton in the United States in 1922-1933 
to be, respectively, DA = 63.3 - 1.9PA + 0.2PB + 0.5pc, 1)B = 71.0 + 0.4PA 
- 1.2PB - O.lpc, Dc = 10.3 + O.lPA + O.lPB - 0.3pc. Assume that SA = 60, SB = 70, 
Sc = 7. (a) Determine the equilibrium prices. (b) Find the quantities exchanged on 
the market. 

&. Let A, B, C, D, designate barley, corn, hay and oats. Henry Schultz has 
estimated the demand functions for the United States in 1896-1914 as follows: 
DA = 2.24 - O.OlPA - O.OlPB + O.OlPD; DB = 49.07 - 0.02PA - 0.36pB 
- 0.03pc + 0.03PD; Dc = 1.30 - 0.05pc + O.OlPD; DD = 24.16 + 0.03PA 
+ 0.07PB - 0.61pc - 0.30PD. Determine the equilibrium prices if SA = 2.24, 
SB == 48.92, Sc = 1.29, SD = 23.92. 

7. Let DA = a + bPA + CPB; DB = , + iPA + gPB; SA = h + kpA; and 
Ss = m + npB. Find the equilibrium prices on the market. 

8. Let the demand functions for. 2 commodities A and B be DA = 10 - 2PA 
+ PB, DB = 20 + IA - ~.lt, The ,supply fu~tions of A and B are SA = 4PA and 
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SB = -1 + 6PB. Find the equilibrium prices .and quantities exchanged on the 
markets. 

9. The demand functions of 3 commodities A, B, and Care DA = 20 - 3PA 

+ PB + pc; DB = 30 + PA - 5PB; Dc = 15 + PA - 3pc. The corresponding 
supply functions are SA = 9PA, SB = 30PB - 3, Sc = 3pc - 1. Find the equilibrium 
prices and quantities exchanged on the markets. 

10. If y denotes disposable income, c consumers' expenditure, , gross business 
savings, and x gross investments, the following simple model of general equilibrium 
has been established by T. Haavelmo for the United States for the years 1929-1941: 

c = 0.712y + 95.05, 

, = 0.158 (c + x) - 34.30, 

y = c + x -', 

x = 93.53. 

(a) Solve for the unknowns y, c, " x, and check. (b) Assume x = 200 rather 
than x = 93.53, as in the last equation in the above system. Solve for the unknowns 
and check. (c) What are the estimated disposable income, consumer expenditure, 
and gross business savings if the gross investment is 300? (HINT: Substitute x = 300 
for the last equation in the above system, solve for the unknowns, and check.) 

12. Imputation 

The theory of economic imputation deals with this question: In what way 
is the value (price) of a final product dzvlded among the van·ous factors oj productIon 
(that is, land, labor, and capital) which have collaborated in the productIOn? 

We assume static conditions; that is, the basic conditions of production 
and demand remain the same. We also assume free competition. Under free 
competition, the action of no one individual in the economy is important 
enough to influence, by itself, the workings of the market. There are a great 
number of independent firms. No firm can make profits. 

Und'er free competition we have free movement of the factors of produc
tion. If the compensations for the use of the factors is not the same in the 
production of all commodities, the factors will tend to move away from the 
poorly paid occupations into the better paid ones, until the compensation is 
the same in all lines. 

We make also the unrealistic assumption that there are fixed coefficients 
of production. This would be the case if the various factors of production 
had to be combined in fixed proportions in order to produce a given product. 
For instance, a certain product A can only be produced by combining 1 unit 
(acre) of land with 2 units (weeks) of labor. If, on the other hand, 2 units of 
land are combined with 3 units of labor we get another product B; and so on. 

Under these very simplified and artificial conditions, the problem of 
imputation reduces itself to the solution of a system of linear equations. 



Systems oj Liruar EquaJionJ 33 

a EXAMPlE 

Assume that 1 unit of commodity A is produced by using 1 unit of land 
and 2 units of labor; and 1 unit of commodity B is produced by using 2 units 
of land and 3 units of labor. Let the price of commodity A be PA = 25 and of 
commodity B be PB = 40. Designate the wage rate by Wand the rent per 
acre by R. The sum of the shares of the factors must be added to give the price, 
since there is no profit. The 2 equations are 

R+ 2W= 25 and 2R+ 3W = 40. 

We solve these two equations by elimination and obtain for the wage rate 
and the rent the values. W = 10 and R = 5. 

• EXEROSES 12 

1. Let a unit of commodity A be produced by combining 5 units of"'land and 
6 units of labor. A unit of B is produced by using 10 units of land and 1 unit of 
labor. LetPA = 23 andpB = 13. Find the wage Wand the rent R. 

2. Let 3 units of land, 2 units of labor, and 10 units of capital be combined to 
produce 1 unit of commodity A. If 1 unit of land, 3 units of labor, and 5 units of 
capital are used, 1 unit of commodity B is produced. By using 2 units oC land, 2 units 
oflabor, and 3 units of capital we get a unit of commodity C. The prices are PA = 62, 
PB = 36, pc = 25. Determine the rent R, wage W, and interest I. Show that the Sl,lm 
of the shares of all factors equals the price of each commodity. Hence there is no 
profit. 

3. One unit of commodity A is produced by combining 1 unit of land, 2 units 
of labor, and 5 units of capital. One unit of commodity B is produced by 2 units of 
land, 3 units oC labor, and 1 unit of capital. One unit of commodity C results if we 
use 3 units of land, 1 unit of labor, and 2 units of capital. Assume that the peices 
are PA = 27, PB = 16, pc = 19. Find the rent R, wage W, and rate of interest I. 

4. Commodity A is produced by combining 2 acres of land, 3 weeks of labor, 
and 5 units of capital. Commodity B is produced by combining 1 acre of land, 
1 week of labor, and 1 unit of capital. Commodity C is produced by COIl).bining 2 acres 
of land,S weeks of labor, and 10 units of capital. The prices are PA = 78, PB = 23, 
Pc = 135. Determine the rent R, wage W, and interest I. 
~ 5. Commodity A is produced by combining 1 acre of land, 2 weeks of labor, 

and,3 units of capital; B is produced by combining 2 units of land, 1 unit of labor, 
and 2 units of capital; C results from a combination of 5 units of land, 2 units of labor, 
and 1 unit of capital. Given the prices, PA = 84, Ps = 56, Pc == 108, find the rent R, 
wage W, and interest rate I. 

6. Assume that a units of labor and b units of land are combined in order to 
produce 1 unit of commodity A. By combining c units of land and d units of labor, 
we get 1 unit of commodity B. Let the prices be PA = m and Ps = nj the quantities 
a, b," d, m, n are constants. Find the wage Wand the rent R. 

7. A unit of commodity A is produced by combining 1 acre of land and 2 days 
anabar. A unit of B requires 2 acres of land and 4 days of labor. Let the prices be 
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PA = 20 and ps = 40. Show that it is impossible to determine the rent R and the 
wage W. Why? 

8. A product which is produced by combining 1 week of labor, 3 acres of land, 
and 10 units of capital sells for 314 per unit Another product produced by combining 
2 weeks of labor, 4 acres of land, and 20 units oC capital sells fOl' 524 Cor each unit. 
A third is produced by combining 9 acres of land, 20 weeks of labor, and 30 units of 
capital, and sells for $49. Determine, under conditions oC perfect competition, the 
wage, rent, and interest rate. 

9. Let us distinguish between 4 factors of production: skilled labor, unskilled 
labor, land, and capital. By combining 1 week of skilled labor, 10 weeks of unskilled 
labor, 2 acres of land, and 100 units oC capital, we produce a unit oC commodity A, 
which sells for $420. Using 3 weeks of skilled labor, 20 weeks oC unskilled labor, 1 
acre of land, and 200 units of capital, we produce a unit oC commodity B, which 
sells for $835. Using 5 weeks of skilled labor, 20 weeks of unskilled labor, 1 acre of 
land, and 100 units of capital, we produce a unit of C which sells for 5555. If we use 
1 week of skilled labor, 100 weeks of unskilled labor, 3 acres of land, and 500 units 
of capital we produce a unit of D which sells for 52,525. Assuming free competition, 
determine the compensation of the 4 factors of production, namely, the wage of 
skilled labor Wh the wage of unskilled labor W" the rent for land R, and the interest 
for capital!. Show that the shares of the factors in the products add up to the prices 
of the commodities. Hence there is no profit. 

10. Using data given by W. Leontief for the United States in 1939, we assume 
constant coefficients of production. By using 0.242 units of labor and 5.461 units of 
capital we get a unit of agricultural products, which sells for 51. By using 0.282 units 
of labor and 5.191 units of capital, one unit of industrial products is produced, which 
sells for 51. Assume free competition and compute the compensations for labor and 
capital. 



QUADRATIC EQUATIONS IN 
ONE UNKNOWN 

13. Quadratic Demand and Supply Curves 

Assume a demand curve D = 2 - pi and a supply curve. S = p. 
Putting demand equal to supply to obtain equilibrium, we get an equation 
in which the highest power of the variable is 2, namely, pI + P - 2 = O. 
Such an equation is said to be of second degree, and is described frequently as 
a quadratic equation. 

The solutions of the general quadratic equation ax! + hx + c = 0 are 
given by the formula, ' 

.... 6 ± Vb 2 - 4ac 
X= 

2a 

In the case of the equation p2 + P - 2 = 0, where the unknown is p, the 
coefficient a is 1, b = +1, c = -2; thus 

P = -1 ± '\(i"'TI = -1 ± 3 = -2 or +1. 
2 '2 -

We discard the first solution since price cannot be negative. The equi
librium quantity is then found to be D = S = 1. This checks our solution. 

• EXERCISES 13 

1. The demand curve of a commodity is D = 20 - 3p - pi and the supply 
curve is S = Sp - 1. Find the equilibrium price and the quantity exchanged. Plot 
both curves. 

35 
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In the following exercises, given the demand curve and lupply curve, find the 
equilibrium price and quantity, and plot both curves: 

2. Demand curve: D = 100 - p2, Supply curve: S = P + 5p2. 
3. Demand curve: D = 20 - p; supply curve: S = 4p + pi, 
4. Demand curve: D = 25 - P - p2; supply curve: S = 10, 
S. Demand curve: D = 250 - lOp - 2p'; supply curve: S = 5p + 6p2, 
6. Demand curve: D = 10 - 2p; supply curve: S = 5p2, 
7. Demand curve:.D = 250 - 3p~; supply curve: S = p2 + 2p\ (HINT: Con

sider p2 as the unknown.) 
8. Demand curve: D = 10,000 - p'; supply curve: S ... 2/. (HINT: Consider 

pi as the unknown.) 
9. Demand: D = 100/p; supply: S = 4p, 

10. Demand curve: D = 24/p; supply curve: S = 5p - 1. 
11. Demand curve: D = 100/(3p2); supply curve: S = 4pl/3. 



LOGARITHMS 

14. Pareto Distribution of Income 

The Italian economist Vilfredo Pareto indicated the following 
empirical law for the distribution of incomes; If N denotes the number of 
people who have an income! or higher, then N = AI.\"", where .4 and a are 
cqnstantJ and a is approximately 1.5. This function fits the data rather well 
for relatively high incomes. 

The statistical fitting of Pareto distributions by the method of least 
squares will be considered later. (See Section 97, especially Problems 22-25, 
Exercises 97.) 

a EXAMPlE 

Let the Pareto distribution of incomes in a community be given by 
'!. = 2,000,000,000Ix1.&. (a) How many people have an income of $100,000 
or higher? (b) What is the lowest income of the 100 richest people in the 
community? 

The solution of the two parts of this problem is facilitated by the use of 
logarithms. The following definitions and principles pertaining to the use of 
logarithms are recalled at this point. In the various statements that follow, 
the symbol log is the abbreviation of logarithm. 

1. ls:>g!..iY = ! is equivalent to ~~.= /'I. If 1 .. = 1.9, the logarithms are 
said to be common 10garithJ;llS. When the subscript b is omitted, it is under
stood in this book that b = 10. 

2. log 10 = 1. 
3. log NI =0 t log N. 
4. log MN = Jog M + 10gN. 
5. log MIN = log M -log N. 

37 
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6. By reference to Table 1 in the Appendix, the common logarithm of 
any number between 1 and 10 may be found. In this table a decimal point 
is to be understood after the first digit of eac'h number in the N column and a 
decimal point is to be understood before each 4-digit array ~within the body 
of the table. Thus, to obtain log 4.67, the first 2 digits, namely 4.6, are 
located in the N column; the third digit 7 is a column heading; so the 
desired value, that is, log 4.67 = 0'.6693, is the number opposite the 46 and 
appearing in the column headed by 7. Similarly, log 2.72 = 0.4346, and 
log 2.00 = 0.3010. 

7. It is possible to obtain the common logarithm of any number greater 
than 10 or less than 1 by the use of Table 1 and Principles 2, 3, 4, and 5. Thus 

log 4.67 = 0.6693, 

log 46.7 = log (4.67)(10) = log 4.67 + log 10 
= 0.6693 + 1, or 1.6693. 

log 467 = log (4.67)(102) = log 4.67 + log 102 

= log 4.67 + 2 log 10, = 0.6693 + 2, or ~.6693. 

log 0.467 = log (4.67)(10-1) ~ log (4.67) + log 1O-J. 

In summary, 
= log 4.67 - 1 log 10 = 0.6693 - 1. 

log 0.00467 = 0.6693 - 3. 

log 0.0467 = 0.6693 - 2. 

log 0.467 = 0.6693 - L 

log 4.67 = 0.6693. 

log 46.7 = 1.6693. 

log 467 = 2.6693. 

log 4670 = 3.6693. 

Let us return to a consideration of question (a) in the example, which 
involves a study of N = 2,000,000,000/x1.6, where x = 100,000. We may take 
the common logarithm of each member, thereby obtaining the following 
sequence of equations: 

2,000,000,000 
log N = log 1000001 Ii • , 
log N = log 2,000,000,000 - log (100,000)~1, 

log N = log 2,000,000,000 - 1.5 log 100,000. 

log N = 9.3010 - 1.5(5) = 9.3010 - 7.5 = 1.8010 ... 

It is apparent that N is about 63.2, or roughly ~1 since log 63.2 = 1.8007. 
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Question (b) involves a study of the Pareto equation when N = 100. 
Thus 

2,000,000,000 
100 = • 

Xl.I 

logN 
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1 
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Figuren 

The solution of this equation for x leads to the following sequence of equa
tions: 

100 xU = 2,000,000,000, 

XU = 20,000,000. 

log XU = log 20,000,000, 

1.5 log x = 7.3010, 
I 

log x = 4.8673. 

So x is about 73,.,00, since log 73,700 = 4.8675. 

A graph of the above equation is shown in Figure 11. The graph, as 
shown, is the result of plotting the logarithm of N (number of people having 
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a given income x or larger) against the logarithm of the income x. It is 
apparent that the result is a straight line . 

• EXERCISES 14 

1. Assume that in a city the Pareto distribution is N = 50,000,000,000j..-l.!. 
Find the number of people who have an income of (a) over 1500,000; (b) over 
12,500,000; (c) over $3,000; (d) over 1125,400. What is the lowest income of (e) 
the 10 richest people? (f) the 250 richest people? (g) the 10,000 richest people? 
(h) the 15 richest people? (k) the 2 richest people? (I) Plot the distribution in 
terms of log N and log x. 

2. The Pareto distribution in a community is N = 3,000,000,000/x4/a. Find the 
number of people who have an income of (a) 1150,000'or larger;{b) '2,125,500 or 
larger; (c) 55,500,000 or larger; (d) $10,000,000 or larger; (e) $2,500 or larger; 
(f) 15,275 or larger. Find the lowest income of (g) 'dte 10 richest people; (h) the 150 
richest people; (i) the 255 richest people; U) the richest man" in the community. 
(k) Plot the distribution, using log x and log N as coordinates. 

3. Assume the Pareto distribution ofa community to beN = 1,236,000,000/xl I. 

Find the number of people ",ho have an income of (a) 1125,200 or higher; I-(b) 

$236,567 or higher; (c) 55,234,125 or higher; (d) $1,567 or higher; (e) $12,345,789 
or higher. Find the lowest income of (f)"the 11 richest people; (g) the 124 richest 
people; (h) the 10,000 richest people in the community. (i) Plot the distribution, 
using log x and log N as coordinates. 

4. The income distribution of the United States for 1918 has been estimated 
by Von Szeliski to be N = 813,000,000,000/xl.'B. Estimate the number of people 
who had an income (a) 'tr $100,000 or higher; (b) of 52,000,000 or higher; (c) of 
1150,000 or high,er; (d) of 15,000 or higher; (e) of $2,500 or higher. Find the lowest 
income of (f)~ the 10 richest people; (g) the 3 richest people; (h) the 125 richest 
people; (i) the 40 richest people. U) How many people had an income between 
512,500 and 520,000? (k) Plot the distribution using log x and log N. 

5. H. T. Davis estimated the Pareto distribution of income for the United 
States in 1918 as follows: /:f = 1,926,000,000,000/X17. Find the number of people 
who had an income of (a) 1100,000 or higher; (b) $5,000 or higher; (c) 12,125 or 
higher; (d) 12,125,000 or higher; (e) 5500,000 or higher. Find the lowest income of 
(f) ~e '12 richest men; (g) the 100 richest; (h) the 1,200 richest; (i) the 2 richest. 
U) How many people had an income between $20,000 and $25,OOO? (k) between 
$100,000 and $250,000? (1) Plot the distribution in terms of log x and log N. 

6. H. T. Davis estimated the Pareto distribution for salaries paid by General 
Motors in 1936 to betN = 67,620,000,000/x'. Find the number of employees who 
had an income of (a) $100,000 or over? (b) S50,000 or bver? (c) $12,500 or over? (d) 
$4,000 or over? What is the lowest income of (e) the:\100 best paid employees? (f) the 
5 best paid employees? (g) the 125 best paid employees? (h) How many people had 
an income between 17,500 and $tO,OOO? (i) Plot the distribution in terms of log x 

and log N. 
7. Assume the Pareto distribution of a community to be N = a/X', where a 
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and b are constants. (a) How many people have an income larger than K? (b) larger 
than StOO,OOO? (c) What is the lowest income of the 100 richest people? (d) of the 10 
richest people? (e) How many people have incomes between J and I? (f) between 

5500,000 and Sl,500,000? 

8. Let the Pareto distribution in a community be N = 1,000/~. NOTE: 

~ = ,,4'1. How many people have an income of (a) S10 or higher? (b) $100 or 
higher? (c) What is the lowest income of the 10 richest people? (d) the 100 richest 
people? (e) How many people have incomes between 15 and 20? 

9. Let the Pareto distribution in a community be N = tOO,oOO/x2. How many 
people have an income of (a) 10 or higher? (b) 15 or higher? What is the lowest 
income of (c) the 100 richest people; (d) the 5 richest people? (e) How many people 
have incomes between 100 and 120? (f) between 50 and 75? 

10. Assume that the income distribution in a city is N = 1,000,000,000/xI.5. 
How many people have an income of (a) i'nore than S100,000? (b) more than 
S250,OOO? (c) What is the lowest income of the 1,500 richest people? (d) of the 3,000 
richest people? (e) How many people have incomes between S500,000 and S750,000? 

15. Demand Curves with Constant Elasticity 
l ' ~ 

A demand curve of the general form D = A/pB, where A and Bare 
constants, has constant elasticity, as will be proved later (see Section 49). 
The statistical fitting of demand curves with constant elasticity is discussed 
in Problem 1 ft, Exercises 100. 

By a demand curve with constant elasticity B we understand the follow
mg property: If the price increases by 1 per cent, the demand will decrease 
approximately by B per cent . 

• EXAMPLE I 

Assume a demand curve in the form D = 25/p3. (a) What is the demand 
if the price is 0.5? We have D = 25/(0.5)1 = 200. (b) What price causes a 
demand of 65 units? Inserting D = 65 into the"";;bove equation, we get 

• EXAMPLE 2 

65p' = 25, 

pS = 5/13. 

3logp = log 5 - log 13, 

310gp = 0.5851 - 1, 
or 2.5851 - 3. 

logp = 0.8617 - 1, 

P = 0.727 . 

In the special case of B = +1 in the formula D = A/pB, we have de
mand curves with unit elasticity. An approximate decrease of 1 per cent in 
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the quantity sold corresponds to a 1 per cent increase in price. Price times 
quantity is constant. That is to say, the total outlay of the buyers or the total 
receipts of the sellers are the same, whatever the price and quantity sold. 
Consider for example the demand curve 

24 
D=-· 

P 

20 

15 

10 

5 

0 5 10 
D 

15 20 
Figur.1~ 

The curve is shown in Figure 12; since D and p are positive, only the 
positive branch of the curve is drawn. This type of mathematical curve is 
called a rectangular hyperbola. We have, for instance, ifp = 2, D = 24/2 = 12. 
The total outlay or revenue, pD = (2)(12) =' 24. On the other hand, if 
p = 8, we ,have D = .3. Hence again pD = (3)(8) = 24, as before. This 
constancy is true for any price . 

• EXERCISES 15 

1. Assume a demand curve in the form D = 100/p5. Find the demand if the 
price is (a) 4; (b) 2.5; (c) 0.60; (d) 0.002. Find the price which will cause a demand 
of (e) 10; (f) 250; (g) 0.5; (h) 0.003 units. (i) Plot the demand curve. 

2. Assume a demand curve in the form D = 1,245/ (P)~. Find the price that 
will causer a demand of (a) 20,000; (b) 1,500; (c) 600; (d)t. Find the demand if the 

price is (e) 2; (f) 0.85; (g) 1/32; (h) 1. (i) Plot the demand curve. (NOTE: ~ = pI/s.) 
3. A demand curve is given by D = 0.657/ p1.67. Find the price which will 

cause a demand of (a) 10; (b) 3; (c) 0.6; (d) 0.0012. Given the price of (e) 1, {O 
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35, (g) 0.86, (h) 0.00065; find the corresponding quantity demanded. (i) Plot the 
demand curve. 

4. The demand curve for sugar in the United States has been estimated by 
Henry Schultz to be D = 157.8/pD.l for the period 1915-1929. Find the demand for 
sugar if the price is Ca) 5; (b) 8; (c) 11; (d) 12. What price will call forth a demand 
of (e) 60? (f) 30? (g) 55? (h) 42? (i) Plot the demand curve. 

5. The demand curve for com in the United States, 1915-1929, has been esti
mated by Henry Schultz to be D = 172.8/po.4 •• Find the demand if the prtce is (a) 
30; (b) 42; (c) 75; (d) 8t. What is the price if the demand is (e) 20; (f) 35; (g) 41; 
(h) 50. (i) Plot the demand curve. 

6. The demand curve for cotton in the United States, 1915-1929, is estimated 
by Henry Schultz to be D = 0.59/pO,ls. Find the demand if the price is (a) 30; (b) 
50; (c) 75; (d) 51; (e) 32. What is the price if the demand is (f) 0.20; (g) 0.25; (b) 
0.30; (i) 0.32. G) Plot the demand curve. 

7. The demand for wheat in the United States, 1915-1929, has been estimated 
by Henry Schultz as D = 12.03/p0.21. Find the price if the demand is (a) 6; (b) 5; 
(c) 4.5; (d) 2.1; (e) 3.3. Find the demand if the price is (f) 100; (g) 120; (h) 150; 
(i) 85; G) 67. (k) Plot the demand curve. 

S. The demand for potatoes in the United States for the period 1915-1929 has 
been estimated by Henry Schultz as D = 12.05/po.l. Find the demand if the price 
is (a) 30; (b) 45; (c) 25; (d) 33; (e) 37.; (f) 40. Find the price if the demand is (g) 
3; (h) 4; (i) 4.5; G) 5; (k) 7. (I) Plot the demand curve. 

9. Let the demand curve for a commodity be D = a/I', where a and b are 
positive constants. Determine the price if the demand is (a) 50; (b) 1. Find the de
mand if the price is (c) 1; (d) if the price is a. 

**'\0. Assume that the demand curve of a commodity is D = ajpb, where a and 
b are positive constants. The supply curve is S = p. Find the equilibrium price and 
quantity on the market. 

11. Assume a demand function of the form D = 100/p. (a) Find the demand 
if p = 5. (b) Compute the total outlay and revenue pD. (c) Compute the demand if 
p = 25. (d) Compute the total outlay or revenue. (e) Compute the quantity demanded 
if the price is p = 2. (f) Compute the total outlay or revenue. (g) Plot the demand 
curve. 
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16. The Arithmetic Progression 

Progressions. In algebra we define a sequence as a set of numbers ordmd 
in such a manner that there is a first, a second, a tJurd and so on. For instance, the 
numbers 1, 2, 3, ..• constitute the sequence of positive integers in natural 
order. Or, the numbers 1,4,9,16, ... are the squares ofthe integers ordered 
according to magnitude. Again, the numbers 1, 1/2, 1/3, ... form what is 
called a harmonic sequence in descending order oj magnitude, and so on. 

The numbers in a sequence are called terms. For instance, in our last 
sequence, 1 is the first term, 1/2 is the second term, 1/3 the third term, 
and so on. 

We are concerned frequently with the sums of the terms of sequences. 
Let U1 be the first term of a sequence, U2 the second term, Ua the third term, 
and in general u, the ith term. The sum of the first n terms of the sequence 
can be written 

• 
S" = U1 + U2 + u. + ... + Un = L u,. 

I-I 

• 
The Greek Sigma L is used as the summation sign. The series L u, denotes 

i-I 

a summation of terms from the lower limit i = 1, that is, "10 to the upper limit 
i = n, that is, u". The limits are sometimes omitted if they are clear from the 
context. We may write then LU,. 

II EXAMPLE I 

Consider the sequence Ul = 1, u, = 1/2, u." 1/3, Ut = 1/4. The 
44 
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general term is u, = Iii. The sum of the 4 terms of the sequence is 

S4 = Ul + U2 + u, + U. 

4 

== E l/i 
.-1 

= 1 + 1/2 + 1/3 + 1/4 

= 25/12. 

An arithmetic progression is formed by adding to each term after the first 
the same (positive or negative) quantity. The number which is added is called 
the common dIfference. 

a EXAMPLE 2 

Consider, for instance, the sequence 2, 5, 8, 11. The first term is 2. 
The second term is 5 = 2 + 3. The third term is 8 = 5 + 3. Each term is 
formed by adding the common difference 3 to the preceding term . 

• EXAMPLE 3 

Another example is the sequence 20, 18, 16, 14. The first term is 20. The 
second term is 18 == 20 - 2. The third term is 16 = 18 - 2. The fourth 
term is 14 = 16 - 2. Hence each term is formed by adding to the preceding 
term the common difference - 2. 

Let 0 be the first term, d the common difference. Denoting by Xl! X2, 

X"~ .,. , X", respectively, the first, second, third, and nth terms of the arith. 
metic progression, we have 

Xl = D, 

Xz = Xl + d = D + d, 

x, = X2 + d = (0 + d) t d = a + U, 

X4 = X, + d = (0 + U) + d = a + 3d. 

We see that the first term Xl is o. The second term is formed by adding 
Id to D. The third term is obtained by adding 2d to o. The fourth term results 
if we add 3d to Q. We may deduce the general rule: to find the nth term we 
have to add (n - l)d to D, that is, x .. = D + (n - l)d. 

II EXAMPLE "' 

In the first arithmetic progression given above, the first term is a = 2, 
the common difference d = 3. The third term is 

x, = a + 2d = 2 + 2·3 == 8. 
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II EXAMPLE 5 

Consider the arithmetic progression 10, 8, 6, .... Find the fifth term x,. 
We have a = 10, d = -2, n = 5. Hence 

Xi = 10 + 4(-2) == 10 - 8 = 2 . 

• EXERCISES 16 

1. Consider the arithmetic progression 5,8,11,.··. Find (a) x,; (b) .1'7; (c) .1'150. 

2. Consider the arithmetic progression -8, -6, -4,· ... Find (a) XI; (b) .1'10; 

(c) .1'80. 

3. Consider the arithmetic progression 100, 90, 80,.··. Find (a) .1'7; (b) .1'10; 

(c) .1'1,000' 

4. Consider the arithmetic progression 3, 6, 9,···. Find (a) .1'7; (b) .1'12. (c) For 
what value of n is x" = 8l? 

5. An arithmetic progression has X2 = 10 and x, = 30. (a) Find a and d; (b) 
.1'10; (c) .1'25. 

6. An arithmetic progression has (J = 50 and XI = O. Find (a) d; (b) .1'10; (c) .1'16-

7. An arithmetic progression has (J = 10, Xi = O. Find (a) d; (b) X2. (c) For 
what n is X" = -25? 

8. An arithmetic progression bas the difference d = (l/2)a. Which term of the 
series will reach the value lOa? 

9. An arithmetic progression has the difference d = -a/3. Which term will 
be equal to O? 

10. An arithmetic progression has a ... -5d. Which term will be equal to O? 

17. Sums of Arithmetic Progressions 

Denote by S" the sum of the first n terms of an arithmetic progres
sion; that is, .. 

S" = Xl + .1'2 + X. + ... + X" = Ex •. 
• -1 

We can write this sum as follows: 

S .. = a + (a + d) + (a + 2d)' + (a + 3d) + ... + x ... 

This can also be written in the reverse order 

S,. = x" + (x" - d) + (x .. - 2d) + (x .. - 3d) + ... + a. 

Adding the members of these 2 equalities, term by term, all d's cancel and we 
have 

2S,. = (a + xn) + (a + xn) + ... + (a + x,,) = n(a + x,,). 

The general formula for the sum of terms of an arithmetic progression is 

n(a + Xn) 
S" = • 

2 
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a EXAMPU! 

'" Take the previous example, namely, the progressioh 10, 8, 6, . '. We 
have Q = 10, d = -2. Find S~, the sum of the first 5 terms. 

We have from the previous formula x& = 2. So the sum is given by 
S, = 5(10 + 2)/2 = 30. 

• EXERCISES 17 

1. Given the arithmetic progression 50, 40, 30,·· '. Find (a) S.; (b) Sa; (c) S20. 
2. Given the arithmetic progression -5, -3, -1,···. Find (a)S~; (b)S7; (C)S60. 
3. G!ven the arithmetic progression 19, 22,25,.··. Find (a) S.; (b) SlO; (c) SlOO' 
4. An arithmetic progression has a = 100, SIO = 550. Find (a) d; (b) xu; (c) Su. 
5. Express S in terms of a, d and n, only. (HINT: Use the definition of x ... ) 

6. In a certain arithmetic progression S, = 100 and S7 = 140. Find (a) a and 
d; (b) Xa; (c) SIO. 

7. In a particular arithmetic progression x, = 80, S. = 240. Find (a) a and d; 

(b) XlO; (c) S,. 
B. In a certain arithmetic progression SJ = 33, S. = SO. Find (a) a and d; 

(b) Xa; (c) S7. 

9. Assume in an arithmetic progression that we know that S" = A and S". = B. 
Determine a and d. 

10. In an arithmetic progression we know that XII = C, S .. = D. Determine Q 

andd. 

18. Growth of Enterprise 

We assume that an enterprise grows over short periods in an arith
metic progression. This means that the output of the enterprise increases 
(or decreases) each year by the same number of units. This assumption is 
not strictly true but frequently is a fair approximation to the truth. 

• EXAMPU! 
An enterprise starts by producing 100 units in its 1st year and the pro

duction increases by 20 units each year. (a) How much will it produce in 
the 4th year? We use the formula x" = Q + (n - l)d, where x,. is the pro
duction in the nth year, n the number of the year, d the increase or decrease. 
We know that a = 100, n = 4, d = 20. The formula gives x. = 160. (b) 
What will be the sum total of the whole production in the first 3 years? The 
Bum of an arithmetic progression is given by S,. = (a + x.,.)(n/2). Since 
Xa = 140, we have Sa = 360. 

• EXERCISES 18 

1. An enterprise produces 200 units in the 1st year and increases productioD 
by 50 units each year. How much will it produce (a) in the 5th year? (b) in the 10th 
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year? (c) What is the sum total of its production in the first 7 years? (d) the first 4 
years? 

2. An enterprise starts by producing 10,000 units in the 1st year. It decreases 
its production by 500 units each year. How much will it produce (a) in the 3rd year? 
(b) the 5th year? (c) What is the total production in the first 4 years? (d) When will 
it produce O? (e) What is the sum total of its production until it produces O. 

3. An enterprise ~tarts by producing 700 units in the 1st year. It produced 1,500 
units in its 5th year. (a) By how much does production increase each year? (b) \\'hen 
will the enterprise produce 2,100 units? (c) What is the sum total of its production 
during the first 3 years of its existence? 

4. An enterprise produced 600 units in the 3rd year of its existence and 700 
units in its 7th year. (a) What was the initial production in the 1st year? (b) What was 

the production in the 5th year? (c) the total production during the first 4 years? 
5. A firm produced 500 units in its 1st year. The sum total of its production 

in the first 4 ye.ars of its existence was 2,300. units. (a) By how much did production 
increase or decrease each year? (b) How much will it produce in its 5th year? (c) 
in its 10th year? 

6. A firm produced 0 in its 6th year. The sum total of its production during the 
first 5 years was 3,000 units. (a) What was its original production during the 1st 
year? (b) By how much did production increase or decrease each year? (c) How much 

was produced in the 2nd year? (d) What was the sum total of production in the first 
4 years? 

,,/7. A firm produced 0 in its 5th year. Its total production during the first 4 

years was 2,400 units. (a) Find the initial production in year 1, (b) the yearly increase 
or decrease. (c) What was the production in year 4? (d) What was the sum total of 
its production in the first 3 years? 

8. Firm A starts producing 1,000 units, and decreases production by 100 units 
yearly. Firm B starts by producing 500 units and increases production by 25 units 
each year. (a) In what year will A and B produce the same amount? (b) When ~ill 

firm A produce O? (c) What is the production of firm B in the same year? 
.... 9. An index of industrial production in the United States was 91 in 1930 and 

125 in 1940. Assuming an arithmetic progression, predict the index for 1950. 
10. An index of agricultural production in the United States was 98 in 1930 

and 126 in 1950. Assuming an arithmetic progression, predict agricultural production 
for 1960. 

19. Geometric Progression 

In a geometric progression each term after the first one is formed by 
multiplying the preceding term by a constant. The ratio between const'CU
tive terms is called the common ratio. 

Consider, for instance, the sequence 3, 6, 12, 24. The first term is 3; 
the second term is 3·2 = ~-; the third term is 6·2 = 12; the fourth term is 
12·2 ::; 24. The common ratio of two consecutive terms is 2; that is, each 
term in the sequence is formed by multiplying the preceding one by 2. 
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As another example, consider the sequence 27, 9, 3, I, 1/3, 1/9. The 
first term is 27; the second term is 27'(1/3) = 9; the third term is 9'(1/3) 
= 3; the fourth term is 3' (1/3) = 1; the fifth term is 1· (1/3) = 1/3; the 
sixth term is (1/3)(1/3) = 1/9. The common ratio is 1/3. Each term is 
formed by multiplying the preceding one by 1/3. 

Let llS denote the first term of a geometric progression by a and the com
mon ratio by r. LetYhYh)a,y.,· . ',y .. be the first, second, third, fourth, and 
nth terms, respectively, of a geometric progression. Then 

Yl = a, 

YI =)1" = ar, 

y, = y,., = (ar), = art, 

Y' = )." = (art)., = arI, and so forth. 

We see that the first term is 0. The second term is formed by multiplying 
a by, raised to the first power. The third term results if a is multiplied by the 
second power of r. The fourth term is computed by multiplying a by the third 
power of r. In general, the 11th term of a geometric progression is given by 
multiplying II (the first term) by the (n - 1) power of r (the common ratio). 
Thus 

• EXAMPU! 

Consider the geometric progression 2, 6,18,···. We have a = 2,' = 3. 
Find the 5th term. 

). = 2(3)' = 2·81 = 162 . 

• EXERCSES 19 

1. Consider the geometric progression 10, 20, 40,···. Find (a) Y4; (b) }loi (C)}l6. 
2. Take the geometric progression 6,2,2/3,···. Find (a) Y6; (b) Ye; (c) }lO. 
3. Take .the geometric progression 1, 5,25,·· .. Find (a) yei (b) Y6i (c)}lo. 
4. Consider the geometric progression 12,6,3,···. Find (a)}loi (b) }loo. (HINT: 

Use logarithms.) . 

5. A geometric progression has a = 10 and ya = 1,000. (a) Find r; (b) Find 
Y6; (c) Find}lo. 

6. :The second term of a geometric progression is YI = 8, and the fourth term 
iSYe = 4. (a) Find a and r. (b) What iSYa? (c) FindYIi. 

7. Find a general expression for a and, if y .. = A, y", = B. 
8. Take the geometric progression 1, (a - b), (a- b)l , •••• (a) Find the general 

expression for Yft. (b) Findye. 

9. Find the geometric progression whose second term is 8 and whose fifth term 
is 8. Find a and r. 

10. The second term of a geometric progression is 100 and the fourth term is 1. 
Find Q and r. 
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20. Sums of Geometric Progressions 

Let S" be the sum of the first n terms of a geometric progreSsion; 
that is, 

" S .. = Yl + Y2 + y. + ... + y .. = L y •. 
0-1 

This may be rewritten in the form 

SrI = a + or + or2 + ... + ar-I + ar,,-I. 

After multiplying the 2 members by r, there results 

rS" = or + ar! + ... + ar..-2 + arll-I + ar". 

By subtracting the 2 members just obtained from those of the previous ex
pression for S", we obtain 

and, hence, 

SIt = 

a EXAMPlE 

SIt - rS" = a - aT", 

a(l - r") 

1 - r 
or 

0('" - 1) 
, - 1 

Given the geometric progression 2, 6, 18,"', find S4. 'Ve have a = 2, 
, = 3, n = 4. Hence 

2(34 - 1) 2(81 - 1) 
SIt = = = 80. 

3 - t 2 

• EXERCISES 20 

1. Given the geometric progression 1, 4, 16,···. Find (a) S3; (b) S6; (c) Sa-
2. Given the geometric progression 24, 12, 6,···. Find (a) S,I; (b) S,; (c) SUI. 
3. Given the geometric progression 5, 10, 20,···. Find (a) Sa; (b) S,: (c) S7. 
4. A geometric progression has the first term 0 = 1, and the sum of the first 

two terms is S,I = 6. (a) Find r. (b) FindY7. (c) Find Sa. 
5. A geometric progression has the ratio, = 1/2. Assume that Sa = 10. Find 

(a) 0; (b) ye; (c) Sa. 

6. Assume that a geometric progression has 0 = 1. Let SJ = A, where A is a 
positive constant. Find ,. 

7. Find a general expression for the difference of the sum of a geometric series 
L 1) terms and the sum of II terms, that is, S,,+! - SrI. Interpret. 

8. As in Problem 7, find S,,+'" - S .. , where" and m are positive integers. 
9. Assume that in a geometric progression we have S .. = A, S,.. = B, where A 

and B are positive constants. (a) Find r. (b) Find o. (c) Check. 
10. Use the formula for the sum of a geometric progression to investigate the 

sum of the progression 1, -1,1, -1,···. Investigate the sum for various values oc.. 



Progressions 51 

21. Population 

It was the contention of Malthus that population developed like 
a geometrical progression. The assumption is that each year the population 
of a given area increases by the same per cent. This is not strictly true since 
it is probable that population follows a more complicated law, namely, the 
logistic. But a geometric series can be used for purposes of interpolation or 
extrapolation over relatively short periods . 

• EXAMPlE 

A population is 100,000 in the 1st year and increases by 3 per cent each 
year. What will it be in the 5th year? The formula for y .. = ar,,-l, where y .. 
is the value of the term in the nth year, n is the number of the year, and r is 
the common ratio. 

We have a = 100,000, n = 5, and r = 1.03. Thus,y,,= 100,000 (1.03)'. 
Taking logarithms, we get log ys = log 100,000 + 4 log 1.03. This gives 
logy, = 5.0512, soy, is about 112,500 . 

• EXEROses 21 

1. The population of a city was 1,000 in year 1. It increases by 6 per cent each 
year. How much will it be (a) in year 2? (b) in year 3? (c) in year 10? (d) When will 
it reach 1,5OO? (3) 1,100? (f) 2,000? 

2. A population is 185,000 in year 1. It decreases by 5 per cent each year. How 
much will the population be (a) in year 3? (b) in year 10? (c) in year 13? When will 
it decline to (e) loo,Ooo? (f) 184,500? 

3. A population of a city is 250,000 in year 3 and 300,000 in year 7. (a) How 
much was it in year I? (b) What is the yearly per cent of increase or dec. ease? (c) 
What will be the population in year 12? (d) in year 20? (e) When will it reach 
350,000? (f) 500,000? (g) When was it 275,000? 

4. The population of a' country was 6,000,000 in year 5, and 7,150,000 in year 
15. (a) How much was it in year I? (b) What is the yearly per cent of increase or 
decrease? (c) When will the population reach 8,000,000? (d) 10,000,000? When did 
it amount to (e) 6,500,000? (f) 7,000,000? (g) What will it be in the year 20? (h) in 
the year 35? 

5. The population of the United States was 123,000,000 in 1930 and 132,000,000 
in 1940. (a) Find the yearly per cent of increase. Determine approximately the popu
lation for (b) 1932; (c) 1936; (d) 1939. Determine the approximate population for 
(e) 1950; (f) 1965. 

6. The popUlation of the United States was 4,000,000 in 1790 and 63,000,000 
in 1890. (a) Estimate the yearly per cent of increase. (b) Obtain an approximate value 
for the population in 1900; (c) 1930; (d) 1940. 

7. The popUlation of the United States was 76,000,000 in 1900. Estimate the 
population in 1940 under the assumption of an increase each year of (a) 10 per cent; 
(b) S per rent; (c) 2.5 per cent; (dJ t per cent; (e) 0.5 per cent. 
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8. The population of the United States was 131,670,000 in 1940. Predict the 
population in 1960, assuming (a) an increase of 6 per cent yearly; (b) 3 per cent 
yearly; (c) 1 per cent yearly; (d) a decrease of 2 per cent each year. 

9. The population of New York City was 79,000 in 1800 and 3,437,000 in 1900. 
(a) Find the annual per cent of increase. Determine a value for the population in 
(b) 1955; (c) 1960. 

10. The population of New York City was 6,930,000 in 1930 and 7,835,000 in 
1950. (a) Find the annual per cent of increase or decrease. According to the law of 
Mal thus, determine the population for (£» 1960; (c) 2000. 

11. The population of the United States has been estimated as 131,940,000 in 
1940 and as 133,060,000 in 1941. From these data, and assuming growth that follows 
a geometric progression, predict the population for 1960~ 

22. Compound Interest 

The principle of compound interest is well known. let i be the in
terest rate, and let P be the principal. As a convenience, let' = 1 + i. Then 
after 1 year we have the amount 

Al = P + Pi = Pr; 

after two years 

After n years 

Aft = Pr" 

The amounts for n = 1, n = 2, and so forth, are the terms of a geometric 
progression. 

DEXAMPlE 

Assume $100 is invested at 5 per cent interest. What is the total amount 
after 5 years? We have P = 100, i = 0.05, r = 1 + 0.05 = 1.05. Hence 
A6 = (100)(1.05)5. Solving by logarithms, log A, = log 100 + 5 log 1.05 
= 2.00000 + 5(0.0212) = 2.1060. Hence Ai is about $127.60. 

• EXEROSES 22 

1. Find the total amount if $10 is invested at compound interest at 4 per cent 
for (a) 2 years; (b) 10 years; (c) 50 years. 

2. Find the total amount if $1,000 is invested at compound interest at 3 per cent 

for (a) 3 years; (b) 10 years; (c) 100 years. 
3. A sum of $500 is invested at compound interest. Find the total amount after 

5 years at (a) 1 per cent; (b) 5 per cent; (c) 10 per cent; (d) 0 per cent. 
4. How long will it take $100 at 3 per cent, compound interest, to amount to 

(a) II05? (b) $ISO? (c) S1,OOO? 
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5. What rate of interest will cause ISO invested at compound interest to amount 
to 175 after (a) 10 years? (b) 25 years? (c) 100 years? 

6. A sum of 125,000 has been invested at compound interest. At what rate of 
interest will this sum accumulate to 530,000 after (a) 2 years? (b) 10 years? (c) 50 
years? 

7. A sum of 11,000,000 is invested at compound interest. Find the total amount 
after 10 years at (a) 1 per cent; (b) 2.5 per cent; (c) 5 per cent. 

8. A certain amount of money was invested at compound interest at 4 per cent. 
After 5 years the accumulated amount is 52,356,089. What was the original invest
ment? 

9. At a 2 per cent rate of interest, how long will it take an original amount of 
1100 to accumulate to (a) 1200? (b) S500? (c) 11,000? 

10. What is the rate of compound interest that will triple an amount of money 
in 5 years? 

11. The total public debt of the United States was 1257,400,000,000 in 1950. 
How much will this debt be in 1960, assuming a compound interest rate of (a) 1 per 
cent? (b) 2 per cent? (c) 5 per cent? 



**OETERMI NANTS 

**23. Determinants of the Second Order 

Let us consider the solution of the following general system of 2 
linear equations in 2 unknowns: 

ax + by = k, 
cx+dy=k, 

where a, b, c, d, k, and k are constants. 
By the usual process of elimination, x = (kd - kb)j(ad - cb) and 

y = (ka - kc)j(ad - cb). 
If we define the second-order determinant 

as having the value ps - rq, it follows that the solution of our system of 
equations can be written 

and 

Note that the elements of the determinant in die denominators com
prise the array of coefficients of x andy in the 2 equations. 'We get the deter
minant, which appears in the numerator for x, by substituting for the coeffi
cients of x (a and c) the constants (k and k) on the right side of the equations. 
For y, we substitute the constants k and k for the coefficients of y (b and d) 
in the determinant of the coefficients. 

54 
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• EXAMPlE 

Let us take the example considered previously (Section 10, Example 1): 

2x + 6y = 9, 
3x + y = 1. 

The solutions are 

1 ~ ~ 1 9·1 - 1·6 9 - 6 3 
It- - -------= -I ~ ~ 1- 2·1 - 3·6 - 2 - 18 - -16 

I ~ ~ I 2·1 - 3·9 -25 25 
Y = ;--\ ~-~-;\ = 2·1 - 3·6 = -16 = 16· 

• EXEROSES 23 

j 

16 

1. Solve the equations in Problem t, Exercises to, by determinants. 
2. Solve the equations in Problem 2, Exercises to, by determinants. 
3. Solve the equations in Problem 3, Exercises 10, by determinants. 
4. Solve the equations in Problem 4, Exercises to, by determinants. 
5. Solve the equations in Problem 5, Exercises 10, by determinants. 
6. Consider the solution of the system % + .1 = 10 and 2% + 2.1 = +5 by 

determinants. Why is no solution possible? 
7. Consider the conditions under which a second-order determinant becomes o. 

HINT: Expand 
1

4

c 

**8. State generally the conditions under which a system of 2 linear equation~ 
has no solution. (HINT: use the results of Problem 7.) 

9. State the conditions under which the solutions of a system of 2 linear equa
tions in 2 unknowns are O. 

10. Get the general solution of the following system by determinants. 

·*11. Consider the system 

41% + hl.1 = ml, 

42X + h2} = m2. 

2x + 4y = 0, 
% + 2.1 = O. 

(a) Show that the determinant of the coefficients is O. (b) Assume that x = k (an 
arbitrary number). Solve for .1, and show that there is an infinite number of solutions 
to the given system. 
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**12. Consider the system 

(1 - X)x + 2y = 0, 
3x+ y = o. 

(a) Determine X from the condition that the determinant of the coefficients should 
be o. (b) Proceed as in Problem 11. 

**13. Consider the system 

Proceed as in Problem 12. 

(2 - X)x + y = 0, 
2x + (3 - X) y = o. 

**24. Development of Determinant. by Minor. 

A determinant of the third order has 3 rows (horizontal) and 3 
columns (vertical); its appearance is as follows: 

al a2 4, 

hi h2 ha 
Cl C2 Ca 

Such a third-order determinant can be evaluated by a process known as 
expansIOn in terms of the elements (that is, numbers) of a row or column. 
The mmor of any element in a third-order determinant is the second-order 
determinant obtained by striking out the row and column containing the 
particular element. 

Let us expand the given determinant in terms of the elements in the 
first column, that is, ai, hi, Cl. 

The minor of al is the second-order determinant obtained by striking 
out the first row and column: 

I!: !: \. 
The minor of hi is obtained by striking out the second row and first column: 

The minor of the element Cl is the second-order determinant obtained 
by striking out the third row and first column: 

\:: :: I· 
The value of the determinant is given by 

al a2 a. 

hi h2 ha 
CI C2 Ca 

aa I. 
hs 
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Note the alternating signs in the development. The complete expansion is 
al(b2CI - C2b.) - b1(a2C. - Cta.) + Cl(a2b. - b2a,) • 

• EXAMPlE 

Find the value of 
1 -4 3 
2 0 1 
o 5-4 

We expand in terms of the elements of the first column. This gives 

1 I ~ -! 1- 21 -: -! 1 + 0 1 -~ ~ j. 
By developing the second-order determinants we get 

(1)(-5) - (2)(1) + (0)(-4) = -5 -2 +0 = -7 . 

• EXERCSES 24 

1. Expand the following detenninants in terms of the elements in the first 
column, and find their values ~ 

(a) 1 3 1 ,Cb) 0 1 -6 
4 6 0 ; 0 8 
0 -1 7 4 -2 1 

2. Find the value of the following determinant: 

a -1 0 
o 0 Q 

1 a 0 

3. Expand the following determinant: 

% 2-1 
106 
5 -1 8 

(c) 1 4 8 
3 1 -5 

0 1 

4. Equate the detenninant in Problem 3 to O. Find %. Check by substituting 
the value of % back into the determinant. 

5. Find the value of the determinant: 

Q 0 0 
o b 0 
o 0 c 

6. Find the value of the determinant: 

I ~ =! ; 
410 

oy developing the minors (a) in terms of the first column; (b) in terms of the seconcl 



58 Applications qf Elementary Mathematics to Economics 

column (HINT: When expanding according to the elements of the second colUJIlIb 
the alternating signs start with a negative); (c) according to the third column. 

7. Compute the value of each of the following: 

1 3 
254 
610 

2 6 
3 5 1 • 
1 4 0 

Note that the rows of the first determinant are the same, respectively, as the columns 
of the second determinant. 

**25. Solutions of Systems of Linear Equations in Three Unknowns 
by Determinants 

To solve a system of 3 linear equations in 3 unknowns we proceed 
in a manner analogous to the procedure for 2 linear equations in 2 unknowns. 

We form first the determinant of the coefficients of the unknowns of the 
equations; this gives the denominator determinant. Then, to obtain the value 
for x, for example, we form the numerator determinant by replacing the 
coefficients of x in the denominator determinant by the constants on the 
right side of the equations. 

To find the value for y we replace the coefficients of y in the same 
denominator determinant by the column of the constants. This determinant 
divided by the determinant of the coefficients gives the value of y. In a 
similar fashion we get the value for .c. Usually all third-order determinants 
are developed by minors . 

• EXAMPLE' 

Solve the following system of equations by determinants: 

x + 2y -.c = 0, 

2% + 5y + 2.c = 14, 

y - 3.c = -7. 

We form first the determinant of the coefficients of the unknowns in the 
system; it is 

To find the value of % we replace the column of the coefficients of x 
(first column) in the above determinant by the column of constants on the 
right side of the equations. This is divided by the determinant of the co-



efficients as follows: 

x= 

o 2 -1 
14 5 2 

-7 1 -3 

1 2 -1 
252 
o 1 -3 
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Both determinants are developed in terms of minors, and there results 
the value Jt = -1. The value of.1 is given by 

1 0 -1 
2 14 2 
0 -7 -3 

.1= 1 2 -1 
2 5 2 
0 1 -3 

Aga:.n we develop these determinants in terms of minors. We get y = 2. 
Similarly, 

1 2 0 
2 5 14 
0 1 -7 

,t= 
1 2 -1 
2 5 2 
0 1 -3 

We develop this again by the method of minors and get the value ~ = 3. 
The 3 values, constituting the desired solution of the system, ought to 

be checked by substituting into the system of the original linear equations . 

• EXt:ROSES 25 

1. Given the system of linear equations: 

x - 2y = 6, 

y-z=5, 

x+y-z=O. 

(a) Solve by tfte use of determinants. (b) Check. by substituting back into the equa
tions. 

2. Solve the system of equations in Problem 8, Exercises 10, by determinants. 
Check. 

3. Solve the system of equations in Problem 9, Exercises 10, by determinants. 
Check. 
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4. Given the system of equations: 

%+y=2, 

y +.c = 2, 

%+.c=2. 

Solve by determinants. Check. 

S. Solve the following system of equations by determinants: 

-% + 2y + .c = 2, 

% - Y + 3z = 16, 

2x+2y= -11. 

Check. 

6. Solve by determinants the general system of 3 equations in 3 unknowns, 
namely, 

Cl% + C2Y + ca.c = ka. 

7. (Input-out{>ut analysis.) The following data refer to the American economy, 
1939 (Leontief). The total output of agriculture was 17.0 billion dollars, of which 2.5 
billion went to industry, 14.5 billion to households. The total output of industry was 
133.0 billion, of which 13.7 billion went to agriculture and 119.3 billion to households. 
The total output of households was 68.8 billion, of which 4.2 billion went to agricul
ture and 64.6 billion to industry. To determine the prices: PI (agricultural prices), 
P2 (industrial prices), P, (wages), we have the following system of equations: 

-17.0 PI + 2.5 PI + 14.5 P, = 0, 

13.7 Pl - 133.0 P, + 119.3 PI = 0, 

4.2 Pl + 64.6 P, - 68.8 P, = O. 

(a) Show that the determinant of this system of equations is zero; (b) assume that 
Pa = 1; solve the first two equations, and show that the third equation is also satisfied. 

8. Show that the value of a second-order determinant is not altered if rows are 
exchanged, respectively, for columns. Prove for the general second-order determinant. 

9. Show that the value of a second-order determinant is 0 if 2 rows or 2 columns 
are equal. Prove for the general second-order determinant. 



LINEAR DIFFERENCE 

EQUATIONS WITH CONSTANT 

COEFFICIENTS 

26. First-Order Homogeneous Difference Equations 

If we subtract the value of .I = y(x), at the point X, from the value of 
the same function at the point x + 1, we obtain the first difference: 

Ay = y(x + 1) - .I (x). 

Equations which involve values of y{x) and y{x + k), where k is an 
integer, are called difference equations. As illustrations, we might observe 
ay(x + 1) + by(x) = 0, ory(x + 1) = (-b/a)y{x). 

If a and b are constant, this equation is said to be a linear homogeneous 
difference equation of the first-order with constant coefficients. To find its 
solution we need to know the value of the function at one point, say at x = O. 
Let us say that .1(0) = K. Then we can construct" step by step the general 
solutiony{x) wl1eixl's an integer: 

y(l) = (- ~)y{O) = ( ..!~) K, 

1'2) = ( - Dy(l) = ( - ~y K, 

{. b)"".J> . ( b)1 
)(3) = .\;" -ii ),<21' = -;; K, 

............................ 
j(X) = ( - ~r K. 

61 
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To check this result we substitute it into the original equation and obtain 

Hence our solution satisfies the original difference equation • 

• EXAMPLE 

Let the difference equation be 

(x + 1) - 2y(x) = O . ... 
In terms of the general equation just considered, we have (J = 1, b = - 2, 
(-bla) = +2. Let us assume that the initial value y(O) = K = 5. Hence 
we have as a general solution: y(x) = (5}2". So, for x = 3, we have 

)'(3) = (5)(2)1 = (5)(8) = 40 . 

• EXERCISES 26 

1. Given the difference equationy(x + 1) - Sy(x) = 0 and the condition that 
yeO) = 10. Find (a) the general solution; (b)y{4); {c)y(6). 

2. Given the difference equation y(x + 1) - (1/2) y(x) = 0 and the inicipl 
conditiony(O) = 16. Find (a) the general solution; (b)y(S); (c)y(10). 

3. Given the difference equation y(x + 1) - y(x)/10 = 0 and the condition 
yeO) = 10,000. Find (a) the general solution of the equation; (b) y(2), (c) yeS). 

4. Using the notanon given in Section 22 for compound interest, show that the 
amount A{x) paid in year x satisfies the difference equation A(x + 1) - rA(x) = 0, 
where r = 1 + i and i is the rate of interest. Solve the difference equation with 
A(O) = P (principal), and show that it is identical with the result given in the section 
quoted. 

5. Establish the difference equation for the example in Section 22. 
6. Find the difference equation corresponding to the population law of Sec

tion 21. 
**7. Under what conditions will a linear homogeneous difference equation 

have fluctuating solutions, that is, solutions which change sign from term to term? 
**8. Solve the difference equationy(x + 1) + 2y{x) = 0, where yeO) = 1, and 

show that it has a fluctuating solution, as described in Problem 7. 
* *9. What is the condilion under which the solution of a linear homogeneous 

equation diminishes from term to term? 
**10. Consider the difference equation ay(x + 1) + hy(x) = O. Assume the 

solution in the formy(x) = km"', where k and m are constants. (a) Show that m can 
be derived from the equation am + h = O. (b) Show also that the constant k can be 
determined from the initial conditiony(O) = K. (c) Exemplify with the data given 
in the above example. 
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27. First-Order Nonhomogeneous Difference Equations 

A nonhomogeneous linear first-order difference equation is an equa
tion of the form l!Y(x + 1} + by(x} = c, where a, b, and c mayor may not be 
constant; in this treatment they will be taken as constant. The equation as 
given may be written in the formy(x + 1} = (-b/a»)(x) + (c/a). Again 
let the initial value )(0) = K. Then we have by successive application of the 
difference equation itself: 

)(2) = K(- ~)t + ~[(_ ~) + IJ = K(- ~)2 + ~[(-b/a)2 - 1J. 
a a (l a a (-b/a)-l 

)(3) = K ( - ~r + ; [( - ~r + ( - D + 1 J 
= K(- ~)I + ~[(-b/a)' - t]. 

a a (-b/a) - 1 

)(x) = K - - +-(
b)- c[( -b/a)s - 1] 
(l a (-b/a) - 1 

This last result is premised on the assumption that x is an integer . 

• EXAMPlE 

Let the difference equation be 

y(x + 1) - 3)(x) = 10. 

We have a = 1, b = -3, c = 10. Assume that yeO) = 12. The general 
solution is 

(3:0 - 1) 
y(x} = (12)(3)" + 10 -- = (17)(3") - 5. 

3 - 1 

For instance, for JC = 2, we have)(2) = 148 . 

• EXEROSES 27 

1. Solve the difference equation y(1C + 1) - (l/2) y(x) = 4, if yeO) = 8. Find 
(a) the general solution; (b) y(3); (c>,y(5). (d) Check by substituting back into the 
difference equation. 

2. Solve the difference equation y(x + 1) - 10y(x) = 1, if yeO) = 1. (a) Find 
the general solution. (b) Findy(2) ;y(4). (c) Check by substituting back into the dif
ference equation. 
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3. Solve the difference equationy(x + 1) + q(x) = 3, ify(O) = 16. (a) Find 
the general solution. Find (b) y(2); y(3). 

*4. Use the notation in Section 22 to show the following: If i is the rate of in
terest, r = 1 + i, P is the principal, and A(x) is the amount in year x, and if B is a 
bonus paid every year, we obtain the difference equation A(x + 1) - rA(x) = B, 

and the amount is given by A(x) = Pr:& - (BII)(1 - r:&). 
5. A principal P = $10,000 is invested at 5 per cent interest, and the firm pays 

a yearly bonus of $100. What is the total amount after (a) 5 yrs., (b) 10 yrs.? 
6. A principal sum of P = $100,000 is invested at 2 per cent. The firm pays a 

yearly bonus of S5,000. What is the total amount after (a) 3 yrs., (b) 12 yrs.? 
* *7. Consider the difference equation ay(x + 1) + by(x) = c. Assume the solu

tion in the formy(x) = km:& + n, where k, m, n are constants. (a) Show that, in order 
to make the equation homogeneous, we must have n = c/(a + b); (b) show that, 
if n = c/(a + b), m can be determined from the equation am + b = 0; (c) show'that 
the constant k can be determined from the initial condition yeO) = K; (d) demon
strate these propositions with the help of the above example. 

*8. Assume an economy in which all income is consumed. Let the extra con
sumption at the point in time x + 1 be a constant multiple a of the income (con sump

"tion) at time x. Let the initial consumption (income) be A, where A is constant. Then 
we have the difference equation 1"{x + 1) = ar(x) + A, reO) = A, where r is 
income. (a) Show that the solution of the difference equation is 

A aAo-
rex) = -- - --. 

1-0 1-0 

(b) Show that if 0< 1, then as x increases r approaches ~earer and nearer to 
AI(l - a). 

9. Use the notation of Problem 8. Assume 0= 1/2, A = 100. Find r(2); 
r(10). 

10. In the notation of Problem 8, let a = 0.712 (estimate of T. Haavelmo 
for the United States, 1930-1944). Find rex) (a) if A = 1,000,000,000; (b) if 
A = 5,000,000,000. (c) Find r(3) , r(10) under assumptions (a) and (b). 

11. The quantity a of Problem 8 was estimated as 0.56 for the United States 
in 1921-1931 (P. A. Samuelson). Assume A = 500,000,000, and find (a) r(5); (b) 
T(10). 

*12. Denote by p(x) the price and by D(x) the quantity of a commodity at 
time x. Assume that the demand function is p(x) = A + BD(x) and the supply 
function is D(x) = C + E p(x - 1); A, B, C, E are constants. The supply depends 
upon the price a period before, because of a constant period of production. (a) 
By eliminating D(x), show that the price p(x) satisfies the difference equation 
p(x + 1) - BE p(x) = A + BC. (b) Solve the difference equation under the 
condition that D(O) = H, where H is a constant. (c) Find D(x) and check the 2 
original equations. 

13. Given the demand function p(x) = 70 - (1/2) D(x), the supply function 
D{x) = (1/3) p(x - 1), and the condition that D(O) = 10. (a) Find the values of 
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price and quantity for all points in time x. (b) Verify the solution by substituting 
into the equations. (c) Plot price and quantity against time and show that the fluctua
tions diminish as time increases. What is the ultimate limit? (d) Plot the demand 
and supply functions in one diagram. Connect successive points of equilibrium, and 
show that the diagram has the appearance of a- cobweb (see Figure 51, Section 100). 

14. Given the demand function p(x) = 6 - b(x), the supply function D(x) 
= p(% - 1), and the initial condition D(O) = 2. (a) Find the values of price and 
quantity Cor all points in time x. (b) Check the solution by substituting into the equa
tions. (c) Plot prices and quantities against time, and show that there are constant 
fluctuations. (d) Plot the cobweb diagram (Problem Bd). 

15. Given the demand function p(x) ... 12 - D(x), the supply function D(x) 
= 2p(% - 1), ~d the condition D(O) = 6. (a) Find the values of price and quantity 
at all points in time. (b) Check the solutions by substituting into the equations. (c) 
Plot prices and quantities against time, and show that there are increasing fluctuations. 
(d) Plot the cobweb diagram (Problem t3d). 

16. The demand for sugar in the United States has been estimated as p(x) 
= 2.34 - 1.34 D(x), and the supply of sugar as D(x) == 0.5 + 0.6 p(x - 1) (H. 
Schultz). (a) Find the course of price and qua~ty at alI points in time, assuming 
D(O) = 1.25. (b) Verify the results with the help of the previous equations. (c) Plot 
price and quantity against time. (d) Make a cobweb diagram (Problem 13d). 
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FUNCTIONS, LIMITS, AND 
DERIVATIVES 

28. Functions and Variables 

As already indicated, a function y = lex) is sometimes written 
.J = y(x). This emphasizes that y is the dependent variable and x the in
dependent variable; that is, y is determined when x is given. If the relation~ 
ship is inverted, as is possible in many cases, we have x as the dependent 
variable and y as the independent variable, and we write x = g{y), or 
x = xC)'). This is the function which is the inverse ofy = lex). For example, 

ify = X2, then x = ±Vy; or ify = log x, then x = 10 •. A {unction that 
is written by means of an equation which is explicitly solved for the 
dependent variable is said to be an explicit function of the independent 
variable; for example, y = x2 + 3x + 1 or y = log (x - 1). 

If a formula involves both x and y and is equal to 0, the situation being 
typified by h(x,y) = 0, we say that we have an implicit function of x andy. 

For example, V x2 - y2 = 0 is such a function. It may be difficult, but 
frequently it is possible, to change from an implicit formulation to an ex, 
plicit, and vice-versa . 

• EXAMPlf I 

Assume the implicit relationship 

h(x,y) = 4x - 2y - 6 = O. 

Obtainy as an explicit function C?f x. We have, from our equation 

4x - 2y = 6, 

-2) = 6 - 4x; 
69 
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so 

.'1 = y(x) = j(x) = - 3 + 2x. 

Thusj(O) = -3, or .'1(0) = -3;j(4) = 5 ory(4) = 5;j(-2) = -7, 
or y( - 2) = - 7; and so forth. The numbel-s in parentheses are understood 
to be values of the independent variable x. 

To find the inverse of the function just derived, the dependent variable 
is x and the independent variable is y. Starting with the original equation, 
we have 

4x - 2.'1 = 6, 

4x = 6 + 2.'1. 
so 

x = x(y) = g(y) = 3/2 + .'1/2. 

Thus g(O) = 3/2, or x(O) = 3/2; g( -3) = 0, or x( -3} = 0; g(5} = 4, 
or x(5) = 4; and so forth. The numbers in parentheses are understood to be 
values of the independent variabley. 

It is seen that in this case the 2 functions, y = j(x) and x = g(x), are 
equivalent. We have, for instance,j(4) = 5. This is to say,y = 5 corresponds 
to the value x = 4. But on the other hand, g(5) = 4. This is to say, the value 
x = 4 corresponds to the value 5 of the independent variable .'I in the inverse 
function. 

a EXAMPLE 2 

Assume the implicit relationship 

yt - X = o. 

It follows immediately that 

.'I = y(x} = j(x) = ±Vx. 
To each value of the independent variable J( corresponds not one but two 
values of .'1, except for x = O. For instance, if J( = 4, then .'1(4) = j(4) = 
±v'4" = ±2. Hence this function is not single-valued. 

We can also make x the dependent andy the independent variable. 
Then we have 

x = x(y} = g(y} = .'It. 
This is now a single-valued function. For instance, for .'I = 3, we have 
x(3) = g(3) = 32 = 9 • 

• EXERCISES 28 

1. Assume the implicit relationship, 2% - 5)' + 10 = o. (a) Make it explicit in 
the form), = j(x). (b) Is this a single-valued function? (c) Find )'(10) = J(10). 
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(d) Find the inverse function % = g(y}. (e) Is it single-valued? (f) Find x( -2) = 
g( -2). (g) Plot the function. 

2. An implicit function is 2.1 - 5x - 5 = O. (a) Make it explicit in the form 
y = J(x). (b) Is this function single-valued? (c) Find y(32/25) = J(32/25); (d) 
yeO) = J(O); (e) y( - t) = J( - t). (f) Make the function explicit in the form x = 
g(y) . . (g) Is this function single-valued? (h) Find x(O) = g(O); (i) x( -7) = g( -7); 
G) x(l) = get). 

3. An implicit function is 3%y - 24 = O. (a) Make it explicit in the form 
y = J(%). (b) Is this function single-valued? (c) Find J( - t); (d) J(6). (e) Make the 
function eXplicit in the form % = g(y). (f) Is this a single-valued function? (g) Find 
g(l); (h) g( -6). (i) Plot the function. 

4. An implicit functi~n is XII - tOO = O. (a) Make it explicit in the form 
y = J(x). (HINT: Use logarithms). (b) Is this a single-valued function? (c) FindJ(l); 
(d) J( - 3); (e)f(1/2). (f) Make the function explicit in the form x = g(y). (g) Is this 
a single-valued function? (h) Find g(tO); (i) g(100); G) g(2). (k) Make a graph of 
the function. 

S. An implicit functional relationship is X7 - t20 = O. (a) Make it explicit in 
the form y = J(x). (b) Is this a single-valued function? (c) Find f(l); (d) J(2); (e) 
J( -3). (f) Make the function explicit in the inverse form x = g(y). (g) Is this a 
single-valued function? (h) Find get); (i) g(-t); G) g(2). 

6. An implicit functional relationship is (x + y)/(x - y) = 2. (a) Make it 
explicit in the form.1 = J(x). (b) Plot the function. (c) Is this function single-valued? 
(d) Make it explicit in the form x = g(y). (e) Find g( -0) . 

• ~ A function.1 = J(x) is said to be even if we haveJ(x) = f( -x). It is odd 
if J(x) = -J( -x). Investigate for this property the following functions: (a) y = x; 

(b).1 = r; (c).1 = Xl. (d) Can you draw any conclusion about the functiony = x", 
where II is an integer. 

S. Consider the relationship x' + y' = 9. (a) Make it explicit in the form 
y = J(x). (b) Plot. (c) Findj(O); J(t); f(3). (d) Make the function explicit in the 
form x = g(y). (e) Obtain g(O); g( -1); g( -3). 

9. Consider the relationship x'/2 + y2/3 = 1. (a) Make it explicit in the form 
y = J(x). (b) Plot. (c) Find the inverse function x = g(y). 

10. Consider the implicit relationship x2/5 - y2/3 = 1. (a) Make it explicit as 
.1 = J(x). (b) Plot. (c) Find the inverse function x = g(y). 

11. Consider the function y = f(x) = 5%. (a) Show that f(l) + J(3) = J(4). 
(b) Show thatJ(3) + J(5) = J(8). (c) Show that, in general, for any 2 numbers 1/ 

and v, we haveJ(u) + J(v) = J(II + v). 

12. Consider the function y = f(x) = 3%. (a) Show that J(5) - J(2) = J(3); 
(b) thatJ(10) - J(4) = J(6). (c) In general, for any 2 numbers II and v, show that 
J(u) - f(v) = J(II - v). 

13. Let a function be defined as) = J(x) = 2"'. (a) Show thatJ(2) ·J(3) = J(5). 
(b) Show thatJ(l) .J(4) = J(5). (c) Show that, in general, for any 2 numbers II and v, 
J(II) ·J(v) = J(II + v). 

14. Let a function bey = f(x) = to'". (a) Show thatJ( 4)/J(3) = f(1). (b) Show 
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thatf(S)/f(2) = f(3}. (c) Show that, in general, for any 2 numbers u and D,f(u)/f(o) = 
feu - v). 

29. Demand Functions and Total-Revenue Functions 

A general market-demand function is given in the form, p = p(D) = 
jeD), where p is the price of the commodity and D is the quantity demanded. 
This is a generalization of the linear-demand functions, quadratic-demand 
functions, and demand functions with constant elasticity, which have been 
introduced earlier. 

The inverse function is D = D(P) = g(D). Implicity, the relation can 
be written h(p,D) = O. All these expressions are equivalent, and describe 
the same economic relationship between the quantity demanded D and the 
price per unit p. 

--f--+--+-+-+-~-+-D 
o 1 2 3 4 5 6 

Figura 13 

If we multiply price of a commodity by the quantity sold we get the 
total receipts of the seller or the total outlay of the consumers. This is called 
the total-revenue junction; then the revenue flJnction R may be written in 
functional language as 

R(D) = pD = j(D)· D = h(D). 

The total-revenue function is considered as a function of the quantity 
sold, rather than of the price. The total-revenue function gives the total 
receipts of the sellers, or the total money outlay of the buyers, if a certain 
quantity D of the commodity is sold. 

We show in Figure 13 the graph of a linear-demand function and of the 
corresponding total-Tevenue function R. Also the demand function is called 
sometimes the average-revenue curvI. 
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II EXAMPLE 

Assume the implicit function, p + D = 1. (a) Make it explicit for p; 
it is P = 1 - D. This is said to be the demand curve. (b) Find the total
revenue curve; it is R = pD = D - DI. (c) Find the price if 1/2 unit is 
sold. The result is p(1/2} = 1 - 1/2 = 1/2. (d) Find the total revenue if 
1/3 unit is sold. We obtain R(1/3} = 1/3 - 1/9 = 2/9. 

• EXERCSES 29 

1. Given the relationship 2p + 3D = 10. (a) Find the demand curve: (b) the 
total-revenue curve: (c) Find p(I): (d) p(2.S); (e) p(0.7SS): (f) R(0.7S); (g) R(1.12S): 
(h) R(3): (i) R(O). (j) Plot the demand curve and total-revenue curve. 

2. Given the relationship 3p + D = 60. (a) Find the demand curve; (b) the 
total-revenue curve. (c) Find p(O); (d) p(I); (e) p(6): (f) R(7): (g) R(1.S): (h) R(S.2S). 

(i) Plot the demand curve and total-revenue curve. 
3. Given the relationship pi + SD = 100. (a) Find the demand curve. (b) Find 

the total-revenue curve. (c) Findp(IO): (d)p(2); (e)p(I7): (f) 1l(2.S0): (g) R(3.2S): 
(h) R(0.12S). (i) Plot the demand curve and total-revenue curve. 

4. Given the relationship pD = 100. (a) Find the demand curve: (b) the total
revenue curve. (c) Find p(t); (d) p(S): (e) R(3): (f) R(10): (g) R(S): (h) R(7.12S). 
(i) Plot the demand curve and total-revenue curve. 

S. Given the relationship, p log D = 24. (a) Find the demand curve. (b) Find 
the total-revenue curve. (c) Find p(IO): (d) p(2): (e) p(t8.S): (f) R(tO): (g) R(S): 
(h) R(7.12S). (i) Plot the demand curve and total-revenue curve. 

6. Let 10pD! ... 1,000. (a) Find the demand curve: (b) the total-revenue curve. 
(c) Find p(2): (d) R(1}; (e) R(2S). (f) Plot the demand curve and total-revenue curve. 

7. Given the relationship p2 - 2p + D = 10. (a) Find the demand curve; 
~b) the total-revenue curve. (c) Find p(O.S): (d) p(O.I); (e) p(O.OOl); (f) R(0.98); 

(g) R(6.33); (h) R(0.2S). (HINT: Take the radical positive.) 
8. The implicit demand curve Cor sugar in the United States (1915-1929), 

according to Henry Schultz, is estimated by p + O.tD = 12. (a) Find the demand 
curve: (b) the total-revenue curve. (c) Find p(60): (d) p(7S); (e) p(8S); (C) R(SO): 
(g) R(4S): (h) R(62). (i) Plot the deml\Dd curve and total-revenue curve. 

9. The implicit demand curve Cor cotton, 1914-1929, Cor the United States 
according to Henry Schultz, is estimated by pDu = 0.11. (a) Find the demand 
curve: (b) the total-revenue curve. (c) Find p(tS); (d) p(20); (e) p(t2): (C) R(tO); 
(g) R(t2): (h) R(1S). (i) Plot the demand curve and total-revenue curve. 

10. The implicit Corm oC the demand Cunction Cor potatoes in the United States, 
1915-1929, according to Henry Schultz, is estimated by tOOD + 2p = 440. (a) Find 
the demand curve: (b) the total-revenue curve. (c) Find p(2): (d) p(3); (e) p(4); 

(£) R(2.S); (g) R(3): (h) R(3.S). (i) Plot the demand curve and total-revenue curve. 
11. The demand for barley in the United States, 1915-1929, according to 

Henry Schultz, is estimated by D = 6.39/p0,39. (a) Find the demand curve: (b) the 
total-revenue curve. (c) Findp(1): (d) p(2): (e) p(3); (f) R(4): (g) R(3). (h) Plot the 
demand curve and total-revenue curve. 
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12. The demand for hay in the United States for the period 1915-1929, accord. 
ing to Henry Schultz, is estimated by 10D = 53 - 2p. (a) Find the demand curve 
p(D); (b) the total·revenue curve. (c) Find p(O.2); (d) p(O.35); (e) p(OA); (f) R(O.5); 
(g) R(O.3); (h) R(O.55). (i) Plot the demand curve and total·revenue curve. 

13. The demand for butter in Stockholm (1925-1937) has been estimated as: 
D = 38/p1.2 (H. Wold). Find (a) the demand curve: (b) the total·revenue curve; 
(c) p(2); (d) R(2). 

30. Total and Average-Cost Functions 

We understand by total cost the sum total of all monetary expendi
tures incurred in order to produce a given amount of the commodity. We 
deal here only with short-term cost functions. These functions are con
structed under the assumption that there is a certain fixed capital equipment. 

Denote the amount produced by D and the total cost by C. We have a 
functional relationship between total eost and amount produced; that is, 

C =J(D). 

Average cost is cost per unit of the commodity produced. In order to 
compute average cost we divide the total cost by the number of units pro
duced. We denote the average cost by A; thus, in the language of functional 
relationships, 

C J(D) 
A = - = - = g(D). 

D D 

On the other hand, if the average cost is known, we get the total cost 
by multiplying average cost by the number of units produced; that is, 

C= AD. 

We exhibit in Figure 14 a total-cost curve C and an average-cost curve 
A, which have the typic all shapes generally assumed in economic theory 
for short-term cost curves. Note that average costs are high for small amounts 
produced, then decrease to a minimum, and later increase again as large 
quantities of the commodity are pr.oduced . 

• EXAMPlE 

Given the implicit relationship, 3DI - C = O. (a) Find the total-cost 
curve; it is C = 3DI. (b) Find the average-cost curve; it is A = CjD = 3D. 
(c) Find the total cost if 10 units are produced. There results C(10) = 3(10)1 
= 300. (d) Find the average cost if 3 units are produced. We have A(3) = 
(3)(3) = 9. 

• EXEROSES 30 

1. Given the relationship C - 2D - Di = O. (a) Find the total-cost curve; 
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Figure 14 

(b) the average-cost curve. (c) Find C(t2); (d) C(4); (e) C(3); (f) A(6); (g) A(11); 
(h) A(S). (i) Plot the total-cost curve and average-cost curve. 

2. Given the relationship D = Ca. (a) Determine the total-cost curve; (b) the 
average-cost curve. (c) Find C(l); (d) C(O); (e) C(S); (f) C(4); (g) A(l); (h) A (6) ; 
(i) A(11); G) A(9). (k) Plot the total-cost curve and average-cost curve. 

3. Given the relationship SC - 3D = too. (a) Find the total-cost curve; 
(b) the average-cost curve. (c) Find C(O); (d) C(3); (e) C(6); (f) A(t); (g) A(tO}. 
(h) Plot the total-cost curve and average-cost curve. 

4. Given the relationship D = -80 + C'-. (a) Find the total-cost curve; (b) the 
average-cost curve. (c) Find C(l); (d) C(tO); (e) C(3); (f) C(t2); (g) A(tO); (h) A(S); 
(i) A(6); G) A(7). (k) Plot the total-cost curve and average-cost curve. 

5. Given the relationship C2 - D - SD2 = 45. (a) Find the total-cost curve; 
(b) the average-cost curve. (c) Find C(O); (d) C(tO); (e) C(tOO); (f) A(t); (g) A(S); 
(h) A(tS); (i) A(3). G) Plot the total-cost curve and average-cost curve. 
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6. Given the relationship D = log C ...:. 5.(a) Establish the total-cost curve; 
(b) the average-costcurve. (c) Find C(O); (d) C(10); (e) C(150); (f) .4(10); (g) .4(100); 
(h) .4(50). (i) Plot the total-cost curve and average-cost curve. 

7. Given the relationship C2/D8 = 8. (a) Find the total-cost curve; (b) the 
average-cost curve. (c) Find C(4); (d) C(80); (e) C(100); (f) .4(1); (g) .4(25). 

8. Given the relationship 5 log C - 4 log D = 2. (a) Find the total-cost curve; 
(b) the average-cost curve. (c) Find C(l); (d) C(to); (e) C(32); (f) C(100); (g) .4(2); 
(h) .4(10); (i) .4(25); (j) .4(5). 

9. Given the relationship C/log D = 24. (a) Find the total-cost curve; (b) the 
average-cost curve. (c) Find C(l); (d) C(2); (e) C(100); (f) C(IO,OOO); (g) C(sOO); 
(h) .4(100); (i) .4(25); (j) .4(100,000). 

10. T. O. Yntema has estimated a relationship between the total cost C and 
the quantity produced D of the United States Steel Corporation, 1928-1938, to be 
C - s6D = 182. (a) Find the total-cost curve; (b) the average-cost curve. (c) Find 
C(S); (d) C(IO); (e) C(1S); (f) C(9.2s); (g) C(6.S); (h) .4(10); (i) .4(12.5); G) 
.4(19.5); (k) .4(6.75). (1) Plot the total-cost curve and average-cost curve. 

11. The total-cost function of a hosiery mill was estimated by J. Dean as follows: 
C = -10,485 + 6.75D - 0.0003D2. (a) Find the average-cost curve; (b) C(4,400); 

(c) C(6,000); (d) C(8,550); (e) C(6,895); (f) .4(5,000); (g) .4(8,200); (h) .4(4,575). 
(i) Plot the total-cost curve and the average-cost curve. 

12. J. Dean estimated the total-cost function of a leather belt shop as follows: 
C = 3,000 + 0.8D. (a) Find the average-cost curve; (b) C(sO,OOO); (c) C(120,000); 
(d) C(95,000); (e) .4(50,000); (f) .4(65,000); (g) .4(25,560). (h) Plot the total cost 
curve and the average-cost curve. 

31. Difference Quotients 

Ify = lex), the difference quotient is defined as 

Ay l(x + Ax) - lex) 
- = , 

where Ax is an increment of x, and Ay is the corresponding increment of y. 
The ratio Ay/Ax shows the average rate oj change in y with respect to x. 
To x corresponds a y given by y = lex). To x + Ax corresponds y + Ay = 
l(x + Ax). This latter value is computed by substituting x + Ax in place 
of x in the equation y = lex). We have, therefore, the relations 

y + Ay =l(x + Ax}, y =l(x}, 

from which it follows immediately that 

Ay = l(x + Ax} - l(x}. 

To obtain the difference quotien~, this has to be divided by the increment 
in the independent variable Ax; hence 

Ay l(x + Ax) - lex) 
-= . 
Ax Ax 
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In the study of the trigonometry of the right triangle, the so-called 
trigonometric functions of an angle such as 8, shown in Figure 15, are the 
sine of 8 (sin 8), the cosine of 8 (cos 8), the tangent of 8 (tan 8), the cosecant 

B 

(I 

A~~------------~C 

figure1S 

of 8 (csc 8), the secant of 8 (sec 8), and the cotangent of 8 (ctn 8). These 
functions are defined as follows: 

. a 
sm8 =-, 

c 

b 
cos 8 = -, 

c 

a 
tan8=-, 

b 

c 
csc8=-, 

a 

c 
sec8=-, 

b 

b 
ctn8=-· 

a 

Of course each definition fails when the denominator is o. 
The values of four of these functions for angles from 0° to 90° are listed 

in Table 2 in the Appendix. By suitable modifications in the definitions, as 
given, the concept of the trigonometric functions may be extended to angles 
greater than 90°. In particular, tan (180° - a) = -tan a; that is, for in
stance, tan 120° = tan (180° - 60°) = - tan 60° = -1.7321, by refer
ence to Table 2. 

The tangent function is of special significance in many studies, for the 
tangent of the angle of inclination that a straight line makes with the hori
zontal is known as the slope of the line. The increase in slope as an angle in
creases in size may be observed by an examination of the tangent column 
in Table 2. 

It is a matter of considerable interest to note that the difference quotient 
as defined above is the slope of a straight line through the 2 points (xJ') and 
(x + Ilx,y + Ily) on the curve corresponding to the functiony = J(x). This 
fact will be made clear in the examples that follow . 

• EXAMPLE 1 

We show in Figure 16 the function y = f(x} = x'. Let us select x = 2 
and Ilx = 1; of course,y = f(2) = 4. As already indicated, Ily = J(x + Ilx) 
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- f(x) = f(3) - f(2) = 9 - 4 = 5. So the difference quotient at the point 
x = 2,), = 4 is 

.1)' 5 

.1x = 1 = 5. 

-5 -4 -3 -2 -1 

16 

15 

14 

13 

12 

11 

10 

9 

y 

Figur.16 

1 2 3 4 5 

This difference quotient is tan 8 in Figure 16, that is, the slope of the straight 
line connecting the points (2,4) and (3,9). By reference to Table 2, it is 
found that 8 = 78.7°, approximately . 

• EXAMPLE 2 

Let)' = f(x) = 5x· + 3x - 1. Determine the difference quotient. By 
substituting x + .1x for x into the above formula we get 

)' + .1)' "" 5{.r + Ax)a + 3l..x + .1x) - 1. 
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This can be expanded as follows: 

)I + t:..y = 5[x' + 3x'(t:..x) + 3X(t:..X)' + (t:..x)1) + 3(x + t:..x) - 1, 

y + t:..y = 5x· + 15x2(t:..x) + 15x(t:..x)' + 5(t:..x)· + 3x + 3(t:..x) - 1. 

But 
y = 5x' -1. 

By subtracting the members in the second line from those in the first, we get 

t:..y == 15x2(t:..x} + 15x(t:..x)' + 5(t:..x)· + 3(t:..x). 

To obtain the difference quotient t:..y/ t:..x, we divide the last expression term 
by term by t:..x, and obtain 

t:..y = 15x' + 15x(t:..x) + 5(t:..x)1 + 3. 
t:..x 

This expression may be evaluated for any given x and t:..x to obtain the de
sired difference quotient. For instance, for x = 1 and t:..x = 0.1 we have 

t:..y = 15(1)2 + 15(1)(0.1) + 5(0.1)' + 3 = 19.55. 
Ax 

This means that for an increment t:..x = 0.1 the average rate of change 
ofy relative to x, when x = 1, is 19.55. This value is also the slope of the line 
connecting the points (1,7) and (1.1,8.955) on the curve. Since tan 8 = 19.55, 
we find from our tables that 8 = 87.1°, approximately . 

• EXAMPLE 3 

Lety = lex) = 2X' - x. What is the difference quotient? 

y + t:..y = 2(x + t:..x)2 - (x + t:..x). 

y + t:..y = 2x2 + 4x(t:..x) + 2(t:..x)2 - x - t:..x. 

Y = 2x'. 

t:..y = 

t:..y 
-= 
t:..x 

4x(t:..x) + 2(t:..X)' - t:..x. 

4x + 2(t:..x) - 1. 

For instance, let x = 10 and t:..x = 2. Then the difference quotient Ay/ t:..x 
is (4)(10) + (2)(2) - 1 = 43. So the slope of the straight line through the 
2 points on the curve is 43. Hence, tan 8 = 43, and 8 = 88.7°, approxi
mately . 

•• EXl:RQSES 31 

1. Given)' = f(x) = .... + at - 5. (a) Find the general formula for the differ' 
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ence quotient. (b) Compute the difference quotient for x = 4, tox = 2. (c) What i! 
the angle ()? (d) Make a graph and indicate the quantities given. 

2. Given the function,y = 3x - 5. (a) Compute the general expression for the 
difference quotient. (b) Find the difference quotient for x = 5, t.x = 1/2. (c) Whal 
is the angle ()? (d) Make a graph and indicate the various quantities. 

3. Given the function,y = x2 + 3x -6. (a) Find the general expression for the 
difference quotient. (b) Assume that tox = 3, find the x for which the angle () i! 
45°. 

4. Let the function bey = J(x) = 24/x. (a) Find the general expression for the 
difference quotient. (b) Compute the difference quotient for x = 6, t.x = 1. (c) Make 
a graph, all':l indicate tox and toy. 

5. Lety = J(x) = x3• (a) Find the general expression for the difference quotient. 
(b) Assume that tox = 1, and find the x for which the angle () = 30°. 

6. Consider the function, y = 10. (a) Graph. (b) Find the general expressioll 
for the difference quotient. 

7. Consider the function, y = J(x) - Xl. (a) Plot. (b) Find the general expres
sion for the difference quotient. (c) Find the difference quotient and angle () if x = 2; 

if tox = 1; (d) if tox = 0.1; (e) if tox = 0.01; (f) if t.x = 0.0001. 
**8. Is there a function whose difference quotient (toy)/(t.x) is k, where k i! 

constant? (HINT: Consider the general linear function y = /l + bx.) What is the 
interpretation of k? 

**9. Consider the function y = J(x) = xi. Let t.x = 1. Insert numerical 
values in the following table of differences toy: 

x y =J(x) toy = J(x + 1) - J(x) 

0 J(O) 

1 J(l) J(l) - J(O) 

2 J(2) J(2) - J(l) 

3 J(3) J(3) - J(2) 

**10. Use the scheme indicated in Problem 9 to compute the differences toy for 
the function y = 2x· - " + 1 for tox = 1; use integral values of x in the range 
x = 0 to x = 5. 

**11. Use the method indicated in Problem 9 to find the differences toy of the 
function y = 2x - 1 for t.x = 1/2; employ values of x in the range x = -2 to 
x = 2. 

**12. Use the method indicated in Problem 9 to find the differences toy of the 
function y = x' - 2xt with tox = 2, for integral values of x in the range x = 0 to 

x = 6. 

32. Limits 

An exact mathematical definition of limit is beyond the scope of this 
book. We will give an intuitive explanation. 
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By the expression 

limJ(x} = L, -
we mean the following: If x is a number close to but different from Q, the 
value of the functionJ(x} is close to L. Moreover,J(x} can be made as close 
to L as .may be desired by taking x sufficiently close to Q • 

• EXAMPlE 1 

Consider, for instance, 

lim 1 - 2x' . 
.-.2 

The desired limit is -7, the same asJ(2}. That this is true can be seen from 
the following table, noting especially the behavior of the function close to 
x = 2: 

x J(x} = 1 - 2x' 

1 1 - 2(1)2 = -1 

1.5 1 - 2(1.5}' = -3.5 

1.9 1 - 2(1.9)2 = -6.22 

1.95 t - 2(1.95)' = -6.605 

1.99 1 - 2(1.99)2 = -6.9202 

2.01 t - 2(2.01}' = -7.0802 

2.05 t - 2(2.05}' = -7.405 

2.1 1 - 2(2.1}' = -7.82 

2.5 1 - 2(2.5}' = -11.5 

3 1 - 2(3}2 = -17 

We may surmise from a study of the table that the absolute value of the 
difference between j(2) :::; - 7 and the computed j(x) can be made as small 
as desired, by taking a value of x near enough to x = 2. For instance, it ap
pears from our table that we can make the absolute value of the deviation 
of j(x} from -7 as small as 0.1 by choosing x as any value between 1.99 
and 2.01. 

The statement lim j(x} = L is also written j(x} -+ L as x -+ Q. Some--times one reads the statement: The function j(x) tends toward the limit L 
as x tends toward Q. 

The symbol 00 stands for infinity; infinity is not a number, and the 
concept of infinity is used only in connection with limits. By lim j(x) = L, 

.-.-
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we mean that there is a limit L for the functionJ(x) which is approached as 
x assumes greater and greater values, that is, as x becomes successively 
such a sequence of numbers as 10; 100; 1,000; and so on. 

II EXAMPlE 2 

Consider, for instance, the limit 

lim 1/x2 = O . .,..... .. 
It is intuitively evident that x2 becomes larger and larger as x increases. For 
instance, the square of 2 is 4, the square of 3 is 9, and so on. Dividing these 
increasingly larger numbers into 1 produces smaller and smaller numbers. 
By making x large enough we can get as near as we like to the limit 0, which 
is L in this case. 

This behavior is illustrated by the following table: 

5 

10 

100 

1 
J(x) = -

Xl 

1 
25 

1 
100 

1 
10,000 

• 
This table shows thatJ(x) approaches the limit 0 as x increases indefinitely. 
For instance, to make the absolute value of the deviation of J(x} from the 
limiting value 0 as small as 1/100, we must choose x as large or larger than 
10. To make the absolute value of the deviation as small as 1/10,000, we 
must choose x as large or larger than 100, and so forth. 

We give in Figure 17 a graph of the functiony =J(x} == l/xl • From 
this it can be seen that smaller and smaller values of yare associated with 
larger and larger values of x. This graphical study confirms our conclusion 

lim ~ = O • .,......x 
This can also be written 

1 
J(x) = --+0 

Xl 
as 

a EXAMPlE 3 

Consider the function 
1 + 3x J(x} = __ a 

2-x 

x -+ GO. 
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1 2 3 4 5 

Figure 17 

We will argue that lim f(x) ~ 1/2. It is intuitively evident that the smaller 
. -..0 

the value of x becomes, the smaller will be the expressions 3x in the numerator 
and -x in the denominator. In fact, as the process continues, 3x and -x 
become entirely negligible; this leaves only 1 in the numerator and 2 in the 
denominator. These numbers are independent of x. Hence the limit off(x) 
is 1/2 as x -+ O. The behavior of the function as x -+ 0 is examined in 
greater detail in the table that follows: 

x f(x) 

1 4 

0.5 
5 
3 = 1.667 

0.1 !! = 0.684 

0.01 103 = 0518 
199 " 

0.001 1,003 = 502 
1,999 O. 

It is apparent that the nearer x approaches 0, the less is the deviation of 
f(x) from its limiting value 0.5. 
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• EXERCISES 32 

1, Assume thaty == J(x) = 5x2 + 10. Show that lim Jex) == 30 by considering: 
.,.....2 

/(2.5) ;J(2.1) ;J(2.05) ;/(2.01) ;/(1.5) ;J(1.9) ;J(1.95) ;/(1.99), Show that the absolute 
value, that is, the value ignoring the sign, of the deviationJ(x) - 30 becomes smaller, 
the nearer x is to 2. 

2. Consider y = J(x) = (2x + 5)/4x. Show that lim J(x) = 3/4 bycomputing: 
-..0 

J( 4), /(4.5), J( 4.9), J( 4.95), J( 4.99), J( 4.995), J( 4.999), J(5.5), J(5.1), J(5.05), J(5.01), 
J(5.005), J(5.001). Show that the absolute value of the difference J(x) - 3/4 be
comes smaller the nearer the independent variable x is to 5. Make a graph of the 
functionJ(x). 

3. LetJ(x) = 100/x. Show that lim J(x) = O. Consider:J(1),J(2),J(5),J(10), 

J(20) , J(100), J(l,OOO), J(l,OOO,OOO). Show that the absolute value of the deviation 
J(x) - 0 becomes smaller the greater the value of the independent variable x. 

*4. Recall that the value of the 11th term of a geometric progression is y. = QT"-l, 
where a is the first term and, is the ratio of 2 consecutive terms. Assume that a = 100, 

r = 1/2. Show that lim y .. = O. (HmT: ComputeY6,Yto,YtOO). Show thatthe absolute 

value of y .. becomes smaller the larger the value of 11. 
5. Using the formula in Problem 4, also show that lim y. = 0 if II = 50 and --, = 1/5. Use a method similar to the one suggested in the previous example. 
* *6. Show on the basis of the 2 previous examples that for any geometric series 

lim yn = 0, irrespective of the value of II, if the absolute value of the common ratio 

r is less than 1. 
*7. Consider the sum of a geometric progression 

(a(," - 1)} 
S. = . 

,-1 

Assume that a = 100, , = 1/2. Show that lim S. = 200. Compute S.; SIO; SIOo-
ft-+-

Show that the deviation of S" from the limiting value 200 becomes less in absolute 
value the larger the number 11 becomes. 

8. Using the same method as in Problem 7, show that lim S. = 5 for a = 4, --r = 1/5. 
*9. Show that the sum S" of an infinite geometric progression 

a(,· - 1) II 
a + ar + QT! + II" + or' + ... = lim = --, 

......... ,-1 1-, 
ifr<t. 

10. Use the results in Problem 9 to find the limit of the sum in the case of each 
of the following geometric progressions: (a) 4 + 2 + 1 + 1/2 + 1/4 +"'; (b) 
100 + 10 + 1 + 0.1 + 0.01 + ... ; (c) 81 + 27 + 9 + 3 + 1 + 1/3 + 1/9 +"'; 
(d) 16 + 4 + 1 + 1/4 + 1/16 +"'; (e) 1 + 9/10 + 81/1001:- 729/1,000 + .. '. 



J<unctions, Lzmzts, and LJerwatwes 8,5 

11. Assume that II is invested. Let II be a proper positive fraction, that is, 
o < II < 1. Assume that the fraction II of this dollar is again invested in the second 
period. This procedure is continued; that is, II times the investment of the previous 
period is reinvested during each period. (a) Assume that investment of this kind 
goes on indefinitely and compute the limit of the sum that results. (b) Compute a if 
the sum total of investment from a single dollar over an infinite period of time is 
$5. (c) Compute II if the sum total of investment resulting from a single dollar is 
$1.50. (d) Compute II if the sum total of all investments in an infinite period is $10. 

12. The quantity 1/(1 - II) (Problem 11) is called the investment multiplier. 
The constant /I was estimated by T. Haavelmo as 0.712 (data from United States, 
1930-1941). Compute with these data the total investnlent resulting from the initial 
investment of $1,000,000 for an infinite period. 

13. The investment multiplier (Problem 12) was estimated as 2.23 from data 
for the United States, 1921-1939 (Paul A. Samuelson). (a) Find the quantity II 

(see Problem 11). (b) IT a sum of 110,000,000 is invested indefinitely according to the 
principle enunciated, what will be the final total over an infinite period? (c) What 
will be the total investment after 10 years? 

33. Derivative. 

The difference quotient llyltu has been introduced in a previous 
section. 

The limit, if it exists, of this difference quotient as llx - 0 is known as 
the derivative. The derivative of .1 =J(x} is denoted by such symbols asy', 
f(x), D~, dj(x)ldx, or dyldx. Thus 

y' = ]'(x) = D" = Dd(x} 
df(x) dy 

=--=-= 
dx dx 

lim lly = lim f(x + llx) - f(x) • 
.u-.o tu.u-.o tu 

As llx becomes smaller and smaller, lly will also in general decrease, as 
shown in the graph on page 86 (Figure 18). The smaller llx becomes the 
closer together will be the two points having the abscissas x and x + llx and 
the ordinatellY andy + lly, respectively. The straight line joining the points 
(xl1) and (x + tu, .1 + lly), which cuts the curve in at least 2 points, ap
proaches the position ofthe tangent to the curvey = f(x} at (xV') as llx - O. 
This latter conclusion follows from the fact that, as llx - 0, the point 
(~ + tu, .1 + lly) approaches the point (xy), so that the line joining them 
approaches the tangent to the curvey = f(x) at the point (xl1). 

The limit of the difference quotient is by definition the derivativef'(x). 
Hence ]'(x) is the slope of the straight line which is tangent to the curve 
y = f(x) at the point (xV'); by the slope of the tangent line is meant the 
tangent of the angle 01: between the tangent line and the x axis. In symbols, 

.1' = ]'(x) = lim ~y = f":t"l 01:. 
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-5 -4 -3 -2 -1 

• EXAMPlE 1 

, 
16 

15 

Figure 18 

1 2 3 4 5 

WeshowlnFigure 18 the behavior of Ay/flx as llx-+O, ify =J(x) = Xl, 

and if the point (xV') is chosen as (1,1). The lines labeled a, b, c, and d are the 
lines of slope fly/flx, drawn for the increments!lx = 3, 2,1,1/2. They con
verge more and more towards the hne t which is tangent to the curve y = Xi 

at the point (1,1). The angle a made by the tangent line I with x axis is 
shown . 

• EXAMPlE 2 

Find the derivative at the point (xV') if 

• y = J(x) = 3xt - 2x' + 1. 

First we derive the difference quotient by methods described previously: 

y + Ay = 3(x + /lx)4 - 2(x + flx)t + 1. 
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This is evaluated by the binomial theorem as follows: 

y+~y= 

3[x'+4xl(Ax) +6x'(Ax) ,+ 4x(Ax) 1+ (~X)4] - 2[x'+2x(~x) + (~x)2J+ 1. 

,.1+~y= 
3x4+ 12x'(Ax)+ 18x'(Ax)'+ 12x(Ax)1+ 3 (Ax) , - 2x2 - 4x(~x) - 2(~X)2+ 1 . 

.1= 3x' -2x2 +1. 
~y = 12x'(Ax) + 18x'(Ax)'+ 12x(Ax)1+ 3(Ax)4- 4x(~x) - 2 (Ax)'. 

Next we divide term by term by /lx, thereby obtaining 

~y = lb' + 18x2(Ax) + 12x(Ax)2 + 3 (Ax) I - 4x - 2(Ax). 
Ax 

By definition, the derivative f'(x) is lim ~y/ ~x. As Ax -+ 0, (Ax)' -+ 0 and 
.u--.o 

(Ax)1 -+ O. The only terms not containing Ax or powers of (~x) in the dif-
ference quotient are 12x' - 4:". All the other terms become O. Hence 

f'(x) = 12x' - 4x. 

This is the desired derivative, which is the slope of the tangent line at some 
point (xt>') on the curve. For instance, let x = 1/2; then 

"(1/2) = (12){1/2)3 - 4(1/2) = -1/2. 

Hence, at the point on the curve where x = 1/2, the slope of the tangent 
line is -1/2. In other words, this is the angle a between the tangent line to 
the curve at the point in question and the x axis; thus 

tan a = -1/2. 

We see from Table 2 that the angle a if 153.4°. 

• EXEROSES 33 

All derivatives in the following exercises are to be computed by obtaining lim 
dz-tO 

~y/6x. 

1. Lety =f(x) = 3x' - Sx + 10. (a) Find the difference quotient. (b) Find 
the derivative. (c) Findj'(S}. (d) What is the angle the tangent line to the curve at 
the point 1C :;: S makes with the 1C axis? (e) Make a graph of the curve and the tangent. 

2. Lety = f(x) = 3x2• (a) Find the differencf' quotient. (b) Find the derivative. 
(c) Findj'(3); (d) the angle a. (e) Compute the difference quotient and the angle 
8 for x = 3; 6x = 1. (f) For x = 3; ~x = 1/2. (g) For x = 3; 6x = 0.1. (h) For 
x ... 3; ~x = 0.002. Note that the difference between the difference quotient, the 
derivative, and the angles 8 and a becomes smaller and smaller as 6x decreases. (i) 
Make a graph of the curve and the tangent. 
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3. Lety = f(x) = x3. (a) Find the difference quotient. (b) Find the derivative. 
(c) Find1'(2); (d) the angle a. (e) For what value of x does the angle a have the 
measure 60"? 

4. Lety = x4 - 2x2 + 6. (a) Find the difference quotient. (b) Find the deriva
tive. (c) Findf'(O) and the corresponding angle a. (d) Findf'{-2) and the cor
responding angle 0:. (e) Plot the function. 

5. Let y = f(x) = 3x2 - 6x + 8. (a) Find the difference quotient; (b) the 
derivative; (c)1'(O) and the corresponding angle a; (d)1'{ -5) and the corresponding 
angle 0:; (e)1'(2) and the corresponding angle a. (f) Where is the angle a = IS"? (g) 
For what x is 0: = - 30"? (h) Make a graph of the curve and the tangent lines. 

6. Let y = f(x) = 1 + 2x + 3x2 - xl. (a) Find the difference quotient; (b) 
the derivative; (c)f'(O) and the angle a; (d)1'{-5) and the angle a; (e) the values 
of x andy for which the angle a is 45°. 

7. Let .1 = f(x) = -x3• (a) Find the difference quotient; (b) the derivative; 
(c)1'(I) and the angle 0:; (d) the x andy where the angle a is -60°. 

8. Consider the function .1 = f(x) = 3 - 2x + 5x2 - xl + X4. (a) Find the 
difference quotient. (b) Determine the derivative. (c) Find the value of 1'(-4) and 
the corresponding angle a. 

9. Consider the function y = f(x) = 6x'. Find the values of Jt and y where the 
angle 0: is (a) 45°; (b) _45°. (c) Plot the function and check. 

**10. Is there a function whose derivative is .1' = k, where k is a constant? {HINT: 

Consider the derivative of the general linear functiony = a + bx, where a and " are 
constants.) What is the interpretation of k? 

34. Marginal Cost 

Marginal cost is defined as the quotient oj the incremmt of total cost, 
resulting Jrom an increment in the amount produced, divided by the latter increment. 
More precisely, it should be defined as the I,mit of the ratio 

increment in total cost 
. . , 
Increment ,n output 

as the increment in output tends to O. 
If C = C(D) is the total cost of producing D units, by definition, 

!:.C dC 
Marginal cost C' = lim - = -. 

AD-+O t:.D dD 

a EXAMPlE 1 

We show in Figure 19 the graph of the total-cost curve 

C = J(D) = 10 + 15D - 6DI + DI. 

From this we derive the marginal-cost curve 

C' = !'(D) = 15 - 1W + 3DI, 
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by the process of dilfere'ntiation, outlined above. It should be noted that the 
typical short-term marginal..cost curve, like the one shown in the graph 
labeled C', first decreases, reaches a minimum, and finally increases, as more 
and more units of the commodity are produced. . 

• EXAMPLE 2 

c,c 
40 

30 

20 

10 

c 

--~----~--~----+---~--D 
1 2 3 4 

Figure 19 

Let the totaI..cost curve be C = Dt. Then -AC = (D + AD)' - D2 = D' + 2D(AD) + (AD)' - J)I 

= 2D(AD) + (AD)!. 
Thus 

AC 
AD = 2D + AD. 

Evidently 

C' = lim AC = 2D. 
~AD -, 

This is the marginal-cost curve. For instance, for 3 units produced, C'(3) = 6. 

• EXERCISES 34 

1. Given the total-cost curve C = 2 + D. (a) Find the marginal-cost curve. 
(b) Find C'(O); (c) C'(S); Cd) C'(10). (e) Make a graph of the total-cost curve and 
the marginal-cost curve. 

2. Given the total-cost curve C = 1 + 2D + 3D'. (a) Find the marginal-cost 
curve. (b) Find' C'(1); (c) C'(6); (d) C'(10); (e) C'(20). (f) Make a graph of the total
cost curve and marginal-cost curve. 
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3. Given the total-cost curve C = D2 + 2D. (a) Find the marginal-cost curve. 
(b) Find C'(IO); (c) q'(O); (d) C'(2); (e) C'(IS); (f) C'(3). (g) Plot the total-cost 
curve and marginal-cost curve. 

4. Given the total-cost curve C = 10 + 2D + 3D2 + 4D'. (a) Find the 
marginal-cost curve. (b) Find C'(O); (c) C'(l); (d) C'(S); (e) C'(IO); (f) C'(lS). 
(g) Plot the total-cost curve and marginal-cost curve. 

5. Find the marginal-cost curve for the total-cost curve in Problem 1, Exercises 
30. Also find (a) C'(I); (b) C'(S); (c) C'(IO). (d) Plot the total-c~t curve and 
marginal-cost curve. 

6. Find the marginal-cost curve belonging to the total curve in Problem 3, 
Exercises 30. Also calculate (a) C'(l); (b) C'(''l); (c) C'(S); (d) C'(2.3S). (e) Plot 
the total and marginal-cost curves. 

7. Given the total-cost curve from Problem 10, Exercises 30. Find the marginal 
cost of steel. Also find (a) C'(l); (b) C'(I00). (c) Plot the total-cost curve and mar
ginal-cost curve. 

S. Given the total-cost curve C = m + "D. (a) Find the marginal-cost curve. 
(b) Find C'(O); (c) C'(10); (d) C'(5). 

9. Given the total cost curve C = mD + rID'. (a) Find the marginal-cost curve. 
(b) Find C'(l); (c) C'(O); (d) C'(S); (e) C'(m); (C) C'(,,). 

10. Take the total-cost curve from Problem 11, Exercises 30, and find the 
marginal cost of hosiery. Also find (a) C'(S,OOO); (b) C'(3,SOO); (c) C'(6,S68); (d) 
C'(7,SOO). (e) Plot the total-cost curve and marginal-cost curve. 

11. Take the total-cost curve from Problem 12, Exercises 30. Find the marginal
cost curve for leather belts. Also find (a) C'(60,OOO); (b) C'(100,OOO); (c) C'(75,000); 
(d) C'(4S,SOO); (e) C'(20,000). (f) Plot the total-cost curve and marginal-cost curve. 

12. The total-cost function of a light plant has been estimated as C = 16.68 
+0.12SD + 0.00439D2 (J. A. Nordin). Cis the total fuel cost for an S-hr. period in 
dollars; D is per cent of capacity. Find the marginal-cost curve. (a) Find C'(SO); 
(b) C'(30); (c) C'(90). (d) Plot the total-cost curve and marginal-cost curve. 

35. Marginal Revenue 

Total revenue R has been defi:t:led (Section 29) as the product of price 
and the quantity sold. Thus R is the total receipts of the sellers or the total 
outlay of the buyers. 

Marginal revenue is the ratio of the increment in total revenue and the 
increment in lhe quantity sold. More precisely, it is the limit oj the rati? 

increment in total revenue 

increment in sales 

as the increment in sales tends to O. Thus 

and 
R =pD, 

R'(D) = lim AR. 
tJ)-o(J LlD 
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• EXAMPl! 

Let the demand function for a commodity be given by 

p =J(D) = to - 2D. 

The total-revenue function is R = g(D) = pD = (10 - 2D)D = tOD - 2D2. 
We get R + AR by replacing D in the last formula by D + AD; that is, 

R + AR = tOeD + AD) - 2(D + AD)', 

= tOeD + AD) - 2[D' + 2D(AD) + (AD)'], 

= tOD + to(AD) - 2D2 - 4D(AD) - 2(AD)'. 

We subtract R = tOD - 2D' to obtain AR; thus 

AR = to(AD) - 4D(AD) - 2(AD)2. 

p,R,K 
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Figure 20 

To compute the difference quotient we divide by AD, thereby obtaining 

AR 
AD = to - 4D - 2(AD). 

As AD -+ 0, the last term approaches 0, so 

R'(D) = g'(D) = lim AR = 10 - 4D. 
4.0-+0 AD 
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This is the marginal-revenue function. We have, for instance, when D = 2, 

R'(2) = 10 - (4)(2) = 2, and R'(4) =.10 - (4)(4) = -6. 

In Figure 20 the demand function is labeled p where p = 10 - 2D. 
The total-revenue function R = p. D is denoted by R, where R = 10D - 2DI. 
Finally the marginal-revenue function is labeled R', where R' = 10 - 4D. 

It should be noted that the marginal-revenue function can become 
negative. This is obvious, since the increment ofthe total revenue can become 
negative. 

It is apparent from the graph that the demand function p is a straight 
line. Note that the marginal-revenue curve, which is also a straight line, cuts 
the D axis at half the distance from [he origin to the point of meeting of 
the demand curve p and the D axis . 

• EXERCISES 3S 

1. Given the demand curve p = 10 - 3D. (a) Find the total-revenue curve; 
(b) the marginal-revenue curve; (c) R'(l); (d) R'(O); (e) R'(3); (f) R'(lO/3). 
(g) Make a graph of the demand curve; total-revenue curve; and marginal-revenue 
curve. 

2. Given the relationship 2D + 3p = 15. (a) Find the demand curve; (b) the 
total-revenue curve; (c) the marginal-revenue curve; (d) R'(O); (e) R'(l); (f) R'(4); 
(g) R'(2.5). 

3. Given the demand curve p = 16 - D'/2. (a) Find the total-revenue curve; 
(b) the marginal-revenue curve; (c) R'(l); (d) R'(5); (e) R'(1.125). (f) Make a 
graph of the demand curve; the total-revenue curve; and marginal-revenue curve. 

4. Given the relationship in Problem 1, Exercises 29. (a) Determine the demand 
curve; (b) the total-revenue curve; (c) the marginal-revenue curve; (d) R'(O); 
(e) R'(O.S); (f) R'(2.3S). 

5. Given the relationship in Problem 8, Exercises 29. (a) Find the demand 
curve for sugar; (b) the total-revenue curve; (c) the marginal-revenue curve; 
(d) R'(SS); (e) R'(40); (f) R'(70). (e) Make a graph of the demand curve; the total
revenue curve; and the marginal-revenue curve. 

6. Given the relationship in Problem 10, Exercises 29. (a) Find the demand 
curve for potatoes; (b) the total-revenue curve; (c) the marginal-revenue curve; 
(d) R'(l); (e) R'(2); (f) R'(1.5); (g) R'(3). (h) Make a graph of the demand 
curve; the total-revenue curve; and the marginal-revenue curve. 

7. Given the relationship in Problem 12, Exercises 29. (a) Find the demand 
curvefor hay; (b) the total-revenue curve; (c) the marginal-revenue curve; (d) R'(3); 
(e) R'(4}; (f) R'(3.S); (g) R'(2.1). 

8. Take the demand curve for rye from Problem 9, Exercises 6. (a) Find the 
total-revenue curve; (b) the marginal-revenue curve; (c) R'(O.I); (d) R'(O.2); 
(e) R'(0.3) ;(f) R'(OA); (g) R'(O.S). 

9. Given the relationship aD + hp = k, where a, h. k are constants. (a) Find 
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the total-revenue curve; (b) the marginal-revenue curve; (c) R'(O); (d) R'(l); 
(e) R'(a); (f) R'(k). 

"'0. Assume a demand function p = II - hD, where IJ and h are positive 
constants. (a) Find R. (b) Find R'. (c) Find the intercept of p with the D axis by 
solving the equation p = 0 for D. Cd) Find the intercept of R' with the D axis by 
solving the equation R' = 0 for D. (e) Establish a relationship between the 2 inter
cepts. 



RULES OF DIFFERENTIATION 

36. Derivative of a Power 

Let us consider the derivative ofy = f(x) = x", where II is a positive 
integer. An extension of the result obtained to any arbitrary, rational, posi
tive or negative exponent will be given later (Problems 5, 10 in Exercises 42). 

By definition of the derivative, we have 

. ~y 
y' =f'{x} = hm-· 

Az-+O~x 

From the formula y = f(x} = x", we obtain y + ~y by substituting 
x + ~x for x. Thus 

y + ~y = (x + ~x}". 
This can be developed by the binomial theorem as follows: 

n n(n - 1) 
y + ~y = x" + - X .. -l{~X) + . X"-2(~}1 + ... + (~x)". 

1 1·2 

From this expression we subtract y = x" to obtain the increment ~y, which 
gives 

n n{n - 1) 
~y = - X .. -l{~X} + X"-2{~)1 + ... + (~x)". 

1 1'2 

To compute the difference quotient ~y/ ~x, we divide term by term by ~x, 
thereby obtaining 

~y = !! x .. - 1 + n{n - 1) X .. -I(~X) + ... + (~X)"-l. 
~x 1 1·2 

94 
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The first term does not involve the increment Ax. All other terms involve 
Ax or powers of (Ax). 

Passing to the limit as Ax -+ 0, we have 

f'(x) = lim Ay = nx,,-l . 
.u-.o Ax 

So we have the following rule: If y = f(x) = x", where n is a positive 
integer, the derivative is 

y' = f'(x) = nx,,-l . 

• EXAMPlE 

For instance, the derivative of y = f(x) = xl is 1'(x) = 5X4. If x = 2, 
the derivative isf'(2) = (5)(24) = 80. 

Let us consider an important special case if the functiony = f(x) = x, 
where n = 1. We have f'(x) = l',(J = 1, since any number raised to the 
power 0 is 1. It follows that the derivative of x itself with respect to x is 1 . 

• EXEROSES 36 

1. (a) Find the derivative ofy = f(x) = x5• (b) Find!'( -1). 
2. (a) Find the derivative ofy = f(x) = xl; (b) find!,(!); (c)!'( -5). (d) Find 

the IC and y for which the angle of inclination of the tangent to the curve is 60° 
3. Find the derivative or y = f(x) = x7 • 

4. Find the derivative of y = f(x) = x'. 
5. (a) Find the derivative of y = f(x) =; xl. (b) Find f'(O). (c) Where is the 

slope of the tangent line equal to -1? 
6. Find the derivative ofy = f(x) = xl. 
7. Find the derivative of y = f(x) = x20• 

8. Find the derivative ofy = f(x) = xli. 

9. (a) Find the derivative ofy =f(IC) = x·. (b) Findf'(-2) and the angle of 
inclination when x = - 2. 

10. (a) Find the derivative of y = f(x) = xlO• (b) Find f'(O} and the angle of 
inclination. . 

37. Derivative of a Constant Times a Function 

If the function f(x) approaches a certain limit L, as x approaches a, then 
the function cf(x), where c is a constant, approaches cL, as x approaches a. The 
strict proof of this theorem is beyond the scope of this book, but it is quite 
fundamental in the analysis that follows. We will give an example . 

• EXAMPLE I 

Consider the functionf(x) = (5 + 2x)/(3 - x). We have lim I(x) = 5/3 . 
........0 

This is evident, since the'terms 2x in the numerator and - x in the denomina-
tor will contribute less and less to f(x) the smaller x becomes. 
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Now consider the function g(x} = 3J(x} = (15 + 6x)/(3 - x). Evi
dently lim g{x) = 3 times the previous limit, or (3){5/3} = 5. 

s-oO 

We can apply this result about limits to the problem of finding the 
derivative of a constant times a function. Let u = J{x} be a function of x. 
Now introduce a new function 

y = g{x) = cu = c]{x}, 

where c is a constant. 
We have, from the definition of a derivative, 

. Au 
u' = 1'(x} = hm -. 

4s-<O Ax 

It follows from the theorem about limits at the beginning of this section that 

Ay Au 
y' = l{x} = lim - = c lim - = cu'. 

4s-<O Ax 4s-<O Ax • 

In words: The derivative of a Junction of x multiplied by a constant is the 
constant times the derivative of the Junction. 

• EXAMPlE 2 

Suppose we havey = J{x} = 3x·. The derivative of the function u = x· 
{from the rule for the derivative of a power} is u' = 4x·. Since x· is multiplied 
by 3, 4Xl must be multiplied by 3 to give the ,derivative ofy; thus 

y' = 1'{x} = (3){4x'} = 12x', 

For instance, at the point x = 2, we have 

J'{2} = (12)(21) = 96. 

• EXAMPlE 3 

Lety = 2x'. The derivative of x· is 3x'. Hencey' = 2·3x' = 6x'. 

• EXERCISES 37 

1. (a) Differentiate), =f(x) = 4x8• (b) Findj'(-l)j (e)j'(O). 
2. (a) Differentiate) =f(x) = lOx'. (b) Findf'(1); (e)j'(-2). 

,3. (a) Differentiate), = J(x) = 4x·. (b) Find j' (0) ; (e) Find the x and)' where 
the slope is -1. 

4. (a) Find the derivative of ) = f(x) = -5%'. (b) Find j'(0); (e) f'(l); 
(d)f'(-2). 

5. Find the derivative of) = f(x) = -3x·. 
6. Find the derivative for) = f(x) = 6x'. 
7. Find the derivative of)' = f(x) = - 5%'. 
8. Consider the function in Problem 7. Find the values of Jt and) where the 

angleofincli~ationis(a) -15°; (b) _45°. 
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9. Find the derivative of the function, = -4x' for, = -3; find the angle of 
inclination. 

10. (a) Find the derivative of the function, = lex) = -5x2• Find the point on 
the curve where the slope of the tangent line is (b) -6; (c) 4. (d) Plot the curve and 
the tangent lines. 

38. Derivatives of Sums and Differences of Function 

We will first state a theorem about limits of sums of functions. 
Assume we have a function J(x) , for which limJ(x) = L; and another 

function g(x), for which lim g(x) = M. Now we form a new function hex) = 

(x) + g(x). 
It is intuitively clear that 

lim [j(x) + g(x») = limJ(x) + lim g(x) = L + M. -
In words: The limit oj a sum oj Junctions is equal to thl sum oj their limits. 

By analogy, the lImit oj a difference oj Junctions is equal to the difference oj the limits. 
An actual proof of this theorem is beyond the scope of this book, but let us 
study the following example: 

a EXAMPLE 1 

Let J(x) = 5 + 3x. Then, evidently, lim J(x) = 5. This is obvious, 
:t-+O 

since the term 3x will become smaller and smaller as x -+ O. If g(x) = 3 + 4x, 
it is apparent also that lim g(x) = 3 . 

.,-to 
Define a new function 

hex) = f(x) + g(x) = 8 + 7x. 

Evidently lim hex) = 8. Hence we have a confirmation for a particular case 
:t-+O 

of the theorem 

lim hex) = lim [j(x) + g(x») = limf(x) + lim g(x), 
:t-+O....o ....0 s-tO 

for the limit of the sum is the sum of the limits; that is, 8 = 5 + 3. 
Now consider the difference of the functions. Let 

Hex) = J(x) - g(x) = 2 - x. 

We have, evidently, lim H(x) = 2. Hence 
s-tO 

lim H(x) = lim [j(x) - g(x)] = limf(x) - lim g(x), 
.....0- s-tO ....0 s-tO 

a& was expected. 
Now let us consider the derivative ofthe sum of2 functions. Let u = J(x) 
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and v = g(x) be functions of the same independent variable x. Their deriva
tives are 

.:lou 
u' = 1'{x) = lim -, 

4oo--.o.:lox 

v' = I{x) = lim .:lov. 
~.:lox 

Then introduce a new function y = h{x) = u + v. We have for its 
derivative 

. t:.y t:.u +t:.v 
)I' = h'(x) = hm - = lim ---

400--.0 t:.x 400--.0 t:.x 

t:.u t:.v 
lim - + lim - = u' + v'. 
_0 .:lox .u--.o .:lox 

This follows from the fact, discussed above, that the limit of the sum of 2 
functions is the sum of the limits. An analogous theorem holds for the 
difference. 

We can summarize as follows: The derivative of a sum oj Junctions is the 
sum of the dmvatives. The derivative oj a dzjJerence of Junctions is the difference oj the 
derivatwes . 

• EXAMPLE 2 

Assume thaty = J{x) = 2x' - 5x. The derivative of 2x' is 4x, the deriv
ative of 5x is 5. Hence,y' = 1'{x) = 4x - 5. 

• EXERCISES 38 

1. (a) Find the derivative ofy = f(x) = 4x - 2xf. (b) Findj'(O). 
2. (a) Find the derivative ofy = f(x) = x - x'. (b) Findj'(3). 
3. (a) Find the derivative of y = f(x) = 2x' - 5x' + x'. (b) Find f'(O); 

(c)j'(-2) . 
. 4. (a) Find the derivative of y = f(x) = 2x - x'. (b) Find j'( -1) and the 

corresponding angle of inclination of the tangent line. (c) Find the x and y where the 
angle of inclina tion is - 30°. 

5. (a) Find the derivative of y = f(x) = x' - 3x'. (b) Find j'( -2) and the 
corresponding angle of inclination. 

6. Given the demand curve p = 10 - 3D. (a) Find the total-revenue curve R; 
(b) the marginal-revenue curve R'; (c) R'(2.5); (d) R'(l). 

7. Given the demand curve p = 1,000 - 2D - 3D'. (a) Find R; (b) R'; 
(c) R'(l); (d) R'(12); (e) R'(6); (f) R'(5.8). 

8. Given the demand for sugar in the United States, 1915-1929, (Henry 
Schultz): p = 14.7 - O.W. (a) Find R; (b) R'; (c) R'(80); (d) R'(100); (e) R'(65). 

9. The demand for cotton in the United States, 1915-1929, is given by Henry 
Schultz: p = 8 - D. (a) Find R; (b) R'; (c) R'(5); (d) R'(1); (e) R'(4); (f) R'(6.5). 
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10. The demand for barley in the United States, 1915-1929, is given by Henry 
Schultz:p = 86 - 25D. (a) Find R; (b) It: (c) K(t.5); (d) R'(O.75); (e) R'(O.85): 
(f) R'(O.55): (g) K(O.725). (h) Plot the demand curve and the total-revenue curve. 

11. Given the demand for rye in the United States, 1915-1929 (Henry Schultz): 
p = 76 - 73D. (a) Find R; (b) K; (c) K(0.40); (d) K(O.5S); (e) R'(O.365); (f) 
K(O.255). (g) Plot the demand curve and the total-revenue curve. 

12. Given the demand for buckwheat in the United States, 1915-1929 (Henry 
Schultz): p = 101 - 294D. (a) Find R; (b) K; (c) K(O.2): (d) K(O.l); (e) K(0.25); 
(C) K(0.05). (g) Plot the demand curve and the total-revenue curve. 

13. Given the demand for hay in the United States, 1915-1929 (Henry Schultz): 
p = 15 - 2D. (a) Find R; (b) K; (c) R'(0.5); (d) K(l); (e) K(0.2); (C) K(0.7S); 
(g) K(0.95). (h) Plot the demand curve and the total-revenue curve. 

39. Derivative of a Constant 

Let y = J(x} = c, where c is a constant. Since c is independent of x 
we have 

Hence 

y + Ay = c, 

y = c, 

Ay = 0, 

Ay 
-=0. 
Ax 

. Ay 
y' = hm - = o . 

.u-.oAx 

In general, the derivative of a constant is O . 

• EXAMPLE 

Let y = 5x + 1. We shall use the formula for the derivative of a sum. 
The derivative of 5x is 5. The. derivative of 1 (which is a constant) is o. 
Hencey' = 5 . 

• EXERCISES 39 

1. Find the derivative of the functiony = -10 - 2x + S.r. 
2. (a) Find the derivative ofthefunctiony = j(x) = x' - lOx· + 2x· - x + 10. 

(b) FindJ'(O); (c)J'(-2); (d)J'(S). 
3. (a) Find the derivative of y = j(x) = t + 2x + x2• (b) Draw its graph. 

(e) FindJ'(l); (d)J'(-4). (e) Find the x andy for which the angle of inclination of 
thl tangent becomes 20°; (C) -60°. 
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4. Let c be the consumption expenditure in dollars, y the deflated disposable 
income. From data in the United States, 1922-1941, we have the estimated relation
ship c = 0.672y + 113.1 (T. Haave1mo). (a) Find the derivative de/dy, which is the 
marginal propensity to consume. (b) Compute 1/[1 - (de/dy)]. This is the so-called 
multiplier. (See Problem 11, Exercises 32.) NOTE: cishere the dependent variable and 
not a constant. 

5. Take the demand curvep = 10/D. (a) Find R; (b) R'; (c) R'(O); (d) R'(l); 
(e) R'(2); (f) R'(3). 

6. Let the total-cost curve of a commodity be C = 2 + 5D + 3,04. (a) Find 
the marginal-cost curve; (b) C'(O); (c) C'(3). 

7. Let the total-cost curve of a commodity be C = 10 + 3D. (a) Find the 
marginal-cost curve; (b) C'(4); (c) C'(100). (d) Plot the total-cost curve and the 
marginal-cost curve. 

S. Consider the total-cost curve of steel (Yntema) as C = 182 + 56D. (a) Find 
the marginal-cost curve; (b) C'(10); (c) C'(15); (d) C'(20). (e) Plot the total and 
marginal-cost curves. 

9. Take as the total cost of hosiery (Dean) C = -10,485 + 6.75D - 0.OO03D'. 
(a) Find the marginal-cost curve; (b) C'(5,000); (c) C'(7,000); (d) C'(6,500). (e) Plot 
the total and marginal-cost curves. 

10. Given the total cost ofleather belts (Dean) C = 3,000 + 0.8D. (a) Find the 
marginal-cost curve; (b) C'(lOO,OOO); (c) C'(SO,OOO); (d) C'(75,OOO). (e) Plot the 
total and marginal-cost curves. 

11. Take as' the total sales cost in a department store C = 16.8 + 1.0S2D 
- O.002D2 (Dean). (a) Find the marginal-cost curve; (b) C'(30); (c) C'(150); (d) 
C'(lOO); (e) C'(75). (f) Plot the total and marginal-cost curves. 

40. Derivative of a Product 

We state first a theorem about limits as follows: Let f(x) be a 
function such that lim f(x) = L, and g(x) another function such that lim 

....-.0 -g(x) = M. Let us define a new function hex) = f(x)' g(x), which is the 
product of the 2 previous functions. It is intuitively evident that we have 

lim hex) = lim [J(x)'g(x)] = lim f(x)·lim g(x) = L·M. 

In words: TAe limit of the product of 2 functions is the products of lheir I;mits. The 
proof of this theorem is beyond the scope of this book. We will give an 
eXample of its application. 

a EXAMPLE 1 

Define f(x) = 2 + 5x. Then Jim f(x) = 2. If g(x) = 3 - 4x, then 
........0 

lim g(x) = 3. Define a new function hex) = f(x)· g(x} = (2 + Sx) (3 - 4x) 
........0 
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= 6 + 71t - 20x'. Evidently lim hex) = 6. This result is the product of 
.......0 

the limits off(x) and g(x), as was expected. 
To find the derivative of a product of 2 functions we proceed as 

follows: Assume that we have 2 functions of the independent variable x, 
namely, u = g(x) and 11 = hex). Their derivatives are defined as 

~u ,,= g'(x) == lim -, 
.u-.o llx 

~v 
v' = h'(x) == lim - • 

.u-.o~x 

We form a new function., which is the product of the 2 functions u and 
"; that is,y == f(x) == fill. 

The derivative of .1, by definition, is)" == f'(x) == lim ~)'/~x. 
u--.o 

To compute the derivative of a product of 2 functions we note first 
that u, 0, and), are by definition all functions of the same independent 
variable It. Hence, as x increases from x to x + ~x, at the same time u changes 
to u + ~u, 0 to 0 + ~11, and y to), + ~y. None of the dependent variables, 
U, 0, and .1, are assumed to be constant. As ~ -+ 0, also~)' -+ 0, ~u -+ 0, 
and AD -+ O. This statement is made on the assumption that all the functions 
are well behaved in the intervals under consideration; it is possible tdcreate 
functions for which the assertion is not true. 

We have 

y + ~)' == (u + ~u)(o + ~v) == uo + (Ilu)o + (~v)u + (~u)(~v), 
y == UlI. 

Subtracting the members of the second equation from those of the first, 

~)' == (~u)o + (.!l.o)u + (.!l.u)(~v). 
To find the difference quotient .!l.)' / ~x, we divide the last expression, 

term by term, by ~x, thereby obtaining 

~y (~u)o (Ilv)u (Ilu)(~v) 
-==-+-+ . 
.!l.x .!l.x .!l.x Ax 

To compute the derivative, we let ~x -+ 0. Moreover, we must use the 
rules already discussed for computing limits: in particular, the limit of a 
sum is the sum of the limits, and the limit of a product is the product of the 
limits. Consequently, 

y' = f'(x) = ~~:)v+\~~)u+(:~~:)[~(~u)J 
We note that lim (Ilv) = O. Hence the last term in the above expression 

~ 

becomes 0, since one factor is 0 and the other is ¥sumed to exist. 
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The limits appearing in the first 2 terms are derivatives, so we have as 
a result: 

y' = 1'(x) = u'v + v'u. 

In words: The derivative of the product oj 2 junctwns is the derivative oj the first 
factor times the second jactor plus the derivative oj the second jactor times the first 
jactor. 

a EXAMPLE 2 

To illustrate, consider the expressiony = j(x) = (x2 + 5)(3x -1). Here 
u = x2 + 5 and v = 3x-1. The derivatives are u' = 2%, v' = 3. Hence 
y' = 1'(%) = u'v + v'u = (2x)(3%-1) + (3)(x' + 5) = 9x'-2% + 15. 

• EXERCISES 40 

1. Find the derivative ofy = (x - 6)(2x' + 2% + 1). 
2. (a) Find the derivative of the function y = J(x) = (x2 + 1)(2x' - 3x + 1).· 

(b) Find1'(O); (c)1'(-2); (d)1'(4). 

3. Find the derivative of the function y = J(x) that is the product of 

(1 - 2x + x2 + 4x3) and (2 - x - xl). 

4. (a) Find the derivative of y = J(x) = (x - 2)(3 - 4x). (b) Find 1'(0); 
(c) l' (-4). (d) Find the x and y where the angle of inclination of the tangent is 
45°; (e) -60°; (f) 0°. 

5. Find the derivative ofy = (x3 - 4x2 + Sx - 10)(x4 - 7xt + 6). 
6. Use the formula of the derivative of a product to find the derivative of 

y = x2• (HINT: x2 = x·x.) 

7. (a) Find the derivative of y = J(x) == (x· - 2x' + 4x - t)( _x4 + 6x· - x' 
+ Sx - 7). (b) Find y'(l) = J'(1), and the corresponding angle of inclination. (c) 
Find y' ( - 2) = l' (-2), and the corresponding angle of inclination. 

-.8. (a) Use the formula for the derivative of a product to find the derivative of 
y = J(x) = 3x(1 - x). Is there a point on the curve where the slope of the tangent 
line is (b) -1; (c) 5; (d) O? (e) Plot the curve and the tangent lines. 

9. Given the demand curve p = (10 - 2D)(20 - D2). (a) Find R; (b) R'; 

(c) R'(4); (d) R'(3); (e) R'(l); (f) R'(2.S). 
10. Given the demand curve p = (1 - D)(2 - 3D). (a) Find R; (b) R'; 

(c) R'(O.S); (d) R'(O.3); (e) R'(O.2S). (f) Plot the demand curve and the marginal
revenue curve. 

41. Derivative of a Quotient of Functions 

First, we need an additional theorem about limits. Letj(x) be such 
that lim j(x) = L. Also, take another function g(x) such that lim g(%) = M. - -We form a new function which is their quotient; that is, hex) = j(x)/g(x) 



Rules oj Differentiation 103 

It is intuitively evident that 

f(x) lim f(x) L 
lim hex) = lim - = ::...---'-=----c-_ _ g(x) lim g(x) M -

In words: The limit oj the quotunt of two Junctions, if the denominator functIon IS 

not zero, is the quotient oj their limits. The proof of this proposition goes beyond 
the scope of this book. We will simply illustrate it by an example . 

• EXAMPLE 1 

Let f(x) = 10 + 3x'; then lim f(x) = 10. Also, take g(x) = 5 - 3x; 
........0 

evidently lim g(x) = 5 . 
........0 

Now we form a new function which is the quotient of the two, namely, 

hex) = lex) = 10 + 3x' • 
g(x) 5 - 3x 

It is readily observed that lim hex) = 10/5 = 2. This follows from the 
........0 

observation that, as x ~ 0, the terms 3x2 in the numerator and - 3x in the 
denominator approach o. Hence, the limit of the ratio hex) is the ratio. of the 
limits, a.s we expected. 

To find the derivative of the quotient of 2 functions we proceed as 
follows: Let u = g(x) and v = hex) be functions ofthe independent variable x. 
A new functionf(x) is defined as their quotient; that is, 

u 
,=J(x) =-. 

v 

The derivatives of the 3 dependent variables u, v, andy with respect to 
the "independent variable x are defined as follows: 

flu 
u' = lex) = lim - , 

4:0-+0 flx 

flv 
v' = h'(x) = lim -, 

4:0-+0 t:.x 

fly 
y' = J'(x) = lim -. 

4:0-+0 flx 

Note again that as x increases to x + flx, the 3 dependent variables 
change also: u to u + flu; v to v + flv;y toy + fly. 

Hence we have 

u + flu , + fly = --. 
v + flv 
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From this expression we subtracty in order to compute L\y; there results 

u + L\u u 
L\y == -- --. 

v+L\v v 

The common denominator is v(v + L\v), so 

(u + L\u)v - (v + L\v)u (L\u)v - (L\v)u 
L\y = :::0' 

(v + L\v)v (v + L\v)v 

To find the difference quotient, we divide the latter expression in the 
numerator, term by term, by L\x; that is, 

L\y (L\u/ L\x)v - (L\v/ L\x)u 
-=":""-"":""---:"'---'---'--':""'" 

L\x (v + L\v)v 

To find the derivative, we let L\x -+ O. We recall the rules for limits, 
such as the limit of a difference is the difference of the limits, and the limit of 
a quotient is the quotient of the limits. We obtain 

( L\U) ( L\v) lim- v- lim - u 
y' = f (x) = &<-00 L\x &<-00 L\x 

lim (v + &)v 
&<-00 

We have noted previously that as L\x -+ 0, also t:.v -+ O. Hence 

lim (v + L\v) = V. 
&<-00 

It follows that the derivative is 

u'v - v'u 
y' =f(x) = • 

Vi 

In words: The derivative of a quotient of Junctions is the derivative oj the numerator 
times the denominator minus the derivative of the denominator times the numerator, 
divided by the square of the denominator . 

• EXAMPLE 2 

This rule may be exemplified by the following problem: 

3x' 
y = J(x) = 4x - 1 • 

The numerator is u = 3xl , and the denominator is v = 4x - 1. The deriva
jives are u' = 6x and Vi = 4. Hence the derivative of y is 

(6x)(4x - 1) - (4)(3,,1) 12x' - 6x 
y' = 1'(x) = (4x _ 1)2 = (4x - 1)2' 
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• EXEROSES .. 1 

6x' 
,,1. Find the derivative ofy = -- . 

2% + 1 

2. (a) Find the derivatiye of y = f(x) =- (2XI - 3x + 1)/(%' + 5x + 6). 
(b) Find/(O); (c)/(l); (d)j'r~5). 

3. Find the derivative ofy = (1 - r)/(x3 + 2x). 
4. (a) Find the derivative of y = f(x) = (% + 1)/(3% - 2). (b) Find 1'(1); 

(c) /(4) and the corresponding angle of inclination of the tangent. 
5. Consider the function y = (5% + 1)/(2x + 1). Find the value of x and y 

where the angle of inclination is (a) 45°; (b) 0°; (c) 26° . 
...,6. Find the derivative ofy = (/J% + h)/(cx + J), where a, h, c, d are constants. 

T. Take the demand curve p = 10/(1 + 5D). (a) Find R; (b) R'; (c) R'(l); 
(d) R'(lO). (e) Plot the demand curve and the marginal-revenue curve. 

8. Consider the demand curve p = 6/(2 + 3D). (a) Find R; (b)R'; (c) R'(l); 
(d) R'(4); (e) R'(lO). (f) Plot the demand curve and the marginal-revenue curve. 

9. Consider the total-cost function as C = 2D/(20 - 3D). (a) Find the mar
ginal-cost curve; (b) C'(l); (c) C'(S); (d) Plot the total-cost curve and marginal-cost 
curve. 

10. Let the total-cost curve for a commodity be C = 5D/(25 - 5D2). (a) Find 
the marginal-costcurve; (b) C' (l); (c) C'(2). 

42. Der;yotiy~ of a Function of a function 

A very useful formula gives the derivative of a function of a function. 
For instance, suppose we want to find the derivative of 

Y = J(x) = (Xl - 3x2 + 5)4. 

We can regard the expression in brackets, Xl - 3x2 + 5, as a new function 
of x, which will be designated by u. So 

u = g(x) = x' - 3x + 5. 

Then y can be written as 

y = u'. 
The functiony is said to be a function of a function. It is a function of u; 

but u itself is a function of x. 
The derivative of u with respect to x is 

du Au 
-= lim-· 
dx Az-oAx 

The derivative of y with respect to u is 

dy = lim Ay. 
du 4u-oOAu 
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The derivative of y with respect to x is 

dy = lim fl.y. 
dx 4:&-+0 fl.x 

It has been noted previously that as fl.x -+ 0, also fl.u -+ 0 and fl.y -+ O. 
This follows from the fact that bothy and u are functions of x. 

Consider now the difference quotient fl.y/ fl.x. This is a fraction. The 
numerator and denominator can be multiplied by the same quantity fl.u 
without changing the value of the fraction. It is also permitted to rearrange 
the terms in the following order: 

fl.y = (fl.y) (fl.u) • 
fl.x fl.u fl.x 

The derivative of y with respect to x is computed by letting fl.x -+ 0; 
hence 

dy 

dx 
lim (fl.Y) (fl.u) = (lim fl.Y).f lim fl.u). 

4:&-+0 fl.u fl.x ~u-+O fl.u ~ fl.x 

The justification of the expression on the right is that the limit of a 
product is the product of the limits. Since fl.u -+ 0 as fl.x -+ 0, we can replace 
fl.x by fl.u in the first limit. 

The 2 limits in the last expression are, by definition, dy/du and du/dx. 
Hence 

dy d.v du -= ___ e 

dx du dx 

In words: To find the derivative oj y with respect to x when y is a junctIon oj u. 
which is itself a junction of x, proceed as jollows: MultIPly the derzvative oj y WIth 
respect to u by the derivative oj u with respect to x . 

• EXAMPLE , 

Let us continue our consideration of 

y = (Xl - 3x + 5)'. 

We put 

u = x3 
- 3x + 5, 

andy becomes a function of u, namely, 

y = "'. 

The derivative ofy with respect to u is 
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The derivative of II with respect to x is 

du 
- = 3x2 - 3 dx . 

Hence ~he aenvanve Oly with respect to x is the product 

dy = (4u l )(3x' _ 3) = 4(x l - 3x + 5)1(3x2 - 3). 
dx 

The final result is achieved bJ.:..substituting for u its expression in terms of x . 

• EXAMPLE 1 

Lety = (x' - ~ 5)1. We have II = x2 - 2x + 5 and du/dx = 2x - 2. 
In terms ofuwe havey = u'anddy/du = 3u2.Hence,dy/dx = (dy/du)(du/dx) 
== 3u2(2x - 2) = 3(XI - 2x + 5)2(2x - 2) . 

• EXEROSES "'2 

wt. Find the derivative ofy = (3x - 2)1. 
2. Find the derivative of y = (2 - 3x + 4xl )'. 

3. Take as the total cost e = (1 + SD2)1. (a) Find the marginal-cost curve; 
(b) e'(I); (c) e'(2); (d) e'(3). 

4. Take as the total cost e = (1 + 3D)I. (a) Find the marginal-cost curve; 
(b) e'(!); (c) e'(25); (d) e'(16). 

~ *5. Prove that the formula for the derivative of a power holds for fractional n. 
Let u = xP/'l, where p and q are positive integers. Hence, n = p/ q is a rational number. 
Lety = u" = xP, Differentiate this expression with respect to x, using the formula 
for the derivative o( a function of a function, Simplify and prove that du/dx = 
(P/'l) X(p/9)-1 = n x .. - 1• 

6. Use the result of Problem 5 to find the derivatives of (a) V;; (b) ~; (c) {I;i; 
(d) V'"j. (Note that V; = x~, ~ = x~, {I;i = x~, and 80 forth.). 

7. Let the total cost curve be e = V 1 + 2D, (a) Find the marginal-cost curve; 
(b) e'{t); (c) e'(1.S); (d) e'(4). 

8. Let the total-C05t curve of a commodity be e = 100 + 5 ~. (a) Find the 
marginal-costcurve; (b) e'(!); (e) e'(8); (d) e'(27), 

9. Take as the demand curve p = VI0 - 2D, (a) Find the total revenue R; 
(b) R'; (c) R'(3); (d) R'(4.5). 

*10. Consider the derivative of y = x-, where n is a positive constant. Prove 
that the general rule for the derivative of a power holds also for negative exponents. 
(HINT: Let u = x", so thaty= l/u. Differentiate, remembering thaty is a function 
of x. Simplify and demonstrate that dy/dx = (-n) x--1). 

11. Use the result of Problem 10 to find the'derivative of each of the following 

functions: (a)y = l/x; {b)y = IN; (e)y = 10/(2x + 1); (d)y = 24/V;' 
12. Given the demand for sugar in the United States 1915-1929 (Henry Schultz): 
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p = 6,S70,000/.i)3. (a) Find R and K; (b) K(60); (c) K(SO); (d) K(S); (e) K(3S)j 
(f) K(30). 

13. Given the demand for corn in the United States 1915-1929 (Henry Schultz): 
p = 12,BOO/DlI. (a) Find R and K; (b) K(20); (c) K(3S); (d) K(4S); (e) K(SO); 
(f) K(30). 

14. Given the demand for cotton in the United States 1915-1929 (Henry 
Schultz): p = 0.7S6/Do8. (a) Find R and K; (b) K(20); (c) K(IS); (d) K(3S); 
(e) K (50); (f) K (35). 

15. Given the demand for wheat in the United States 1922-1934 (Henry 
Schultz): p = 2,IBO/1)2. (a) F~ R and K; (b) Jf(6)j (c) K(3.3); (d) K(6.5); 
(e) K(2.12S); (f) K(3.33). 

16. Given the demand for potatoes in the United States 1915-1929 (Henry 

Schultz): p = 2,630/D'. (a) Find R and K; (b) K(3); (c) K(4.5); (d) K(3.25); 
(e) K(1.2S); (f) K(4). 

17. Consider the two functions .1 = j(x) = Xl and x = g(y) = Vi. (a) Show 
that g is the inverse of j. (b) Compute dy/tix = 1'(x) and dx/dy = ley). (c) Show 
thatj'(4)g'(16) = 1; (d)j'(3)g'(9) = 1; (e)j'(lO)g'(lOO) = 1. (f) Show in general 

thatj'(x)g'(y) = 1, if .1 = j(x). 
**18. Let .1 = j(x) and x = g(y) be inverse functions. Show that j'(x) = 

1/ g' (.1), by differentiating g(y) = x on both sides with respect to x, and remembering 

that .1 is a function of x. 

**19. Use the result of the previous example to find the derivative of .1 = y'; 
by differentiating x = y with respect toy and expressing the reciprocal of this deriva
tive in terms of x. Check by finding the derivative of .1 = x~. 

"20. Find the derivative of .J = {I; in the same way as in the previous example. 

Check by finding the derivative of .1 = xU. 

**21. Find the derivative of" "" ~ by using the method of Example 19. Check 

by finding the derivative of ~ = xl'''. 



DERIVATIVES OF 
LOGARITHMIC AND 
EXPONENTIAL FUNCTIONS 

43. The Number e. 

Consider the following sequence: 

III = (1 + 1)1 = 2, 

u, = (1 + ~Y = 1 + 2 G) + GY = 2 + ~, 

( I)' (1) (1)1 (1)1 10 
Ua = 1 + 3 = 1 + 3 3 + 3 3 + 3 = 2 + 27 ' 

( 1)' (1) (1)1 (1)1 (1)' 113 u. = 1 + '4 = 1 + 4 '4 + 6 '4 + 4 '4 + '4 = 2 + 256 • 

It can be shown that all U", where u" = (1 + lin}", if n is a positive 
integer, has the property that 

2 < u .. < 3. 

Hence we conjecture that the following limit exists: 

lim (1 + !)". 
......... n 

This limit is called e; its value does not demand that n be integral. The 
limit can be evaluated by expanding u .. by the binomial theorem, and by 

109 



110 Calculus 

letting n -. 00. This procedure gives 

1 1 1 1 
1= 1 -I '1 + t:2 + 1.2.3 + 1'2'3'4 + 

The number I obtained thereby is an irrational number; that is, it 
cannot be expressed as a ratio of any 2 integers. Its value to 5 decimal 
places is 

1=2.71828 . 

.Jf m = 1/ n, it is evident that as n -. 00, m -. O. Hence, since 

it follows that 

lim (1 + !S' = I, .......... nJ 

lim (1 + m)l/" = e. 
m-+O 

The number e is used frequently in higher mathematics. It is taken as 
the base of the so-called system of natural logarithms, or logarithms to the 
base e. 

• EXEROSES 43 

1. Compute: (a) (1 + 1/5)'; (b) (1 + 1/10)10. 
2. Use the expansion for" namely, 

1 1 1 
,=1+-+-+--+·· 

1 1·2 1·2·3 

to compute an approximation to e using (a) 2 terms, (b) 4 terms, and (c) 6 terms. 

44. Na,ural Logarithms 

The logarithm of the number a taken to the base I is written log. a. 
This is also called a natural logarithm. We recall that the logarithm of a 
number b to the base 10 is written log b. It ~hould also be remembered that 
log 100 = ,2, since 100 = 10'; log 1,000 = 3, since 1,000 = 101 ; log 
0.01 = -2, since 0.01 = 1/100 = 10-;2; aild so on. 

Natural logarithms, or logaritluD.s to the base e, may be interpreted in 
a similar way; that is, log. a is the exponent to which the base I has to be 
raised in order to get the number a • 

• EXAMPlE I 

Sincee2 = 7.3891, log. 7.3891 = 2; since,' = 20.086, log. 20.086 = 3; 
and since 1/, = ,-1 = 0.367879, log. 0.367879 = -1; and so on. 

Logarithms to the base 10 can be converted into logarithms to the base 
, by a simple process. Let a be the natural logarithm and b the logarithm 
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to the base 10 of some number N; that is, log, N = a and log N = b. Hence 
N = t!' and N = 1~. After taking the natural logarithm of the 2 members 
of the second equality we obtain 

log. N = log. to' 
or 

log. N = b log. to. 
At this point it seems appropriate to call attention to Table 3 in the 

Appendix, namely, a table of 4-place natural logarithms, that is, logarithms 
to the base t. In this table will be found log, 10 = 2.3026. It then becomes 
apparent, if one recalls the definition of b, that 

log. N = 2.3026 log N. 

Also, it fqllows readily that 

log N = 0.4343 log. N. 

In conclusion, it has been shown that the natural logarithm of any 
number may be computed by multiplying the logarithm of this number to 
the base 10 by the conversion factor 2.3026. Of course, if such a table as 
Table 3 is available, natural logarithms may be obtained by direct reference 
to it. Both methods are employed in the examples that follow • 

• EXAMPlE 2 

From Table 1, log 17 = 1.2304. Hence the natural logarithm of 17 is 

log. 17 = (1.2304)(2.3026) = 2.8331. 

By reference to Table 3 

log. 17 = log, (10)(1.7) = log. 10 + log. 1.7 = 2.3026 + 0.5306 = 2.8332. 

a EXAM!'\! 3 

log 0.5 = 0.6990 - 1, or -0.3010. 
Hence 

log. 0.5 = (-0.3010)(2.~()26) = -0.6931. 

By reference to Table 3, noting the value of log. 0.1 at the bottom of the 
page, 

log. 0.5 = log. (5)(0.1) = log. 5 + log. 0.1 = 1.6094 + .6974 - 3 
= 2.3068 - 3 = -0.6932. 

• EXEROSES « 

1. Find the logarithms to the base,of the following: (a) t; (b) 1; (c) e'; (d)~. 
{e) {Q; (f) l/e; (g) 1/e'; (h) l/r: (i) 1/V";; G> 1/W; (k) 1/~. ' 

2. Using the formula for the conversion of logarithms to the base 10 to log-
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arithms to the base e, compute the natural logarithms of the following: (a) 100; 
(b) 45; (c) 34.198; (d) 0.189; (e) 1; (f) 0.00001; (g) 0.02347; (h) 0.09872. 

3. Check the results obtained in Problem 2 by using Table 3. 
4. Find the numbers whose natura/logarithms are (a) b.6931j (b) 2.3026; (c) 

1.7918; (d) 4.0943; (e) 5.0106; (f) 1.9315; (g) 1.2528. (HINT: Convert the natural 
logarithms into logarithms to the base 10.) 

5. Check the results obtained in Problem 4 by using Table 3. Give especial 
attention to Parts (d) and (e). 

45. Derivative of the Logarithmic Function 

To find the derivative of the logarithmic function, we recall that 

e = lim (1 + !)" = lim (I -h m)l/-. 
fI""''' n ........0 \ 

Let us start our analysis by taking 

y = f{x) = log. x. 

Then 

y + Ay = log, (x + Ax). 

Subtractingy from this expression provides a formula for Ay: hence 

Ay = log. (x + Ax) - lo~. x. 

We recall that the logarithm of a fraction is the difference of the loga
rithms. Hence we can write 

x + Ax (Ax) Ay = log. -- = log. 1 + - . 
x' .... x 

To find the difference quotient we divide by Ax; this gives 

Ay (1) ( AX) Ax = Ax log. 1 + -;- . 
An expression is not changed if it is multiplied and divided by the same 

quantity. So, multiply and divide the right member of the last equation by 
x; this gives . 

~ = G) (:x) log. (1 + ~x). 
We remember that the logarithm of a power of a quantity is computed 

by multiplying the logarithm of the quantity by the power. Hence we can 
write 

Ay (1) ( AX)(~4") 
- = - log. 1 +
Ax x x 
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The derivative is computed by letting Ax -+ 0; this gives 

." = J'(x) = ~ (;) log. (1 + ~) .,t .. 
Evidently as Ax -+ 0, (Axl x) -+ 0, since x is taken as fixed. Putting Ax/ x = m, 
we can write 

y' = 1'(x) = lim (!) log. (1 + m)I/ •. 
• -10 x 

But it is already known that 

Consequently, 

since log. e = 1. 

lim (1 + m)l/. == t .. 
..-.0 

y' = f'(x) = (!) log. e = !. 
» ' x 

Hence we have the rule: The derivatzve of the natural logarithm oj x is the 
reciprocal oj x. -

a EXAMPLE 

Find the derivative of the function 

y = f(x) = (5x)(Iog. x). 

We use the formula for the derivative of a product; namely, y' = u'v 
+ v'u. In this case, u = 5x, v = log. x. The derivatives are u' = 5, v' = 11 x. 
Hence 

y' == f'(x) = (5)(log. x) + (D (5x) = 5 log., x + 5. 

When x == 3, this result yields 

1'(3) = 5 log. 3·+ 5 = 5(1.0986) + 5 = 10.4930 . 

• EXEROSES 45 

1. Find the derivative of the function), == to log. x - 5. EvaluateJ'(!) ;j'(4). 
2. Find the derivative ofy = 2x .... 3 log. x. Evaluatej'(2);j'(tO), 
3. Find the derivative ofy = 2x (log. x). Evaluatej'(1};j'(e};j'(12) . 
... Find the derivative of)' = (2 log. x}/"'. Evaluatej'(2);J'(8). 
~. Find the derivative of)' = {log • .%)4. Evaluatej'(1);j'(e2);j'(9}. 

6. The demand curve is" = 100"'- 3 log. D. (a) Find R; (b) R'; (c) R' (1) i 
(d) R'(10}; (e) R'(2}. • 

7. The demand curve is p = 100/log. D. (a) Find R; (b) R'; (c) R'(5); (d) 
R'(2}. 
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8. The total-cost function is G = log. D. (a) Find the marginal-cost curve; 
(b) e'(l); (c) e'(2); (d) e'(e3). 

9. The total cost function is G = 10 + Slog. D. (a) Find the marginal-.cost 
curve; (b) e'(l); (c) e'(S); (d) e'er): 

10. The total cost function is G = (10 + D) log. D. (a) Find the marginal-cost 
curve; (b) e'(l); (c) e'er); (d) e'(4). 

11. The total cost function is e = (log, D)/(20 - 3D). (a) Find the marginal. 
cost curve; (b) e'(l); (c) G'(e); (d) e'(S). 

46. General Logarithmic Differentiation 

We use the formula for the derivative of a function of a function tc 
derive the general principle of logarithmic differentiation. 

Lety = f(x) = log, u; where u = g(x) is a function of x. The formul2 
for the derivative of a function of a function is 

In our case y = log. u. Hence 

and, by multiplication, 

dy 1 
- =-1 
du U 

du , 
-= u 
dx ' 

dy u' -=-. 
dx u 

This gives the following rule: TM derivative of tM natural logarithm of Q,! 

function oj x IS tM derivatIVe of 1M functIOn WIth respect to x divided by tM functlO 
itself . 

• EXAMPLE 1 

Assume that y = log. (3 - 2x3). Find the derivative of the functioI 
We have, evidently, 

Hence 

a EXAMPLE 2 

Let 

u = 3 - 2X', 

fl.' = -6x2• 

dy -6x' 
-= 
dx 3 - 2x' 

(2x - 4)(xB + 3x + 1) 
y = (1 + 2x)' 



Derivatives of Logarithmic and Exponentzal l'unctzons 115 

Let us take the logarithm to the base e o( both sides; this gives 

log.y = log. (2x - 4) + log. (xt + 3x + t) - 4 log. (1 + 2x). 

We use the above formula for the derivative of the logarithm of a func
tion for all the terms appearing in this equality, and obtain 

t = 2 + 2% + 3 
Y (2x - 4) (Xi + 3x + 1) 

(4)(2) 

(1 + 2x) 

Multiplying the left and right members of this equation by 

(2% - 4)(xi + 3x + I) 
Y = (1 + 2X)f 

gives 

I 2(xt + 3% + 1) (2x + 3)(2x - 4) 8(2x - 4)(x· + 3x + 1) 
II = (1 + 2x)' + (1 + 2X)4 - (1 + 2X)6 • 

• EXEROSES 46 

Use logarithmic differentiation to find the derivatives of the following functions: 

1. log. (1 - 4%). 
2. log. (1 + IJx1). 
3. log. (xl + 3% - 7). 
4. (2 + 4%){1 + 5%2). 

x2 -5%+7 
5. .• 

5% - 6 

6. (1 - 4x)2(1 - 2xI + x4)'. 

(1 + x)2{1 - 2x)1 
7. • 

(x2 - 5)2 

(xl - 4x2 + 3x - 1)&(x2 - x)' a . 
(x + 5)6(2x2 - 4% + 1)8 

9. Total cost function: C = 6 log, (1 + 3D). (a) Find the marginal-cost curve; 
(b) C/(O); (c) e/(l); (d) C'(6). 

47. Derivative of the Exponential Function 

A special application of logarithmic ditI'erentiation pertains to the 
derivative of the exponential function 

y = eS
• 

Taking the logarithm to the base e of both members of the equation yields 

log.; = X" 
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After differentiating these two members with respect to x, there results 

Hence, 

y' 
-=1. , 

y' = y = eS. 

This gives the rule for the derivative of the exponential function eS
: 

Tk derivative with respect to x of the exponential function e" is equal to itself. 

a EXAMPLE 1 

Find the derivative of the function 

We use the principle of the derivative of a function of a function. Here 
u = 1 + 3e" andy = u6• Hence 

By multiplication, 

DEXAMPLE2 

dy 
- = 5u· 
du ' 

du 
- = 3es 
dx . 

Find the derivative of the function 

This is most easily done by the use of logarithms. We have 

log.y = -x log. 3, 

y' 
-= 
y 

-Jog. 3, 

since on the right (- Jog. 3) may be regarded as the constant coefficient of 
)C. Thus 

) 
-Jog. 3 -1.0986 

y' = -y(log.3 = = • 
3" 3"' 
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• EXEROSES 47 

Find the derivatives of the following functions: 

1. ,-Ia. 

2. ,.a. 
t 

3.-' ..,.a 
4. (2 + 31"')' • 

1 + 4e" 
6. ---. 

2 + 3ta 

6. 2"'. 

7. loa. 

• *8. What is the derivative or y = as, where a i. any positive number? (HINT: 
Take the natural logarithm of each member.) 

9. Demand curve: p = 100 - eD• (a) Find Ri (b) R'i (c) R'(l); (d) R'(3). 
10. Demand curve:p = lorD. (a) Find Ri (b) R'; (c) R'(O); (d: ; (e) 

R'(4). 
11. Total-cost curve: e = 1 OtiD. (a) Find the marginal-cost curve; (b) e'(l); 

(e) e'(IO) j (d) e'(7). 



ECONOMIC APPLICATIONS 
OF THE DERIVATIVE 

48. Elasticity 

We define the elasticity of a functiony = J(x) with respect to x as 

Ey _ lim (~y/y) _/~)(dY). 
Ex - 4%-+0 (6.x/ x) - \y dx 

It is apparent that the elasticity is the limit of the ratio of the relative in
crement in y to the relatwe increment in x, as the in~rement of x tends to 
o. It is a pure, dimensionless number, independent of the scale employed 
in the measurement of x and y. The elasticity of y with respect to x is 
obtained approximately as the per cent of increase or decrease in y that 
will follow if x is increased by 1 per cent . 

• EXAMPLE 

Lety = 3x - 6. (a) Find the elasticity. We have, by definition, 

. Ey I~) (dY) 3x x 
Ex = \y dx = 3x - 6 = x - 2 • 

(b) Find the elasticity if x = 10. By substituting x = 10 into the 
formula, we have 10/8 = 5/4. If x is increased by 1 per cent,y will increase 
by aboufS/4 per cent. 

• EXERCISES 48 

1. Y = 1 + 2x - ,,2. (a) Fi~ the elasticity of y with respect to x; (b) for 
~ = 1; (c) for x = 0; (d) for x = 5; (e) (or x = 10. 
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2 . ., = xl - 3x + 10. (a) Find the elasticity Ey/Ex; (b) ih = 0; (c) forx = 10; 

(d) for x = 1; (e) for x = 5. 
3. y = xa. (a) Find Ey/Ex; (b) for x = 1; (c) for x = 5. 
4. Y = (1 - 2%)/(2 + 3x). (a) Find Ey/Ex; (b) for x = OJ (c) for x = 2; (d) 

for x = 10; (e) for It = 3. 
5. Y = tho (a) Find Ey/Ex; (b) for It = 1; (c) for It = 0; (d) for x = 1.2; (e) 

for x = 5; (f) for x = 2. 
6. Y = 5 log. It. (a) Find Ey/Ex; (b) for x = 10; (c) for It = '; (d) for x = 3; 

(e) for It = ,4. 
7. Find the elasticity ofy = a + bx, where a and bare constant.s. 
8. Find the elasticity ofy = ax", where m is a constant . 
• *9. Find the elasticity of y = au, where a is a constant and u is a function ofx. 
··10. Find the elasticity of y = au + b, where a and b are constants and u is 

a function of x. 
·*11. Find the elasticity ofy = II + v, where u and II are functions of x. 
·*12. Find the elasticity ofy = u - II, where u and II are functions of x. 

·*13. Find the elasticity of y = au + bll, where u and II are functions. of x, and 
a and b are constants. 

··14. Find the elasticity ofy = Ull, where u and II are functions of x. 
**15. Find the elasticity ofy = U/lI, where U and II are functions of x. 

**16. The elasticity ofy = lex) is also written 

Justify this statement. 

d 

: = (~) G) = ~ (log.y) • 

- (log. x) 
dx 

49. Elasticity of Demand 

By definition, 

: = (~) (:~) = ~CP:dD)· 
This follows from the fact tha~ dD/dp = l/(dp/dD). See Problem 18, Ex
ercises 42. 

The elasticity of demand is the limit of the relative" decrease in the 
quantity demanded, resulting from a relative increment in price, if the in
crement in price tends to o. It is approximately the per cent of decrease in 
the quantity demanded resulting from an increase in price of 1 per cent . 

• EXAMPlE 

Let the demand curve be p = 1 - D~ (a) Find 

ED P( 1 ) 
Ep = D dp/dD . 
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Substituting, we have 

ED 
-= 
Ep 

(1 - D) (_1 ) = 1 - D. 
D -1 -D 

(b) Find the elasticity for D = 1/4. Substituting into the formula, we 
have (1 - 1/4)/(-1/4) = -3. This means that if 1/4 unit is sold, an in
crement of 1 per cent in the price will decrease the amount sold by about 
3 per cent . 

• EXERCISES 49 

1. Given the demand curve in Problem 6, Exercises 38. (a) Find the elasticity 
of demand; (b) for D = 1; (c) for D = 2.5; (d) for D = 1.5; (e) for D = 0.5. 

2. Given the demand curve in Problem 9, Exercises 40. (a) Find the elasticity 
of demand; (b) for D = 1; (c) for D = 4;. (d) for D = 2.5; (e) for D = 1.2. 

*3. Demand curve: Dp· = h, where a and h are constants. Prove that this curve 
has constant elasticity. 

*4. Demand curve: Dp = a, where a is a constant (rectangular hyperbola). 
Prove that the elasticity of this curve is -1. 

5. Show that a demand curve that is a horizontal line p = a, where 4 is a con
stant, has an "infinite" elasticity. This is the demand curve for the product of a firm 
under perfect competition. 

6. Show that a demand curve that is a vertical line D = a, where 4 is a con
stant, has an elasticity of O. 

7. Why is the elasticity of demand negative for most demand curves? (HINT: 
Consider the meaning of dp/dD in the definition of the elasticity of demand.) 

8. Find the elasticity of the demand for sugar from the demand curve in 
Problem 8, Exercises 38, (a) for D = 80; (b) for D = 100; (c) for D = 50; (d) for 
D = 45. 

9. Find the elasticity of the demand for cotton from Problem 9, Exercises 38, 
(a) for D = 1; (b) for D = 5; (c) for D = 7; (d) D = 2. 

10. Find the elasticity of the demand for barley from Problem 10, EXercises 38, 
(a) for D = 1; (b) for D = 0.80; (c) for D = 1.25; (d) for D = 1.05; (e) D = 2.35. 

11. Find the elasticity of the demand for rye from Problem 11, Exercises 38, 
(a) for D = 0.50; (b) for D = 0.75; (c) for D = 0.4; (d) (or D = 0.45; (e) for 
D = 0.35. 

12. Find the elasticity of the demand for buckwheat (rom Problem 12, Exercises 
38, (a) for D = 0.30; (b) for D = 0.25; (c) for D = 0.20; (d) for D = 0.10. 

13. Find the elasticity of the demand for sugar (rom Problem 12, Exercises 42. 
14. Find the elasticity of the dem~nd for cotton from Problem 14, Exercises 42. 
15. Find the elasticity of the demand for wheat from Problem 15, Exercises 42. 
16. Find the elasticity of the demand for potatoes from Problem 16, Exercises 42. 
17. Find the elasticity of the demand for hay from Problem 13, Exercises 38. 

(a) for D = 1; (b) (or D = 0.80; (c) for D = 0.65. 
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50. Marginal Revenue and Elasticity of Demand 

The total revenue is defined as R == p. D, where p == f(D} is the 
demand curve. Hence, we have for the marginal revenue 

R' == (:~) D + p. 

Too follows from the formula for the derivative of a product. The elasticity 
of demand is, by definition, 

ED P( 1 ) 
Ep == D dp/dD • 

From this last equation, we have 

dp p 
dD == D(ED/ Ep) 

After substituting this into the formula for marginal revenue, there results 

R' == E~EP +p == P(1 + ED~EP)-
In words: The marginal rtvtnue is the price times 1 plus the reciprocal of the elasticity . 

• EXAMPLE 

Let the demand function be p == t :- D. We derive from this 

R = P'D == D - DI, 

R' == 1 - 2D. 

To show the interrelationship of our formulas, let us take 

: == (~) CP;dD) == e; D) (~1) == 1 ~DDI. 
Using the formula derived previous to this example, 

R' == P (1 + ED~EP) == (1 - D) (1 - (1 _ID)/D) 

== (1 - D) (1 - 2D) == 1 - 2D. 
l-D 

TOO is the same formula for R' as obtained directly . 

• EXEROSES 50 

1. Given the demand curve in Problem 7, Exercises 38, demonstrate the re
lationship between marginal revenue and dasticity of demand. 
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2. Given the demand curve in Problem 9, Exercises 40, show the relationship 
between the marginal revenue and the elasticity of demand. 

3. Given the demand curve in Problem 8, Exercises 41, show the relationship 
between the elasticity of demand and the marginal revenue. 

4. Given the demand curve in Problem 9, Exercises 42, show the relationship 
between elasticity of demand and marginal revenue. 

5. Given the demand curve in Problem 6, Exercises 45, show the relationship 
between the elasticity of demand and the marginal revenue. 

6. What is the elasticity of demand if R' = O? 
7. What is the marginal revenue for a demand curve which is a horizontal line 

and has "infinite" elasticity? 
8. Show the relationship between the elasticity of demand and the marginal 

revenue for the demand for sugar in Problem 8, Exercises 38. 
9. Show the relationship between "the elasticity of demand and the marginal 

revenue for the demand for rye in Problem 11, Exercises 38. 
10. Show the relationship between marginal revenue and elasticity of demand 

for the demand for corn from Problem 13, Exercises 42. 
11. Show the relationship between the marginal revenue and the elasticity of 

demand Cwo thor <dernand for wheat in Problem 15, Exercises 42. 



ADDITIONAL APPLICATIONS 
OF THE DERIVATIVE 

51. Further Geometric Significance of the First Derivative 

We recall the definition of the derivative ofy = J(x), namely, 

. !::.y 
y' =J(x) = hm -. 

Az-+O!::.x 

Let \.1s take the increment of x, that is, !::.x, to be a positive number. 
The derivative is positive, then, if !::.) is positive. In this case the curve given 
by the equation) = J(x) must be rising at the point (xJ') in question. More: 
over, the curvey = J(x) has, at this point, a tangent line with positive slope. 

Now consider the case in which !::.y is negative. This means that to a 
positive 'increment !::.x corresponds a negative increment iny. Hence, at the 
point (xJ'), the derivativef'(x) is negative. So the curve given by the equa
tion y = J(x) is falling, and the slope of the tangent line to the curve at the 
point (x,) is negative (illustrated in Figure 21). The case where !::.) = 0 will 
be dealt with in Section 55 . 

• EXAMPLE 1 

We present in .Figure 21 the graph of the function) = J(x) = ~. Thus 
y' = J'{X) = 2x. Consider the situation at the point x = -2, Y = 4. It is 
determined that J'{ -2) = (2)(-2) = -4. The curve is evidently falling 
as one moves to the right in the neighborhood of the point (-2,4). More
over, the slope of the tangent line is negative. 

Next consider the point (1,1). We ,have 1'(1) = (2)(1) = 2. "This is 
positive;' hence the Curve is rising as one moves to the right in the neighbor
hood of the point in question, and the slope of the tangent line is positive. 

123 
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Consider the point where x = 2. We have f'(2) = 4. This is~ositive. 
Hence, at the point x = 2,.1 = 4, the function in question is increasing, and 
the slope of the tangent line is positive. 

Consider the point where x = -1. We haveJ'(-1) = -2. Hence the 
derivative is negative at the point x = -1,.1 = 1. The curve is falling, since 
the slope of the tangent line at the point (-1,1) is negative. 
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Figure 21 

It is apparent that the derivative .1' = 2x is positive for x f. 0 and neg
ative for x ~~O. Hence the curve in question will increase for all positive x, 
as one moves to the right, and will decrease for all negative x, as one moves 
to the right 

• EXAMPlE 2 

Is the function .1 = 2Xl - X + 4 increasing or decreasing at the point 
where x = 2? We havey' = f'(x) = 4x - 1 ;1'(2) = 4'~ - 1 = 7. Hence 
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the curve is increasing at the point JC = 2, Y = 10 as one moves to the right. 
The slope of the tangent line is positive at thn Parnt . 

• EXEROSES 51 

1. Consider the function y = l(x) = 2x* - xl. Is this function increasing or 
decreasing at the point where (a) It = 1; (b):It = -1; (c) It = 5; (d) x = -3? (e) 
Make a graph of the function for a check. 

2. Consider the function y = lex) = xe·. Can you find the values of x for 
which this function is always increasing? Where it is always decreasing? (HINT: Find 
the derivative, then factor, and remember that ,. is always positive.) 

3. Where is the function y = log. x increasing and where is it decreasing? 
Remember that log. x is only defined for positive x. 

4. Consider the behavior of the function y = lex) = xte-b. Where is it in
creasing and where is it decreasing? (HINT: ,-- = 1/,...) 

5. Let y = a + 6x, where a and II are constant (straight line). Is this function 
increasing or decreasing? 

&. Consider the behavior of the function y = l(x) = x - xl. Where is it in
creasing and where decreasing? 

7. Given the following drmand functions, find the amounts sold for which the 
total rtvttIUt R increases and decreases: (a) p = 1 - D; (b) P = 10 - 3D; (c) P ... 20 
- 5D; (d) p = 100 - 2D'; (e) p = 10D - D'. 

S. Given the demand function for sugar, Problem 8, Exercises 38. For what 
amounts sold will the total-revenue function be increasing and for what amounts 
will it be decreasing? Plot the total-revenue curve. 

9. Consider the demand function for rye in Problem 11, Exercises 38. For what 
amounts sold will the total-revenue function be increasing and for what amounts 
will it be decreasing? Plot the total-revenue curve. 

10. Consider the demand function for com in Problem 13, Exercises 42. Deter
mine for what amounts sold the total revenue is increasing and for what amounts it 
is decreasing. Check by plotting the total-revenue curve. 



HIGHER DERIVATIVES 

52. Higher Derivatives 

We recall the definition of the first derivative, namely, 

y' = f'(x) = lim l1y. 
&.......0 l1x 

In general, y' = f'(x) will be another function of x which can be dif
ferentiated. The derivative of the first derivative gives what is called the 
second derivative; that is, 

l1y' 
y" =f"(x) = lim -. 

&.-00 l1x 

To find the third dt:rivative we proceed to differentiate the second de
rivative, and obtain 

l1y" tv ........ 
y'" = f"'(x) = lim -. t- ~ 

&.-00 l1x 

The fourth derivative yIV is computed by finding the derivative of the 
third derivative. The fifth derivativeyV is computed by finding the derivative 
of the fourth derivative, and so on. 

In general, to find the nth derivative of a function we differentiate the 
(n - l)th derivative. . 

• EXAMPlE 

Consider the function y = f(x) = 2 - 3x + 4XI. Find the higher de
rivatives. 
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The first derivative is 

y' = J'{x) = -3 + 8x. 

The second derivative is the derivative of the first derivative 

y" = J"{x) = 8. 

The third derivative is the derivative of the second derivative 

y'" = 1'''(x) = O. 

The fourth derivative is the derivative of the third derivative. This is 
0, as are all higher derivatives. 

To compute the function and its derivatives at the point x = 2, we have 

J(2) = 12, 

J'(2) = U, 

J"(2) = 8, 

J"'(2) = 0, 

JIv (2) = 0, 

and so on . 

• EXEROSES 52 

1. Find the first 3 derivatives of the following functions: (a) y = lOx - 6; (b) 
:J = 2 + Sx - x'- + x6

; (c) y = xe"'; (d) y = (log. xl/x. 
2. Consider the function y = e"'. (a) Find the first 3 derivatives. (b) Try to 

establish a general rule for the mth derivative, yl"'). 
3. Consider the functiony = log. x. (a) Find the first 4 derivatives. (b) Try to 

establish a general rule for the mth derivative, yl"'). 
4. Consider the functiony = Xd, where a is a positive integer. (a) Find the first 

3 derivatives. (b) Find the derivatives of order a, yla).' (c) Establish formulas for 
y(a+lI andy(d+2). (d) What conclusion can be drawn about the lowestorderfor which 

all future derivatives become O? (e) Illustrate with the functiony = x3• 

S. Find the general (orm of the derivatives of the functiony = l/x"', where m 
is a positive integer. (HINT: Express the function first with negative exponent.) 

6. Try to establish the general form for the nth derivative of y = (a + bx)"', 

where a and" are constants and m is a positive integer. What are the values for y(m) 

and higher derivatives? 

7. Try to establish the general form of the nth derivative of the functiony = ed"', 

where a is a constant. 

a. Find all derivatives of the functiony = J(x) = x4 - 3x2 + 1 which are not O. 
9. Find all derivatives of the functiony =' J(x) = xl - 2x7 + x3 - 6 which are 

not O. 

10. Find all derivatives of the function y = J(x) = Sx' - 4x + 1 which are 
not O. 
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53. Geometric Interpretation of the Second Derivative 

A geometric interpretation of the first derivative y' == f' (x) has been 
given previously; if the first derivative is positive at a certain point, it means 
that the curve corresponding to the function in question is rising at that 
point. IC it is negative, it means that the curve is falling. It should also be 
recalled that the first derivative y' == f' (x) gives the slope of the line tangent 
to the curve at the point (xV'). 

We recall that the second derivative is the derivative of the first deriva
tive. Hence a positive second derivative indicates that the first derivative 
is increasing. This means geometrically that at the point (xV') the curve must 
be concave upward (see graph). 

Consider next the case of a negative second derivative. This condition 
means that the first derivative, the slope of the line tangent to the curve at 
the point (x,)'), decreases. So the curve is concave downward. 

These results may be summarized as follows: 
ICy" == f"(x) > 0, then the curve is concave upward. 
ICy" == f"(x) < 0, the curve is concave downward . 

• EXAMPlE 1 

We show in Figure 22 a graph of the functiony == f(x) = Xl. The first 
derivative, which gives the slope of the tangent, is y' = f'(x) = 3x l

• The 
second derivative, which indicates the rate of change of the slope of the 
tangent, becomesy" == f"{x) = 6x. 

This is positive for positive x and negative for negative x. Hence our 
curve is concave upward for positive x and concave downward for negative 
x. The change in the slope of the tangent lines is illustrated by the value of 
the slope at the point x = -2, -1,1 and 2: 

f'( -2) = 12, 

f'e -1) = 3, 

f'( 1) == 3, 

f'(-2) = 12. 

It is seen that the slope of the tangent line decreases for negative x and 
increases for positive x. 

a EXAMPLE 2 

Lety =f(x) = 3x' - 2x1. Thefirstderivativeisy'==f'(x) == 12xl- 4x. 
The second derivative is the derivative of the first derivative; namely, 
)" == f"(x) = 36x2 - 4. 

Is the curve in question concave upward or downward at the point 
" == o? We have f"(O) = -4 < 0. This is negative. Hence the curve is 
concave downward at the point (0,0). 
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Is the curve concave upward or downward if x = l? We haveJ"(l) = 
32 > O. This is positive. Hence the curve is concave upward at the point 
(1,8). For a general analysis of the situation we note that 

J"{x) = 36xl - 4 = 4{9xl - 1). 

This will be pOsitive for 
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9x' - 1 > 0, 

9x' > 1, 

x' > 1/9. 

12 

2 3 4 
% 

5 

Hence the second derivative will be positive if x' > 1/9, that is, x> 1/3 
or x < -1/3. Within the interval -1/3 < x < 1/3 the second derivative 
)Vill be negative. So we conclude that the curve is concave downward in the 
interval -1/3 < x < 1/3; elsewhere it is concave upward. 
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• EXEROSES 53 

1. Investigate the concavity of the graph of the function y = lex) 0= xl - 2x 
at the following points: (a) (1,-1); (b) (2,4); (c) (-1,1); (d) (-3,-21). (e) Can 
you make a general statement about the concavity of the curve? (C) Make a graph 
for a check. 

2. Investigate the concavity of the graph of the function y = 2x' + 3 at the 
following points: (a) (0,3); (b) (2,11); (c) (-1,5); (d) (-5,53). (e) Can you make a 
general statement about the concavity of the curve? (f) Make a graph for a check. 

3. Investigate the concavity of the curve corresponding to the equation y = 

lex) = 5 - 2x - x2 at the following points: (a) (0,5); (b) (1,2); (c) (4,19); (d) 
(-1,6); (e) (-3,2). (f) Can you make a general statement about the concavity of 
the curve? (g) Graph the curve in order to check. 

4. Inve~tigate the concavity of the curve associated with the function y = 
lex) = x4 at the points: (a) (1,1); (b) (2,16); (c) (3,81); (d) (5,625); (e) {-1,1); 
(f) (-2,16); (g) (-3,81). (h) Establish a general rule for the concavity of the graph 
in question. (i) Graph the curve. 

5. Investigate the concavity of the curves corresponding to the following 
functions: (a) y = e"'; (b) y = lie"'; (c) y = log. X; (d) y = )Cot"'. 

6. Investigate the concavity of the curve corresponding to the functiony = x' 
- 6x2 + 5. Check by graphing the curve. 

7. Investigate the concavi ty of the curve corresponding to the function y = xl 
- 2x2 + 10. Check by graphing the curve. 

8. Detennine the concavity of the curve corresponding to the functiony = 2x4 

- xl + 4x. Check by making a graph. 

54. Increasing and Decreasing Marginal Costs 

We assume the existence of a total-cost function 

C =j(D), 

which possesses first and second derivatives. The marginal cost is, by defini
tion, the first derivative 

C' =J'{D). 

The sign of the derivative of this marginal-cost curve gives information 
upon the question of whether there is increasing, decreasing, or constant 
marginal cost under varying conditions of production. If 

C" = J"{D) > 0, 

we have increasing marginal cost. If 

C" = j"(D) < 0, 
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we have decreasing marginal cost. Finally, if 

Gil == J"(D) = 0, 

we have constant marginal cost . 

• EXAMP\! 

To illustrate this, again consider Figure 19. The total-cost function is 

G =J(D) = 10 + 15D - 6D2 + D'. 

The marginal-cost curve is the derivative of G, 

G' =J'(D) = 15 - 12D + 3D'. 

The second derivative, which gives the criterion for increasing or de
creasing marginal cost, is 

Gil = J"(D) = -12 + 6D. 

This function may be positive or negative. To find the point of constant 
marginal cost, we put it equal to 0, and obtain 

f"(D) = -12 + 6D = O. 

Hence we have constant marginal cost if D = 2. 
It is obvious that Gil is negative for D smaller than 2, and positive for D 

greater than 2. This means that there is decreasing marginal cost up to a 
production of 2 units and increasing marginal cost if more than 2 units are 
produced. At a production of exactly 2 units of the commodity we have con
stant marginal cost. Thus, the total-cost curve G is concave downward for 
quantities smaller than 2 an~c~cave u~rd for quantities larger than 2. 

• EXEROSES 5-4 

1. Total cost: C = SO,OOOD - 300D2 + DB. (a) Find C'; (b) C". (c) Investigate 
the J?-ature of the marginal cost. (d) Make a graph of the total-cost curve and the 
marginal-cost curve. 

2. Total cost: C = 100 + SOD - 21)8 + D'. (a) Find C'; (b) C". (c) Investigate 
the nature of the marginal-cost curve. (d) Make a graph of the total-cost curve and 

.marginal-cost curve. 
3. Total cost: C = 50 + 40D - 12D2 + DB. (a) Find C'; (b) C". (c) Investi

gate the nature of the marginal-cost curve. 
4. Total cost: C = SOOD - 48D2 + 2DI. (a) Find C'; (b) C". (c) Investigate 

the nature of the marginal-cost curve. 
S. Total cost: C = 200 + 1,000D - 24D2 + 4D' + D'. (a) Find C'; (b) C". 

(c) Investigate the nature of the marginal-cost curve. 
6. Investigate the nature of the marginal-cost curve corresponding to the 

ttltal-cost curve in Problem 10, Exercises 45. 
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7. Investigate the nature of the marginal-cost curve of steel in Problem 8, 
Exercises 39. Graph the total-cost curve and marginal-cost curve. 

S. Investigate the nature of the marginal-cost curve of hosiery in Problem 9, 
Exercises 39. Make a graph of the total-cost curve and marginal-cost curve. 

9. Investigate the nature of the marginal-cost curve of leather belts in Problem 
to, Exercises 39. Make a graph of the total-cost curve and marginal-cost curve. 

10. Investigate the nature of the marginal-cost curve of department stores 
(Problem 11, Exercises 39). Make a graph of the total-cost curve and marginal-cost 
curve. 



MAXIMA AND MINIMA IN 
ONE VARIABLE. 
INFLECTION POINTS 

55. Maxima and Minima of Functions of One Variable 

We shall give a purely geometric argument for the use of the deriva
tive in the study of maximum and minimum points on a curve. Roughly 
speaking, a maximum point on a curve is a point that is higher than its 
neighbors; a minimum point is lower than its neighbors. In our considera
tion we will arbitrarily eliminate those maximum or minimum points that 
result from cusps; that is, we will consider only those cases of maximum or 
minimum points where the tangent line is horizontal (note Figure 23). But 
a horizontal tangent need not necessarily imply a maximum or minimum 
(for instance, look back at Figure 22). Hence the existence of a hori~ontal 
tangent line is a necessary, but not a sufficient, condition for a maximum or 
minimum if cusps are eliminated from the consideration. 

We see from the graph that at a maximum point the curve is concave 
downward. Also, from the graph, it appears that at a minimum point the 
curve is concave upward. 

A horizontal tangent line implies tlJ.at the slope of the line tangent to the 
curve at the point in question must be O. The slope is given by the first 
derivative of the curve whose equation isy = f(x). So the necessary condi
tion for a maximum or minimum isy' = f'(x) = O. 

For a maximum we must have concavity downward. The concavity of a 
Cftrve is indicated by the sign of its second derivative; the curve will be con
cave downward ify" = f"(x) < O. 

133 
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For a minimum we must have concavity upward. This implies that 
y" = J"(x) > O. 

The rules for finding maxima and minima can be summarized in the 
following way: 

For a maximum, 
j'(x) = 0, J"(x) < O. 

For a minimum, 
j'(x) = 0, j"(x) > O. 

There are very special functions such thatJ"{x) = 0 whenj'(x) = 0; further 
analysis must be employed under such a circumstance to determine whether 
the graph might have a maximum or a minimum point. 

-4 -3 -2 

• EXAMPLE 1 
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We show in Figure 23 a graph of the function 

y = J(x} = 3x6 - 5x3 + 10. 

% 

4 
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The derivative of this function is 

y' = 1'(x) = 15x4 - 15x'. 

The necessary condition for a maximum or minimum demands that 
y' = O. We can factor the derivative, and write 

y' = 1'(x) = t5~'(x - t)(x + 1) = O. \ 

This has 3 solutions: x = -1, x = 0, x = 1. The graph shows that at 
all 3 points there are horizontal tangen.t lines, as one would expect. To as
certain which one of these points is a maximum or a minimum depends upon 
the sign of the second derivative 

y" = f"(x) = 60x' - 30x. 

We have atx = -l,f"{ -1) = -30. This is negative. Hence there is a 
maximum at the point x = -1. The value of the function at x = -1 ,is 
f(-l) = 12. 

Next, f"(O) = o. Thus the criteria already established are not valid. 
However, an examination of the curve indicates that we have neither a 
maximum nor a minimum. \Ve will see later that we have an inflection point. 

Finally, f"(l) = 30. This is positive. Hence we have a minimum at 
x = 1. The value of the function isf(1) = 8 . 

• EXAMPlE 2 

Let us consider the function y = f(x) = 3x' - lOx'. The derivative is 
y' = f'{x) = 15x4 - 30x'. The second derivative is y" = f"(x) = 60x' - 60x. 
To find the maxima and minima, we puty' = f'(x) = o. 

1'(x) = 15x4 - 30x' tI' 

= (15x2)(X' - 2) = (15x' )(x + Vl){x - vi) = o. 

Hence we have 3 "critical values" for x, namely, x = 0, V2 = 1.414, and 

-Vi = -1.414. To find which are maxima and which minima, we sub
stitute these values into the formula for the second derivative, ang. obtain 

f"(O) = 0, 

f"(Vl) = f"(1.414) = 84.84 > 0, 

f"( -VZ) = f"{ -1.414) = -84.84 < O. 

No conclusion can be drawn when x = 0; however, it happens to be neither 

a maximum nor a minimum point. We have a minimum at the point x = ,,'2, 
and a maximum at the point :Ie = - vi 
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• EXAMPLE 3 

Consider the curve y = fix) = x· - 3x + 1. We have y' = ]'(x) = 
3x2 

- 3 andy" = ]"{x) = 6x. For a maximum or a minimum we must have 
y' = 3x2 

- 3 = 0. Hence the so-called critical points are x = 1 and x = -1. 
When x = 1,]"(1) = 6 > 0. Thus at the point x = 1,y = -1 we have a 
minimum. For x = -1, ]"{-1) = -6 < 0. Thereforeatthe point x = -1, 
y = 3 we have a maximum. 

• EXERCISES 55 

1. Investigate the function y = 2x' + 3x' - 2x + 1 for maxima and minima. 
Make a graph. 

2. Investigate the function y = lOx· -ISx' + 10 for maxima and minima. 
Plot the function. 

3. Investigate the function y = 1 + 2x - x· for maxima and minima. Make 
a graph. 

4. Investigate the function y = x' - 3x + 1 for maxima and minima. Make a 
graph. 

S. Investigate the function y = 3x' + 16x' + 18x' + 20 for maxima and 
minima. Make a graph. 

6. Investigate the function y = x,-· for maxima and minima. Make a graph. 
7. Investigate the functiony = x log. x for maxima and minima. 
8. Investigate the functiony = r",1 for maxima and minima. 
9. Investigate the function y = (x' /5) - (13x' /3) + 36x - 9 for maxima and 

minima. Make a graph. 
10. Investigate the functiony = x2,. for maxima and minima. 

56. Monopoly 

The profit of the monopolist is 11' = R - C, where the total revenue 
R = pD. It is recalled that p is the demand function and C is the total-cost 
function. The monopolist tries to maximize the profit by producing the 
amount and charging the price that will make his profit as large as possible. 

The necessary condition for a maximum is r' = It - C' = 0, or 
R' = C'; that is, marginal revenue equals marginal cost. For maximum 
profit, 'If" < 0, or R" ..... C" < 0, from which we obtain R" < C". The last 
condition assures the stability of the situation. There is no incentive to the 
monopolist to produce more or less or charge a different price. We have a 
maximum rather than a minimum. 

• EXAMPLE 
We show in Figure 24 the demand function 

p = 10 - 3D 
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and the average-cost curve 
A =D. 

From this we derive the total-revenue function 

R = pD = 10D - 3D' 

and the marginal-revenue function R' shown in the graph 

R' = 10 - 6D. 

The total-cost curve is 
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1 

figure 24 

C = AD = DI 

and from this we obtain the marginal-cost curve 

C' = 2D, 
which is shown in the graph. 

Total profit is'given by 

6 

11' = R - C = (10D - 3D2) - D' = tOD - 4D'. 

For a maximum, the first derivative r' must be 0 and the second deriva
tive r" must be negative. So 

11" = 10 - 8D = O. 

TPis gives the solution D = 10/8 = 5/4. The second derivative is 

r" = -8 < O. 
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This is negative. Hence we have maximum profit when D =.5/4 units are 
produced. 

The price is given by inserting D = 5/4 in the demand function; that 
is, p = 10 - (3)(5/4) = 25/4. 

The avetage cost is 

Total revenue is 

Total cost is 

5 
A =-. 

4 

G = AD = G) G) = ~! . 
Hence the maximum profit itself is 

125 25 100 25 
r=R-G-=---=-=-. 

16 16 16 4 

This is indicated by the shaded area in the graph. 
Alternatively, we could have found maximum profit by making marginal 

revenue equal to marginal cost; thus 

10 - 6D = 2D. 

The solution of this equation is again D = 5/4. It is seen from the 
graph that the intersection of the marginal-revenue curve and the marginal
cost curve determines the quantIty produced. 

The second derivatives of the total-revenue function and total-cost 
function are 

R" = -6; G" = 2. 

It is evident that -6 < 2. Hence the equilibrium is stable and we have 
a true maximum of profits. 

• EXERCISES S6 

1. Let the demand curve of a commodity be p = 10 -SD. The average cost 
is A = 3. (a) Find C; (b) C'; (c) R; (d) R'; (e) 11". t11 Find the necessary condition 
for a maximum of profits. ffi Find the sufficient condidon for a maximum. (h) Make 
a graph of p, A, R", C'. (i) Show how the intersection of R' and C' determines the 
quantity produced. (j) Find p, R, C, 11" under conditions of maximum profit and. 
interpret them in the graph. 

2. The demand curve of a commodity is p = 300 - 2D and the average-cost 
curve is A = D. (a) Find R; (b) C; (c) R'; (d) C'; (e) r. (f) Determine the amount 
produced which will maxitmze profits. (g) Show that at this point R' = C'. (h) Show 
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the stability of the position. (i) Show that R" < e". G) Detennine price, total revenue, 
total cost, and profit of the monopolist. 

3. The demand curVe for some commodity is p = 12 - 3D. The average cost 
curve is A = W'. (a) Find the necessary condition for a maximum of profits; (b) the 
sufficient condition. (c) Find the price, total revenue, total cost, and profit for the 
maximum. (d) Make a graph of p, A, R', and e'. Show how the quantity produced, 
the price, the total revenue, total cost, and profit can be detennined graphically. 

4. The demand curve for a commodity is p = 36 - 2D2. The average cost 
curve is A = lSD. (a) Find the necessary conditions for a maximum of profits. 
(b) Show the stability of equilibrium. (c) Find the quantity produced, the price, 
total revenue, total cost, and profit for the maximum. (d) Demonstrate that R' = e' 
and R" < e" at the point of equilibrium. 

5. The demand curve for a commodity is p = 10r2D• The average cost curve 
is A = liD. (a) Find the necessary conditions for a maximum of profits. (b) Show 
that the equilibrium is stable. 

S. The demand curve for a commodity is p = -log. D. The average cost is O. 
(a) Find the necessary condition for maximum profits. (b) Show that the equilibrium 
is stable. 

7. The demand curve for a commodity is p = 50t-3D• The average cost is O. 
(a) Find the necessary conditions for a maximum of profits. (b) Detennine the 
sufficient conditions. 

8. The demand for a commodity is p = m - flD. The average-cost curve is 
A = , + sD, where m, fI, , and s are positive constants. (a) Find R, e, 11". (b) Deter
mine the necessary condition for maximum profit; (c) the sufficien t condi tion. (d) Find 
price, total revenue, total cost, and profit for the maximum position. 

9. The demand for sugar in the United States is estimated as p = 2.34 - t.34D 
(Henry Schultz). Assume that the average-cost curve of sugar is A = liD - 0.83 
+O.8SD. (a) Find R, e,1I'". (b) Determine the necessary conditions for a maximum of 
profits, assuming a sugar monopoly. (c) Show that the equilibrium is stable. (d) Find 
price, total revenue, total cost, and profits under monopoly. (e) Assume the same 
demand curve and a supply curve on the competitive market: p = t.7D - 0.83. 
Establish the competitive equilibrium on the sugar market. Detennine the quantity 
produced and the price, and compare with the monopoly solution. (f) Make a 
graphical comparison by plotting on the same graph the demand curve, the average
cost curve, the marginal-cost curve (same as the supply curve), and marginal-revenue 
curve. Demonstrate the; price formation under monopoly and under free competition. 

10. The demand for steel in the United States is estimated to be p = 250 - SOD 
(Whitmann). The estimated average cost of making steel is A = 182/D + 56 
(Yntema). (a) Find R, C, C', R'. (b) Find the necessary condition for a maximum of 
steel profits assuming a monopoly in steel. (c) Find the sufficient condition of maximum 
profits. (d) Establish the quantity produced, price, total revenue, total cost, and 
profits under monopoly. (e) Assume the same demand curve and a competitive
supply curve (marginal-cost curve) for steel, p = 56', assuming the same cost curve 
under free competition and monopoly. Find the quantity produced and the price 
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established under conditions of free competition. (f) Plot the demand curve, average
cost curve, marginal-cost curve (same as supply curve), marginal-revenue curve. 
Dempnstrate the price formation under monopoly and under free competition. 

57. Average and Marginal COlt 

We denote by C the total cost, by D the quantity produced, by A 
the average cost. We have, by definition, A = Cj D. 

Using the formula for differentiation of a quotient we get as a neces
sary condition for minimum average cost 

dA , DC'-C 
dD = A = D2 = o. 

Hence DC' - C = 0 and C' = CID = A. It follows that for minimum 
average cost,. the average cost is equal to marginal cost . 

• EXAMPlE 

We start with the total-cost curve 

C = ..t 5D - 6D2 + DI. 

We derive the equation of the average-cost curve by writing 

C 
A = D = 15 - 6D + D2. 

The marginal-cost curve has the equation 

dC 
C' = - = 15 - 12D + 3D'. 

dD 

Both the average-cost curve and the marginal-cost curve are shown in 
Figure 25. 

For the minimum, average cost A we must have 

A' = 0, A" > o. 
Thus 

A' ... -6 + 2D =- 0, 

which yields D = 3. Further, 

A" = 2 > O. 

This is positive; hence there is a minimum rather than a maximum when 
D = 3. 

The value of the minimum average cost, that is, A when D = 3, is 

A = 15 - (6)(3) + (3)' = 6. 

The marginal cost for D = 3 is 

C' = 15, - (12)(3) + (3)(3)' = 6. 
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Hence marginal and average costs are equal (both are 6), as was expected, 
at the point of minimum average cost (D = 3). 

We see from the graph that the marginal<ost curve C' cuts the average
cost curve A at its minimum value. It also appears that the marginal<ost 
curve cuts the average<ost curve from below. 
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Figure 25 

• EXEROSES 57 

1. Let A = 20 - 6D + DI. (a) Find the minimum of A. (b) Show that for the 
minimum A = C'. (e) Make a graph of A and C'. Verify that they are equ~ for the 
minimum of A. 

2. Let A = 50 - 8D + D2. (a) Find the minimum of A. (b) Show that at the 
minimum A = C'. (c) Make a graph of A and C' and verify the previous relationship. 

V3. Let the average-cost curve be A = 10 - 4DI + 3D'. (a) Find the minimum 
of A. (b) Verify that at the minimum A = C'. 

4. The average-cost curve of a commodity is A = t + t20DI - 6D~. (a) Find 
the minimum of A. (b) Verify that at the minimum A = C'. 

S. The average-cost curve of a commodity is A = ,D + ,-D. (a) Find the mini
mum of A. (b) Verify that at the minimum A = C'. 

S. The average-cost curve is A = m - nD + kD', where m, n, and It are positive 
constants. (a) Find the minimum of A. (b) Verify that at the minimum A = C'. 

7. Let the average-cost curve be A = t + D log. D. (a) Determine the minimum 
of A. (b) Show that, at the point of minimum of average cost, average cost equals 
marginal cost. 
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8. The total-cost function is C = 2D - 2D% + DI. (a) Find the average-cost 
function A. (b) Establish the minimum of average cost. (c) F"md the marginal-cost 
function C'. (d) Show that, at the minimum of average cost, average cost is equal to 

marginal cost. (e) Plot the average-cost and marginal-cost functions. 
9. The total-cost function is C = SD - 3D! + 2D3. (a) Find the average-cost 

function A. (b) Establish the minimum of the average cost. (c) Find the marginal
cost function C'. (d) Show that, at the minimum of average cost, average cost is 
equal to marginal cost. (e) Plot the average-cost and marginal-cost curves. 

10. The total-cost function is C = 4D - D2 + 2D·. (a) Find the average-cost 
function A. (b) Establish the minimum of the average-cost function. (c) Find the 
marginal-cost function C'. (d) Show that, at the minimum of average cost, average 
cost is equal to marginal cost. (e) Plot the average-cost and marginal-cost curves.. 

58. Points of Inflection 

We will present a purely geometrical argument for the criteria em
ployed in locating points of inflection. By definition, a point of inflection 
exists at a point where the concavity of the curve changes. The curve changes 
either from concave upward to concave downward or from concave down
ward to concave upward. 

When we were discussing the geometric interpretation of second deriva
tives, we showed that the concavity of a curve is given by considering the 
sign of the second derivative of the function corresponding to the curve. If 
the second derivative y" = j"(x) is positive, the curve is concave upward. 
If the second de.rivative of the function is negative, the curve is concave 
downward. 

It is obvious that, at the point of change of the concavity of the curve, 
the second derivative has in general to change from positive to negative or 
from negative to positive. Hence at the point of change the second derivative 
must, in general, be O. There are some special functions, rarely encountered 
in this field, where the argument just given is not appropriate. 

The following rule can be derived from these considerations: 
In general, if f" (x) = 0, there is an inflection point on thl curt'e. 
One of the exceptions to this will be discussed below in Problem 5, 

Exercises 58 . 

• EXAMPlE 

We present in Figure 26 the graph of the function 

y = j(x) = Xl - 2x'. 

We want to examine the function for inflection points. 
The first derivative is 

y' = j'(x) = 3x' - 4x. 
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The second derivative must vanish if there is an inflection point; so let 
us take 

y" =1"(x) = 6x - 4 = o. 
The solution of this equation is 

x = 2/3. 

Hence we expect an inflection point at the point (2/3, -16/27) on the curve. 
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4 

The slope of the tangent line at the inflection or turning point is com
puted by inserting" = 2/3 into the formula for the first derivative; this gives 

1'(2/3) = (3)(2/3)2 - (4)(2/3) = -4/3. 

• EXEROSES 58 

1. Consider the function, = f(x) = 2Xl - x' for concavity. (b) Is there an 
inflection point? (c) What is the slope of the tangent line at the point of inflection? 
(d) Make a graph of the function. 

2. Consider the function), = eZ for concavity. Is there an inflection point? 
3. Consider the concavity of the function), = 2 + 3x - x2• Has this curve an 

inflection point? Make a graph. 
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4. Consider the concavity of the function.J = 3 + 5% + 4~. HaJ this curve 
an inflection point? 

**5. Consider the function y = X4. Graph. Compute l. :/'. Show that there 
is no inflection point at x = 0 in ~pite of the fact that y" = 0 for this value. Compare 
the behavior of this function with that of y = xi. Make graphs of both functions. 

&. Find the totaI-cost curve for Problem t, Exercises 57. (a) Find the point of 
inflection of the totaI-cost curve C. (b) Show that the inflection point of the totaI-cost 
curve is the point of minimum marginal cost. (c) Make a graph of the totaI-cost and 
marginal-cost curves and consider the relationship between the concavity of the 
total-cost curve and the phenomenon of increasing and decreasing marginal cost. 

7. Find the total-cost function for the case described in Problem 2, Exercises 57, 
and proceed as in Problem 6. 

8. Consider the total-cost function corresponding to the average-cOllt function 
given in Problem 3, Exercises 57. Proceed as in Problem 6. 

**9. Show that, in general, for any total-cOllt function C = J(D) the point of 
inflection corresponds to the minimum of the marginal-cost curve C' = ,'(D). 



DERIVATIVES OF FUNCTIONS 
OF SEVERAL VARIABLES 

59. Functions of Several Independent Variables 

Up to now we have considered only functions of 1 (independent) 
variable. But in economics we have frequently a given quantity depending 
not just upon 1 but on several independent variables, for instance, the. de
mand for beef depends on the price of beef, the price of pork, and the price 
of mutton. 

If .t is a function of 2 variables )( and y, we write 

.t = J(9)· 

This means that for every permissible pair of values of the independent 
variables )( and y we can find at least 1 number .t which corresponds to thia 
pair . 

• EXAMPlE 1 

Let us define a function of two variables by the formula, 

.t = J(9) = x2 
- 2y + 10. 

We get, for instance, for x = 1, Y = 3, 

J(1,3) = (t)t - 2(3) + 10 = 5. 

Similarly, by substituting other values for x andy, 

J( -4,2) = (-4)2 - 2(2) + 10 = 22, 

J(2,-5) = (2)1 - 2( -5) + 10 = 24, 

J(0,3) = (0)1 - 2(3) + 10 = 4, 

J(3,0) = (3)2 - 2(0) + 10 = 19. 
145 
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If u is a function of 3 variables )C, y, and .c, we wrfte 

u = f(xlY,z), 

By assigning specific .values to the 3 independent variables x, y, and {, 
we can compute the number u which is associated with them. 

a EXAMPLE 2 

Define, for instance, 
u = ](xlY,Z) = xy - 4z. 

Substitute first x = 1, y = 3, Z = 10, we have 

J(1,3,10) = (1)(3) - 4(10) = -37. 

By substituting x = - 5, y = 2, Z = -1 we have 

J( -5,2,-1) = (-5)(2) - 4( -1} -= -6, 
and so on. 

• EXERCISES 59 

1. Given the function .t = f(x,y) = (xI2)(x + y). Find (a) f(O,I}; (b) f(2,4}; 
(c)f(I,2); (d)f{-I,-5). 

2. Given the function .t = f(x,y) = x2 + 2xy + Sy - II + 3y + 6. Find 
(a}f(O,O); (b)f(l,O); (c)f(O,-I); (d)f(-2,-3). 

3. Given the function II = f(x,y,~) = 2x + 3)' + 5" + 1. Find (a) f(O,I,-2); 
(b)f(l,l,I); (c)f(5,2,-4); (d)f(a,-a,-a). 

4. Given 'the function" = f(x,}) = XI". Find (a) f(O,O); (b) f(2,O); (c)J(l,I); 
(d) f( -I, -1); (e) f(3, -2). 

5. Given the function II =f{x,)",,) = x)'h Find (a) f(l,l,l); (b) f(0,1,2); 

(c) f(a,a-a). 
6. Let w =f(x,y,I:,II) = (x + )')/(" + II). Find (a)f(0,t,I,2); (b)f(-l,O,O,l); 

(c)f(3,S,-l,6). 
7. Given the function ." = f(x,y) = xl - x)' +y - 4x. Find (a) f(O,O); 

(b)f(2,S); (c)f(-a,a). 
8. Given the function .t = f(x,y) = x/)'. Find (a) f(a,a); (b) f(a, -a); 

(c)f(-a,-a). 
9. Let II =f(x,y,,,) = x2 - 2x)' + XI: - ,,'. Find (a}f(1,1,0); (b)f(-3,-6,l); 

(c) f(a,a,a). 

60. Partial Derivatives 

Let us consider a function of two independent variables 

z = l(xlY}' 

The partial derivative of z with respect to x is defined as 

az . A;:, • l(x + A:clY) 
-=hm-=lim • 
ax 4~ tu..a-.o tu 
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Other symbols used for the partial derivative are 

oZ 
- = 1,.(9) = D.;:. 
ox 

N<>te that the variable x takes on an increment f1x, but the variable y is 
kept constant, if the partial derivative is taken with respect to x. Hence, in 
practice the partial derivative of z = j(x,) with respect to x is computed by. 
taking the derivative of.t with respect to x, treatingy as if it were a constant. 

In a similar manner, the partial derivative of .t with respect to y is 
defined as 

oz . ~ . J(9 + .1y) 
- = lw(9) = Dw-t = hm - = hm • 
0.1 6z-tO.1y 4sr->O .1y 

\Ve note in this case thaty takes on an increment .1y, but x is kept fixed. 
Hence, the partial derivative of.t = l(x,) with respect to y is computed in 
practice by taking the derivative with respect to y and treating x like a 
constant . 

• EXAMI'U! 1 

Consider the function 

Z = j(9) = XJ' + 4x - 2y + 5. 

To find the partial derivative with respect to x, we treaty as a constant 
and take the derivative with respect to x. 

oz 
ox = j,.(9) = 2xy + 4. 

This can be evaluated for various values of x andy. We have, for instance, 
for the partial derivative of .t with respect to x at the point x = 1, .1 = - 2 

j,.(1,-2) = (2)(1)( -2) + 4 = O. 

At the point x = 5, .1 = 1 we have for the same partial derivative 

1,.{5,1} = (2){5)(1) + 4 = 14. 

To find the partial derivative ~ith respect to y, we differentiate the 
function with respect to .1, treating x as a constant, 

oz 
ay =jll(9) = xl- 2. 

This can be evaluated for various values of x and y. For instance, we have 
for x = 6,y = 1 

1,,(6,1) = (6)1 - 2 = 34. 

, We proceed similarly with functions of more than 2 independent vari
ables. We compute the partial derivative of a function of several variables 
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with respect to 1 of the independent variables by taking the derivative with 
respect to the assigned variable, treating all other independent variables as 
constant. 

a EXAMPLE 2 

Consider, for instance, 

u = l(x,y,z) = X
2 

- 2xy + .1' + yz. 

The partial derivative with respect to x is computed by differentiating 
u with respect to x, treating.1 and z as constants, 

au 
- = lix,y,z) = 2x - 2.1. ax 

The partial derivative with respect toy is computed by differentiating 
U with respect to .1, holding x and z constant, 

au 
- = 11/(9,z) = -2x + 3.12 + z. 
ay 

The partial derivative with respect to z resu,lts by taking the derivative 
of u with respect to z, holding x andy constant, 

au 
az = 1.(x,y,z) = y. 

These partial derivatives can be evaluated for any given values of x, 
.1, and z. We have, for instance, 

• EXERCISES 60 

1%(1,2,6) = (2)(1) - (2){2) = -2, 

1,,(-1,4,2) = (-2)(-1) + (3)(4)2 + 2 = 52, 

1.(3,5, - 3) = S. 

1. Given the function z = xi + xy2 - 2x + 5.1. (a) Find both partial deriva
tives. (b) Evaluate them for x = 1,.1 = 2. 

2. Given the function z = x3 + 2xl + .12 - y. (a) Find both partial derivatives. 
(b) Evaluate for x = -l,y = 3. 

3. Given the function u = 2x + 3xy - xz. (a) Find the partial derivatives of 
u with respect to x,y, and z. (b) Evaluate them for x = O,y = 1, z = -2. 

4. Given the function z = x + ye-~. (a) Find both partial derivatives. 

(b) Evaluate them for x = l,y = -t. 
5. Given the function z = x log.(xy). (a) Find both partial derivatives. 

(b) Evaluate them for x = 1,.1 = 1. 
6. Given the function u = 2.l2 - xy + Zl - 4xz' + 6,e -8. (a) Find aU partial 

derivatives. (b) Evaluate t4em for x = 1,.1 c: -I, z = O. 
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7. The consumption of beer in the United Kingdom has been estimated from 
data covering the period 1920-1938 to be q = 177.6Q-o 02Bp-1 04011'0 939; where 

q is the quantity of beer consumed, Q is the aggregate real income, p the average 
retail price for beer, and 11' the average retail price of all other commodities (R. Stone). 
(a) Find the partial derivatives: iJq/iJQ; iJq/iJp; iJq/iJr. (b) Evaluate the partial 
derivatives for Q = 100, P = 100,11' = 100. 

8. The consumption of spirits in the United Kingdom has been estimated for 
the period 1920-1938 to be q = 228Q0I,38p-O 71711'0 7I7; where q is the quantity of 
spirits consumed, Q the aggregate real income, p the average retail price of spirits, 
and 11' the average retail price of all other commodities (R. Stone). (a) Find the 
partial derivatives iJq/iJQ; iJq/iJp; iJq/iJr. (b) Ev,aluate the partial derivatives for 
Q = 90,1 = 110,11' = 100. 

9. The consumption of tobacco in the United Kingdom has been estimated 
for the period 1920-1938 to be q = 750.2Qo 072p-0.513r O 618 (R. Stone). Here q is the 
amount of tobacco consumed, Q the aggregale 'real income, p the retail price of 
tobacco, and 11' the average retail price of ~11 bther commodities. (a) Find the partial 
derivatives iJq/iJQ; iJq/iJp; iJq/iJr. (b) Evaluate the partial derivatives for Q = 120, 
P = 100,11' = 150. 

10. The consumption of soap in the United Kingdom has been estimated for 
the period 1920-1938 to be q = 28.97Qo.317p-O 38r O 327 (R. Stone). Here q is the 

consumption of soap, Q the aggregate real income, p the retail price of soap, and 
r. the average retail price of all other commodities. (a) Find the partial derivatives 
iJq/iJQ; iJq/iJp; iJq/iJr. (b) Evaluate the partial derivatives for Q = 80, P = 110, 
r ='95. 

61. Marginal Productivity 

A production function 

x = ](a,b) 

shows the amount x of the product X produced, if a units of production A 
(for example labor) are used, simultaneously with b units of production B 
(say, land). 

Now let us investigate what happens if there is an increment in the 
amount of A while the amount of B is held constant. The average rate of 
increase in x with respect to a is gi~en by 

](a + Aa,b) - J(a,b) 

Aa 

The limit of this ratio as Aa - 0 will be the partial derivative 

iJx 8a = ],.(a,b). 

This is the marginal productivity of the factor A. 
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Similarly, if the amount of A is held constant and the amount of B 
increases, we would be interested in considering 

j(a,b + Ab) - j(a,b) 

t:.b 

The limit of this ratio, as the increment Ab tends to 0, will be the partial 
derivative 

This is the marginal productivity of the factor B. 

a EXAMPlE 

The production function of a commodity is x == j(a,6) = lOa + 56 
- a2 

- 2b 2 + 3ab. (a) Find the marginal productivity of A. 
By partial differentiation, iJxjiJa =j,,(a,b) = 10 - 2a + 36. (b) What 

is the marginal productivity of A if a = 1 and 6 = 5? Substituting, we have 
j .. (1,5) = 23. Thus, on the assumption that h can be held constant, the 
limit of the ratio between the increment in the product x and the increment 
in the factor a tends to 23 . 

• EXERCSES 61 

1. The production function for a commodity isx = lOa - a' + ah. (a) Find the 
marginal productivities of A and B. (b) Find the two marginal productivities if 
a = 2 and b = 6. 

2. The production function of a commodity is x = lOa + 20h + Be - a2 

+ 262 - e2abe. (a) Find the marginal productivities of A, B, and C. (b) Determine 
these marginal productivities if a = 1, b = 2, e = 3. 

3. The production function of a commodity is x = 100a + 200b + SOc - a' 
- 2b2 - 3&' - 5ab + 3ae - be. (a) Find the marginal productivities of A, B, and t;. 
(b) Determine these productivities if a = 1, h = 2, c = 5. 

4. The production function for the United States, during 1899-1922, was 
estimated by Paul Douglas to be x = 1.0lLo 76CO.26, where x is the total production, 
L is labor, and C is capital. (a) Find the marginal productivities of Land C. (b) Es-
tablish the marginal productivities (or L = 160, C = 130. • 

5. The production function for Australia, during 1934-1935, was estimated by 
Douglas and Gunn as x = LO '''CO aI, where x is production, L is labor, and C is 
capital. (a) Find the marginal productivities oC Land C. (b) Determine the marginal 
productivities Cor L = 1.5, C = 1.1. 

6. The production function Cor the United States in 1919 was estimated by 
Douglas and Gunn as x = LO.7aco 26, where x is the product, L is labor, and Cis 
capital. (a) Find the marginal productivities oC Land C. (b) Estimate the marginal 
productivities for L = 1, C = 1. 

7. The production function ror Canada in 1937 was estimated by Douglas and 
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Daly as x = LU3CO.68, where x is the product, L the amount of labor, and C of 
capital. (a) Determine the marginal productivities of C and L. (b) Find the marginal 
productivities if C = 0.9, L = O.S. 

8. The production function of Iowa farms was estimated for 1942 as x = 
aD !87ho.lb6CO.1li3JO 211jO 168, where x is the product, a the land, b the labor, c the improve

ments, d the liquid asM!ts,j the cash operating expenM!s (Tintner). (a) Determine the 
marginal productivities of a, b, c, d, and /. (b) Estimate the marginal productivities 

for a = " = c = d = ! = 1. 
9. The production function for hogs in Iowa has been estimated for 1942 as 

x = 100ao.28bo 23CO OoItJO·l"'.f'.18, where the symbols a, b, c, d, / have the same meaning 
as in Problem 8 ana x is the production of hogs (Tintner). (a) Find the marginal 
productivities for a = I, b = 2, c = I, d = 1.5,/ = 0.5. 

10. The production function of farma in Iowa in 1939 has been estimated as 
x = aO 34hO 24,0 OoItJO·17,O oar 11, where a, b, c, tI, and / have the same meaning as in 
Problem S, and , is working 'asM!ts (Tintner and Brownlee). (a) Find the marginal 
productivities of a, b, c, d, " and f. (b) Estimate the marginal productivities for 
a = 2.37, b = 2.4, r; = 5.134, d = 5.171, I = 2.685, and! = 2.127. 

11. The production function for the United States, during 1921-1941, was 
estimated to be x = a213bo.,", where x is the total product, a labor, and h fixed 
capital (Tintner). (a) Find the marginal productivities of labor and capital. (b) Es
timate the marginal productivities for a = 1.7, b = 2. 

62. Partial Elasticities of Demand 

Let DA _= j(PA,PB) be the demand for commodity A which depends 
upon the prices of commodities A and B, denoted, respectively, by PA and 
PB. We define the partial elasticity of demand to be 

ED .. = (i1DA) (PA) 
EPA iJIA DA 

and, similarly, 

EDA = (i1DA) (PB) 
EPB fPB DA 

The partial elasticity of the demand for commodity A with respect to 
the price of A is (approximately) the per cent of increase or decrease in the 
demand for A if the price of A increases by 1 per cent and the price of B is 
constant. The partial elasticity of demand for A with respect to the price 
of B is (approximately) the per cent of increase or decrease in the demand 
for A, if the price of B increases by 1 per cent while the price of A remains 
constant . 

• EXAMPlE 

Let the demand function for commodity A be DA = j(IA,PB) = 25 
- 2PA + PB. (a) Find the partial elasticities. We have the partial derivatives 
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aDA/apA = -2 and aDA/OpB = 1. Inserting them into the above formulas 
we have 

and 
EDA Ps 
--=--~---
EPB 25 - 2PA +PB 

(b) Evaluate the elasticities for PA. = 3, PB = 1. We get 

EDA -6 
-=-= -0.3. 
EPA 20 

This means that, as the price of A increases by 1 per cent, if the price of 
B remains constant, the demand for A will decrease by about 0.3 per cent. 
Further, 

EDA 1 
-=- =0.05. 
Eps 20 

If the price of A stays constant and the price of B increases by t per cent, the 
demand for A will increase by about 0.05 per cent. 

• EXERCSES 62 

1. The demand for a commodity A is DA = 100 - 10PA - 2PB. (a) Find the 
partial elasticities EDA/ EpA and EDA/ EPB. (b) Evaluate the partial elasticities for 
PA = 2,PB = 5. 

2. The demand for commodity A is DA = 50 - 3PA + SPB. (a) Find the 
partial elasticities EDA/EPA and EDA./EPB. (b) Evaluate the partial elasticities of 
demand for PA = 10, PB = 4. 

3. Let A be beef, B pork, and C mutton. The demand for beef is estimated, 
according to Henry Schultz, to be DA = 63.3 - 1.9PA + 0.2PB + O.5pc. (a) Find 
the partial elasticities of the demand for beef with respect to the price of beef, the 
price of pork, and the price of mutton. (b) Estimate the partial elasticitiesforpA. = 
lO,PB = 8, pc = 7. 

4. Using the same notation as in Problem 3, we have for the estimated demand 
for pork: DB = 71.0 + O.4PA - 1.2PB - O.lpc (Henry Schultz). (a) Find the partial 
elasticities of the demand for pork with respect to the prices of beef, pork, and mutton. 
(b) Determine the partial elasticities for PA = 8, PB -= 10, pc = 12. 

5. Using the same notation as in Problem 3, the demand for mutton ,is estimated 
as Dc = 10.3 + O.lpA + O.tPB - 0.3pc (Henry Schultz). (a) Find the partial 
elasticities of the demand for mutton with respect to the prices of beef, pork, and 
mutton. (b) Determine the partial elasticities for PA = 8, PB = 9, Pc = 7. 

6. Let A be barley, B corn, C hay, D oats. Henry Schultz estimated the demand 
for barley in the United States as follows: DA. = 2.24 - O.OlpA. - D.OlpB + O.OtPD. 
(a) Find the partial elasticities of the demand for barley with respect to the prices of 
barley, corn, hay, and oats. (b) Estimate the partial elasticities for PA = 1, PB = 1, 

PD == 1. 
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7. Using the same notation as in Problem 6, we have for the estimated de
mand for corn DB = 49.07 - 0.021 ... - 0.36PB - 0.03pc + 0.03PD (Henry Schultz) 
(a) Find the partial elasticities of the demand for corn with respect to the prices of 
corn and hay. (b) Estimate the partial elasticities for P ... = 1, PB = 2,pc = 3,PD = 1. 

8. Henry Schultz estimated the demand for hay in the United States (notation 
in Problem 6) as Dc = 1.30 - 0.05 pc + O.OtPD. (a) Find the partial elasticities of 
the demand for hay with respect to the prices of corn, hay, and oats. (b) Estimate 
the partial elasticities for pc = 2, PD = 1. 

9. The demand for oats in the United States is estimated as DD = 24.2 
+ O.lPB - 0.6pc - 0.3PD (the same notation as in Problem 6). (a) Find the partial 
elasticity of the demand for oats with respect to the prices of barley, corn, hay and 
oats. (b) Estimate the partial elasticities for PB = 1, Pc = 1, PD = 1. 

10. Recall the demand function for beer in the United Kingdom, Problem 7, 
Exercises 60. Define in the notation of this problem the income elasticity of the demand 
for beer as Eq/EQ. = (iJq/iJQ.)(Q./q), and the price elasticities as Eq/Ep = 

(iJq/iJp)(iJp/iJq), Eq/ E1r = (iJq/iJr)(1r/q). Find the income elasticity and the two 
price elasticities of the demand for beer. 

11. Consider the demand function for spirits in the United Kingdom, Problem 
8, Exercises 60. Using the definitions in Problem to above, compute the income elas
ticity and both price elasticities of the demand for spirits. 

12. Consider the demand for tohacco in the United Kingdom, Problem 9, 
Exercises 60. Using the definitions of Problem 10 above, find the income elasticity 
and both price elasticities of the demand for tobacco. 

13. Consider the demand for soap in the United Kingdom, Problem 10, 
Exercises 60. Using the definitions of Problem to above, derive the income elasticity 
and both price elasticities of the demand for soap. 

14. C. F. Roos and V. von Szeliski give the following formula for the estimated 
demand for passenger automobiles in the United States: D = 0.92/1 07p-O.74TI 10, 

where D denotes replacemen t sales of au tomobiles, 1 is income, p the average price per 
car, T the index of the scrapping of cars. Find (a) the income elasticity of demand 
ED/EI = (iJD/iJl)(J/D), (b) the price elasticity of demand ED/Ep = (iJD/iJp) 
(P/D). 

15. The demand for bicycles in the Netherlands has been estimated from data 
covering the period 1922-1933 as V = 11.2K - 8.6P - 379 a. B. D. Derksen and 
A. Rombouts), where V is the annual total consumption of bicycles, K an index of 
purchasing power, and P the price of bicycles. (a) Find the income elasticity 
EV/EK = (iJV/iJK)(K/V); (b) the price elasticity EV/EP = (iJV/iJP)(P/V). 
(c) Evaluate the elasticities for K = 100, P = 45. 

16. The demand for shoes in the United States has been estimated for the 
period 1919-1934 as v = 0.053/o.35p-0.18 (V. von Szeliski and L. J. Paradiso). Here 
v is the number of pairs of shoes per capita, p a price index of shoes and boots, and 
i national income per capita. (a) Find the price elasticity Ev/ Ep = (iJv/iJp) (P/v) ; 
(b) the income elasticity Ev/Ei = (iJv/iJJ,) (i/v). 
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17. Denote oleofT1argarine by A and butter by B. The demand for oleomargarine 
has been estimated by W. R. Pabst for the United States, 1904-1933, as DA = 
PA-1.32PBo.4• Find the partial elasticities of demand. 

18. Using the notation of the previous problem, the demand for butter is 
DB = PAo·»PB~J. (W. R. Pabst). Compute the partial elasticities of demand • 

.... 63. Differentiation of Implicit Functions 

In order to find the various derivatives, we have up to now assumed 
that one variable is the dependent variable ;md the other variables are in
dependent variables. But in economics functions appear frequently which 
cannot easily be expressed in this form. Hence it is of some importance to 
be able to differentiate implicit functions. 

Assume, for instance, that we have a function of 2 variables 

J(Xtl) = O. 

We want to find the derivative dy I dx without solving first for y, because, 
for some cases, this may not be possible. Since y is a function of x, it is to be 
presumed that y will take on an increment .1y as x takes on an increment .1x. 
Thus, the total increment in the function, as x takes on an increment .1x, is 
J(x + .1x,y + .1y) - J(x,,). It follows that 

f(x+ .1x,y+ ~y) - ](9) f(x+ .1x,y+ ~y) - f(x,} + .1y) 

.1x .1x 

+ f{9 + .1y) - f(9) = o . 
.1x 

As.1x -+ 0, the first term on the right approachesf.(x,} + .1)'), or, of course, 
/.(x,,), since .1)' -+ 0 as .1x - O. The second term may be re\'oTitten in the 
form 

f(x,} + .1).) - f(x,,) (.1)') . 
.1)' .1x 

As llx -+ 0, this term approachesf.(x,,) d),/dx. Consequently, we have 

J'(x,,) + J,,(x,,) (?x) = 0, 

or 
dy J. 
-= --. 
dx J. 

The derivation as just made requires special properties of continuity on the 
part of the functions; however, in general, such conditions are satisfied by 
the functions employed in economics. 
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• EXAMPlE 1 

Find the derivative of the implicit function 

yo + 2x;" + xy - 42 = 0 

at the point x = l,y = 2. We have 

1. = 4xy2 + y, 

i" = Sy' + 4x;' + x. 
Thus 

dy 4-9" + y 
-= -
dx Sy' + 4x7 + x 

For x = l,y ... 2 we have 
dy 18 
-= --. 
dx 89 

Let us now consider an implicit function of 3 (or more) variables; for 
example, 

wherein x andy are regarded as independent variables, but z is treated as a 
function of both x andy. We want to find az/ax and az/ay, the two partial 
derivatives. By an analysis similar to that given above, 

Hence 

• EXAMPlE 2 

1. + i. G:) = 0, 

i" + i. (!~) = 0, 

(Jz 1. 
-= --, 
ax j. 

az = _ 111. 
ay j • 

Let the implicit function be 

~ - X'ZI + xy + 2 = o. 
We want to find the partial derivatives az/ ax and az/ ay at the point x = 3, ,= 2, z = 1. 

j", = -2xz2 + y, 

ill = x, 

i. = Sz' - 2x2z. 
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Thus 
(-2xz2 + y) 

-= - , 
5z4 - 2x2z iJx 

iJz x 
-= -----
iJy 5z· - 2x2z 

At the point x = 3,y = 2, z = 1, we have iJz/iJx = - 4/13 and iJz/CJy = 
+ 3/13. 

Assume now that we have 2 quantitiesy and z which are both functions 
of x. We have 2 independent equations defining the relation between the 3 
variables 

j(x,y,z) = 0, 

g(x,y,z) = O. 

In order to find the derivatives dyldx and dzldx, we differentiate both rela
tions with respect to x, again extending the analysis considered above, and 
then solve the resulting system of equations: 

js + j. (~) + j. e~) = 0, 

gs + gw (~) + g. e;) = n. 
Hence we have 

dy j.g.-j"g. 
- = , 
dx j re. - j"gw 

d<. f"gg - fllg. 

a EXAMPlE 3 
dx ! u!.. - f"g w 

Let the relations between the 3 variables x, y, Z be 

1(x,y,<.) = x' + 2xy + z - 4 = 0, 

g(x,y,<.) = x· - yz + z' - 1 = O. 

We want to find the derivatives dyldx and dz/dx at the point x = y = Z = 1. 
We have 

I. = 2x + 2y, 

jw = 2x, 

j. = I, 

g,. = 3Xl, 

gw = -z, 
g. = 3z', 
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dy 3x' - 6x~t - 6y~1 
- = J 

dx 6X~' +.t 

dz -2xz - 2y{ - 6x' 
-= 
dx 6X{' +.t 

At the point x = y = .t = 1 we have dy/dx = -9/7 and d.t/dx = -10/7. 

• EXEROSES 63 

1. Find the derivative dy/dx of the following implicit functions: (a) x' 
- 2x'.1 + y' + 101 = 0, at the point x = 2,1' = 3; (b) xiy· - x~ + xl' - 1 = 0, 
if x = :J = 1; (c) u". - ,. = 0, if x = I, l' = 0; (dN~ + x3· - 90 = 0 at the 
point x = 2,y = 3. 

2. Assume the function xl + .I = 4. Find the derivatives dy/dx and dx/dy, 

(a) by differentiating the implicit function; (b) by making the function explicit. 
3. A demand function is defined implicity as D2pl = 1. Find the elasticity of 

demand (a) by differentiating the implicit relationship; (b) by making the relation 
explicit and differentiating it. 

4. Find the partial derivatives iJz/iJx and iJz/iJy of the following implicit 

functio~: {a) .t + y'z' - 2xl' = 0, if x = l' = .c = 1; (b) xe' + ze" - 2e - = 0, 
if x = 2,), = 0, z = t; (c) xl log. z + ze"ll - l' - t = 0, for x = 2, l' = 0, z = 1; 

(d) xi.l - z'xl' = 0, for x = :J = Z = 1. 
5. Let Xl + y2 + z' = 16. Find the partial derivatives iJdiJx and iJdiJy, 

(a) by differentiating the implicit relationship; (b) by making the relationship 
explicit for z. 

6. The implicit form of a production function is x'ab = t. Find the marginal 
productivities (a) by differentiating the implicit relationship; (b) by making the 
relationship explicit for x. 

7. A demand function is given by Da2Pa3Pb = 10. Find the partial elasticities 
or demand (a) by differentiating the implicit relationship; (b) by making the relation
ship explicit. 

8. Find the derivatives dl'/dx and dz/dx from the equations 

x.l + 4zx - 5 = 0, 

xz + r.c2 
- 2 = 0, 

jf;r=l'=z=J. 

9. Find the derivatives dy/dx and dz/dx of the system 

x)' + z - 5 = 0, 

x.c + 2.1 - 7 == 0, 

at the point x = 1,1' = 2, .c = 3. 
10. What is the effect of a tax levied on each unit sold by a monopolist? (Hnn: 

\~ profit after tax is, in the notation of Section 56, 'II" = R(D) - CCD) - tD, if t 
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is the tax. Hence the necessary condition for a maximum is 

'If' = R'(D) - C'(D) - t = 0, 

and the sufficient condition is 

'If" = R"(D) - C"(D) < 0. 

Differentiate the necessary condition with respect to t and find dD/dt. Determine the 
sign from the sufficient condition. What can you say about the sign of dp/dt?) 

11. Equilibrium on the market of a commodity is defined by the 2 equations 

f(D,a) - p = 0, 

g(D) - P = 0, 

where D is the quantity, p is the price, f is the demand function, g is the supply 
function, and a is a shift parameter (for example, signifying change in taste). Let 
fa> 0, fD < 0, gD > 0 and find the signs of the change in quantity dD/da and 
change in price dpJda. 



HOMOGENEITY 

64. Homogeneous Functions 

A special type of function which is of importance in many fields of 
economics is the so-called homogeneous function. Consider the function of 
2 variables 

z = j(XJI). 

This function is said to be a homogeneous function of degree k if the 
following relationship holds: 

j(tx,ty) = tk j(x,y). 

In words: a junction is said to be Iwmogeneous of degree k if when each oj the in
dependent variables is multiplied by a positIVe constant t, the new junction is til:: times 
the original junction . 

• EXAMPLE , 

Let Z = j(XJI) = Xi + 4xy + 3y2. If we multiply x andy by a positive 
constant t, we get 

j(lx,ty) = (IX)2 + 4(lx)(ty) + 3(ty)2 

= t'x' + 4/2xy + 3/7' 
~ t'(x' + 4xy + 3y') 

= 1'1(XJI)· 

We conclude that j(xJI) = x' + 4xy + y' is a homogeneous function of 
degree 2 (k = 2). 

159 



160 CalculUJ 

Let us, for instance, double the independent variables x andy. We have 
immediately . 

J(2x,2y) = 2'1(xl1)' 

a EXAMPLE 2 

Consider the function z = J(xl1,z) = (3x/ z) - (2y/ d. Multiplying the 
3 independent variables x, y and z by an arbitrary positive constant t, we 
have 

3 (tx) 2(ry) 
J(tx,ry,tz) = (tz) - (IZ) 

3x q 
== ---

Since eo = 1, the function J(xl1,;:') is said to be a homogeneous function of 
degree O. If all independent variables x, y, and Z are multiplied by any ar
bitrary positive constant, the value of the function remains unchanged. 
As an illustration, if x,y, and z are multiplied by 5, we have merely 

J(5x,5y,5z} = J(x,y,z). 

• EXEROSES 64 

1. Establish the degree of homogeneity of the function y(xlY) = x' + 4,ry 
- 2xy + y8. Check the result by multiplying the variables x,y by 5. 

2. Establish the degree of homogeneity of the function f(x,y,{.) = r+ 3xy +,iI. ' 
Check by multiplying the independent variables x,y, and .c by 4. 

3. What is the degree of homogeneity of the function 

f(x,y,.c,u,v) = -:;2,r - fA + S.c2 - 3u2
, 

Check by multiplying the independent variables by 1/8. 
4. What is the degree of homogeneity of the functionf(x,y,.c) = (2% - 3y)/5{.? 

Check by multiplying the independent variables by 1/3. 
5. Let the price of commodity A be denoted by PA. The price of another com

modity B is denoted by PB. The demand for A is DA = 50PB/PA and the demand 
for B is DB = 100PA/PB, (a) Show that the 2 demand functions are homogeneous 
functions of 0 degree. (b) Check by assuming that the prices PA and PB are doubled. 
(c) Check by assuming that the prices PA and PB are halved. (d) What conclusions 
can you draw for the change in the demand for A and B if all prices increase or de
crease by the same per cent? (e) Compute the demand for the commodities A and B 
if P A = 5 and P B = 3. (f) Show that the demand remains the same if the' prices given 
in (e) are tripled. 

6. Let PA, PB, and pc be the prices of 3 commodities A, B, and C. Assume the 
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demand functions for the 3 commodities in the following (orm: 

2pc - PA 
DA = , 

pc 

5pc - PA - 2ps 
Ds = , 

pc 

10PA - ps 
Dc = . 

Pc 
(a) Show that the 3 demand functions are homogeneous functions of 0 degree in the 
3 prices. (b) Check by assuming that all prices increase by 20 per cent. (c) Check by 
assuming that all prices decrease by 40 per cent. (d) Compute the quantities de
manded o( the commodities A, B, and C if PA = 2, ps = 1, and pc = 10. (e) Compute 
the quantities demanded if the prices given in (d) are doubled. 

7. Investigate for homogeneity the production function for the United States 
given in Problem 4, Exercises 61. 

8. Investigate for homogeneity the production function for Australia given in 
Problem 5, Exercises 61. 

9. Investigate for homogeneity in the prices p and 11" the consumption function 
for spirits in the United Kingdom given in Problem 8, Exercises 60. 

10. Investigate for homogeneity in the prices p and 11" the consumption function 
of tobacco given in Problem 9, Exercises 60. 

65. Euler Theorem 

An important relationship for homogeneous functions involving 
their partial derivatives is as follows: Letf(xV') be a homogeneous function 
of the kth degree. Then xfz(x,y) + yfll(x,y) = kf(x,y). This identity is called 
the Euler theorem. 

**To derive this theorem we differentiate 

f(tx,ty) = t"j(x,y) 

with respect to the parameter t; we obtain . 

xjtz(tx,ty) + 1/tl/(tx,ty) = ktHf(x,y). 

Since t is arbitrary we may take t = 1. From this follows the Euler 
theorem: 

This can be generalized for any number of independent variables . 

• EXAMPLE 1 

We have shown that the function 

f(x,y) = x2 + 4xy + 3y' 
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is a homogeneous function of second degree. We compute the partial deriva
tives 

Then 

j.,<xIY) = 2x + 4y. 

j,lxIY) = 4x + 6y. 

xj,,(xIY) + yjll(XIY) = x(2x + 4y) + y(4x + 6y) 

= 2Xf + Sxy + 6y2 

= 2(x2 + 4xy + 3y2) 

= 2j(xIY). 

Sincej(xIY) is a homogeneous function of second degree, the sum ofthe partial 
derivatives, each times its respective independent variable, is twice the 
original functionj(xIY), as was expected . 

• EXAMPLE 2 

The function 
j(xIY,Z,u) = 3x - 2y + 4z - u 

is a homogeneous function of first degree, also called a linear homogeneous 
function. We find the partial derivatives 

Thus 

j,,(xIY,Z,u) = 3, 

f,lx,y,z,u) = -2, 

j.(x,y,z,u) = 4, 

j .. (xIY,z,u) = -1. 

xj,,(x,y,z,u) + yjll(x,y,Z,u) + <J.(xlJ,z,u) + tif ... (XIY,Z,u) 

= 3x - 2y + 4z - u 

= j(xIY,z,u). 

Hence we see that in this linear homogeneous function the sum of all the 
partial derivatives, each times its respective independent variable, is equal 
to the original functionj(xIY,Z,u). 

• EXERCISES 65 

1. Given the functic;m u = 2x· - ~4. (a) Determine whether it is a homo
geneous function. (b) Apply the Euler theorem. 

2. Given the function u = x + 2y - 5~. (a) Determine whether it is a homo
geneous function. (b) Apply the Euler theorem. 

3. Given the function u = x2 + yt. (a) Determine whether it is a homogeneous 
function. (b) Apply the Euler theorem. 
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"4. Let u = axy; aJ b, and c are constants. (a) Find the condition under 
which this is a linear homogeneous function. (b) Apply the Euler theorem if these 
conditions hold true. 

s. Is the production function for the United States in the period 1899-1922, 
given in Problem 4, Exercises 61, linear and homogeneous? Apply the Euler theorem. 
What would be the resulting production if amounts of labor and capital were doubled? 

6. Is the production function for Australia in 1934-1935 given in Problem 5, 
Exercises 61, linear and homogeneous? Apply the Euler theorem. 

7. Is the production function for Canada in 1937 given in Problem 7, Exercises 
61, linear and homogeneous? Apply the Euler theorem. 

8. Is the production function for Iowa farms in 1942 given in Problem 8, 
Exercises 61, linear and homogeneous? Apply the Euler theorem. 

9. Investigate the homogeneity of the production function for hogs in Iowa, 
Problem 9, Exercises 61. Apply the Euler theorem. 

10. Investigate the production function of farms in Iowa, Problem 10, Exercises 
61, for homogeneity. Apply the Euler theorem. 

11. Is the production function for the United States, 1921-1941, given in 
Problem 11, Exercises 61,linear and homogeneous? 



HIGHER PARTIAL 

DERIVATIVES AND 

APPLICATIONS 

66. Higher Partial Derivatives 

Assume that we have a function of 2 independent variables ~ = 
J(9). The 2 first derivatives are 

As already indicated, the partial derivative ],,(xty) is the derivative ofJ(xJ) 
with respect to x, treating y as a constant. The partial derivative Jw(xJ) 
is the derivative of J(xtY) with respect to y, treating x as a constant. 

We can also define higher derivatives in an analogous manner. For 
instance, 

a2~ =] (x_1I) = a].,(9) • 
ax' s., v ax 

This means that the second partial derivative with respect to x is com
puted by differentiating the first partial derivative ].,(xtY) partially with 
respect to x. That is, we take the derivative of the functionj .. (xV') with re
spect to x, holding y constant. 

164 
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Similarly, 

o'z; = J (XV') = ofr(x,y) • 
oy' IN oy 

That is, the second partial derivative with respect to y is computed by 
differentiating partially with respect to y the first partial derivative with 
respect to y. 

Apart from these two second-order derivatives there are also the mixed 
partial derivatives 

02Z = f&,,(x,y) = af,,(x,y) J 

ax ay ax 

otz; = frz(XV') = afz(x,y) • 
oy ox oy 

Under proper conditions of continuity, that are found in virtually all 
functions, f&,,(x,y) = j"z(x,y). Hence, in practice, the mixed partial deriva
tive f,.,,(x,]) can be computed in two ways which yield the same result: 
Either we differentiate the first partial derivative with respect to x, partially 
with respect to y, or we dillerentiate the first partial derivative with respect 
to y, partially with respect to x. The generalization of these methods for 
functions of more than 2 independent variables is obvious. 

a EXAMPLE 

Assume a function of 2 variables 

Z; = j(x,]) = 2x' - 3xy + Sy'. 

The first partial derivatives. are 

OZ; 
- = f.,(x,y) = 4x - 3y, 
dX 

iJz - = j,,(x,]) = -3x + lOy. 
dY 

The second partial derivative with respect to x is derived by taking the 
partial derivative off.(x,y) = 4x - 3y with respect to x; that is, 

d2Z 
ax~ = jz:t;(x,]) = 4. 

The second partial derivative with respect to y is computed by finding 
the partial derivative ofj,,(x,]) = -3x + tOy with respect toy. Thus 

d2,e 
dy2 = j",,(x,y) = 10. 

The mixed second-order partial derivative j,.,,{x,y) may be computed 
in two ways. The first is to find the partial derivative of the functionj,.(x,y) = 
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4x - 3y with respect to y; this gives 

az.t . 
ax ay = jZII(xIY) = -3. 

The same result is achieved by finding the partial derivative of the 
functionju(xlY) = -3x + lOy with respect to x; that is, 

a2.t 
ax ay = jU%(XV') = -3. 

• EXEROSES 66 

1. Given .t = x4 - 5xy + 6xy - x + 4y + 10. Find all the second-order 
partial derivatives. 

2. Given.t = t= ye-z• Find all the second-order partial derivatives. 
3. Given .t = x log.y. Find all the second-order partial derivatives. 
4. Given.t = r log. xy. Find all the second-order partial derivatives. 
5. Given u = x3 - xy + 4x.t - <;'l. Find all second-order partial derivatives. 
6. Given .t = x' - 6x'y + xy - 7. (a) Find all second-order partial deriva

tives. (b) Evaluate for x = 1,y = -1. 
7. Given the function .t = x/y. (a) Find all second-order partial derivatives. 

(b) Evaluate for x = 2,y = -6. 
8. Given the function u = x4xyZ - .te. (a) Find all the second-order partial 

derivatives. (b) Evaluate for x = y = .t = 1. 
9. Given the function w = x' - xyz + u'z. (a) Find all second-order partial 

derivatives. (b) Evaluate for x = 1,y = -1, z = 0, u = 2. 
10. Given the function w = xy/ zu. (a) Determine all second-order partial 

derivatives. (b) Evaluate for x = l,y = - I, .t = 2, u = 4. 

67. Maxima and Minima in Several Variables, 

We remember that the necessary condition for a maximum or 
minimum for a functiony = j(x) of 1 independent variable was 

1'(x) = O. 

Assume now that we have a function of 2 variables, 

z = j(xIY). 

What are the necessary conditions for a maximum or minimum of this 
function? 

First, assume that we keep the independent variable.J fixed. Let us 
assign to it the value y = b, where b is a constant. Then the function 

.t = j(x,b) 

is a function of the single variable x, since by assumption b is a constant. The 
nt'cessary condition for a maximum of this function is, as befQ~. that ~~li 
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derivative (with respect to the single variable x) vanish; that is, 

iix,b) = o. 
Next, in the functioni(xJ) let us assign a constant value to x. For in

stance, let x = a, where a is a constant. The function becomes now 

.t = J(a,y). 

This is a function of the single independent variable y. The necessary 
condition for a maximum is that its derivative (with respect to the single 
variable y) vanish; that is, 

il/(aJ) = O. 

From this demonstration, although it is not completely rigorous, we 
may conclude that the necessary condition for the existence of a maximum 
or a minimum of a function of 2 variables is that both first-order partial 
derivatives become 0: 

iz(x,y) = 0, 

!J/(x,y) = O. 

By analogy, we can extend this theorem to any number of independent 
variables and we have the general rule: a necessary condition Jor the eXistence cif 
a maxzmum or minimum oj a Junction oj stl'erat ~'arzables is that all the first-order 
partIal derivatives be O. 

The sufficient conditions for a maximum or minimum of a function of 
several variables are too difficult to derive here. We will simply state them 
for the case of 2 independent variables. 

A maximum or minimum exists, in general, if the following condition 
involving a determinant is fulfilled: 

in(x,y) Jltix,y) 

JZII(X,y) In(x,y) 

In other words, the determinant given above must be positive in order 
to have a maximum or minimum. Moreover, 

f.,.(x,y) > 0, JI/ixv) > 0 for a minimum, 

J"",(x,y) < 0, in(x,y) < 0 for a maximum. 

We need actually consider the sign of only 1 of the derivatives in 
and f "I/) since the other has necessarily the same sign if the determinant is 
positive . 

• EXAMPlE 

Consider the function 

.t = J(XV) = 2x + 8y - x" - 2y '. 



168 Calculus 

The first-order partial derivatives are 

jz(19) = 2 - 2x, 

f,l19) = 8 - 4y. 

The necessary conditions for a maximum or a minimum demand that 
the 2 first-order derivatives are 0; that is, 

j.,(xlY) = 2 - 2x = 0, 

jl/(19) = 8 - 4y = O. 

The solution of this system of equations is x = 1,) = 2. 
In order to investigate whether there is actually a maximum or minimum 

at the: poinr x = 1, Y = 2, we compute the second-order derivatives 

f.,,.(19) = -2, 

j"l/(xlY) = 0, 

jlll/(xlY) = -4, 

-2 o 
= (-2)(-4) - (0)' = 8> O. 

o -4 

The determinant is positive; hence we have either a maximum or a minimum. 
We note that both second-order derivatives are negative; that is, 

fu(19) = -2 < 0, 

fllll(XIY) = -4 < O. 

Hence we conclude that we have a maximum of the function .t = j(xlY) at 
the point x = 1, Y = 2. The maximum value of the function is computed 
by substituting the values of x = 1 and y = 2 into the function f(xlY) : 

f(1,2) = (2)(1) + (8)(2) - tl)2 - (2)(2)2 = 9. 

This is the maximum value of z. 

• EXERCISES 67 

1. Consider the function.t = xl + 2x + y + Y for maxima and minima. Find 
the corresponding value of ". 

2. Consider the function z = 10 - xl - 5.1 + 3x)' - x + 2)' for maxima 
and minima. Find the corresponding value of z. 

3. Consider the function .t = Xl - 12x + Y - 27)' for maxima and minima. 
Find the corresponding value of z. 

. 4. Consider the function z = x)' - xl for maxima and minima. 
5. Consider the function. z = -9' - x + )' for maxima or minima. 
6. Find the maxima and minima of the function z = 12 - x2 + 2)' - y. 



Higher Partial Derivatives and Applications 169 

7. Consider the function z = xy for maxima and minima. 
8. Consider the maxima and minima of the function Z=xl+ r- 3x-12y+ 10. 
**9. Consider the function Z = ax' + 2bxy + 0/, where a, b, and care 

constants. What are the values of the parameters a, b, and c for (a) a maximum; 
(b) a minimum; (c) neither a maximum nor a minimum of z.? 

10. Consider the function Z = ax + by + c (a, b, and c constants) for maxima 
and ininima. 

11. Consider the maxima and minima of the function w=x2+ .r+Z2+U2+v2. 

68. Joint Production 

Assume that a manufacturer produces 2 commodities A and B. 
Denote by DA the amount of A produced, and by DB the amount of B. The 
demand curves are PA = j(DA) and PB = g(DB)' The joint-cost function is 
(total cost) C = h(DA• DB)' The profit is r = hDA + paDa - C. The en
trepreneur endeavors to maximize his profit by producing the appropriate 
amounts of the commodities and charging the prices which will give largest 
profits. 

The necessary conditions for a maximum of profit is or/oDA = 0, 
and or / oD B = O. The sufficient conditions for a maximum of profits can 
also be given . 

• EXAMPLE 

Let the demand curves for 2 commodities be PA = 1 - DA and 
PB = 1 - DB. The total-cost curve for the joint production is C = DADB. 
The profit function is r = DA - DA2 + DB - Da2 - DADB. Ti;le neces
sary conditions for maximum profits are 

or or 
- = 1 - 2DA - DB = 0 and - = 1 - DA - 2DB = O. 
oDA oDa 

The solution of these 2 equations is DA = 1/3, DB = 1/3. Consequently, 
the prices are PA = 2/3 and PB = 2/3, and the total cost is C = 1/9. The 
total profit is 'If = 1/3. 

The sufficient conditions for maximum profits involve the second deriva
tives; thus 

-2, -2, -1. 

Since 
-2 -1 

= (-2)(-2) - (-1)(-1) = 3 > 0, 
-1 -2 

we have a maximum or minimum. 
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However, since 

-2 and -2 

are both negative, the values DA =.1/3 and DB = 1/3 give maximum 
profits. 

• EXEROSES 68 

1. The demand curves for 2 commodities are fA = 28 - 3DA and fB = 
22 - 2DB. The joint-cost function is C = DA! + 3DB2 + 4DADB. (a) Find the 
necessary and sufficient conditions for maximum profits. (1:) Determine the prices, 
total cost, and profit. 

2. The demand curves for 2 commoditiesarepA = 35 - 4DandpB = 26 - DB. 
The joint-cost function is C = DA! + DB! + 3DADB. (a) Find the necessary and 
sufficient conditions for maximum profit. (b) Determine the prices, total cost, and 
profit. 

3. The demand curves for 2 commodities are fA = 7 and fB = 20. The joint
cost function is C = DA2 + 3DB2 + DADB. (a) Find the necessary and sufficient 
conditions for maximum profits. (b) Find the prices, total cost, and profits. 

4. The demand functions of 2 commodities are fA = 80 - 8DA and fB = 

100 - 2DB. Thejoint-costfunction isC = 20DA + 2DB + 2DA! + 2DB2- 2 DADB • 

(a) Find the necessary and sufficient conditions for maximum profit. (b) Determine 
the prices, total cost, and profits. 

5. The demand curves for 3 commodities arepA = 10 - 3DA ,PB = 20 - SDB 

and pe = 60 - 7De. The joint-cost function is C = 10 + 5DA + 2DB + 6Dc. 
(a) Find the necessary conditions for maximum profits. (b) Determine the prices, 
total cost, and profit. 

6. The demand functions for 3 commodities are fA = 21 - 5D", fB = 

77 - 10DB and Pe = 30 - 2De. The joint-cost function is C = 2DADB + DADe 
+ 3DBDe. (a) Find the necessary conditions for maximum profit. (b) Determine the 
prices, total cost, and profit. 

7. The demand functions for 4 commodities are fA = 220 - 10DA, PB = 

90 - SDB, pe = 60 - 6De, and PD = 30 - 2DD. The joint-cost function is 

C = SDA + 9DB + SDc + DD + 2D..J.DB + DADe + D"DD + 3DBDe + 2DeDD. 
(a) Find the necessary conditions for maximum profits. (b) Find the prices, total cost, 
and profit 

8. The demand curves for 2 commodi ties are PA = 5 - D A and P B = 5 - DB. 

The joint-cost function is C = log. DADB. (a) Find the necessary and sufficient 
conditions for maximum profits. (b) What are the prices, total cost, and profits? 

9. The demand curves for 2 commodities are fA = 0 -: hDA and ps = , -dDB' 
The joint-cost function is C = mDA2 + nDB' + qDADB, where 0, h, '. d, m, n, and q 
are constants. (a) Find the necessary and sufficient conditions for maximum profits. 
(b) What are the prices? 
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69. Constrained Maxima and Minima 

In mathematical economics we meet problems frequently in which 
certain functions have to be maximized and minimized under side conditions. 
For instance, in utility theory, utility has to be maximized, but the maxi
mization is subject to the budget equation. In production theory, the profit 
of the firm has to be maximized, while the existence of a production function 
has to be taken into account, and so on. 

Such problems are called problems oj constrained maxima and minima, or 
maxima and mimma subject to sidt conditions. The exact theory of these maxima 
and minima is beyond the scope of this book. We will state only without 
proof a method by means of which one can derive the necessary conditions 
for the existence of constrained maxima and minima. 

We will state the conditions for problems in 2 variables. The results 
can be extended easily to any number of variables. Assume that we have a 
function of 2 variables 

z = ](9)· 

This function](x,,) has to be maximized or minimized under the condi-
tion 

We form a new function 

F(x,,) = ](9) + ).g(9), 

where ). is a constant, the so-called Lagrange multiplier. 
The necessary conditions for a maximum or minimum involve the 

partial derivatives of the function F(xll): 

F",(x,y) = ]",(x,y) + ).g.,(x,y) = 0, 

F,b,y) = ]u(x,) + ).guCx,y) = O. 

These 2 equations, together with the conditional equation g(x,y) = 0, permit 
us to determine in general the unknowns X,), and the constant)., associated 
with a maximum or minimum of z . 

• EXAMPLE 

Assume that the function 

Z = ](9) = 10 + x + 3y - j-x! - y' 

has to be maximized or minimized, under the condition that 

g(9) = 2x + 3y - 13 = O. 

First we construct the function 

F(x,y) = ](9) + ).g(x,y) 

= 10 + x + 3y - jx2 - y2 + >.(2x + 3y - 13), 

where ). is an undetermined constant (Lagrange multiplier). 
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We find the partial derivatives of F(xIl) as follows: 

FixIY) = 1 - x + 2}., 

F,,(xll) = 3 - 2y + 3;\. 

Putting the partial derivatives equal to 0 and using the conditional 
equation g(xIl) = 0, we get 3 linear equations in 3 unknowns; thus 

-x+2;\=-1, 

-0' + 3;\ = -3, 

2x + 3)' = 13. 

The solution of this system of equations is x = 43/17,), = 45/17,}. = 13/17. 
Hence the values x = 43/17 andy = 45/17 give a maximum or minimum . 

• EXERCISES 69 

1. Find the maximum of" = xy under the condition that x + 3y = 5. What 
is the maximum value of II? 

2. Find the minimum of II = 2x2 + 3.1 under the condition that 5x + 6)' = 10. 
Compare it with the unconstrained minimum. 

3. Find the minimum of II = x2 + 3.1 + 5t under the condition that 
2x + 3y + 5z = 100. What is the value of the constrained minimum of II? 

4. Find the maximum of II = lOx + 20y - xI-.y under the condition 
2x + 5y = 10. Compare it with the unrestricted maximum. 

5. Find the minimum of II = 3x + 6y under the condition that xl + Sf = 25. 
What is the value of the constrained maximum? 

6. Find the maximum of II = e'Zll under the conditions that 2x + 5y = 1. 
What is the value of the constrained maximum? 

7. Find the maximum of II = x)'z under the condition that 2x - 3)' + z = 10. 
What is the value of the constrained maximum? 

8. Find the maximum of II = log, xy under the condition that 2x + 3y = 5. 
What is the value of the constrained maximum? 

9. Let II = ax! + by + cT. Find the maximum or minimum ofu if mx + lIy = k, 
where a, b, c, m, II, and k are constants. What is the value of the constrained maximum 
or minimum? 

10. Find the maximum of II = kxy if mx + lIy = " where t, m, II, and , are 
constan.ts. What ill the value of the constrained maximum? 

**11. Consider the maximum of z = l(xvo) under the condition thatg(xvo) = O. 
Eliminate the Lagrange multiplier A, and show that lsi!" = gslc". Show by 
implicit differentiation (Section 63) that the expressions on both sides of this equation 
are equal to the slope of the tangent -dy/dx. 

**12. Show that the result of Problem 11 holds for the situation described in 
Example 1. 
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70. Utility Theory 

Let us consider for the sake of simplicity the case in which an indi
vidual spends all his money on just 2 commodities X and r. 

There is a function U = f(x,)), which (in a sense) indicates the satis
faction d~rived by the individual from varying combinations of the amounts 
of the commodities X and r. The amounts of these commodities are x andy. 
We"will see later that U need not be measurable (Problem 13, Exercises 70). 

Assume that the prices of X and rare p,. and p~. They are established 
on the market independent of any actions of the individuals in question. 
Assume that his income 1 is also given. Then we have the so-called budget 
equation 

p,.x + PIlY = I, 

where P", P~, and I are given constants. 
The individual will try to maximize U by choosing appropriate amounts 

of X and r while taking the condition represented by the budget equation 
into account. 

This is a problem in restricted maxima. We form the new function 

F(XJ) = f(x,y) + 'JI.(p,.x + Pttl - I). 

The partial derivatives of F are equated to 0; that is, 

Fix,y) = 0, 

F,lx,y) = o. 

The budget equation should, in general, give enough equations to de
termine x, y, and }.. Then x and J are the quantities of the commodities X 
and r demanded by the individual under the conditions stated above . 

• EXAMPlf 

Let us consider the following equation: 

U = 4x + 17y - x2 - xy - 3y2. 

Let p., = 1, PII = 2, and 1= 7. The budget equation is x + 2y = 7; U has 
to be maximized under this condition. We form the function F(x,y) = 
4x + 17y - x2 - xy - 3y2 + }.(x + 2y - 7). }. is a Lagrange multiplier. 
After differentiating F(x,) partially and equating both partial derivatives 
to 0, we have 

CJF 
ax = 4 - 2x - y + }. = 0, 

aF 
OJ' = 17 - x - 6y + 2}. = o. 
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Combining these 2 equations with the budget equation x + 2y = 7 provides 
x = 1 and y = 3 for the demand for X and r . 
• EXERCISES 70 

1. Let the utility index be U = xy. Assume that ps = 1, p" = 2, and 1= 10. 
Find the demand for X and r. 

2. Assume the utility index to be U = 58x + 76y - 5x2 - 2xy + 10.1. Let 
ps = 1, PII = 3, and 1= 14. Find the demand for X and r. 

3. A utility function for food (x) and nonfood (y) has been derived for 
American data, 1935-1941 G. A. Nordin). The utility function is U = -0.OO0890x2 
+ 0.008353.1 + O.022401xy + 104.572144x + 96.686771y. Derive from this the de
mand for food and for nonfood if we have P z = 1, p" = 1.1, I = 2500. 

4. A utility index is' U = rll. Let pz = l'PII = 5, and 1= 10. Find the demand 
for X and r. 

5. A utility index is·U = x2,.. Assume pz = 1, P" = 4, and 1= 10. Find the 
demand for X and r. 

6. Assume that U = xy. Let P" = P (a constant), PII = 2, and I = 10. (a) Find 
the demand for X and r. (b) Find the elasticity of demand for X, that is Ex/Ep 
= (dx/dp) (Pix). (c) Find the elasticity for x = 5. 

7. Assume U = xy. Let p" = 1, PII = q (a constant), and 1= 10. (a) Find the 
demand for X and r. (b) Determine the elasticity of the demand for r, that is, 
Ey/Eq = (dy/dq) (q/y). (c) Find the elasticity for y = 10. 

8. Assume U = xy. Let p" = p (a constant), PII = q (a constant), and I = to. 
(a) Find the demand for X and r. (b) Determine the partial elasticities of demand 
ExfEp = (ax/ap)(p/x), Ex/Eq = (ax/aq)(q/x), Ey/Ep = (ay/ap){p/y), Ey/Eq = 

(ay/aq)(q/y). (c) Evaluate the partial elasticities for x = 5, Y = 10. 
9. Assume that U = xy. Let P" = 1, P" = 2, and I = } (a constant). (a) Find 

the demand for X and r. (b) Find the income elasticities of demand Ex/ EJ = 

(dx/dJ)(j/x) and Ey/EJ = (dy/dJ)(J/r). (c) Evaluate the income elasticities for 
}= 10. 

*·10. An indifference curve is derived by letting U = constant. Take the 
utility index of Problem 1, and draw indifference curves for U = 12, 12.5,13. Plot the 
budget equation and show that 1?e point of maximum utility is determined at the 
point of tangency of the budget equation with an indifference curve. 

*·,1. Marginal utility of X is aUlax; marginal utility of risau/ay. Show with 
the help of the data in Problem 1 that (au/ax)/p" = {au/ay)/PII, ifutility is maxi
mized. These are the weighted marginal utilities. They represent the marginal 
utility of $1 worth oC each commodity. 

12. The marginal rate of substitution of X for r is the amount of X which is 
necessary to compensate the individual for the loss of a small unit of r. It is defined as 
R = (au/ax)/(au/ay). (a) Show by the elimination of X from the necessary con
ditions for maximum utility that we have always R = p"/p,,, (b) Verify for the utility 
index in Problem 1. 

·*13. Utility theory assumes only the orderi;Jg and not the measurability of 
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CiL"lW that the new utility indexes V = lP, W = lJ6, and Z = log. U give the 
.ult for the demand for X and r as the u till ty index in Problem 1 under the 

same conditions for prices and incomes. 
• ... 4. Assume a utility index V = g(U), where U = l(x,). Show with the help 

of the theorem for the differentiation of a function of a function that maximization 
of U and V leads to the same results for the demand for X and Y. 

• ... 5. It is important to note that -~ is the marginal utility of money. Prove this 
by using the results of Problem 11 and remember that the price of money is 1. 

• ... 6. Take an indifferf'nce curve defined by V(x,y) = c, where c is,constant. 
(a) Find the slope of the indifference curve by partial differentiation. (b) Verify 
analytically the result of the graphical analysis i~ Problem 10. (HINT: Use the method 
indicated in Section 63.) 

71. Production under Free Competition 

Under free competition the individual firm cannot exert an influence 
upon the price of the product or upon the prices of the factors of production. 
They are determined independently of the actions of the firm on the markets. 
On each market there are so many firms that the action of any single one 
can be neglected. 

Consider, for example, a firm which produces a product X and uses 2 
factors A and B in the process of production. The production function is 

• 
'K = I(a,b) 

Here 1t is the amount of the product, and a and b the amounts of the factors. 
Denote by ps the price of the product X, and by ps and P. the prices of the 2 
factors of production. The profit of the firm is 

'If' = xp~ - aps - bp •. 

It should be noted that xp~ = R, the total revenue, and that ap,. 
+ bh = C, total cost. 

The profit has to be maximized subject to the existence of the produc
tion function. We form the function' 

F(x,a,b) = xp" - 01. - bp. + A[x - I(a,b»), 

where ~ is a Lagrange multiplier. 
The following equations are, in general, enough for the solution of the 

problem 
Fz(x,a,b) = p. + >. = 0, 

Fs(x,a,b) = -P. - "'-I. = 0, 

F.(x,a,b) = - p. - "'-I. = 0, 

x = I(a,b). 

An alternative method without the use of the Lagi-ange multiplier A is 
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as follows: Substitute x = J(a,h) into the expression for 1r. Then we have 

1r = p"J(a,b) - ap,. - hh. 

The necessary conditions for maximum profit are 

1r .. = p,j,,(a,h) - PtJ = 0, 

1rb = psMa,h) - Pb = O. 
a EXAMPlE 

Assume a. production function of the form 

x = J(a,h) = 10 - a-I - b-1• 

The prices are p" = 9,p,. = l,pb = 4. The profit function is 1r:= 9x - 0 - 46 
This function has to be maximized under the conditiOfl"'that the relation 
between x, a, and h described by the production function holds. 

We introduce the new function 

F(x,a,b) = 9x - a - 4b + X(x - 10 + a-I + 6-1), 

where the constant X is a Lagrange multiplier. To deduce the necessary con
ditions for a maximum of profits, we find the partial derivatives and put 
them equal to 0: 

F,,(x,a,b) = 9 + X = 0, 

F .. (x,a,h) = -1 - XO-I = 0, 

Fb(x,a,h) = - 4 - ),b-t = O. 

We deduce from the first equation that X = -9. We substitute this value 
into the two remaining equations and obtain 

-1 + 90-1 = 0, 

-4 + 9b-1 = O. 

Hence, we have for the amounts ofthe factors, a = 3 and 6 = 3/2. From 
the production function we get the amount of the product, x = 9. Finally the 
profit equation gives 1r = 72. 

As an alternate procedure, we can substitute the equation for x from 
the production function into the profit equation. This gives 

1r = 90 - 9a-1 - 96-1 - a - 4h. 

We have now to find the unrestricted maximum of the function with respect 
to 0 and h. We form the partial derivatives and put them equal to 0 in orda
to find the necessary conditions for a maximum. thus 

1r .. = 9a-2 - t = 0, 

1rb = 9b-2 - 4 = o. 
These are exactly the same equations as before, and we get the same solutions 
for x, 0, hand 1r. 
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• EXEROSES 7J 

1. The production function of a firm is % = 1(a,b) = 5 - a-~ -b-~. The 

prices are p. = 2, p" = 1, Pb = 8. Find the amounts of the facton demanded, the 
amounts of the product produced, and the amount of profits made by the firm. 

2. The production function for a firm is % = 1(a,b) = 10 - 0-2 - b-'. The 

prices are p. = 4, p .. = 27, p. = 1. Find the amounts of the factors demanded, the 
amount of the product supplied, and the profit made by the firm. 

3. The production function of a firm is 

12ab - a - b 
%=-----

ab 

The prices are p", = 9, p", = 1, p. = 4. Find the amounts of the factors demanded, 
the amount of the product supplied, and the amount of profit made by the firm. 

*4. Given the production function x = 1(a,b), the profit function becomes 
11" = p"f(a,b) - p",a - p~. Find the sufficient conditions for a maximum of profit 
(see Section 67). 

5. Show that the sufficient conditions for profit maximization are fulfilled for 
the production function given in the example above and for the functions in Problems 
1 to 3. 

6. Assllme a production function for a commodity in the form % = 1(a,b). Maxi~ 

mize profits. Show that in equilibrium the marginal productivities are 1,.(a,b) = 

p",/p,.,1.(a,b) = P./p"" and also that 

1",(a,b) p,. 

1.(a,b) = ;;, ; 

that is, the ratio of the marginal productivities, when in equilibrium, is equal to the 
pri<;e ratio. (HINT: Eliminate the Lagrange multiplier A.) Apply to the data in Prob
lem 1. 

7. An implicit function of the variables %, a, and b, denoted by g(%,a,b) = 0, is 
called a transformation function. Derive the equilibrium conditions of production 
under the assumption that profit is being maximized while the transformation func
tion g(x,a,b) = 0 is satisfied. 

8. The production function of a firm is ,% = 1(a,b,c) = 20 - a-I - b-1 - c-I. 

The prices are p" = 4, p,. = I, p. = 9, and P. = 16. Find the amounts of the factors 
demanded, the amount of the product produced, and the total profit made by the 
firm. 

9. The production function of a firm i. % = 1(a,b) = 20 - Q-I - h-'. The 
prices are p", = 5, p,. = 20, and p. = 40. (a) Find the necessary and sufficient condi
tions for a maximum of profits. (b) Determine the amounts of the factors demanded, 
the amount of the product produced, and the amount of profit made by the firm. 

**10. Use the results of Problem 6 to give a geometric interpretation for the 
first-order conditions of profit maximization. (HINT: Consider da/dh for fixed x, the 
COtlstant product curve.) 
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72. Indefinite Integrals 

Indefinite integration is the inverse of the process of differentiation; 
that is, it consists in finding a function whose derivative is given. We write 

J J(x) dx = F(x) + c, 

where c is an arbitrary constant, if F'(x) = J(x). The constant c is added 
for the purpose of generality, since the derivative of a constant is 0; that is, 
the result of differentiation is not affected if an arbitrary constant is added to 
the function F(x). The c is called the constant oj integrat,on, and J(x) is known 
as the integrand. 

a EXAMPlE 1 

Evaluate the indefinite integral J (2x) dx. The problem is to find the 

function whose derivative is 2x. We know that the derivative of Xl is 'lx. 
Hence the desired value is x2 + c, where c is an arbitrary constant. To 
check, we compute the derivative 

d 
dx (x2 + c) = 2x. 

So we write 

j(2X) dx = x' + e. 

There are rules for integration that are similar to those for differentia
tion; for instance, the integral oj a sum is the sum oj the integrals; the integral oj /J 
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difftrence is tIM dzjfererzce oj the integrals; and the integral of a constant times a junction 
is tIM constant times the integral of the junction. The demonstratIon oj these rules 
depends in each instance all the fact that integratloll is the operation which IS inverse 
to differentiation. 

To illustrate these rules we compute some more integrals. 

• EXAMPlE 2 

For a check we have 

f(3x2) dx = x' + c. 

d 
- (Xl + c) = 3x'. 
dx 

This is the given integrand. 

• EXAMPlE 3 

Show that 

f(3%2 + 2x) dx = f(3x2
) dx + j(2X) dx = x'"+ x2 + c, 

where c may be regarded as the arbitrary constant that is the sum of the 
constants provided by the 2 integrations. 

To check this result we nate that 

d 
dx (x' + x' + c) = 3x2 + 2x. 

This is the given integrand; It should be observed that in this problem we 
have employed the fact that the integral of a sum is the sum of the integrals. 

• EXAMPlE '" 
Show that 

f(3X' - 2x) dx = x' - x2 + c. 

To confirm this result, we differentiate 

d 
dx (x, - x2 + c) = 3x' - 2x. 

This result is the given iptegrand; so the confirmation is complete. We note 
that 

f (3x2 - 2x) dx = f (3x2
) dx - f (2x) dx; 

that is, the integral of the difference is the difference of the-integrals. 
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• EXAMPlE 5 

Show that 

f(4x) dx = 2J(2X) dx = 2(x' + k) = 2x' + e, 

where 2k = c. This is the correct result for the given integral, since 

d 
- (2x' + c) = 4x. 
dx 

Moreover, f(2x) dx = x' + c, as can readily be confirmed by differentia

tion. So we observe the truth of the statement that the integral of a constant 
times a function is the constant times the integral of the function. 

To facilitate computation it is customary to learn the integrals of 
common functions; we give below a short table of indefinite integrals of 
various function. 

1. fdX = x + c. 

2. Ix"dx = ~·+t/(n + 1) + c, n ~ -t. 

3. J,. dx = ,s + c. 

f e"" 
4. e"sd~ = -;; + c. 

JdX 
5. -; = log. x + c. 

All these formulas can be verified by differentiation . 

• EXAMPlE 6 

Show that 

I<XI - 2x + 1) dx = ~. - x' + x + e. 

But 

f (x' - 2x + 1) dx = J xt dx - 21 x dx + I dx. 

Ix'dx = ~. + c, by Formula 2; 

JXdX = ~ + c, by Formula 2; 
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and 

fdX = x + c, by Formula 1. 

So we obtain the desired confirmation, 

fX'dX - 2 fXdx + fdx = ~I - Xl + X + c, 

where the last, is a composite of all the arbitrary constants provided by the 
3 formulas . 

• EXEROSES 72 

1. Evaluate J (1 - :a + xl) dx. Check. 

2. Evaluate J (x - 5x1 + .\'4) dx. Check. 

3. Evaluate I(IO/x) dx. Check. 

4. Evaluate J 15 .y; dx. Check. 

6. Evaluate J 17 dx/~. Check. 

6. Evaluate 13,. dx. Check. 

7. Evaluate J(1 + 2'" + 8x6) d.\'. Check. 

8. Evaluate J20 dx/{I;. Check. 

9. Evaluate J(1 -2/"') dx. Check. 

10. Evaluate J (a + bx'" J ~a, b, m constants.) Check. 

73. Marginal Cost, TOlal Cost, Average Cost 

Since marginal cost C' = dC/dD, we have total cost C = J C'dD 

and average cost A = CI D. This follows from the definition of marginal 
cost as the derivative of total cost. 
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Integration introduces an arbitrary constant. But if, besides the marginal
cost function, the value of the total cost at any arbitrary value is also given, 
we can determine the function completely . 

• EXAMPlE 

The marginal-cost curve for some product is G' = 1 + 2D + 6lJ2. 
(a) Find the total-cost curve if C(O) = 100. By integration, 

G = J (1 + 2D + 6D2) dD = D + D2 + 2D' + c. 

From the additional condition that C(O) = 100,0 + 02 + 2(01) + c = 100. 
Hence c = 100, and G = 100 + D + D2 + 2D'. (b) Find the average-cost 
curve A = GID; Obviously A = GID = 100lD + 1 + D + 2D2. 

• EXERCISES 73 

1. The marginal-cost function is C' = 1 + 100D - 5D2. (a) Find C if C(l) = 
200. (b) Find A. 

2. C' = 10lD + 5. (a) Find C if C(l) = 20. (b) Find A. (c) Evaluate C, C', 

and A for D = 10. 
3. C' = 2 + SeD. (a) Find C if C(O) = 100. (b) Find A. (c) Evaluate C, C', 

and A for D = 60. 
4. C' = 100 - 2D + 5D2 + D4. (a) Find C if C(O) = 100. (b) Find A. (c) 

Evaluate C, C', and A for D = 10. 

S. C' = 100 VD. (a) Find C if C(9) = 20. (b) Find A. (c) Evaluate C, C', 
and A for D = ,16. 

6. C' = 10 ~. (a) Find C if C(8) = 100. (b) Find A. (c) Evaluate C, C', 
and A for D = 27. 

7. C' = 1001VD. (a) Find'C if C(16) = 100. (b) Find A. (c) Evaluate C, C', 
and A for D = 100. 

8. The marginal-cost curve of steel is C' = 56. Find the total-C05t curve and 
average-cost curve if C(O) = 182. 

9. The marginal-cost curve of hosiery is C' = 6.75 - 0.OO06D. Find the total
cost curve and the average-cost curve if C(O) = -10,485. 

10. The marginal-cost curve of leather belts is C' = 0.8. Find the total-cost 
curve and the average-cost curve if C(IO) = 3,008. 

11. The marginal-cost curve for sales in a department store is C' == 1.052 
- O.004D. Find the total-cost curve and average-cost curve if C(O) == 16.8. 

74. Definite Integrals 

Suppose we know the equation of a curve, 

y = f(x). 

We will show how to find the area under the curve and above the X axis, 
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between the limits x = a and x = b. This is illustrated in Figure 28. 
One way to proceed is to find the approximate area. Divide the interval 

from a to b into n parts of equal width, 

b-a 
tu = --. 

n 

The points of subdivision, including x = a and x = b, are 

Xo = a, 

Xl = a + tu, 

X2 = a + 2(.:1x), 

•• = a + 3(.:1%), 

x. = a + n(tu) = b. 

The area to be evaluated can be approximated by the sum of the areas of 
n rectangles, namely, 

f(xJ(.:1%) + f(X2)(tu) + f(xa) (.:1x) + ... + f(x .. ) (tu). 

This sum can be written in a more concise way, that is, 

" L f(x,) (.:1%). 
i-I 

We will get a better approximation to the area if we have more and 
more rectangles. In the limit, as n - 00, 

" " I b 

lim L f(x,)(.:1%) = lim L f(x.) (.:1%) = j(x) dx. 
ft-+. ig:l 4z-+01==1 a 

The last expression in this formula is the definite integral, and it is defined ar 

[F(x)]! = F(b) - F(a), where f f(x) dx = F(x) + c. 

The fact that the definite integral gives the area under the curve 
y = f(x) between x = a and % = b is one of the most important results in 
mathematics and is known as the fundamental theorem oj the integral calculus. 
A proof of this theorem is found in most works on the calculus. 

We show, in Figure 27, an approximation to the area under the curve 

y =f(x) = x2 

between x = 1 and x = 3. 
We have divided the interval into n = 2 equal parts. Hence 

.:1x = 1. 
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The 2 rectangles have the base tJ.)t = 1 and the heights }(2) = 4 and 
}(3) = 9, respectively. Hence the sum of the areas of the 2 rectangles in 
our first approximation is 

(4)(1) + (9)(1) = 13. 

The shaded area represents the error committed in this approximation. 
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Next we divide the same interval from a to h, that is, from 1 to 3, into 
4 equal parts. This means that 11 = 4. Hence Ax = (6 - a)/n = 1/2. Now 
the 4 rectangles have the base Ax = 1/2 and the heights J(1.5) = 2.25, 
J(2) = 4,J(2.5) = 6.25,J(3) = 9, respectively. 

In this second approximation to the area under the curve, the sum of 
the areas of the rectangles is 

(2.25)(0.5) + (4)(0.5) + (6.25)(0.5) + (9)(0.5) = 10.75. 

The error committed in our second approximation is represented again 
by the shaded area in Figure 28. It is apparent that the total error is smaller 
than in the previous case (Figure 27), which represented n = 2 or Ax = 1. 

It seems reasonable to expect that our approximations will get better 
and better, and that the total error will become smaller and smaller as we 
continue this process of taking 11 larger and larger, or making Ax smaller and 
smaller. 

Finally as 11 -+ GO and Ax -+ 0, the limit of the sum of the rectangular 
areas gives the true area under the curve. By the fundamental theorem of 
the integral calculus, this area can be computed accurately. It is r x' dx = [;II = ~. - ~ = 9 - ~ = 2: = 8.667. 

In the expression for the definite integral, namely, .f J(x) dx, x is said to 

be the variable of integration. The lower limit is a and the upper limit is h. 

The sign J is an elongated S; it is the integral sign, and stands for sum. 

Since It is only the variable of integration, a dummy variable, it does 
not in itself matter. It may be replaced by any other variable, say t, and the 
result is the same. Thus 

[ J(t) dt = .f J(x) dx. 

To further examine the definite integral, let us put 

h = x, 
and define the function 

G{x) = IZ J(t) dt. 

This is the area under the curve.1 = J(t) from t = a to t = x. 
By putting x = a, we have 

G(a) = [ J(t) dt= 0; 

that is, the area under the curve y = J(t) from t = a to t = a is o. 
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Consider the derivative of the function" G(x). We have by the definition 
of the derivative 

where 

G'(x) = lim 6G, 
.u-+O 6x 

6G G(x + 6x) - G(x) 

6x 6x 

But G(x + 6x) - G(x) is the area under the curve from x to x + 6x. 
As seen from the graph, the magnitude of this area is between the mag-

1 

!(x+6X) 

f(x) 

Figure 29 

nitudes of the areas of 2 rectangles, both with base 6x; one with -...... 4- ((x) 
and the other with height l(x + 6x); in symbols, 

f(x)(6x} < G(x + 6x) - G(x) <lex + 6x)(6x). 

The difference between the 2 rectangular areas is shaded in Fig' ,29. We 
divide the members of the inequality by 6x, and get 

lex) < G(x + 6x) - G(x) <lex + 6x). 
6x 

lfwe let 6x - 0, the term in the middle becomes the derivative G'(x). 
Also, l(x + 6x) - l(x}; so, in the limit, 

G'(x) = lex). 
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This result is equivalent to the fundamental theorem of the calculus 
already stated. We have shown that the derivative of the definite integral 
considered as a function of the upper limit is the function representing the 
curve under which the area is sought. 

• EXAMPLE 1 
Find the area under the curv~ 

y = J(x) = x', 
from x = 1 to x = 3. 

The indefinite integral is 

Jx.ax = ~+ c. 

To check this, 

Hence 

r x' dx = [~J3 = (3)4 _ (1}4 = 81 _ ! = 20. 
Jl 41 4 4 44 

This is the area under the curve from x = 1 to x = 3. 

• EXAMPLE 2 

Find the area under the curve y = x from x = 1 to x = 2. The desired 
area is given by 

• EXERCSES 71. 

Evaluate each of the following. In each case describe the area that is obtained. 

1. 16 

x2dx. 

2.13 

(1 - 2x + x2) dx. 

3. r (1 +·3x - x8) dx. J-l 

4. r (x' - 2x - 5) dx. J-2 

1
16 

5. 1 2Vxdx. 

6.127 

5 ~dx. 

7 • .£2 (e" + 10) dx. 

8. 1210 dx/x. 

9 • .£1 (a + IIx) dx, where a and II are constant!. 

10 • .£1 11'" dx, where m is a constant not equal to -1. 
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'15. Consumers' Surplus 

A demand curve shows the amount people would buy at a given 
price. Let the market price be po. At this market price Do units are sold. Then 
everyone who would be willing to pay more than the market price gains 
from the fact that the price is only ;0. The gain is called consumers' surpluJ 
(Marshall). It represents the total money gain if the situation with a market 
price po is compared with perfect discriinination. Under perfect discrimina
tion a monopolist would extract from each customer for each unit of the 
commodity the maximum price he would be willing to pay for it. 

If we make the assumption of constant marginal utility of money and 
also that all people hav6 the same utility function, then the area measured 

by IDt pdD - poDo can be interpreted as gain in utility. It is the area undel 

the demand curve minus the total revenue and is called the consumers' surplus 

• EXAMPLE 1 

20 

18 

16 

14 

12 

10 

P 

8~~~ 

6 

4 

2 

12345678 

Figur.30 

Assume, for instance, a demand function of the form 

20 - 3D = p. 

The quantity demanded is a function of the price 

D = 20 _!.. 
3 3 
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It should be recalled from the definition of a collective-demand function 
that this represents the amount which people will buy on the market at 
various prices. FrQm the graph it appears that the higher the price, the smaller 
the demand. 

Let the supply function on this market be p = 2D. The quantity sup
plied is a function of the price D = ip. The market equilibrium is estab
lished at the point where demand equals supply; that is, where 20/3 
- p/3 = !p. 

The solution of this equation is po = 8, and from the demand or supply 
function, Do = 4. At a price of $8, the demand is equal to the supply, and 
the quantity exchanged is 4 units. 

But it appears from our graph that there are people who are willing to 
pay as much as $20 for the commodity in question. All these and others 
who would have been willin& to pay more than the market price po = $8 
profit from the fact that they have only the market price to pay. 

Their total monetary gain could have been extracted by a clever mo
nopolist who might be able to practice perfect discrimination. It is repre
sented by the shaded area in the graph. 

This shaded area is the area under the demand curve from 0 to Do 
minus the product poDo, that is, the rectangle which represents the actual 
outlay of the consumers. We have 

[l>PdD - poDo = [(20 - 3D)dD - (8)(4) 

[ 
3D2J4 

= 20D - 2 0 - 32 = 56 - 32 = 24. 

Hence the consumers' surplus in our case is $24. This represents the 
monetary savings of the public because of the existence of a free market on 
which everybody, rich or poor, can buy at the prevailing-market price . 

• EXAMPLE 2 

Letp = 1 - D. Assume that po = 1/3; then Do = 2/3. The consumers' 
surplus is 

[~ 2 [ D2J~ 2 2 (1 - D)dD - - = D - - - - = -. 
o 9 2 0 9 9 

• EX~RasES 75 

1. Let the demand curve be" = 10 - 2D. Evaluate the consumers' surplus for 
(a) po = t; (b) po = 3; (c) po = 5; (d) P = 0 (free good). (e) Make a graph. 

2. The demand function for a commodity is" = 36 - D2. Find the consumers' 
surplus for (a) po = 11; (b) po = 5; (c) po = 6; (d) po = O. (e) Make a graph. 

3. The demand function for a commodity is" = 100 - 2D - D2. Find the 
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consumers' surplus for (a) po = 1; (b) po = 5; (c) po = 0 (free good). (d) Illustrate 
by a graph. 

4. The demand function of a commodity is p = 81 - D4. Find the consumers' 
surplus for (a) p = 0 (free good); (b) po = 10; (c) po = 36. (d) Indicate them 
graphically. 

5. The demand function of a commodity is p = 100 - 5D - D2. Find the 
consumers' surplus for (a) po = 0; (b) po = 11; (c) po = 25. (d) Illustrate with a graph. 

6. Consider the demand curve for sugar in Problem 9, Exercises 56. Find the 
consumers' surplus (a) under monopoly; (b) under free competition; (c) if sugar were 
a free good. (d) Compare the 3 situations graphically 

7. Consi4er the~emand curve for steel in Problem to, Exercises 56. Find the 
consumers' surplus (a) under monopoly; (b) under free competition; (c) if steel were 
a free good. (d) Compare the 3 situations graphically. 

8. Consider the situation described in Problem 1, Exercise. 9. Evaluate the 
consumers' surplus bt'fore and after the imposition of various specific taxes and sub
sidies. Illustrate by a graph. 

9. Use the data in Problem 2, Exercises 9, to evaluate the consumers' surplus 
before and after the imposition of various taxes or subsidies. Illustrate by a graph. 

10. Use the data in Problem 3, Exercises 9, and evaluate the consumers' surpl.1s 
before and after the imposition of the taxes and subsidies indicated. Show also, by a 
graph, the effects of taxes and subsidies on consumers' rent. 

11. Use the data in Problem 6, Exercises 9, to evaluate the consumers' surplus 
before and after the imposition of the indicated taxes or subsidies for sugar. Illustrate 
by a graph. 

12. Use the data in Problem 8, Exercises 9. Consider the effect on consumers' 
surplus of the tax or subsidy indicated for agricultural products. Illustrate by a graph. 
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76. Frequency Definition of Probability 

It is important to remember that probability and statistir:s are con
cerned with mass phenomena, and never with a single event. It makes no 
sense to talk about probability if there are no mass phenomena to which the 
probability refers. 

Various definitions of probability have been given. The so<alled classi
cal thfinition of probability is as follows: 

If there are N exhalMtive, mutually exclustve and equally likely cases, and among 
IIlIse N fJases there are M..favorable to some event, then the probabilzty of this event 
is the ratio M/N. 

Consider, for instance, throws with a coin. There are 2 possible events, 
heads or tails. If the coin is true, these 2 events have the same likelihood. 
Consider the. event of obtaining a head. Among the 2 equally likely cases, 
heads or tails, there is 1 favorable, that is, the case of obtaining a head. Hence 
the probability of obtaining a head with a true coin is 1/2. 

Next, consider the toss of a die. There are 6 possible events (N = 6), 
that is, to obtain 1, 2, 3, 4, 5, or 6. In a true die these events are equally 
likely. Consider the event ofthrowing a 2. This is one favorable case" (M = 1) 
amonb 6 equally likely cases. So the probability of throwing a 2 with a true 
die is 1/6. 

There are various objections against the classical definition of proba
bility. It is circular since it involves the notion of probability (that is, equal 
probability) within the definition of probability itself. More important from 
our point of view is the fact that it is impossible to state in economic and 
social matters what events are equally probable. 

We will use a dillerent definition of probability, which seems to be more 
193 
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adequate, at least for the field of social and economic statistics. It is the so
calledfrequency definition of probability. This definition starts with an empirical 
notion, the idea of relative frequency. Assume that we make a number of trials, 
say n trials. We observe a certain event in whose probability we are interested. 
Let us assume that in those n trials the event happens m times. Then the 
relative frequency of the event is m/n. 

For example, assume that a coin is tossed 100 times (n = 100). We want 
to ind the relative frequency of heads, and we observe that heads turn up 
53 times in these 100 trials (m = 53). Hence the relative frequency of heads 
is 53/100. 

Next, suppose we throw a die 600 times (n = 600). We are interested 
in the relative frequency of obtaining 2: Among the 600 throws of the die 
we observe that 2 turns up 95 times (m = 95). Hence the relative frequency 
of 2 in our experiment is 95/600. 

We define probability as the lImiting value of the relativefrequency as the number 
of trials approaches infinity; that is, 

. m 
p=lim-. 

,,-toGO n 

Here we denote by p the probability of the event whose relative frequency 
is m/n. 

There is another condition which must be fulfilled if we are to be per
mitted to talk about probability and apply the laws of probability. The 
sequence of experiments or trials which becomes infinite must be a random 
sequence. 

A sequence is a random sequence if the following condition holds: 
Suppose we make an arbitrary selection from the trials. We take, for example, 
every second trial, or every fifth, or make any other arbitrary selection from 
our collection of trials. In general, we select nl trials out of our n trials, 
according to any arbitrary principle. Assume further that we observe that 
the event whose probability we want to compute occurs ml times among the 
nl trials. Then we must have 

In this formula p is the probability. This same relationship must be trUl 
also for any other arbitrary selection from our original series of trials. 

Let, for instance, n2 be a set of trials selected by another principle from 
t)1e original series of n trials. There are now ma cases of the occurrence of our 
event. We have again 

I
. mJ 

p = lID-, 
............ na 

The same is also true for a third selection, and so on. 
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We conclude that in order for probability to exist in the frequency sense 
it is necessary that the following condition holds: The limiting value of the 
relattvefrequency in any arbItrary selection from lhe sequence of our original trials must 
have the same value as the limltmg value of the relatIVe frequency of the event in the 
series oj original trials. This limit is called the probabilIty of the event . 

• EXAMPlE 1 

A die is tossed 60 times. We note below the trial number and the result 
recorded: 

Trial Number Result Trtal Number Result fnalNumber Result 

1 2 21 3 41 3 
2 1 22 5 42 5 
3 3 23 4 43 4 
4 1 24 4 44 2 
5 5 25 1 45 4 
6 3 26 5 46 1 
7 5 27 5 47 1 
8 1 28 3 48 3 
9 6 29 6 49 5 

10 2 30 5 50 2 
11 4 31 2 51 5 
12 5 32 5 52 4 
13 4 33 5 53 2 
14 1 34 2 54 3 
15 5 35 6 55 2 
16 4 36 2 56 6 
17 5 37 1 57 1 
18 5 38 1 58 1 
19 1 39 5 59 4 
20 1 40 1 60 4 

We are interested in the probability of throwing a 2 with this particular 
die. The total number of trials is n = 60. Among these 60 trials 2 is thrown 
9 times; that is, m = 9. Hence we have 

m 9 
- = - = 0.15. 
n 60 

We should expect that this ratio min would converge toward a number 
p if we made more and more trials, say 6,000 or 60,000 trials instead of just 60. 
With a true die this limit, which is the probability, would be 1/6 = 0.166667. 

To test the randomness of our sequence we make a selection. Suppose 
we take only t.he odd trials, that is, the trials number 1, 3, 5, 7,.··, 59. 
!here are. in our selection, 30 trials, that is, nl = 30. Among these 30 trial, 
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there are four 2's (m1 = 4). The relative frequency of 2's in such a selection is 

m1 4 
- = - = 0.133. 
n1 30 

This is not too different from the relative frequency in the original series 
which was min = 0.15. 

Next we make a second selection. We take only the even trials, that is, 
numbers 2, 4, 6, 8, ... , 60. There are again 30 trials in our selection (n2 = 30). 
Among the 30 even trials 2 occurs 5 times. The relative frequency of 2's is 

m2 5 
- = - = 0.167. 
n, 30 

Again, this is not too different from the relative frequency in our original 
trials, namely, min = 0.15. 

We make another selection, by taking only the trials which correspond 
to prime numbers. A prime number is a number which is divisible, without 
remainder, only by 1 and by itself. The prime numbers up to 60 are 
1,2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59. There are alto
gether 18 prime numbers in this sequence. The trials corresponding to them 
constitute our third selection; that is, "3 = 18. Among the 18 trials corre
sponding to prime numbers, we find three 2's. Hence ma = 3. 

The relative frequency of 2's in the selection of trials corresponding to 
prime numbers is 

ma 3 
- = - = 0.167. 
na 18 

This is again not very different from the relative frequency of 2's in our 
original 60 trials. 

Next we make a selection in the following way: We take all the trials 
which come after a 6 has turned up. This gives us trial numbers: 10, 30, 
36, 57. There are only 4 selected trials, or n4 = 4. Among these 4 trials, we 
have two 2's, so m4 = 2. Hence the relative frequency is 

m4 2 
- = - = 0.5. 
n4 4 

In view of the very small number in this selection this result may also be 
considered not too different from the original relative frequency, min = 0.15 . 

• EXAMPlE 2 

Toss a coin 50 times. Note the number of the trial and the result, head 
or tail. Compute the relative frequency of heads. Make the following selec
tions: (a) all even trials; (b) all trials whose numbers are divisible by 3; 
(c) all trials whose numbers are prime numbers; Cd) all trials which occur 
after a tail. Compute the relative frequencies of heads in aU these selections 
and compare with the original relative frequency in the 50 trials. 
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• EXAMPlE S 

A true coin is thrown many times. Denote a head by H and a tail by T. 
Then the series of trials is 

No. of Trial: 1 2 3 4 5 6 7 8 9 10 
Outcome: . H T T H T H T T H H 

If this series is continued, we obtain, in the limit, p = 1/2 for the probability 
of a head. Let us make a sele~io.9 from our trials. Take for instance all 
even-numbered trials: T H H T H .... The limit of the number of heads 
thrown divided by the total number of trials in the selection must again 
be p = 1/2. Now take all throws which come after throwing a head: 
T T T H .... Again we must have in the limit, p = 1/2, and similarly for 
all other selections . 

• EXEROSES 76 

1. A true die has its center of gravity correcdy placed so that no side is favored. 
Suppose that this true die is thrown a great many times. Care is taken that the out
come of each throw is independent of all the previous throws. (a) What is the prob
ability of throwing a 6? (b) What is the probability of throwing a 6 after a 1 has been 
thrown? (c) What is the probability of throwing a 6 after two 3's? (d) What is the 
probability of throwing a 6 after ten l'r.? 

2. Let us assume an infinite highway. There ilf a white milestone every mile for 
9 miles and a red pillestone every 10 miles. Take as a sample the first 100 milestones. 
(a) What is the relative frequency of a red milestone among all milestones? (b) What 
is the limit of this relative frequency? (c) Consider the relative frequency of red 
milestones in a sample of aU milestones which follow a red milestone. (d) What is 
the limit of this relative frequency? (e) Consider the-relative frequency of red mile
stones in a sample of all milestones which follow 2 white milestones. (f) What is the 
limit of this relative frequency? (g) Consider the relative frequency of a red milestone 
in a sample of all milestones which follow 3 white milestones. (h) What is the limit 
of this relative frequency? (i) Consider the relative frequency of red milestones in a 
sample of all milestones which follow a white milestone. U) What is the limit of this 
relative frequency? (k) Compare all the computed limits. Is there a probability of 
red milestones among all milestones in the sense defined above? 

3. A skillful gambler throws a die 30 times. The results are: 1, 2, 3, 4, 5, 6, 
1,2,3,4, 5, 6, 1,2, 3, 4, 5, 6, 1, 2, 3,4, 5, 6, 1,2, 3,4, 5, 6, 1, 2, 3, 4, 5, 6. He can 
repeat this sequence indefinitely. (a) What is the relative frequency of obtaining a 2 
among all throws in the sample? (b) What is the limit of this relative frequency? (c) 
Consider the relative frequency of a 2 in a sample of all throws which follow a 1. (d) 
What is the limit of this relative frequency? (e) What is the relative frequency of a 2 
in a sample of all throws which Collow a 5? (f) Find the limit of this relative frequency . 
.(g) What is the relative frequency of a 2 in a sample consisting of all odd throws? 
(h) What is the limit of the relative frequency? (i) Find the relative frequency of a 2 
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in a sample which consists of all even throws. U) What is the limit of this relative 
frequency? (k) Compare all the computed limits. Can we talk about the probability 
of obtaining a 2 in the sense defined above? 

4. An urn contains red and white balls. A ball is drawn, its color noted, and 
it is replaced in the urn. There is an irregular' sequence of red and white balls. The 
limit of the relative frequency of red balls is 1/2. The same limit appears approxi
mately if we take as our samples all throws which follow a white ball, all throws which 
follow 2 red balls, all even throws, all odd throws, etc. All these selections give a 
result very close to 1/2. Can we assert under these conditions that the probability of 
obtaining a red ball is l/Z? 

5. A gambler throws a coin 12 times and obtains the sequence H, T, T, H, 
T, T, H, T, T, H, T, T. He can continue this sequence indefinitely. (a) Find the 
limiting relative frequency of a head among all throws. (b) Find the limiting relative 
frequency of a head in a sample of all even throws. (c) Find the limiting relative 
frequency of a head in a sample of all odd throws. (d) Consider the limiting relative 
frequency of a head among a sample of all throws which follow a head. (e) Find the 
limiting relative frequency of a head among a sample of all throws which follow 2 
tails. (f) Consider all the limits computed and discuss the existence of the probability 
of obtaining a head. 

6. Consider the data in the experiment given in Example 1. (a) Compute the 
relative frequency of a 1 in the total sequence. (b) Make a selection of all trials whose 
number is divisible by 3 and compute the relative frequency of l's. (c) Take all trials 
whIch occur after a 2 and compute the relative frequency of l's in this new sequence 
(d) Flip a coin 60 times and take all the trials from the original series which cor
respond to heads turning up. Compute the relative frequency of l's in the new se
lection. 

7. Use the same methods as indicated in Problem 6 to find the relative frequency 
of an even number. Compare the result with the probability of an even number turn
ing up with a true die. 

S. Use the same methods as indicated in Problem 6 to find the relative frequency 
of an odd number. Compare the result with the probability of an odd number turning 
up with a true die. 

9. The following table gives the number of male and female births in the United 
States: 

Year Male Btrths Female Births 

1935 1,105,489 1,049,616 
1936 1,099,465 1,045,325 
1937 1,130,641 1,072,696 
1938 1,172,541 1,114,421 
1939 1,162,600 1,102,988 
1940 1,211,684 1,148,715 
1941 1,289,734 1,223,693 
1942 1,444,365 1,364,631 
1943 1,506,959 1,427,901 
1944 1,435,301 1,359,499 
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Compute the relative frequency of male birth using the following data: (a) 
all years given in the table; (b) only the even years; (c) the odd years. (d) FlIp a 
coin 10 times, 1 time for each year, and take each year for which a head turns up. 
(e) What do you conclude about the probability of a male birth in the United States? 

77. Laws of Probability 

Probability is defined as the limit of the relative frequency of an 
event; thus 

m 
p=lim-, 

ft--+_ n 

assuming that the sequence of events is a random sequence. This is the case 
if in any number of ar.bitrary selections among the original sequence the 
relative frequencies tend to the same limit; that is, 

m ml m2 
lim - = lim - "" lim - = •.. = p. 
"-+_ n "1-+" nl ..,...... .. n2 

No relative frequency can be larger than. 1. It will be 1 if the event 
occurs always in the n trials, that is, if m = n. The relative frequency cannot 
be smaller than o. It will be 0 if the event does not happen at all in the n 
trials, that is, m = O. 

Since probability is the limit of relative frequency min, where 0 ~ m ~ n, 
the probability must be a positive number between 0 and 1. A probability 
of one corresponds to certainty. For instance, it is certain that a coin must 
come up heads or tails. On the other hand, a probability of 0 corresponds to 
impossibility. It is impossible, for instance, to throw a 7 with a single die. 

Addition theorem 

Let us consider 2 mutually exclusive events, say A and B. There are 
altogether n trials. Among the n trials the event A occurs mA times. The 
relative frequency of the event A is mAIn. The event B, on the other hand, 
OCCurs mB times. The relative frequency of the event B is mB/n. 

Now consider the event, which happens if either A or B occurs. This will 
happen in mA + mB of the n trials. The relative frequency of the event 
(either A or B) is 

mA + mB mA mB ---=-+_0 
n n n 

Thus the relative frequency of the event, either A or B, is the sum of the 
relative frequencies of the mutually exclusive events A and B. 

The probability of A is the limit of the relative frequency of A. The 
probability of B is the limit of the relative frequency of B. Denote the prob
ability of A by PA and the probability of B by PB' Consequently, the prob-
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ability of the event "either A or B" is 

This theorem can be generalized for any number of exclusive events. The 
probahzlity that tIther one oj a numb" oj mutually exclusive events happens is the sum 
oj their probabilities . 

.. EXAMPLE 1 

Consider a perfect die. The probability of throwing 1 is 1/6; the prob
ability of throwing 2 is also 1/6. The probability of throwing elthtr 1 or 2 
with an unbiased die is 

Multiplication theorem 

1 1 1 p=-+-=-. 
6 6 3 

Again let us consider n trials. Among the n trials there are mA trials in 
which the event A occurs. Hence mAin is the relative frequency of A and 
its limit is the probability of A. Now consider another event B. Among the 
rnA trials in which the event A occurs, there are mB in which we also have B. 
The relative frequency of the combined event, A and B, is mBln. Its limit is 
the probability that A and B will happen together. 

The relative frequency of A and B can be written 

On the right side the second fraction is simply the relative frequency of 
the event A. Its limit is the probability of A. But the first term on the right 
side is the relative frequency of the event B among the trials in which the 
event A has occurred. Its limit is the so-called conditIOnal probabzllty. 

Denote now the probability of A as h., the probability of getting A 
and B by p, and the conditional probability of B, if it is known that A has 
occurred, by PB(A)' 

By passing to the limit as n -+ 00 in the above formula, we obtain 

.. EXAMPLE 2 

Consider an urn in which there are 2 red balls and 3 black balls. The 
probability of drawing a red ball at random will be denoted by PAi we have 

PA = 2/5 

since there are 2 red balls among the 5 balls in the urn. 
Consider now the probability of drawing a black ball, aJt" a red ball has 

been drawn (and not replaced). This conditional probability will be denoted 
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by PB(A). We have 
PB(A) = 3/4. 

When·1 red ball has been drawn, 4 balls are left in the urn; 3 of these 4 balls 
are black. Hence the conditional probability of the event B, after A is known 
to have happened, is 3/4. 

Consider finally the probability of drawing a red ball (event A) and 
then a black ball (event B). We have from the above formula 

p = (2/5)(3/4) = 6/20 = 3/10. 

A very important special case of the last consideration is the case of 
independent events A and B. In this case the relative frequency of B is inde
pendent of the fact whether A has occurred or not, so we have 

ma ma -=-. 
mA n 

Denoting the limit of the relative frequency of the trials with the event B 
among all the trials by PB, we have from the above formula 

p = PAPB. 

The probability that 2 independent events will happen together is the 
product of their probabilities. 

The theorem can be extended to any number of independent events. 
That is, t~ probability tlUJt a number of independent events wJlllUJppen toget~ is t~ 
product of t~iT probabilities • 

• EXAMPLE 3 

Consider the independent throwing of 2 unbiased coins, say a dime and 
a nickel. What is the probability of obtaining 2 heads? 

The probability of obtaining a head with the dime is 1/2, since the coin 
is unbiased. The probability of obtaining a head with the nickel is 1/2, since 
this coin is also unbiased. The coins are thrown independently. It follows 
that the probability of obtaining 2 heads is the product of the 2 probabilities; 
that is, 

• EXEResES 77 

1. A true die i. thrown. Find the probabilities of obtaining (a) either 1 or 2; 
(b) either 2 or 5 or 6; (<;) an even number; (d) an odd number; (e) any number but 
5; (f) either 1 or 2 or 3 or 4 or 5 or 6. 

2. Three exclusive events have the probabilities PA = 1/3 for A, PB = 1/6 
for B, pc = 1/2 for C. What are the probabilities for obtaining (a) either A or B? 
(ll) either A or C? (c) either B or C? (d) either A, B, or C? 

3. The probability of obtaining a head with a coin is p, the probability of ob-
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taining a tail is q. What is the probability of obtaining either head or tail? What 
conclusions can be drawn about the sum of the 2 probabilities? 

4. Three exclusive events have the probabilities PA = 0.5, PB = 0.2, pc = 0.3. 
Find the probabilities of the following contingencies: (a) either A or B; (b) either 
A or C; (c) either B or C; (d) either A, B, or C. 

5. A perfect die is cast 2 times. Find the probability of obtaining the sum 8. 
(HINT: Consider all possible contingencies.) . 

6. If A, B, C,' .. are a series of exclusive events which exhaust all possibilities, 
it follows that PA + P B + pc + . .. = 1. Explain. 

7. A half dollar, a dime, and a nickel are thrown independently. All are true 
coins. Find the probability (a) of obtaining heads with all of them; (b) of getting 
tails with all of them; (c) of getting a head with the half dollar and tails with the other 
2 coins; (d) of getting a head with the half dollar, a tail with the dime, and a head with 
the nickel in 3 independent throws of the 3 coins. 

8. Events A, B, C, D are independent. Their probabilities are, respectively 
PA = 1/8, PB = 1/2,/pc = 1/4, PD = 1/10. Find the probabilities that the follo"'ing 
events ·.iII happen together: (a) A and B; (b) A and C; (c) A and D; (d) Band C; 
(e) Band D; (f) C and D; (g) A, Band C; (h) A, B and D; (i) A, C and D; U) B, C 
and D; (k) A, B, C and D. 

9. Five perfect coins are thrown independently. Wbat is the probability (a) of 
obtaining only heads; (b) only tails; (c) heads with the first 2 coins and tails with the 
rest; (d) heads with the first coin and tails with the others? 

10. Two perfect dice are cast independently. Find the probabilities of obtaining 
(a) the sum 6; (b) the sum 2; (c) the sum 12. (HINT: Consider all contingencies.) 

11. A total of n perfect dice are cast independently. Determine the probability 
of obtaining as the sum the number (a) n; (b) 6n. 

12. Arl urn contains 2 red balls,S black balls, and 3 white balls. Find the fol·' 
lowing probabilitie ~uming that none of the drawn balls are replaced: (a) the con· 
ditional probability of obtaining a black ball, after a red ball has been drawn; (b) 
the probability of drawing a red ball and then a black ball; (c) the conditional 
probability of drawing a white ball after a red ball has been drawn; (d) the prob
ability of drawing a red ban and white ball in succession; (e) the conditional prob
ability of drawing a black ball after a white ball bas been drawn; (f) the probability 
of drawing a white and a black ball in succession; (g) the conditional probability 
of drawing a red ball, after a white ball has been drawn; (h) the probability of. 
drawing in succession a white and a red ball. 

78. Probability Distributions 

A random variable is a variable which can assume a number of 
values with given probabilities. Random variables are also called stochastic 
or chance variables. For instance, the outcome of the throws with a die is a 
random variable, since it can assume the values 1, 2, 3, 4, 5, 6 with certain 
probabilities. 
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The array of the values which the random variable can have together 
with the probabilities of these values is called the probabIlity dutribution. It is 
apparent that the sum of all the probabilities must be 1. This follows from 
the addition theorem of probabilities. 

a EXAMPlE 1 

Consider a throw with 2 unbiased coins. The coins are thrown inde
pendently. The random variable x is the number of heads. The following 
contingencies are equally probable: 

Coin 1 

H 
H 
T 
T 

Coin 2 
H 
T 
H 
T 

The probability of each contingency listed in the previous table iJll/4. 
Hence we obtain the following probability distribution for x, the number 
of heads: 

o 
1 
2 

P 
l
it 
~ 
"i" 

1 

The sum of probabilities is 1. nus follows from the fact that, with 2 coins, 
either no heads, 1 head, or 2 heads must come up, so the sum of the prob
abilities of all these contingencies is certainty: that is, p = 1. 

We show in Figure 31 a so-called histogram. This is a graphical repre
sentation of the probability distribution gi,,'en above. Note that the various 
rectangles are drawn in such a way that their centers are at the values of x 
given in the table; the height of each rectangle corresponds to the probability 
associated with its respective value of x. 

It should be noted that the sum of the areas of all the rectangles in 
Figure 31 is 1. This corresponds to the fact that the sum of all the probabilities 
is 1. 

From the above table we can compute the so-called cumulative prob
abilIty distnbution. This is derived by adding the probabilities successively: 

Cumulative 
x Probability 

0 1 
"i" 

1 s 
"i" 

2 1 
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Here 1/4 is the probability that x is less than or equal to 0; 3/4 is the prob
ability that x is less than or equal to 1; 1 is the probability that x is less than 
or equal to 2. 

figure 31 

For a random variable which can vary continuously between the values 
x = a and x = b, we define a probability density: p(x). The function p(x) is 
such that the integral r p(x) dx 

e 

(where c ~ a, d ::::; b) gives the grobability that x will be somewhere between 
c and d. Since it is certain that the random variable x must assume values 
between a and b, we have 

[P(x)dX = 1. 

This follows from the fact that the probability that x will be somewhere 
in the permissible interval a to b is certainty. 

The cumulative probability is now given by 

lP(x) dx. 

This is the probability that x will be smaller than or equal to a given value 
xo::::; h. 
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• EXAMPlE 2 

Consider a random variable x which can assume all possible values 
between 2 and 6 with equal probability. We have a = 2, b = 6. This circum
stance yields the probability density, p(x) = 1/4, 2 ::; x ::; 6. This is con-

1 -,~--

P 
1.0 . 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

02 

0.1 

------~~--~_+--~._+--~_4--~% 

12345678 

Figure 32 

.. 
firmed by the fact that the integral of the probability density function over 
the whole range from x = 2 to 6 is 

This result corresponds to the fact that the area under the curve shown in 
Figure 32 is t. Probability distributions of this type are called rectangular 
probability dislnbulions. 

The cumulative distribution for the previous illustration is given by 

l ZOp(x) dx = [ZO! dx = [! xJZO = xo _ !. 
II 24 4242 

For instance, the probability that x will be smaller than or equal to 5, xo = 5, 
is 
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The probability that x will be equal to or smaller than 4, Xo = 4, is 

4 1 1 
- - - =-. 
422 

By integration, we have also for the probability that 3 ::; x ::; 4 

r ~ dx = G x r = ~ - ~ = ~. 
II EXAMPLE 3 

The probability distribution of the various results of throws with a true 
die is as follows: 

1 
2 
3 
4 
5 
6 

p 
1 
lr 

-1 
1 
lr 
1 
lr 

t 
1 
lr 

The sum of the probabilities is 1 . 

.. EXAMPLE .. 

The probability density of a rectangular probability distribution is 
defined by p(x) = 1/4, -2 :$ x ::; 2. This is sometimes said to be the prob
ability that x will fall between x and x + dx, where dx is the differential of x. 
We have 

r(~) dx = [~J2 = 1. J-2 4 4 -2 

• EXERCISES 78 

1. The probability distribution of a variable X is 

X P 
o 0.5 
1 0.2 
2 ? 

Find the probability of X = 2. Check. Make a histogram. 
2. A rectangular probability distribution is defined as p(X) = t, 0::; X::; 5. 

Determine k. Check. Make a graph of the probability density function. Find the 
cumulative distribution. 

3. A given probability distribution is as follows: 

X P 
1 tl 

2 0.5 
3 4 
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Fmd (a) th.e probability of X = 1 and X = 3. Check. (b) Find the cumulative dis.

tribution. (c) Make a histogram. 
4. A probability distribution is given by p(x) = ,-s, 0 ~ x ~ co. (a) Prove 

that the integral is 1. (HlNT: Evaluate r ,-" dx = G(u) and consider lim G(u).) Jo .~. 
(b) Fmd the cumulative-probability distribution. (c) What is the probability that 

o ~ x ~ 3? (d) that 1 ~ x ~ 5? _ 
5. p(x) = (1/2)(t/2)", x = 1,2,···. (a) Prove that the sum of the probabilities 

is 1. (b) What is p(3)? (c) p(6)? (d) pet)? (e) Make a graph. 

S. Normal distribution follows the law p(x) = ,-,,',%/V'2;, where r = 3.14159. 

Make a graph. 
7. A probability distribution follows an arithmetic progression for x = t, 2, 3, 

<t. We are given that pet) = 0.4, p(2) = 0.3,· ... (a) Establish the complete distribu

tion. (b) Prove that the sum of the probabilities is 1. 
8. Take the normal distribution in Problem 6. Where does the probability 

attain its maximum? The value of x which maximizes the probability is called the 
mode. What is the value of the maximum probability? 

9; Consider the probability distribution of throwing x heads independently with 
3 perfect coins. Establish the probability distribution, the cumulative-probability 
distribution, and make a histogram. (HlNT: See Example 1.) 

10. Consider the probability of throwing x heads independently with 4 perfect 
coins. Establish the probability distribution, the cumulative-distribution, and make 
a histogram. (HINT: See Example 1.) 

"'11. Consider the probability of throwing the sum x with 2 perfect dice. 
Establish the probability distribution, the cumulative-probability distribution, and 
make a histogram. -
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79. Mathematical Expectation 

A random variable has been defined as a variable which can assume 
a number of values with definite probabilities. The values which the random 
variable can assume together with the probabilities are called the prohahillty 
dIStribution. 

We describe in the following pages a DUmber of ways jn wbjcb a prob
ability distribution can be characterized. One of the most important char
acteristics of the probability distribution iSJhe mathematical expectation, 
or mean value, of the random variable. This is the arithmetic mean of the 
p~ability distribution. We will however it:serve the term arithmetic mean 
for the sample, and call th~ mean value the matllLmatical ex/lectatirm, or II!!! 
mean, when dealing with probabilities. It is also called tIlL jJo(1uiaUOQ mean. 

The mathematical expectation is computed by multiplying all possible 
values of the random variable by their respective probabilities, and then 
summing the products. It characterizes the general location or central 
tendency of the distribution. 
----Assume first thanve nave a diSCTtu random variable, which can assume 
tPe values xk~_· -' _~ .... _witfi tfie respective probabilities /II, /II, ... , /I ... The 
~thematical expe~t~ion of the random variable x is denoted by Ex = ~, 
and is -~omputed by th~-f~;mui~---- -. 

,,-- -- -- - ---~- -- - ." ------ .. 
". = Ex = XIPI + X2/t1 + xap, + ... + x..p,.. = E x.p;o 

If we have a £!!!!tinu~us uariaPJe x, let us assum~.!hat i! can vary between 
a_~J1~, a 5 x 5 h. Moreover, let the probability density of the 
~u!!()n of x ~~~~ the for~~~a above obtained for a dis
crete variable, we replace summation by integration ~n~t for the mathe---...... - .. _. . .. 208 - -. ---- - -
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matical expectation of the random variable x: 

". = Ex = [ xp(x) tlx • 

a EXAMPlE I • 
Consider a discrete variable having the following probability distribu-

tion: 
x p 

It 0 0.5 0.0 
t 0.3 0.3 
2 0.2 0.4 

". Ex = 0.7 

We show in Figure 33 a histogram of the above probability distribution. 
We have indicated the mathematical expectation". by a heavy .... erticalline. 

0.7 I--

0.6 

o.sr- -
0.4 

0.3 -
0.2 -
0.1 

s 
1 2 3 4 5 

Figure 33 

It is apparent from the graph that the mathematical expectation, or popula
tion mean, is a good way of characterizing the general location, or central 
tendency, c! the probability distribution . 

• EXAMPlE 2 

Consider the case of a continuous variable that possesses the probability
density function, p(x) = 1/3, 0 ~ x ~ 3. We have 
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We show in Figure 34 the probability density and the corresponding 
mathematical expectation, or population mean, p.. It will be obvious again 
that p. provides a good measure of the general location of the distribution. 

/I 
0.6 

0.5 f- A 

0.4 

0.3 

0.2 

0.1 

1 234 5 
Figure 34 

An important proposition which is demonstrated in advanced books on 
probability is the law of large numbers. 1t may be formulated as follows: 

It IS almost certam that the difference between the theoretteal mean value (mathe
matzeal expectation) and the empmcal arithmetic mean of a number of random variables 
becomes as small as desIred, if the number of random variables IS suffiCIently large. 

• EXERCISES 79 

~onsider the following probability distribution: 

x p 1 

1 
2 
3 

0.4 
0.4 
0.2 

" 0 ~ 
C>~ 

0' 
Find Ex = p.. Make a histogram and indicate the population mean . 

.",£ Letp(x) = 1/10, -5 ~ x ~ 5. Find Ex = p.. Mak'"e a graph oC the distribu
tion and indicate 'the population meao. 

4: Take the following probability distribution: 

;t p 

0 0.2 
1 0.2 

2 0.2 

3 0.2 

4 0.2 

Find Ex = p.. 
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~iven the probability distribution p(x) = l/a, 0 ~ JC ~ a. Find Ex = p.. 

50 Consider the probability distribution: 

x p 

o i 
1 ! 
2 i 

Find Ex = p.. Make a histogram and indicate the population mean. 
6. Given the probability distribution p(x) = 1/2a, -a ~ x ~ a. Find 

Ex = p.. 
7. Take the following probability distribution: 

Find Ex = p.. 

x p 

o i 
1 t 
2 i 
3 t 

8. Given the probability distribution p(x) = l/(b - a}, a ~ x ~ h. Find 
Ex =p.. 

9. Assume the probability distribution: ....--

Find Ex· = p.. 

o 
1 
2 
3 

p 

10. Given the probability distribution p(x) = 2 - ZK, 0 ~ x ~ 1. Find Ex = ".. 
Make a graph of the distribution and indicate the population mean. 

80. Computations with Mathematical Expectations 

The concept of mathematical expectation is important in the deriva
tion of various theorems in modern statistics. We will indicate briefly some 
rules for employing the notion of mathematical expectation in various 
computations. 

(a) The mathematical expectation of a random variable times a constant is the 
constant times the mathematical expectation of this random variable. 

We give the proof for a discrete random variable. Let us define a random 
variable. x which can assume the values Xl, XI,·· ., x. with the respective 
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probabilities PI, ps, .. " p ... Its probability distribution is 

x p 

x.. p. 

As indicated previously, the mathematical expectation, or the popula
tion mean, of x is given by .. 

lis = Ex = XIPI + x2/1, + ... + x.p. = :E X.p .. 
i-I 

Let us introduce a new random variable, say v = ex, where, is a con
stant. The probability distribution of v is 

v p 

VI = CXI PI 

VI = ex, P. 

V. = ex. p. 

We have for the mathematical expectation of 1I (which is x times the 
constant ·c) : .. 

II. = Ev = Ecx = VIPI + v2/1, + ... + v.p. = :E p;o, 
i-I .. 

= CXIPl + eX2/Jt + ... + ex.p .. = :E CX.P •• 
i-I 

Evidently e can be factored out of the summation, and we have 

tit 

II" = Ev = e(xlpl + x2/Jt + ... + x.p.) = e( :E x;/J.) ::0 ,Ex == ell .. 
i-I 

This establishes our conclusion in the case of a discrete variable: Till 
mathematical expectation oj (J random variable times Q constant is the constant times 1M 
mathematical expectation oj the random variable. 
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• EXANJII.£ 1 

Assume the probability distribution of a random variable " given as 
follows: 

Jt P 
2 0.25 
4 0.75 

The mathematical expectation of " is 

p.. = & = (2)(0.25) + (4)(0.75) = 3.5. 

Define a new variable, say II = 5". We have (or its probability dis
tribution 

II P 
10 0.25 
20 0.75 

Its mathematical expectation is 

p.. = & = (10)(0.25) + (20)(0.75) = 17.5. 
Hence-

& = 17.5 = (5)(3.5) = (5)&, 

which is the conclusion predicted by the rule given. 
(b) The mathematical expectation oj a sum oj ,andom variables is the sum oj the 

mathmwtical expectations • 

• EXAMPLE 2 

Assume 2 independent random variables whose probability distributions 
are given below: . 

1 
2 

0.5 
0.5 

The mathematical expectations are 

1 
2 
3 

p.. = Ex = (1)(0.5) + (2)(0.5) = 1.5, 

.0.25 
0.5 
0.25 

p.. = E~ == (1)(0.25) + (2)(0.5) + (3)(0.25) = 2. 

Let us find the mathematical expectation of the sum w = " + ~. Since, 
by assumption, the random variables" and J are independent, we can con
struct a table which gives the probability of the simultaneous occurrence 
of the possible values of" and y. The probabilities are computed by multiply-
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ing the probabilities of " and y. The following table represents a joint-prob
ability distribution of the random variables" and y: 

1 

2 

y 1 2 3 

0.125 0.25 0.125 

0.125 0.25 0.125 

For instance, from the original tables, we find. that the probability that 
" = 1 is 0.5. The probability thaty = 1 is 0.25. The probability that" = 1 
andy = 1, simultaneously, is (0.5)(0.25) = 0.125; this value is found at its 
appropriate position in the new table. 

From the table above we can derive the following probability distribu
tion for w = % + y: 

w P 

2 0.125 
3 0.375 
4 0.375 
5 0.125 

This is derived in the following way: To make the sum w = % + y = 2, 
we must have" = 1 and y = 1. The probability for this circumstance from 
the table above is 0.125. To get a sum w = 3, we have either % = 1 and 
y = 2, or % = 2 and y = 1. The probability of the first of these 2 contin
gencies is 0.25; the probability of the second is 0.125. Now the addition 
theorem of probabilities applies; that is, the probability of w = 3 is 0.25 
+ 0.125 = 0.375, and so forth. 

By direct calculation, employing the values in the new table, it is de
termined that the mathematical expectation of the sum w is 3.5. But this 
value is 

E% + Ey = 1'. + 1', = 1.5 + 2. 

This emphasizes that the mathematical expectation of the sum of 2 
random variables " and y is the sum of their mathematical expectations. 

(c) The mathMnatical expectation oj the product oj 2 indtpendent random variablu 
is the product oj their mathematical expectations. 

a EXAMPlE 3 

Using the same random variables as in Example 2, we derive from the 
table of the simultaneous distribution of " and y the distribution of the 
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product .c = XJ 
t Q 

1 0.125 
2 0.375 
3 0.125 
4 0.25 
6 0.125 

The mathematical expectation of ~ is 

1-'. = Ez = (1)(0.125) + (2)(0.375)+ (3)(0.125)+ (4)(0.25)+ (6)(0.125) = 3. 

It is true also that 

Ez = Exy = 3 = (1.5)(2) = (Ex)(Ey) = I'Z'I'II' 

This result emphasizes that the mathematical expectation of the product of 
2 independent random variables is the product of their mathematical ex
pectations. 

(d) The mathematical expectation of a constant is equal to fhe constant. 
We can consider the constant as a random variable which assumes the 

one particular value c with certainty (probability t). Hence the mathematical 
expectation of a constant is equal to the constant itself. 

It shoulci be noted that the mathematical expectation I' itself is a con
stant. Hence we have 

E(Ex) = Ex = 1' • 

• EXAMPlE" 

Consider the random variables x,y, z. Assume that they are independent, 
and that their mathematical expectations are 

I'z = Ex = 1, 

p." = Ey = -2, 

1'. = Ez = 5. 

What is the mathematical expectation of the function 

w = 3 + 2x - 4xy + 4yz? 

From our previous rules we have 

I'u = Ew = 3 + 2Ex - 4(Ex)(Ey) + (Ey)(Ez), 

= 3 + 2(1) - 4(1)( -2) + 4( -2)(5) = -27 . 

• EXEROSES 80 

1. Assume we have 2 independent random variables x and y. Let Ex = 6, 
Ey = 8. Find (a) E2x; (b) E3)'; (c) E(x + 3); (d) E(3)' - 6); (e) E(x + y); (£) 
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E(y - x); (g) E(2x - 4y); (h) E(2x + 5y - 3); (i) Exy; G) E(5xy); (k) E(x] - 4x 
+ 5y - 6); (1) E(3x + y - xy + 6). 

2. Assume 3 independent random variables ;It,] and .t. Let the mathematical 
expectations be Ex = 1, Ey = -5, E.t = 6. Find (a) E2x; (b) E4y; (c) E5z; (d) 
E(x + y + z); (e) E(x - 2y + ,c); (£) E(2x - y); (g) E(5] - 3x); (h) Ex,}; (i) 
Exz; G) Ey,c; (k) E(3xy - 6yz + 4x,c). 

3. Assume 2 independent random variables. The probability density of " is 
p(x) = 1/4, 1 :::;; x:::;; 5. The probability density of y is p(y) = 1/3, 3:::;; Y :::;; 6. (a) 
Find Ex; (b) Ey; (c) E(x + y); (d) E(x - y); (e) E(2x - 5y); (f) E(3x - y + 8); 
(g) Exy. 

4. Assume the following probability distributions of 2 independent random 
variables: 

x p y q 

2 0.25 0 0.25 
4 0.25 1 0.5 
6 0.25 2 0.25 
8 0.25 

(a) Compute the mathematical expectations I/os and p",. (b) Compute the mathe
matical expectations of E(x + y); E(x - y); Exy by formula and direcdy by the 
methods in Examples 2 and 3. 

5. Use the data in Example 2 to compute the following: (a) E(2x - y); (b) 
E(3x + 2y); (c) E(3x - 2y - 6). Use both the formula and the method utilized in 
the example. 

6. Use the data in Example 2 to compute the following expectations: (a) 
E(3xy); (b) E( -xy); (c) E(10 - 2xy). Use both the formula and the direct method 
of Example 3. 

7. Call the random variable x in Problem 1, Exercises 79, and call the ran
dom variable y in Problem 2, Exercises 79. Find the following expectations, assum
ing independent distributions: (a) E(x - y); (b) Exy; (c) E(3x - 5y + to); (d) 
E(100 - 5xy). 
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81. Moments about the Origin 

Assume a random variabl~_.J and.its pT9l:>abilit¥.distribution.as given. 
IQgead of co;nputmg tnemath~matical expectation of x we ~lso compute 
t e mathematical ex ctation of ~n arbitrary function of x f;;r Tnstance, 
.\'2, log x, e%, 1 x, an~ort . (\ ~~c~ ar y .u~ u class ~~~Jlftions 
comprises thi moments. --

In ~neral, the kth moment about the origin of a raI)90m yariahlc x is 
defined asthe-matnematicafixpectation of the hh ~r of x; that is, 

p.lc' = Ex", k=O,1,2,···. 

For a discrete variable x, which assumes the values Xl, X2,' •• , X", with 
the respective probabilities P1, 12,' .. , p.o, we define the kth moment about 
the origin as 

WI 

Pic' = Ex" = E x, .p" ,-1 
k = 0,1,2,···. 

Assume that the random variable X varies continuously between a and h. 
The probability density of X is p(x). The kth moment about the origin is 

1£.' = Ex" = I b 

xlcp(x) dx, k = 0, 1, 2,.··. 

It should be noted that the summation employed for discrete variables has 
been replaced by integration. _ 

From the definition of the kth moment about the origin, we have 

1£0' = ExD = E1 = 1. 
217 
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This says that the Oth moment about the origin is 1. Also, 

11-1' = Ex1 = Ex = 11-. 

Thus the first moment about the origin is 11-, the mathematical expectation of 
the random variable x itself. This is the mean value oj the distribution oj x, or 
the mean oj the population. 

Higher order moments about 0 h~ve no immediate interpretation. 

• EXAMPlE 1 

Find the third moment about 0 of the probability distribution 

• EXAMPlE 2 

x 

o 
1 
2 

p 

0.5 
0.3 
0.2 

0.0 
0.3 
1.6 

11-.' = Ex' = 0 + 0.3 + 1.6 = 1.9. 

Let p(x) = 1/3, 0 '~ x ~ 3. We have 

11-/ = Ex' =13(~) dx = [x61 = 243 = 81. 
o 3 15 0 15 5 

• EXEROSES 81 

1. Given the probability distribution in Problem 1, Exercises 79. Find 11-,' = £xi; 
11-.' = Ex3• 

2. Given the probability distribution in Problem 2, Exercises 79. Find II-J' = £.xl; 
}loa' = Ex3• 

3. Given the probability distribution in Problem 3, Exercises 79. Find II-t' = £.xl ~ 
11-/ = Ex4. 

4. Given the probability distribution in Problem 4, Exercises 79. Find 11-1' = £.xl; 
11-/ = Ex4. 

5. Given the probability distribution in Problem 5, Exercises 79. Find }Io1' = £.xl; 
}Io6' = Ex". 

6. Given the probability distribution in Problem 6, Exercises 79. Find II-a' = a'; 
11-6' = Ex". 

7. Given the probability distribution in Problem 7, Exercises 79. Find 11-1'; /Ja'. 
8. A probability distribution is of the form p(x) = 1/a, 0 ~ x ~ II. Find a if 

11-1' = Ex = }Io = 2. Check. 
9. Given the probability distribution 

x p 

o a 

1 6 
2 & 

3 tl. 
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Find the probabilities a, 6. c, d, if JIo1' = Ex = JIo = 1.5, JIo,'- = Ex! = 2.9, J.l.s' = Ex· = 
6.3. Check. 

""0. Given the probability distributionp(x) = 1, 0 ~ x ~ 1. Find theformula 
for the kth moment about the origin. 

""1. Given the probability distribution p(x) = 1/(6 - a), a ~ x ~ 6. Find 
the formula for the kth moment about the origin. 

82. Moment. about the Mathematical Expectation 

A very important class of moments are the moments about the 
mathematical expectation. The kth moment about the mathematical ex
pectation is the mathematical expectation of the kth power of the deviation 
of x from its mathematical expectation Ex = JIo; that is, 

'" 
JIoj; = E(x - JIo). = l: (Xi - JIo)kp •• 

• =1 

Thus, to obtain JIok, we compute first the mathematical expectation JIo. 
This is subtracted from the values of x, and the difference thus obtained is 
raised to the kth power. The result is multiplied in each case by the cor
responding probability; then the products are summed. 

As a second illustration, consider a continuous random variable x, whose 
probability density pis p(x). We have for the kth moment about the mathe
matical expectation 

JIo" = E(x - 1')" = I b 
(x - JIo)kp(X) dx. 

Let us now consider the moments about the mathematical expectation 
for various values of k: 

JIoo = E(x - J.I.)O = E1 = 1. 

Thus the moment of order 0 about the mathematical expectation is 1. To 
study the first moment, we recall that the mathematical expectation of a 
constant is equal to the constant; moreover, the mathematical expectation 
Ex = JIo is itself such a constant. Hence, E(Ex) = Ex = 1'. So we have as a 
conclusion, 

JIo1 = E(x - JIo) = Ex - E(p.) = JIo - II- = O. 

It follows that the first moment about the mathematical expectation is O. 
Next we consider the second moment: 

J.l.s = E(x - JIo)2 = 0". 

The second moment about the mathematical expectation is very impor
tant, in the field of statistics, and is known as the dispersion oj the distribution. 
It shows the manner in which the various items x are distributed about the 
mean value Ex = p.. It is called also the population vanance, and designated 
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by 0". The square root of the second moment about the mathematical expec
tation is denoted by 0', and is called the populat{on standard deviation; that is, 

V;; = v' E(x - ,,)2 = 0'. 

The third moment about the mathematical expectation, 

". = E(x - ,,)', 

provides a measure of the skewness of the distribution. If a distribution is 
symmetrical about the mean value or mathematical expectation p, then 
Pa = O. For instance, the distribution in Figure 34 is symmetrical, so '"~ = 0; 
the distribution in Figure 33 is asymmetrical. 

The fourth moment about the mathematical expectation, 

,,~ = E(x _ ,,)4, 

is connected with the flatness or peakedness of the probability distribution. 
The technical name for this is kurtosis. 

The normal distribution in Figure 38 has no kurtosis. The distributions 
in Figure 42 are more peaked than the normal distribution. Formulas for 
the computation of the second, third, and fourth moments about the mathe
matical expectation from the moments about the origin will be given below 
in Problems 6, 9, and 10, Exercises 82 . 

• EXAMPlE 1 

Consider the following probability distribution: 

x Pi xp x-" (x - "p (x - p)2Pt 
----

1 1 1 -1 1 1 
~ T T 

2 1 , 
0 0 0 T T 

3 1 S 1 1 1 
T T ... 

We have" = Ex = 1/3 + 2/3 + 3/3 = 6/3 = 2. From the last column we 
have also 0'2 = 1/3 + 0 + 1/3 = 2/3. 

Now consider a second probability distribution: 

% Is xp %-" (x - ,,), (x - ,,)'P, 
-----

I 1 1 -1 1 1 
T T • 

2 
, 6 0 0 0 T T 

~ 1 S 1 1 1 
T T • 

From the above computations; the mean" = Ex = 2 and the variance 
= 1/3. 

The 2 probability distributions are represented in Figure 35. The first 
distribution is drawn with heavy lines, the second with broken lines. They 
have the same population mean, " = Ex = 2. But the variance of the first 
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distribution is twice that of the second; it is apparent from the figure how 
the variance measures the spread, or disIX=rsion, of the distribution about its 
mean. 

P J! 
0.7 

r 1 0.6 I 

I I 0.5 I 
I 

0.4 ! I • 
0.3 

0.2 
f--' "--

0.1 

. I 

1 2 3 4 5 
figure 35 . 

• EXAMPLE 2 

Consider the probability distribution that follows: 

x 

o 
1 
2 HrI4t

-I' 

0.5 -0.7 
0.3 0.3 
0.2 t.3 

0.245 
0.027 
0.338 

We have I' = Ex = 0.7. 1'1 = E{x - 1')' = 0.610 = a'. This is the popula
tion variance . 

• EX.AMPLE 3 

Take the probability distribution p{x) = t/3, 0 ~ x ~ 3. Then 
Ex = I' = 1.5. 

1'1 = E(x - 1')1 = [(x - t .5)1/31 dx 

= [ 1/3{xl - 4.5xl + 6.75x - 3.375) dx = O. 

Since the third moment about the mathematical expectation is 0, the dis
tribution is symmetrical. 

1. Given the distribution in Problem 1, Exercl!es 79. Find 1',; 1',; 1'4. 
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2. Given the probability distribution in Problem 2, Exercises 79. Find f.l2; 

f.l3; f.l4. 
3. Given the probability distribution in Problem 3, Exercises 79. Find f.l2; 

J.!3; f.l4. 

4. Given the probability distribution in Problem 4, Exercises 79. Find f.l2; 
J.!a; }.If. 

5. Given the probability distribution in Problem 5, Exercises 79. Find f.l2; f.la. 
*6. Show that the vaTi~nct}.l2 =}.Ii - (f.l1')2 = Ex2 - (Ex)! = Ex2 - f.l2 = (12; 

where (1 is the standard deviation. (lInn: Develop (x - f.l)2 by the binomial theorem 
and evaluate the expectation.) 

7. Use the formula from Problem 6 to compute the variance for the probability 
distribution in Problem 1, Exercises 79. Find the standard deviation. 

S. Use the formula in Problem 6 to compute the variance and standard devia
tion of the probability distribution of Problem 2, Exercises '79. 

*9. Prove that f.la = f.l3' - 3f.l1' f.ll + 2(f.ll')1 = Ex' - 3Ex2Ex + 2 (&)1 = &3 
- 3f.l£x2 + 2f.l3. 

*10. Prove that f.l4 = f.l.' - 4f.la'f.lI' + 6f.l1'(f.l1')2 - 3(f.l1')4 = &4 - 4Ex3& 
+ 6Ex2(Ex)2 - 3(Ex)4 = Ex4 - 4f.lEx3 + 6f.l2Ex2 - 3f.l4. 

11. Use the formulas in Problem 6, Problem 9, and Problem 10 to compute 
fJ.2, f.la, and f.l4 for the distribution in Problem 3, Exercises 79. 

12. Use the formulas in Problems 6, 9 and 10 to compute f.ll, f.l3, and f.l4 for the 
distribution in Problem 4, Exercises 79. 



BINOMIAL AND 
NORMAL DISTRIBUTIONS 

83. Repealed Trials and Binomial Distribution 

Assume that the probability of an event happening is p. The prob
ability that it does not happen is q = 1 - p. We will say we have a success 
if the event occurs and a failure if it does not happen. 

We have altogether n trials in which we observe the event. What is the 
probability that the event will occur exactly r times in n independent trials? 

One way in which this can happen is to have r successes first and then 
the (n - r) failures. These events are independent and happen simul
taneously. Hence by the multiplication theorem of probabilities, the prob
ability of obtaining r successes first and then (n - r) failures is prq"-r. 

But we do not care about the arrangement of the successes and failures, 
as long as there are altogether r successes and n - r failures. For instance, 
we would be equally satisfied if the n - r failures came first and the r suc
cesses last. The probability of this particular arra:ngement would be the same 
as above. This is also true of any other arrangement of the r successes and the 
n - r failures. Let us add the probabilities of all these arrangements. 

We know from the theory of combinations that the number of arrange
ments of the , successes and n - r failures is the number of combinations of n 
things taken, at a time. This number of combinations is given by the bi
nomial coefficient; thus 

~- - - . _(n)_ n! _n(n-l)(n-2)"'(n-r+l) 
, ,!(n - ,)! 1·2'3- ... 'r 

So the probability must be multiplied by this binomial coefficient. Hence 
223 
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the probability of the event happening' times out of n trials is 

Pr = "Crprqra-r. 

We remember that "Co = 1. Furthermore, since the only possible values for , 
are 0,1,2,.··, n, then Po + PI + PI + ... +P. = 1. 

• EXAMPLE 1 

A true coin is tossed 3 times. What is the probability of heads coming 
up 2 times? 

Since we have a true coin, the probability of heads isp = 1/2. Also, the 
probability of heads not coming up is q = 1 - P == 1/2. The number of 
trials is n == 3. The number of successes, according to the problem, is , == 2. 
Hence 

(
1)2 (1)1 3·2 (1)' (1)1 PI == aC, 2 2 == t:2 2 2 == 3/8. 

To check this we write down all the possible outcomes of 3 throws with a 
true coin, we shall let H denote heads and T tails. Altogether there are 8 
possible arrangements of 3 throws. Of these there are only 3 which have 2 
heads. Since all these 8 arrangements have the same probability, 1/8, we 
have PI == 3/8 as before. 

• EXAMPLE 2 
Let an event have the probability p == 1/3. Hence the probability that 

it will not happen is q == 1 - P = 2/3. There are 4 trials. 
Let us construct the whole probability distribution, that is, Po, P" P" PI, 

and P., which is called a binomial distribution, because of the binomial codfi
dents occurring in it. The distribution is 

Po == 4Co(1/3)O(2/3)· == (1)(1)(16/81) = 16/81. 
Pl == .CI (1/3)1(2/3}1 = (4)(1/3)(8/27) = 32/81. 
P, = .C.(1/3)'(2/3)' = (6)(1/9)(4/9) = 24/81. 
p. = .Ca(1/3)1(2/3)1 = (4)(1/27)(2/3) = 8/81. 
p. == .C.(1/3)·(2/3)O == (1)(1/81)(1) == 1/81. 

As a matter of interest, and as a check, it is observed that the sum of these 
probabilities is 1. We show in Figure 36 a histogram of this binomial dis
tribution. 

• EXAMPLE 3 
Let the probability of an event be p == 1/4. What is the probability that 

it will happen 2 times in 4 trials? We have q == 1 - P == 3/4. Then 

PI == .C, GY (~Y == ;:~ C1
6) (t6) == 1

2:8. 
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What is the probability that it will happen at least 1 time in 3 trials? 
The event can happen in 3 trials either not at all, or t, 2, or 3 times. Hence 
the desired probability is P = PI + PI + P" Since the sum of all the 

Figure 36 

probabilities is 1, the sum is readily obtained as 1 - Po = 37/64, since 

Po = ,Co(1/4)O(3/4)3 == 27/64. 

What is the probability that it will happen not more than 2 times in 3 
trials? It is 

P = Po + PI + PI = 1 - Pa = 63/64, 

since P, = aCa(1/4)8(3/4)O = 1/64 . 

• EXEROSES 83 

1. An event has the probability p = 1/3. Find the probability that it will 
happen (a) 1 time in 3 trials; (b) 2 times in 6 trials; (c) 5 times in 5 trials; (d) 2 
times in 4 trials; (e) mleast 2 times in 7 trials; (f) not more than 3 times in 6 trials? 

2. A true die is thrown. Find the probabilities that 6 will appear (a) 2 times in 
3 trials; (b) 10 times in 10 trials (use logarithms); (e) 3 times in 6 trials; (d) at least 
1 time in 5 trials ; (e) not more than 2 times in t 2 trials. 

3. A true coin is thrown. Find the probability that we get a head (a) 1 time in 
2 trials; (b) 2 times in 6 trials; (e) 4 times in 4 trials; (d) at least 1 time in 20 trials; 
(e) not more than 2 times in 15 trials. 

4. An event has the probability p = 0.2. Find the probability that it happens 
(a) 2 times in 6 trials; (b) 3 times in 4 trials; (c) 6 times in 12 trials; (d) at least 1 
time in 50 trials; (e) not more than 2 times in 200 trials. 

6. An event has the probability p = 0.8. What is the ptobability that it will 
happen (a) 3 times in 6 trials? (b) 5 times in 9 trials? (c) at least 3 times in 4 trials? 

~ (d) not more than 9 times in 11 trials? • 6. What is the probability of obtaining 10 heads with a true coin in 10 trials? 
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7. An event has the probability p = 0.99. What is the probability that it hap
pens (a) 1 time in 4 trials? (b) 2 times in 7 trials? (c) at least 5 times in 6 trials? Cd) 
not more than 2 times in 3 trials? (HINT: Use logarithms.) 

8. An event has the probability p = 0.999. What is the probability that it 
happens (a) 1 time in 2 trials? (b) not at all in to trials? (c) at least 1 ~e in 5 trials? 
(d) not more than 1 time in tOO trials? (HINT: Use logarithms.) 

9. Two true dice are thrown. What is the probability of obtaining the sum of 
12 (a) 6 times in 6 trials? (b) 1 time in 100 trials? (c) at least 1 time in 5 trials? (d) 
not more than 2 times in 60 trials? 

10. A true coin is tossed. What is the probability of obtaining (a) II heads in n 
trials? (b) 0 heads in n trials? (c) at least 1 head in n trials? 

11. An event has the probability p = 2/5. Compute the complete binomial 
distribution for the outcomes in the case of 6 trials. Plot the histogram of the dis
tribution. 

12. An event has the probability p = 3/8. Find the complete binomial dis
tribution for n = 5 trials. Plot the histogram of the distribution. 

84. The Normal Distribution 

As we have seen, the binomial distribution gives the probability 
that an event with probability p will happen r times in n trials; the formula 
for the computation IS 

14e computation of the binomial coefficient ftC. becomes very laborious if 
-both nand r are large. Consider for instance an event .l'Yl.l.Q..st; probability of 
'happenlnK IS 1. ,; 1/3. T1-e probaoiIity-thai it ;-ill n~t happen is q = 2/3. 
The probability that it willllappen 40 tinledri 10~t~ials IS~V~!!.-trr---

(1)40(2)80 
P40 = lOOC40 3" 3" J 

= (100)(99)(98)(97)" '(61) (~)40(~)80. 
(1)(2)(3)(4)·" (40) 3 3 

The ~oPlputation of the binomial coefficient involves 40 multiplication 
in the numerator and the same number in the denominat04 If nand r are 
still larger, the computations become even more involved. Hence it is 
desirable to have a "onvenient approximation to the binomial distribution 
for large nand r. 

We will show in this section that a good approximation to the binomial 
distribution for large n is, unde~ certain conditions, the so-Called nor~al 
distrioutlon~' This -afstrib~tion is also _ called the normal-error curve, or the 
Gaussi'iin dzstnbuti;;;;:-Xrigorous proof of the fact that as n becomesIarge the 
b~~ial distribution approximates the normal one is beyond the scope of 

-this book. It requires very powerful mathematical methods. 
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We will compute first some moments of the binomial distribution. \Ve 
recall that the random variable r, the number of successes in n trials, has the 
following distribution: 

, P. 
o "CopOq" 
1 .. C1plq,,-1 
2 .. C2p2q,,-J 

3 .. CaP Bq,,-3 

Ff'om this we compute the first moment about the origin; this is the 
mean value of mathematical expectation of r. We obtain 

~/ = p. = Er 

= (O) .. CoP0q" + (1) .. C1p1q .. -t + (2)"C2p2q,,-J 

+ (3)"C3p3q .. -a + ... + (n)"Cn/J"qO 

n n(n - 1) n{n ,- 1)(n - 2) = (1) - plq,,-1 + (2) p'Jq .. -s + (3) p3q,,-' 
1 1·2 1·2'3 

n(n - l)(n - 2)" ·1 + ... + (n) 1.2'3' .... n p"qo. 

We can factor out the common factor np, and get 

[ 
(n-l) (n-l)(n-2) Er = (np) l' pl)q,,-1 + plq .. -2 + p2q .. -2 + ... 

1 1·2 

(n - 1)(n - 2)"'1 ] + P"-lqO • 
1·2·· .. '(n-l) 

Consider now the expression in the square brackets. The coefficients are 
the binomial coefficients in the expansion 

(p + q)_1 = ...... lCoP0q .. -l + a_1C1plqro-2 + ... + ...... lC ...... I/J .. -lqO. 

Hence we can write ~ = Er = np(p + q) .. -I. 
Bm,. we recall that p + q = 1. Thus, !.! - Er - nil. This is the mean 

value or mathematical expectation of the binomial gistrib,!!;i2!l!_,,_ 

• EXAMPLE 1 

Consider an event which has the probability p = 2/3, q = 1/3. Let the 
number of trials be n = 4. What is the mean value or mathematical expecta
tion of the number of successes r? 
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Using the formula for the binomial distribution we compute the fol
lowing table: 

o 1/81 
1 8/81 
2 24/81 
3 32/81 
4 16/81 

By direct computation we have for the mathematical expectation of, 

~ = E, = (0)(1/81) + (1)(8/81) + (2)(24/81) + (3)(32/81) + (4)(16/81) 
= 216/81 = 8/3. 

The same result can also be obtained rather simply by the formula 

II> = E, = np = (4)(2/3) = 8/3. 

By a similar method, we can compute the second moment about the 
origin for the binomial distribution 

11>1' = Ert = npq + n2pl. 

We recall the formula for computing the variance from the 2 first 
moments about the origin (Problem 6, Exercises 82): 

/1
2 = 11>, = 11>,' - (11)1')' = Ex' - 11>'. 

Hence we have for the variance of the binomial distribution 

/12 = 11>2 = E,· - (Er)' = npq + nip' - (np)' = npq. 

The standard deviation is the square root of the variance; so 

/1 = V;; = v;;q. 
II EXAMPLE 2 

Let us use the same binomial distribution as in Example 1. We recall 
that the mathematical expectation or mean· value of the binomial distribu
tion was found to be II> = Er = 8/3. 

From the table given above we get by direct computation for the 
variance of the binomial distribution 

11>2 = /12 = E(r - Er)t 

= (0 - ~y (8\) + (1 - ~y (:1) + (2 - ~r G;) 
+ (3 - ~y G~) + (4 - ~r G~) 

648 8 
=-=-. 

729 9 
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Using the formuJa just derived, we obtain also 

at = 1'2 = npq = (4)(2/3)(1/3) = 8/9. 

The standard deviation of our binomial distribution is 

a = V Ilt = V879 = 0.943. 

We state now, without proof, the following theorem: 1f, in a binomial 
distribution, the number of trials n becomts large, and the probabzlzlies p or q are not 
very small, the bznomzal distribution can be approximated by the so-called normal 
distribution, whose probability density is given by 

1 
p(u) = -- e-~uI, 

vTr 
11" = 3.1416. 

, - I' ,,= --, 
a 

and I' = Er = np, a' = npq. 

The normal distribution is not only a convenient approximation to the 
binomial distribution. It occurs frequently in empirical distributions of 
natural and social phenomena because of the central limit theorem: 

Assume that we have n random variables which are independent. Their 
distribution is arbitrary. Consider the distribution of their sum. It can be 
shown that this sum is, under certain conditions, normally distributed if n 
becomes infinite. 

Many empirical statistical distributions are normal. This is especially 
true of the distribution of errors of observations. A graph of the normal dis· 
tribution is shown in Figure 37. 

In Figure 37 is shown the convergence of a binomial distribution to the 
normal, as n becomes larger and larger. This convergence is shown by study· 
ing the binomial (1/2 + 1/2)" for n = 2, 4, 10. The curves are so con
structed that they all have the same mean and variance. It is apparent that 
the larger n (the number of trials) becomes, the more the histograms have 
an appearance not too different from the normal distribution. The normal 
distribution is shown at the bottom of the figure. 

The probability with a normally distributed variable u with mean 0 and 
variance 1, a :S " :S b, is given by the integral, 

r _1_ r~z" dx . 
.. VZ; 

The integral of the normal probability distribution is tabulated by exhibiting 
the area under the normal curve from 0 to "; thus 

.f 1 r~"dx. 
o V2r 
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This is the probability that the normally distributed variable will fall 
between 0 and u. 

It is seen from Figure 37 that the normal distribution is symmetrical 
about its mean p, = O. Hence, the probability that a normally distributed 

0.5 

0.4 

0.3 

0.2 

0.1 

0.3 

0.2 

0.1 

o z 

n=2 

n=4 

n=lO 

-5 -4--3--2 -1 0 1 2 3 4 5 

figure 37 

variable will fall between 0 and u is the same as that it will fall between -u 
and o. The normal distribution goes from - co to + co, as seen in 
Figure 37. 

If we have a normal distribution of a random variable x, having the 
mean p, and variance (12, we must make the transformation, 

x-p, u=--, 
(1 
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1 order to use our tables (note Table 4 in the Appendix). Since the table 
ives areas between 0 and u, we find the probability that x lies between Xl 

nd XI in the following way. Obtain the values of Ul and UI by use of the 
)llowing formulas: 

Xl - 11-
Ul = --.-' 

fI 

X2 - 11-
Us = ---. 

fI 

[ben look in the table under Ul and UI. If Ul and U2 have the same sign, 
ubtract the - smaller area from the larger one. If U1 and U2 have 
lifferent signs, add the areas. This will give the probability that the nor
nally distributed variable X with mean IS and variance qt lies between 
(, and x,. 

p 

-5 -4 -3 -2 -1 0 1 2 3 4 5 

Figure 38 

As an example we show in Figure 38 !he area under the normal curve 
from u, = -1 to U2 = 1.5. The u's have different signs; hence, we must add 
the areas obtained from the table; that is, since the area for u = 1 is given 
in Table 4 as 0:3413 and for U = 1.5 is 0.4332, we have 0.3413 + 0.4332 = 
0.7745. This is the shaded area shown in the graph. It corresponds to the 
prob'lbility that the normally distributed variable u with 0 mean and unit 
variance will fall in the interval -1 ~ U ~ 1.5 • 

• EXAMPLE 3 

Assume that x is normally distributed. Its population mean is p, = 5 
and its population variance is fit = 4. Hence its population standard devia
tion is fI = 2. 
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(a) Find the probability that 6 ~ x ~ 8. We have 

6-5 
"1 = -2- = 0.5, 

8-5 
UI = -2- = 1.5. 

From Table 4 we obtain 0.1915 for the area under the normal curve at 
U = 0.5 and obtain 0.4332 at u = 1.5. Since Ul and U2 have the same sign, 
we must subtract. So we obtain 0.4332 - 0.1915 = 0.2417 for the probability 
that x will fall between 6 and 8. 

(b) Find the probability that 2 ~ x ~ 3. This time ~e have 

2-5 
Ul = -2- = -loS, 

3-5 
UI = -2- = -1. 

Since the normal distribution is symmetrical, we can neglect the minus 
signs. We have the area 0.4332 for U = 1.5 and the area 0.3413 for U = 1. 
Since we have like signs for Ul and U2, we subtract; thus 0.4332 - 0.3413 = 
0.0919 is the probability that x will fall between 2 and 3. 

(c) What is the probability that 1 ~ x ~ 7? We have 

1 - 5 
Ul = -- = -2, 

2 

7-5 
UI = -- = 1. 

2 

We have 0.4773 in the table for the area under the normal curve for 
U = 2 (neglecting again the negative sign because of the symmetry of the 
normal distribution), and we have 0.3413 for U = 1. Since we have unlike 
signs, we must add the areas. The sum, 0.4773 + 0.3413 = 0.8186, give$ 
the probability that x will fall between 1 and 7. 

(d) What is the probability that 5 ~ x :S 8? We have 

5-5 
Ul = ~ = 0, 

2 

8-5 
U. = -- = 1.5. 

2 

From the table; we have 0 area for U = 0 and 0.4332 for u = 1.5. Hence 
Ule probability that x will fall between 1 and 7 is 0.4332. 



Binomial and Normal Distributions 233 

(e) What is the probability that 9 ~ x ~ 20? We have 

9-5 
U1 = -2- = 2, 

20 - 5 
Us = --2- = 7.5. 

We have the area 0.4773 for U = 2; " = 7.5 is beyond the range of the 
table. But we note that for U greater than 3.88 the area is 0.5000, correct to 
four decimals. Hence we take this area for any " beyond the range of the 
table. Since Ul and "2 have like signs, we subtract and obtain 0.5000 -
0.4773 = 0.0227. This is the probability that x lies between 9 and 20. 

(0 What is the probability that x ;::: 11? This can be thought of as 
11 ~ x ~ co. We have 

11 - 5 "1 = --- = 3, 
2 

"s = co. 

For U = 3, the area is 0.4987. For " = co we take the area as 0.5000. 
The signs are alike, so we subtract and get 0.5000 - 0.4987 = 0.0013. This 
is the probability that x is greater than 11 . 

• EXAMPLE 4 

Compute the normal approximation to the binomial distribution in 
Example 1 for, = 2. 

Since the normal distribution is continuous, we take the area between 
, = 1.5 and, = 2.5. Remember that ~ = E, = 2.67 and u = 0.943. We 
have 

1.5 - 2.67 
-1.24, "1 = 0.943 

2.5 - 2.67 
Us = 

0.943 
-0.18. 

We have from the tables the area 0.0714 for" = 0.18 and the area 0.3925 
for U = 1.24. The signs of Ul and "I are the same, so we subtract and get 
0.3925 - 0.0714 = 0.3211. 

This is the normal approximation to the value for , = 2 in our bi
nomial. This value was 24/81 = 0.2963. The error of the normal approxima
tion is 0.3211 - 0.2963 = 0.0248 . 

• EXERaSES 84 

1. An event has the probability p = 0.4. What is the probability that it will 
happen not less than 35 times and not more than 55 times in 100 trials? (HINT: Use 
'the normal approximation to the binomial distribution.) 
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2. An event has the probability p = 0.49. What is the probability that it will 
happen not less than 30 and not more than 40 times in 50 trials? 

3. An event has the probability p = 0.475. What is the probability that it will 
happen not less than 935 times and not more than 945 times in 2,000 trials? 

4. An event has the probability 1/2. Find the probability that it will happen at 

leq.st 6 times in 10 trials (a) by the exact evaluation of the binomial distribution; (b) 
by the normal approximation. Compare the results. 

5. An event has the probability 1/3. What is the probability in 1,000 trials 
that it will happen (a) between 300 and 400 times? (b) between 330 and 335 times? 
(c) between 300 and 320 times? (d) between 350 and 355 times? (e) at least 290 
times? (f) at least 370 times? (g) not more than 315 times? (h) not more than 355 
times? 

6. A variable % is normally distributed with p. = Ex = 10, (12 = 9. Find the 
probability that % will fall (a) between 10 and 11; (b) between 12 and 19; (c) be
tween 8 and 9.5; (d) between 7 and 8.2; (e) between 0 and 6; (f) between 12.5 
and 35; (g) between 9.5 and 11.3. 

7. A variable % is normally distributed with p. = E% = 50, (12 = 25. Find the 
probability that it will fall between the following limits: (a) 45 and 48; (b) 52 and 
60; (c) 0 and 40; (d) 55 and 100; (e) that it is larger than 54; (f) smaller than 57; 
(g) larger than 43; (h) smaller than 39. 

8. An event has the probability 1/2. Compute the probabilities that it happens 
0, 1, 2, 3,4, 5, 6, 7, 8 times in 8 trials. Compare these probabilities with the normal 
approximations. Make a histogram and plot the normal curve. 

9. Compute the normal approximations to the binomial distribution in Problem 
11, Exercises 83. Make a histogram of the binomial and plot the normal distribution. 

10. Compute the normal approximation to the binomial distribution in Problem 
12, Exercises 83. Plot the histogram of the binomial and the normal distribution. 

"11. Find the value of x which maximizes the probability P of the normal dis
tribution with mean p. and variance ul • 

1 J _ I 

P = -- e-("-p) {...-

(1V21r 

The value which maximizes the probability is the moth. Show that for the 
normal distribution the mode is equal to the population mean p.. 
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85. Estimation 

Modern statistics distinguishes between the population and the 
sample. The sample may be used to gain some information about the un
known population from which it is drawn. We will deal only with random 
sampltS, but it should be emphasized that under certain conditions other 
methods of sampling may be more efficient in providing information about 
the unknown population. 

A random sample is constructed in such a way that every item in the 
population has an equal chance to be chosen in the sample. Suppose, for 
instance, we want some idea of the family income in a town of 10,000 
families. There is only enough money available to investigate 100 families. 
We want to construct a random sample of 100 out of the total population of 
10,000 families. 

One method of constructing the sample is the following: Write the 
names and addresses of all 10,000 families on slips of paper. The 10,000 paper 
slips are put into a container and well mixed. Out of the container 100 slips 
are drawn at random. The 100 families selected in this fashion constitute a 
random sample of the total population of 10,000 families. 

Great caution must be exerted in selecting the random sample. For 
instance, it may be more convenient to select the 100 families from the 
families of the faculty of a college located in the city. This, however, would 
not give a random sample, for not every family in the city has the same 
chance to be chosen in the sample. Probably the average income estimated 
from this selection of faculty families would be too high. Or, we may be 
tempted to select the 100 families out of the telephone directory of the city. 
We could, for instance, take the first 100 names in the telephone directory. 

235 
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This would violate an important principle of random sampling. Not all 
families have telephones, especially the poorer ones. Hence, the postulate of 
random sampling that every family must have an equal chance to be chosen 
is violated. Our estimate of the average income from the sample out of the 
telephone directory would probably overestimate the average income. 

Another method of sampling which will not be discussed here at length 
is the method of stratIfied sampling. Under certain conditions this method may 
be preferable to random sampling. To sample in this way, we divide our 
whole population into strata. For instance, the 10,000 families in the city 
may be classified according to professions. These strata form our subsamples. 
The size of the random sample to be chosen from each stratum is propor
tionate to the number of families in the particular stratum. For instance, if 
25 per cent of the families in the city belong to a certain profession, then 
25 per cent of the sample, that is, 25 families out of a total sample of 100 
families, ought to be taken at random from this particular profession. This 
method of sampling, which has definite advantages, is called representative 
sampling. 

In economic statistics, we generally do not know all we wish to about the 
population from which our data are a sample. We may consider the data as 
random samples of a hypothetically infinite population. For instance, if a 
set of wheat prices is recorded on a market it may be considered as a random 
sample of all (unrecorded) wheat prices from transactions on the market; 
or even as a sample of the (hypothetically infinite) population of all possible 
wheat prices. 

Statistical estimation is the method by which we extract information 
about the population from the sample. This is the only object of sampling. 
We are not, in general, interested in the sample for its own sake. 

The estimates derived from the sample are functions of the various 
observations contained in the sample. Since these observations are random 
variables, the estimates are themselves also random variables. An estimate is 
also called a statistic. 

For instance, in the example given above, we drew a random sample of 
100 families from a total (finite) population of 10,000 families in a city in 
order to learn something about the average income in the population, that is, 
among the 10,000 families. 

Various principles have been advanced for estimation. We can state 
here only a few: One important property is unbiasedness. 

By an unbiased estimate we understand an estimate whose mean value 
(mathematical expectation) is equal to the true value in the population. 
For instance: The sample mean is an unbiaJtd estimate of the population mean if its 
mathematIcal expectation is equal to the population mean. The sample variance is an 
unbiased estimate of the population variance if the mathematical expectation 
of the sample variance is eql.!ai--to the population variance, and so on. 

To show that the samble mean is an unbiased estimate of the population 
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mean, assume a sample consisting of the items 

Xl, X2, Xa,' . " X ... 

All the items in the sample are supposed to have been drawn at random from 
a population with mean Ex = I" and population variance qt. Since we have 
a random sample, the random variables Xl, X2, "', X ... are independent. 

We define the sample mean as the arithmetic mean of the n items 

.. 
_ Xl + XI + X, + ... + X .. 
:1:= = 

LX, 
1=1 

n n 

We have noted that all observations are drawn from a population with true 
mean (popUlation mean) 1". Hence the mathematical expectation of all the 
items Xl, XI, ••• , X .. is Ex = 1"; that is, 

EXl=Ex=I", 
Exs = Ex = 1", 

EXa = Ex = 1", 

Ex .. = Ex = 1". 

We want to show that the mathematical expectation of x is also equal to 1". 

Take 

EX = E [G) Xl + G)X2 + ... + G) x .. ] 

We use 2 propositions established earlier when dealing with computatioDli 
involving mathematical expectations (Section 80); namely, the mathematIcal 
expectatIon oj a sum is the sum of the mathemahcal expectations. 

The mathematical expectation of a constant times a random v';iable is 
the constant times the mathematical expectation of the random variable. 

From these 2 propositions it follows that 

EX = G) EXI + G) EX2 + ... + G) Ex. 

= G) (Ex + Ex + ... + Ex) 

= G) (nl") = 1". 

The mathematical expectation of the sample mean x is the population 
mean 1". Hence x is an unbiased estimate of the population mean. 

By the method of expectations we can also compute the lJariance oj the 
sample mean x; that is, 

O"'il = E(x - Ex)t. 
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We have 
_ Xl + XI + ... + X. 
x-p.= -p. 

n 

D 

(Xl - p.) + (Xt - p.) +, .. + (X" - p.) 
= 

n 

Since the sample Xl, X2, "', x" is drawn from the population with mean 
Ex = p. and variance u', we have 

E(XI - p.)2 = u', 
E(X2 - p.)2 = u', 

E(x .. - p.)t = ut , 

The items Xl, Xs, "', X" are taken at random. Hence they are inde
pendent. We recall that the mathematical expectation of 2 independent 
random variables is the product of their mathematical expectations; hence 
we have, for example, 

E(XI - p.) (Xt - p.) = E[X1Xt - XIP. - X2P. + (p.)2] 

= EXIEx2 - (P.)EXI - (P.)(EX2) + E(p.)' = O. 

By a similar argument we have 

In general, we have 

E(XI - p.)(xa - p.) = 0, 
E(XI - P.)(X4 - "') = 0, 

E(XI - p.)(x. - "') = 0. 

E(x. - ",)(x, - "') = 0, ifi~ j. 

Squaring the expression for x - p. derived previously and taking the 
mathematical expectation, we have 

u;' = E(x - p.)1 

[

(Xl - ",)' + (XI - ",)2 +. , ,+ (X" - p.)2 + 2(XI - p.)(Xs - ")] 

E 
+ ... + 2(x. - ,,)(Xj - Po) +, .. = , 

n' 

where i ~ j in the product terms. We know that the mathematical expecta
tion of all the products is O. The mathematical expectation of the n squares 
is u t for each square. Hence we get for the variance of the sample mean 

nut US 
!Ti' = E(x - p.)S = - = -. 

n' n 
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That is, the vari~nce of the sample mean of a sample of n is the population 
variance cr' divided by n. 

If we extract the square root of the variance of the sample mean, we get 
the so-called standard error of the sample mean, namely, 

cr 
cr;=V;' 

In words: The standard error of the sample mean x in a sample of n is the standard 
deviation of the population cr dinded by the square root oj n. 

Now we consider the sample variance. Let us again assume that we have a 
sample of n, namely, 

Xl, Xs, •• " X". 

All these items are drawn at random from a population with population mean 
I' and population variance cr'. Hence we have 

EXl = 1', E(Xl - I-I)~ = cr', 
Ex, = 1', E(xl - 1-1)2 = cr', 

Ex" = 1'. 

We define the sample variance as follows: 

(Xl - x)' + (X2 - X)2 + ... + (X .. - X)' 
V= • 

n - 1 

n-l 

In words: The sample variance is computed by dividing the sum of squares oj tlu 
devtations jrom their arithmetzc mean by n - 1, that is, by one less than the number 
of items in the sample. It may be considered as the arithmetic mean of the squares 
of deviations, which are random variables. 

We want to show that the mathematical expectation of the sample 
variance is equal to population variance; that is, 

EV = cr'. 

If this is true, then the sample variance is an unbiased estimate ofthe popula
tion variance. 

"Since the mathematical expectation of a sum is the sum of the 
mathematical expectations, we have 

EV = E(Xl - x)' + E(xt - x)' + ... + E(x .. - x)'. 
n - 1 

Let us compute one of the mathematical expectations in the numerator; 
for instance, 'E(Xl - x)'. 
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Evidently we can add and subtract the constant II. = Ex in the paren
theses without changing the expression; that is, 

(Xl - x) = (Xl - 11.) - (x - 11.). 

Squaring this expression, and obtaining the mathematical expectation, we 
have 

E(XI - X)2 = E[(XI - 11.)1 - 2(Xl - p.)(X - ,,) + (x - 11.)11 

= E(xi - ,,)2 - 2E(xl - ,,)(x - ,,) + E(x - 11.)'. 

We have from previously derived formulas 

E(xi - ,,)I = IT', 

IT' 
E(x - ,,)' = -. 

n 

There still is the problem of computing the mathematical expectation of the 
middle term. Ignoring the factor - 2, the mathematical expectation of tlili 
term is 

E(XI - ,,) (x - ,,) 

E[( )(XI+X2+ ••• +X,. )] 
= ~-" -" n 

[ (
Xl + X2 + ... + x" - n,,)] = E (XI - ,,) 

n 

= E[(XI _,,) eXl -,,) + (X2 - ~ + ... + (x. - 1'»)] 

= E [(Xl - 1')' + (Xl - ,,)(XI -:) + ... + (Xl - ")(x,, - ,,)] 

E(XI - ",)2 + E(xi - ,,)(X2 - ,,) ........ + E(XI - ")(x,, - 1') 
= 

n 

Since the mathematical expectation of the square (Xl - 1')1 is, by definitioI 
fT2, and since the mathematical expectation of all the other terms is 0 (th 
has been shown above), this fraction becomes IT'/n. 

Using this result and the previously established formulas, we have 

E(XI - x)2 = E(xi - ,,)2 - 2E(XI - p)(x - ,,) + E(x - ,,)' 

2ai fTt 
= ITI - - +-

n n 

(n - 1)11' 

n 
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By a similar argument we derive also for the other terms in the numera
tor of EV 

(n - 1)at 

E(xi - x)t = , 
n 

(n - 1)al 

E(X3 - X)I = , 
n 

(n - 1)a2 

E(x .. - x)2 = . 
n 

Hence we have finally for the mathematical expectation of the variance 

E(XI - x)t + E(xt - x)t + E(x, - X)2 + ... + E(x" - X)2 
EV = ~--=-----':""--:""-"':""":-----=------=-------':~---'-----'---'----'-

= n(n - 1)/n a2 = at. 
n -1 

n-1 

Hence the mathematical expectation of the sample variance is the 
population variance a2• The sample variance as given by the above formula 
is an unbiased estimate of the population variance." 

It should be noted that in order to compute V we divide the sum of 
squares of the deviations from the mean by n - 1. That is, we divide the 
number of observations by a number which is 1 less than n. The quantity 
(n - 1) is frequently, called the number oj degrees of freedom used for the com
putation of the variance. This term has a somewhat complicated meaning. 
Speaking rather loosely, we may express the idea of degrees of freedom as 
follows: The amount of information available in a sample depends upon its 
size. A sample of 100 contains more information than a sample of only 10 
items, and so on. We use some of this information in a sample of n items to 
compute the sample mean. This uses up 1 degree of freedom. Hence, when 
we compute the sample variance we have only (n - 1) degrees of freedom 
left, since for the computation of the variance we need to know the sample 
mean. 

The method of maximum likelihood, which is used very frequently to 
obtain estimates, will be illustrated in Problem 5, Exercises 85. The method 
of least squares, which is also used to obtain estimates will be discussed in 
Section 96. 

Consistency is also a desirable attribute for an estimate. A consistent 
statistic will tend more and more to the population value estimated, as the 
sample increases in size. The sample mean and the sample median (Problem 
11, Exercises 87) are examples of consistent statistics if .the population is 
normal. . 

Some elltimates tend to be normally distributed as the sample increases 
in size. They are called efficient if they have in the limit the smallest possible 
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variance. The sample mean is an efficient statistic if the population is normal. 
Its variance is smaller than, for example, the variance of the sample median 
for large samples. 

Finally there are statistics which include all the relevant information 
available even in small samples. Such statistics are called sufficient. The sample 
mean of a sample taken from a normal population is such a sufficient statistic. 

• EXEROSES 85 
It 

1. Show that the mathematical expectation oCthe quantity.c = E x,:E.c = nPf 
i-I 

if the random sample XI, X2,"', XII is drawn from a population with true mean 
Ex = p.. 

**2. Let Xl, X2,"', XII be a random sample drawn from a population with 
true mean p. and population variance r. Consider the expression 

It 

where the lei are constants and E Ie, = 1. (a) Show that the mathematical expecta-

It 

tion Ew = Ex = p.. (b) Demonstrate that E(w - Ew)2 = r E /cl. (c) Use the 
i-I 

previous results to establish the formulas given above for the mathematical expectation 
and variance of the sample mean x. (HINT: Take lei = l/n.) 

*3. Show that the formula for the sample variance, namely, 

may be simplified to 

v = ..:.'_-_1 ____ , 
n-1 

V= 
n-1 

It 

(HINT: Remember the definition oC the sample mean: ! = E xi/rr.) 
.-1 

4. Using the results in the last example, show that the sample variance in thl 
case of grouped items is 

tit 

E (x, - x)'l. 
V= 

N-l N-t 

where the symbols have the following interpretation: There are m classes, the fre 
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III 

quencies of which are flo h, .. " J _; the Xi is the class mean; 1: J i = N is the total 
i-I 

III 

number in the sample, and the sample mean is f = 1: x.fJN. 
i-I 

.*5. Let the probability density of Jet be 

1 • PI = -- ,-3-S('"1-> i 
v'h 

let the probability density of Xs be 

..... ; 
and finally let the probability density of x" be 

t • p. = --,-3-S(z,,-o). 
v'h 

All the Xi are independendy, normally distributed with variance 1. (a) Find the 
probability that the independent events X:1, X2,···, x" will happen together. (b) 
Maximize this probability (metlwd oj maximum likelilwotf') by choosing the appro
priate value of a. (c) Show that the maximum likelihood estimate is the sample 
meanf . 

• *6. Show that the mathematical expectation of .. 
1: (Xi - f)S 

W = :..'-~1=---__ _ 
II 

is not equal to the population variance.,s. What is the mathematical expectation of W? 
.~. Show that the mathematical expectation of .. 

1: (Xi - p,)1 
~ = :..' -=.1=---__ _ 

II 

is equal to the population variance. What is the difference between ~ and the W in 
Problem 6? . 

86. Frequency Distributions 

If a sample consists of many items, it is virtually necessary to arrange 
it in a frequency distribution. The classes of this distribution are given in 
advance. If an item falls exactly on the limit of 2 adjacent classes, it ought 
to be distributed between them evenly; that is, one half ought to be put into 
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the upper class and one half into the lower. The class mid-points are the 
arithmetic means of the class limits . 

• EXAMPlE 

A sample consists of the following'items: 2, 8, 6, 3, 5, t, 4. Arrange a 
frequency distribution with the following classes: 0-2, 2-4, 4-6, 6-8, 8-10. 
Between 0 and 2 there is the item 1, and we will count one half of item 2, 
since 2 coincides with a limit; so there is a frequency of 1.5. Between 2 and 4 
there is the item 3, and we will count one half of item 2 and one half of item 4; 
so there is a frequency of 2; and so on. This may be displayed in the following 
table: 

Class Lzrmts Class Mul-Point Frequency 
0-2 1 1.5 
2-4 3 2 
4-6 5 2 
6-8 7 1 
8-10 9 0.5 

The graph of a frequency distribution is called a histogram. 

f 
4 

3 . 
2 

1 I 

I I 
0 1 2 3 4 5 6 7 8 9 10 

Figure 39 

We show in Figure 39 the histogram of the frequency distribution jw 
constructed. Note that the limits of the blocks in the graph are the limi 
of the classes in the frequency distribution. 

• EXERCISES 86 

1. Given the following sample of items: 4, 10,23,20,19,8,6,5,25,4,17,3 
Arrange the set of values (a) in a frequency distribution with classes 0-4, 4-8,· . 
(b) with classes 0-5, 5-10, 10-15··· ; (c) with classes 0-10, 10-20,···. (d) Ma: 
histograms. 

2. Given a sample consisting of the items 2, 4, 6, 3, 9, 6, 4, 9, 8, 5,2, 9, 5, 1, 
Arrange the sample in a frequency distribution with (a) classes 0-2, 2-4,· .. ; ~ 
classes 0-3, 3-6,· •.. (c) Graph the distributions. 
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3. Given the data 0, 8, 18, 45, 23, 45, 9, 17, 19, 25, 39, 41, 19, 25, 6, 10, 36. 
(a) Arrange in a frequency distribution with the classes 0-10,10-20,···. (b) Make 
a histogram. 

·4. Given the data 1, 4, 10, 17, 5, 6, 10. (a) The range is defined as the difference 
between the largest and the smallest item; find the range. (b) Form a frequency dis
tribution by dividing the range into 5 parts; (c) by dividing the range into 7 parts. 
(d) Make graphs of the distributions. 

5. Use the data in Problem 1. (a) Find the range. (b) Form a frequency dis
tribution by dividing the range into 3 parts; (c) into 4 parts. (d) Graph. 

6. Use the data in Problem 2. (a) Find the range. (b) Form a frequency dis
tribution by dividing the range into 4 parts. (c) Make graphs. 

1. Use the data in Problem 3. (a) Find the range. (b) Form a frequency dis
tribution by dividing the range into 6 parts. (c) Make a histogram. 

S. Use the data in Problem 4. (a) Find the range. (b) Form a frequency dis
tribution by dividing the range into 3 parts. (c) Make a histogram. 

87. Sample Mean and Variance 

Let us set up a table that displays a frequency distribution and cer
tain associated products. 

Class Mean Frequency 

Xi f. X.f. X.'1. 
Xl fl Xlf1 Xl'11 

XI f,. X2fs X2'1t 
........................ .. .......................... .. .................... .. .................... 

X. f". x ... f", X".'1". • ... ... ... 
Sums: 

N= 'E f. 'E x.fi 'E X.'lji 
.=1 i=l .~1 

As previously indicated, the class means are the arithmetic means of the 
class limits. 

II 

We have defined earlier the sample mean as x = (lin) 'E x •. In the fre-
0=1 

quency distribution under consideration we have m classes with certain 
frequencies. Under such a circumstance the sample mean becomes 

1 '" 
if = - 'E x.f., 

N 0-1 

if the sum of all the frequencies is 

'" N = 'Ef •. 
i=l 

So N.is computed as the sum of the second column of the above table, and 
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X is computed as the ratio of the sum of the third column and the sum of the 
second column. The sample mean is an unbiased estimate of the populatiod 
mean. 

We gave earlier a formula for the sample variance of ungrouped data in 
Problem 3, Exercises 85; that is, 

.. 
E (x.·- x)' 

V= i=1 

n - 1 

With grouped data this becomes 

... 
E (x. - x)2f. 

n - 1 

v = _'_-1 ____ = ~i-_l=__ ___ _ 

N-l N-l 

til 

The expression E x.2f, is the sum obtained from column 4 in the above 
, i-=l 

table. The sample variance is an unbiased estimate of the population 
variance. 

The sample standard deviation-is the square root of the sample variance; 

that is, s = v'V . 
• EXAMPLE 1 

Assume that we have the sample 3, 5, Z. We have 3 items; hence, n = 3 
3 3 

We compute E Xi =.3 + 5 + 2 = 10: Ex,' = 9 + 25 + 4 = 38. Fron 
.=1 .-1 

the formulas above 

The sample mean is 

The sample variance is 

The sample standard deviation is 

• EXAMPLE 2 

x = 10/3 = 3.33. 

V = 38 - (3)(3.33)' = 2.37. 
2 

s = v'2.37 = 1.54 

By contrast with Example 1, let us consider an illustration involvin 
grouped data, as follows: . 

Class Limits Class Mean Frequency 

x J xl 
0-4 2 1 2 
4-8 6 3 18 1( 

8-12 10 1 10 1( 
-

Exf= 30 Ex2j- 21 N=5 
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We have 

x = 30/5 = 6; V= [212 - (5)(36»)/4 = 32/4 = 8; s = VB = 2.83. 

We show in Figure 40 a histogram of the frequency distribution given 
in Example 2. The class means are indicated by arrows. We have also indi-

I 
5 

4 

3 

2 J 

1 
I • f 

1 2 3 4 5 6 7 8 9 10 11 12 
Figure 40 

cated the sample mean by a heavy vertical line. It provides a measure of the 
general location of the frequency distribution or its central tendency. 

a EXAMPlE 3 

Make the following experiment. Write the name and some characteristic 
(height, age) of each student in the class on a slip of paper. Make a fre
quency distribution, if necessary, and establish the average. Mix the slips 
well in a hat and draw successively samples of 2, 3, 4, ... items. Find the 
sample mean and variance of each sample. 

• EXEROSES 87 

1. Given the following sample: 

Class Limits 

(}-10 
1(}-20 
2(}-30 
30-40 
4(}-50 

Frequency 

1 
2 
3 
2 
2 

Make a histogram. Find the sample mean, variance, and standard deviation. 
2. Given the following ~ample: 

Class Limits 

1-3 
3-5 
5-7 

Frequencies 

10 
50 
40 
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tion. 

Make a histogram. Find the sample mean, variance, and standaxd deviation. 
3. Given the following sample: 

Class Limits Frequencies 

0-4 
4-8 
8-12 

12-16 
16-20 
20-24 

.. 
5 

3 
2 
1 

Make a histogram. Find the sample mean, variance, and standaxd deviation. 
4. Given the following sample: 

Class Limits Frequencies 

2-5 2 
5-8 3 
8-11 5 

11-14 .. 
14-17 3 
17-20 3 

Make a histogram. Find the sample mean, variance, and standaxd deviation. 
S. Given the following sample: 

Class Limits Frequencies 

0-5 
5-10 

10-15 
15-20 
20-25 

1 
3 .. 
1 
1 

Make a histogram. Find the sample mean, variance, and standaxd deviation. 
6. Given the following sample: 

Class Limits Frequencies 

0-20 
20-40 
40-60 
60-80 

5 
20 
30 
15 

Make a histogram. Determine the aample mean, variance. and standaxd devia-

7. The distribution of families and single consumers in the United States, by 

money income levels, 1942, is given by the following table: 
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Income 
Class Limits Frequency 

S 0-500 3,488,000 
500-1,000 6,652,000 

1,000-1,500 6,601,000 
1,500-2,000 6,008,000 
2,000-2,500 4,618,000 
2,500-3,000 3,372,000 
3,000-4,000 2,620,000 
4,000-5,000 2,633,000 
5,000-7,500 1,901,000 
7,500-10,000 628,000 

Find the sample mean, variance, and standard deviation. 
8. Income tax returns of corporations in the United States, 1942, by total assets 

are listed in the following table: 

Total Assets 
Class Limits 

S 0-50,000 
50,000-100,000 

100,000-250,000 
250,000-500,000 
500,000-1,000,000 

1,000,000-5,000,000 
5,000,000-10,000,000 

10,000,000-50,000,000 

Number of Returns 
Frequency 

196,642 
58,338 
57,365 
27,300 
18,109 
19,582 
2,905 
2,467 

Compute the mean, variance, and standard deviation. 
9. The population of the United States, 1945. by ages, is as follows: 

Age Frequency 
Class Limits (Millions) 

0-5 11 
5-10 11 

10-15 12 
15-20 12 
20-25 12 
25-30 11 
30-35 10 
35-40 10 
40-45 9 
45-50 8 
50-55 7 
55-60 6 
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Age Frequency 
Class Limits (Millions) 

60--65 5 
65-70 4 
70--75- 3 
75-80 3 

(a) Make a histogram. (b) Compute the sample mean, variance, and standard 
deviation. 

10. Compute the sample mean and variance without grouping the data: Ex
ercises 86: (a) Problem 1; (b) Problem 2; (c) Problem 3; (d) Problem 4. 

**11. The sample median is computed by ordering the items in a sample ac
cording to size. The median is the item in the middle (for odd sample numbers) or 
the arithmetic mean of the 2 items in the middle (for even sample numbers). Compute 
the median for (a) the data in Problem 2, Exercises 86; (b) the data in Problem 1, 
Exercises 86. 

88. Sheppard's Correction 

If we compute the sample variance from grouped data, we should 
correct for grouping. An error is evidently committed by substituting the 
mid-point for all the items in a given class. 

This error of groupmg can be corrected quite satiifactorily by subtracting from 
the variance the square of the class interval, divided by 12. This is called Shepparti's 
correction . 

• EXAMPlE 

In Example 2 of Section 87, the class interval was 4 and the uncorrected 
variance was 8. Using Sheppard's correction, we have for the corrected 
value of the variance 8 - (4)2/12 = 8 - 16/12 = 8 - 1.33 = 6.67. The 

corrected standarq deviations is v' 6.67 = 2.58. This should be compared 
with the uncorrected value of 2.83. 

• fXEROSES 88 

1. Using the data in Problem 1, Exercises 87, compute the variance and the 
standard deviation, using Sheppard's correction for grouping. 

2. Using the data in Problem 2, Exercises 87, compute the variance and 
standard devi .. tion., with Sheppard's correction. 

3. Using the data in Problem 3, Exericses 87, compute the sample variance and 
standard deviation, using Sheppard's correction. 

4. Using the data in Problem 4, Exercises e7, coml>l\te the variance and 
standard deviation, using Sheppard's correction. 

5. Using the data in Problem 5, Exercises 87, eompute the "arUulce and 
standard deviation, using Sheppard's correction. 
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6. Using the data in Problem 6, Exercises 87, compute the variance and 
standard deviation, with Sheppard's correction. 

7. Using the data in Problem 9, Exercises 87, compute the sample variance and 
standard deviation, with the use of Sheppard's correction. 

S. Using the data in Problem 10, Exercises 87, compute the sample variance 
and standard deviatio~, by the use of Sheppard's correction. 

89. Confidence Limits 

We have shown in Section 85 that the arithmetic mean of a sample of 
n items has the mathematical expectation EX = p; and the variance q~ = q2/n. 
The following is proved in more advanced books on statistics: If the sample 
comes from Q normal population, the quantity 

x-p. 
u=--

cr; 

is normally distributed with mean 0 and variance 1. It follows the normal distribu
tion described above. If the population is not normally distributed, u will 
under certain conditions tend to be normally distributed if the sample 
becomes large. 

For large samples we can assume that the square root of the sample 
variance will provide a reasonably good estimate of the population standard 
deviation. This follows from the law of large numbers. It is almost certain 
that the sample variance, which is the mean of certain random variables, 
differs from the population variance (the mathematical expectation of these 
variables) as little as desired, if only the sample becomes sufficiently large. 
Hence, in this case, we will compute the quantity 

Si=l=~' 
as an empirical estimate for the standard error of the arithmetic mean (Ti. 

The quantity 

x-p; 
11= -

SZ 

will be appr~ximately normally distributed with mean 0 and variance 1. 
The larger the sample, the better will be the approximation. 

This theorem can be used to establish a large sample pair of confidence 
limits for the (unknown) true mean of the population from which thesample 
is taken. Fiducial limits are computed in the same way but have a somewhat 
different interpretation. From the table of the normal distribution we see 
that the probability that u lies between -1.96 and 1.96 is 0.05. This gives 
us the 95 per cent confidence interval. 

The quantities x and Ii are computed according to the known formulas. 
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Jpen we compute the limits 

if + 1.96.r; and if - 1.96.r;. 

Now consider the statement that the (unknown) true mean of the popu
lation II- will be contained within these confidence, or fiducial, limits. This 
statement will be true in 95- per cent of the cases and untrue in 5 per cent if 
the total number of ,,-ases is large. It is almost certain that the difference 
between the empirical relative frequency and the theoretical probability 
becomes as small as desired in large samples. That is, in the long run, on the 
average, we will be right in 95 out of 100 cases if we claim that the true or 
population mean is contained within the limits computed above . 

• EXAMPlE 1 

Assume that we have a sample of 100 items (N = 100). Consider that 
the empirical arithmetic mean in the sample is if = 20, and the sample 
variance is V = 4. Find a set of confidence limits for the population mean 
for a confidence coefficient of 95 per cent. 

We compute the empirical approximation to the ~dard error of the 
sample mean; thus 

The 2 limits ·are 

_~ 2 .r; = - = - = 0.2. 
• 100 10 

if + 1.96.r; = 20 + 1.96(0.2) = 20.392, 

if - 1.96.r; = 20 - 1.96(0.2) = 19.608. 

These limits have the meaning: The statement that the population mean lies 
between 19.608 and 20.392 and between similarly computed limits will some
times be true..and·sometimes false. But if we use the above formula, then in a 
large number of samples the chances are that, in the long run, the interval 
will contain the true mean in about· 9 5 per cent of all cases, on the average . 

• EXAMPlE 2 

Assume that we have the following sample: 

Class Limits Class Mean Frequency 

x J x} 
0-10 5 10 50 

10-20 15 30 450 
20-30 25 20 500 

xlj 
250 

6,750 
12,500 

60 1,000 19,500 

The number of items N in the sample is 60. We have from the sums 



Elements oj Sampling 253 

indicated in the table 

_ 1,000 
:z; = -- = 16.67, 

60 

V = 19,500 - (60)(16.67)' = 47.91 
59 ' 

1= V46.89 = 6.92. 

From this we get an approximation for the standard error of the sample 
mean; namely, 

6.92 
Ii = v'6O = 0.893. 

We want to establish the 95 per cent confidence, or fiducial, limits for 
the population mean. They are 

16.67 + (1.96)(0.893) = 18.42, 

16.67 - (1.96)(0.893) = 14.92. 

Thus, in repeated samples, the (unknown) population mean Il will lie, 
in the long run, within similarly computed limits in about 95 per cent of the 
cases, on the average. 

I Confidence 
40 limits 

'""""""' x 
30 

20 

10 

t • '-

10 '20 30 40 
Figure 41 

We indicate in Figure 41 the above frequency distribution, the sample 
mean, and the fiducial, or confidence, limits of the population mean estab
~ished above. 
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• EXEROSES 89 

Compute the 95 per cent confidence limits for the population mean of the 
samples listed below: 

1. Problem 1, Exercises 86. 
2. Problem 2, Exercises 86. 
3. Problem 3, Exercises 86. 
4. Problem 4, Exercises 86. 
5. Problem 1, Exercises 87. 
6. Problem 3, Exercises 87. 
7. Problem 4, Exercises 87. 
&. Problem 7, Exercises 87. 
9. Problem 8, Exercises 87. 
10. Problem 9, Exercises 87. 



TESTS OF HYPOTHESES 

90. Tests of Statistical Hypotheses (large Samples) 

A very important branch of modern statistics deals with the tests 
of statistical hypotheses. A statistIcal hypothesis is a hypothesis about a property 
oj the (unknown) population. 

Suppose that we have a sample with the help of which we want to test 
the hypothesis. We compute the probability that the particular sample and 
its characteristics (mean, and so on) would have arisen if the hypothesis 
were true. This probability will not in general be 0, but it may be very small. 

We will choose a level oj significance, for instance,S per cent. This means 
that a hypothesis is to be rejected if our sample could h<!ve arisen by pure 
chance in less than 5 per cent of the cases, if the hypothesis is true. If the 
probability is less than 5 per cent, say 0.001 per cent, we will reject the 
hypothesis; if the probability is larger than 5 per cent, say ,W per cent, we will 
not reject it. 

We give here the large sample theory of tests of hypotheses concerning 
the population mean II- of a normal population. The small-sample theory is 
presented in Section 91. We have shown above that for large samples the 
sample standard deviation s is a good approximation to the population 
standard deviation t1. This follows from the law of large numbers. Hence the 
quantity 

X-II 
u=--

Si 

will be normally distributed with 0 mean and unit variance, where" is the 
255 
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hypothetical population mean and 

s 
s;=-

Vn 
is an empirical approximation to its standard error. 

From these data we can compute the probability that a positive or 
negative deviation equal to or greater than u might have arisen by pure 
chance. This probability is 

P = 1 - 2p, 

~~ P is the probability listed for u in Table 4. To be more specific, P is 
'''the probability of obtaining the empirical sample mean X, or another sample 
mean with the same or greater positive or negative deviation from the 
hypothetical population mean p.. 

Two types of errors are committed in testing hypotheses. The first 
type occurs if a true hypothesis is rejected. The probability of the error of 
the first kind is given by the level of significance. If the level of significance 
is 5 per cent, then a true hypothesis will be rejected in about 5 per cent of the 
cases, in the long run, on the average. 

But there is another type of error, called error of IhI suond kind. This 
error occurs if a false hypothesis is not rejected. Statistical procedures ought 
to be devised in such a way that the probability of committing an error of 
the second kind is minimized. The following tests have the property of 
minimizing the probability of errors of the second kind for a given prob
ability of errors of the first kind . 

• EXAMPLE 1 

Let us assume a sample of 400 items. The sample mean is x = 21, the 
sample variance V = 100. We want to test the hypothesis that the (un
known) population mean p. = 20. The level of significance is 5 per cent. 
We have 

s: = IE = {100 = 0.5 
s \}~ \}400 • 

x - p. 21 - 20 
u=--= =2. 

S; 0.5 

For u = 2 we have from Table 4, p = 0.4773. Hence the probability of ob
taining as large a value, or a larger value, of u (disregarding the sign) by 
chance is 

P = 1 - (2)(0.4773) = 0.0454. 

This value, only about 4}1 per cent, is less than the level of significance 
specified (5 per cent). Hence the hypothesis that p. = 20 must be rejected. 
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• EXAMPLE 2 

In a sample of N = 100 tak.e x = 19.5, V = 25, s = 5. -Test the hy
pothesis that 1.1 = 20 where the level of significance is 5 per cent. 

We have Si = 5/10 = 0.5; u = (19.5 - 20)/0.5 = -1. From Table 
4, we have 0.3413 for u = 1. The probability of a positive or negative di
vergence as large as or larger than the one observed is 1 - (2)(0.3413) = 
0.3174. This v~lue is la.rger than 5 per cent; so the hypothesis is not rejected . 

• EXERqsES 90 ~ 

1. Take ~e san;tple if = 25, N = 2,500, V = 100. Test the hypothesis that 
1.1 = 24.3, level of significance 5 per cent. 

2. CQnsidt!'.Jhe sample N = 100, if = 19.5, V = 36. Test the hypothesis that 
p =_ 20, Jevel of significance 1 per cent. 

s.. Given the frequency distribution in Problem 2, Exercises 87. Test the hy
potbe$i~ that JI. ... 4.1, level of significance'S per cent . 

• : Given the sample in Problem 6, Exercises 87. Test the hypothesis that 
p "'" 43, level of significance t per cent. 

5. Given the sample in Problem 5, Exercises 87. Test the hypothesis (a) 1.1 = 12; 
(b) IJ. ,,;. '13; (c) p, :lid 14; (d) p = 16; level of significance 1 per cent. 

S. A sample of 2,500 items has a sample mean of 41 and a sample variance of 
100. Test the hypothesis that the population mean IJ. =i' 40, level of significance 
5 per c;ent. . 

7. A sample of 49 items has a sample mean of 8 and a sample variance of 16. 
Test the hypothesis that the true mean p = 10, level of significance 1 per cent. 

*8. Show that the probability that the mean in a sample will fall between 
if - 2.58,s; and ~ + 2.S8Si is 0.99. (HINT: Remember that if in large samples is 
nomia1t,.distributed with mean p and variance u'/N. The limits are called the 99 
per cent confidence, or fiducial, limits.) 

9. Use the results in Problem.8 to establish the 99 per cent fiducial, or confi
dence, limits for the mean of the sample in Problem 2, Exercises 87. 

10. Use the results in Problem 8 to establish the 99 per cent confidence, or 
fiducial limits, for the mean of the sample in Problem 6, Exercises 87. 

91. Tests of Statistical Hypotheses (Small Samples) 

The tests of hypotheses given above are only valid for large samples. 
They are based upon the fact that for large samples the sample variance V 
is a good approximation for the population .variance u'. This follows from 
the law of large numbers. The chances are that the approximation will be 
closer the larger the sample. 

If the sample is small the above procedures are not adequate. But it 
can be shown by methods beyond the scope of this book that for small 
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samples from a normal population. The quantity, 

X-IA t=--. 
Si 

follows not the normal but the so-called I distribution, or Student's distribution. 
The probability density of t is given 'by 

(n ~ 1) ! 

p(t) = . r- (n - 2) ( t2)("+U/2 
v nr -2- ! 1 + ;; 

This distribution is shown graphically in Figure 42, and has been 
tabulated. Note Table 5. In this Table, n is the number of degrees of freedom. 

p 
0.4 

_44--~_~3~-_42----_~1---0~---+1---42--~3~~~4~t 

Figure 42 

We show in Figure 42 the t distribution for 3 and 10 degrees of freedom. The 
area tabulated is the probability that 

1- r p(x) dx = P. J-, 
The quantity P is the probability that the deviation will be numerically equal 
to or larger than t. 

The t distribution may also be used to find confidence limits for the 
population mean in small samples from a normal population. 

The number of degrees of freedom n at which the table of the t distribu
tion has to be entered is N - 1, one less than the number of items in the 
sample. 

I t appears from Figure 42 that the larger the number of degrees of 
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freedom, the more will the t distribution approximate the normal distribu
tion. Hence, if the number of degrees of freedom becomes as large as or 
larger than 30, we may use instead of I the quantity u, which is normally 
distributed with 0 mean and unit variance, tabulated in Table 4 . 

• EXAMPlE 

In a sample of N = 9 items we have the sample mean x = 13 and the 

sample variance V = 25. Hence s = 5, and sa = s/VN = 5/v'9 = 5/3 = 
1.67. Test the hypothesis that the true or population mean is IJ = 10. Take 
the level of significance as 5 per cent. Thus t = (x - IJ)/Si = (13 - 10)/ 
1.67 = 3/1.67 = 1.8. For n = N - 1 = 8 degrees of freedom, we have 
t = 2.306 at the 5 per cent level of significance. Our empirical t is only 1.8. 
Hence its probability is greater than 5 per cent, and the hypothesis that the 
true or population mean is 10 is not rejected . 

• !XEROSES 91 

1. Use the sample oCProblem I, Exercises 87, to test the hypothesis that IJ = 24, 
level of significance 1 per cent. 

2. Use the data in Problem 2, Exercises 87, to test the hypothesis that IJ = 4, 
ievel of significance 5 per cent. 

3. Use the data in Problem 3, Exercises 87, to test the hypothesis that IJ = 10, 
level of significance 1 per cent. 

4. Use the data in Problem 4, Exercises 87, to test the hypothesis that IJ = 11, 
level of significance 5 per cent. 

S. Use the data in Problem 5, Exercises 87, to test the hypothesis that'"' = 10, 
level of significance 5 per cent. 

6. Use the data in Problem 6, Exercises 87, to test the hypothesis that'"' = 38, 
level of significance 1 per cent. 

7. Use the data in Problem 7, Exercises 87, to test the hypothesis that'"' = 2,100, 
level of significance 1 per cent. 

8. Use the data in Problem 9, Exercises 87, to test the hypothesis that'"' = 35, 
level of significance 5 per cent. 

• *9. Consider the problem of establishing the 95 per cent confidence, or fiducial, 
limits for the sample mean in small samples. (HINT: The number of degrees of freedom 
has to be taken into account.) 

·"'0. Use the results of Problem 9 to establish the 95 per cent confidence, or 
fiducial, limits for the data in Problem I, Exercises 87 . 

• ..". Use the results of Problem 9 to establish the 95 per cent and the 99 per 
cent fiducial, or confidence, limits for the sample in Problem 3, Exercises 87. 

92. Test of Significance for Two Samples 

In a test of significance, we test a hypothesis which we call the null 
nypothesis. First, we fix a priori a certain level of srgnificance. Then we find 
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the probability that the positive or negative deviation between the empirical 
results of the sample and the postulated hypothesis should have arisen by 
pure chance. If the probability is less than the level of significance chosen, 
we reject the null hypothesi 'i. We say that the quantity we are testing is 
significant . 

We will use the test of significance. to test the difference between the 
mean in 2 samples. Let there be NI observations in the first sample, and X t 

in the second sample. Let Xl and Xt be the means in the 2 samples and VI 

and V2 their sample variances. Both samples come from normal populations. 
We have the null hypothesis that in the population the 2 population 

means are equal, that is, that EXI - EXt = O. 
To test this hypothesis we compute 

Xl - XI 
t=--"':: 

~-~ 

The denominator of this fraction can be computed by recalling that 

[(NI - 1) VI + (Nt - 1)V2](NI + Nt) 
~-= • 
~-"2 NdV2 (NI + X t - 2) 

which is the square of the standard error of the difference of the means. FOT 
large samples, t = u, and is normally distributed. For small samples \\e 
have t distributed according to the t distribution with ft = NI + Nt - 2 
degrees of freedom . 

• EXAMPlE 1 

Assume that we have 2 samples with Nl = 100, NI = 400. Take the 
sample means as Xl = 11.5 and XI = 12, and the sample variances as VI = 9 
and Vt = 4. \Ve want to test the hypothesis that in the populations we have 
no difference between their means. The level of significance is 1 per cent. 
Since we have large samples we must evaluate 

Xl - XI 
u=---· 

~-~ 

For the square of the standard error of the difference between the sample 
means we obtain 

1.. _ = [(99)(9) + (399)(4)] (100 + 400) = 0.0624. 
s "c"2 (100)(400)(100 + 400 - 2) 

Then the standard error of the difference of the means is 

~-Z; = VO.0624 = 0.25. 
Finally, 

u = 11.5 - 12 = -2. 
0.25 
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From Table 4, we have 0.4773 for u = 2; We neglect the sign because 
of the symmetry of the normal distribution. This is the probability of getting 
a u less than 2. We want the probability of obtaining a u greater in absolute 
value than 2. Hence our probability is 1 - 2(0.4773) = 0.0454. This is 
more than 0.01, the given level of significance. Hence, the null hypothesis 
cannot be rejected. The difference in the means is not significant . 

.. EXAMPlE 2 . 
Let us illustrate the situation for small samples. Assume in the first 

sample Nl = 9, Xl = 5, VI = 25; in the second sample N z = 4, X2 = 13, 
VI = 16. We want to test the null hypothesis that in the populations there 
is no difference between the means; that is, we test the significance of Xl - X2, 
level of significance 5 per cent. 

We have for the standard error of the difference of the 2 means: 

sz.-~ = 2.85. 
Hence 

(5 - 13) 
t = 2.85 = -2.81. 

Because of the symmetry qf the t distribution we can neglect the negative 
sign. For n = Nl + Nt - 2 = 11 degrees of freedom, we have t = 2.201 at 
the level of significance specified. Our empirical t, namely, 2.81, is larger. 
Hence the null hypothesis that there is no difference in the population be
tween the 2 means is to be rejected. The 2 population means are in all 
probability significantly different. 

• EXEROSES 92 

1. Consider the 2 samples: 

Sample 1 

Class Limits 

CK 
4-8 
8-12 

Frequencies 

1 
4 
3 

Sample 2 

Class Limits 

0-5 
5-10 

10-is 

Frequencies 

2 
5 
2 

Test the significance of the difference of the means, level of significance 5 per cent. 
2. Consider the 2 samples: 

Sample 1 Sample 2 

Class Limits Frequencies Class Limits Frequencies 

0-10 10 0-20 10 
10-20 10 2CKO 30 
20-30 10 40-60 20 
3CKO 10 
40-50 10 
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Test the significance of the difference of the 2 sample means, level of significance 1 
per cent. 

3. Consider the 2 samples: 

Sample 1 

Class Limits 

10-20 
20-30 

Frequencies 

7 
4 

Sample 2 

Class Limits 

0-20 
20-40 

Frequencies 

S 
S 

Test the significance of the difference between the sample means, level of significance 
1 per cent. 

4. Consider the 3 samples: 

Sample 1 

Class Limits Frequencies 

0-2 1 
2--4 2 
4-6 3 

)6-8 3 

Sample 2 

Class Limits Frequencies 

2-6 
6-10 

5 
S 

Sample 3 

Class Limits Frequencies 

()-4 2 
4-8 7 

Test the significance of (a) Xl - X2; (b) Xl - X,; (c) X2 - fa. Take the level of 
significance as 5 per cent. 

5. Given 3 samples: 

Sample 1 Sample 2 Sample 3 

Class Limits Frequencies Class Limits Frequencies Class Limits Frequencies 

0-10 49 0-7 30 0-12 51 
10-20 51 7-14 37 12-24 50 

14-21 35 

Test the significance of (a) Xl - X2; (b) Xl - x,; (c) X2 - Xa; the level of significance 
is 1 per cent. 

6. Given 2 samples: 

Sample 1 Sample 2 

Class Limits Frequencies Class Limits Frequencies 

0--4 0-5 1 
4-8 0 ~10 4 
8-12 3 10-15 3 

12-16 3 1~20 2 

16-20 1 

Test the significance of the difference between the sample means, level of significance 
1 per cent. 
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7. Given the 3 samples: 

Sample 1 Sample 2 Sample 3 

Class Limits 

0-10 
10-20 
20-30 

Frequencies Class Limits Frequencies Class Limi ts Frequencies 

20 0-20 60 0-5 20 
50 20-40 20 5-10 20 
20 10-15 20 

15-20 15 
20-25 10 

(a) Test the significance of X, - X2; (b) on, - xa; (c) onl - xa, level of significance 
5 per cent. 

8. Given the 2 samples: 
Sample 1: 1, 5, 3, 0, 2. 
Sample 2: 9, 7, 5, 0, 3, 4, 7. 
Test the significance of the difference between the sample means, level of significance 
1 per cent. 

.*9. Call the difference between 2 sample means in large samples d. Establish 
limits for d such that the probability that d will fall between them is (a) 95 per cent; 
(b) 99 per cent; (c) 100 per c~nt; Cd) 90 per cent. 

10. The following table gives the family wage or salary, United States, 1939. 

Wage Frequency in Millions of Families 

Class Limits Urban RuralNonf~ Rural Farm 

S 0-200 4.1 1.8 4.1 
200-500 0.5 0.4 0.7 
500-1,000 1.4 1.0 1.0 

1,000-1,500 3.1 1.4 '0.7 
1,500-2,000 3.3 1.0 0.3 
2,000-2,500 2.9 0.7 0.2 
2,500-3,000 2.0 0.4 0.1 
3,000-5,000 1.1 0.2 0.0 

Test the significance of the difference between the means of these distributions. The 
level of significance is 1 per cent. 

11. The following table gives the age distribution, United States, 1940. 

Age Frequency in Millions of Persons 
Class Limits Male Female White Colored 

0-5 5 6 9 1 
5-10 5 6 9 1 

10-15 6 6 10 1 
15-20 6 6 11 1 
20-25 6 6 10 1 
25-30 5 6 10 1 
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Age Frequency in Millions of Persons 
Class Limits Male Female White Colored 

30-35 5 6 9 1 
3HO 5 5 9 1 
40-45 4 5 8 1 
45-50 4 4 8 
50-55 4 4 7 1 
55-60 3 3 5 
60-65 2 2 4 
65-70 2 2 4 
70-75 1 1 2 

Test the significance of the difference of the means when the level of significance 
is 5 per cent (a) between male and female; (b) between white and colored. 
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··93. Fitting of the Normal Distributions 

We have reason to believe sometimes that a random sample comes 
from a normal population. Then we may try to fit the normal curve to the 
sample values in order to achieve an approximation to the normal distribu
tion of the population . 

• EXAMPLE 

Given the following sample: 

Upper Limits Cumulative 
Class Limits x f (Standardized) Probability p Np 

0-2 1 1 -2.36 0.0091 0.0077 0.39 
2-4 3 1 -1.74 0.0409 0.0318 1.59 
4-6 5 4 -1.11 0.1335 0.0926 4.63 
6-8 7 8 -0.48 0.3156 0.1821 9.11 
8-10 9 13 0.15 0.5596 0.2440 12.20 

10-12 11 15 0.78 0.7823 0.2227 11.14 
12-14 13 5 1.41 0.9207 0.1384 6.92 
14-16 15 2 2.04 0.9793 ' 0.0586 2.93 
16-18 17 0 2.67 0.9962 0.0169 0.85 
18-20 19 1 3.30 0.9995 0.0033 0.17 

N= 50 

To fit a normal distribution we convert the upper limits of the various 
classes in the frequency distribution into standard measure by computing 

X-x 11=--, 
s 

265 
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where X is the upper class limit, x is the sample mean, and s the sample 
standard deviation. 

The probabilities for u are given in Table 4. For negative u, the value 
of the area under the normal curve has to be subtracted from 0.5. For 
positive u, 0.5 has to be added to the value given in the table. The prob
abilities p are computed by taking the differences of 2 successive items in 
the column of cumulative probabilities. 

As indicated we find that N = 50. The sample mean x = 9.52, the 
sample variance V = 10.09, and the sample standard deviation s = 3.18. 
The 4th column gives the upper limit in each class in standardized form. 
We have, for example, for the 1st class (2 - 9.52)/3.18 = -2.36, and so on. 

The cumulative probabilities are derived from Table 4. We have, for ex
ample, for the 3rd class, corresponding to u = -1.11,0.5 - 0.3665 = 0.1335, 
and so on. For positive standardized variables we have, for example, in the 
7th class, corresponding to u = 1.41, 0.5 + 0.4207 = 0.9207. By forming 
the differences we get the actual probabilities; for instance, in the 3rd class, 
we have 0.1335 - 0.0409 = 0.0926. Multiplying by N = 50 we get the 
last column. 
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figure 43 

We show in Figure 43 the histogram of the frequency distribution in 
the above example and also the fitted normal curve. 

• EXERCISES 93 

1. Given the data in Problem 2, Exercises 87. (a) Fit a normal curve. (b) Graph 
the original frequency curve and the fitted normal curve. 

2. Given the data in Problem 3, Exercises 87. (a) Fit a normal curve. (b) Graph 
the original frequency curve and the fitted normal curve. 
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3. Given the data in Problem 4, Exercises 87. (a) Fit a normal curve. (b) Graph 
the original frequency distribution and the fitted normal curve. 

4. Given the data in Problem 5, Exercises 87. (a) Fit a normal curve. (b) Graph 
the original frequency distribution and the fitted normal curve. 

5. Given the data in Problem 6, Exercises 87. (a) Fit a normal curve. (b) Graph 
the original frequency curve and the fitted normal curve. 

S. Given the data in Problem 7, Exercises 87. (a) Fit a normal curve._(b) Graph 
the original frequency distribution and the fitted normal curve. 

7. Given the data in Problem 9, Exercises 87. (a) Fit a normal curve. (b) Graph 
the original frequency distribution and the corresponding normal curve. 

8. Given the following data for the United States, 1941: 

Acres No. of Farms 

o to 3 36,000 
3 to 10 470,000 

10 to 20 559,000 
20 to 50 1,221,000 
50 to 100 1,291,000 

100 to 500 2,225,000 

(a) Fit a normal curve. (b) Graph the original frequency curve and the fitted curve. 
9. Given the following data for the United States, 1942: 

Income Classes 

500-1,000 
1,000-1,500 
1,500-2,000 
2,000-2,500 
2,500-3,000 

No. of Families 

2,319,000 
4,604,000 
4,837,000 
4,920,000 
3,953,000 

(a) Fit a normal distribution. (b) Graph the data, and the normal frequency curve. 
10. Given the data: 

Class Limits Frequencies 

0-2 10 
2-4 40 
4-6 60 
6-8 40 
8-10 10 

(a) Fit a normal distribution. (b) Graph the data, and the fitted notmal curve. 

**94. Tests of Goodness of Fit 

To test the goodness of fit for fitting the normal distribution we 
compute the quantity X', defined by 

Xl = E (J. - Np.)' • 
- Np. 
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In this summation we have the squares of the deviations between the em
pirical relative frequencies and the theoretical probabilities, divided by the 
latter. If we have a perfect fit, relative frequencies and probabilities are 
identical, so Xl = O. 

The distribution of this quantity has been established. Its probability 
density is 

where k is the number of degrees of freedom. 
Care must be taken that in all classes the quantity NP. is at least as 

large as 5. If this is not the case neighboring classes have to be combined 
into 1 single class. 

The number of degrees of freedom is the number of classes upon which 
the test is based, less 3. The area under the curve has been tabulated. The 
tabulated probability is 

P = 1 - [xl pes) ds. 

We get from Table 6 the probability P that for a given number of degrees 
of freedom the empirical Xl will be equal to or larger than the x2 in the ta ble. 

p 

0.4 

1 234 5 678 9 ro II ~ U M 
Figure 44 

The number of degrees of freedom is k. This is the number of classes 
in the distribution, minus the number of constants used in computing Xl. 

We show in Figure 44 the Xl distribution for 3 and 6 degrees of freedom. 
If the number of degrees of freedom becomes large, we can assume that 
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the quantity 

II = -v'i"Xi - V2k - 1 

follows the normal distribution, with mean zero and variance one. (Table 4). 
It is apparent from the graph that the x' distribution for k = 6 is 

nearer to a normal distribution than the one for x' with 3 degrees of freedom. 
We may use the normally distributed quantity II, defined above, if we have 
30 or more degrees of freedom. 

The null hypothesis tested in a test of significance for goodness of fit is 
that we obtain a perfect fit, that is, that in the population the value of x' is O • 

• EXAMPlE 

We want to test the goodness of fit of the normal curve fitted in the 
previous example. We assume a level of significance 5 per cent. We have to 
combine the first 3 and the last 4 classes, since for them the values of Np are 
tess than 5. The data are 

Class Limits J Np (J - Np)'/Np 
below 6 6 6.61 0.06 

6-8 8 9.11 0.14 
8-10 13 12.20 0.05 

10-12 15 11.14 1.34 
over 12 8 10.87 0.76 

x' = 2.35 

The terms in the last column come from the formula (J - Np)l/Np. We 
get, for instance, in the 1st class: (6 - -6.61)1/6.61 = 0.06. The sum of all 
these quantities is x'. 

To test the significance of x' we note that the number of classes is 5. 
The number of degrees of freedom is 5 - 3 = 2, because 3 constants (N, 
:E, V) have been estimated from the sample. Hence we lose 3 degrees of 
freedom. At the 5 per cent level, x' can be as large as 5.99 for 2 degrees 
of freedom. Our empirical x' is much smaller; in fact, it is only 2.35. It is 
not significant, which means that we get a reasonably good fit. 

• EXEROSES 94 

1. Given the data in Problem t, Exercises 87. (a) Fit a normal curve. (b) Test 
the goodness of fit, level of significance t per cent. 

2. Given the data in Problem 6, Exercises 87. (a) Fit a normal curve. (b) Test 
the goodness of fit, level of significance 5 per cent. 

3. Given the data in Problem 7, Exercises 87. (a) Fit a normal curve. (b) Test 
the goodness of fit, level of significance t per cent. 

4. Given the data in Problem 8, Exercises 93. Test the goodness of fit of the 
normal curve, level of significance 5 per cent. 
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5. Given the data in Problem 9, Exercises 93. Telt the goodness of fit of the 
nonnal curve, level of significance 1 per cent. 

6. Give the data in Problem 10, Exercises 93. Fit a normal curve and test the 
goodness of fit, level of significance 5 per cent. 

7. Use the data in Problem 1, Exercises 92, Sample 1, to fit a norm. 'frequency 
curve. Test the goodness of fit, level of significance 1 per cent. 

8. Use the data in Problem 4, Exercises 92, Sample 3, to fit a normal frequency 
curve. Test the goodness of fit, level of significance 5 per cent. 

**95. Contingency Tables 

Assume we have a random sample. The individual items have been 
classified according to 2 characteristics, those of A and E, and C and D. We 
obtain a 2 X 2 contingency table as follows: 

A 
B 

Total 

C D 
a 
c 

a+c 

If the sample comes from a normal population we can test the inde
pendence of the classification by computing 

X' = (ad - bc)2(a + b + c + t!) • 
(a+ b)(c T d)(a + c)(b + t!) 

This is distributed like x' with 1 degree of freedom. 
This distribution is only appro~mate. It will be valid if the expected 

values, which would prevail under independence, are not less than 5 . 

• EXAMPlE 

Consider the following contingency table: 

Total 

The formula gives 

11 
8 

19 

9 
12 
21 

Total 
20 
20 
40 

I = [(11)(12) - (8)(9)]'(40) = 120 = 0.902. 
X (20)(20)(19)(21) 133 

Suppose we choose for our level of significance 1 per cent. For 1 degree 
of freedom, X' may be as large as 6.63. Since our empirical value is smaller, 
there is no reason to reject the null hypothesis that the characteristics are 
independent. 
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EXERCIS.:. ~r.s 9 S 

t. Given Uie conungency table; 

25 5 
15 35. 

Test for indeJX11dence, level of significance 5 per cent. 
2. Given dle contingency table: 

25 25 
15 35. 

Test for independeoce, level of significance 1 per cent. 
3. The following data are for the United States, 1940, in millions: 

White Colored 

Male 59.4 6.6 
Female 58.8 6.8. 

Test the independence of sex and color, level of significance 1 per cent. 
4. The following data, in millions, were true for the United States, 1930: 

Male 
Female 

White 

55.9 
54.4 

Colored 

6.2 
6.2. 

Test the independence of sex and color, level of significance 5 per cent. 
S. The following data, in millions, are for the United States' labor force, 1930: 

Employed Unemployed 

Male 35.0 2.0 
Female 10.0 0.4 

Test the independence of employmeni status and sex, level of significance 5 per cent. 
6. The United States' labor force, 1940, in millions, is characterized below: 

Male 
Female 

Employed 

34.0 
11.2 

Unemployed 

6.2 
1.8. 

Test the independence of employment status and sex, level of significance 1 per cent. 
7. The distribution of the labor force for the United States, 1940, in millions, 

is given below: 

Employed 
Unemployed 

Agriculture 
Forestry Fisheries 

8.5 
0.6 

Other Industries 

36.7 
6.2. 

Test the independence of employment status and the distribution in industries, level 
of significance 5 per cent. 
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* *8. Show that the expected values in a 2 X 2 table in ClUe of independence ve 

(a + b)(a + c) 
a+b+c+d 

(a + c)(c + d) 

a+b+c+d 

(a + 6)(6 + d) 

.. +6+c+d 

(6 + d)(c + d) 

a+6+c+d 

Compute the expected values for the Example on page 270. 



REGRESSION AND 

CORRELATION 

96. Method of Least Squares 

One method of estimation, employing the method of least squares, is 
particularly appropriate with economic data, where frequently we do not 
have normal distributions. The method oj least squares consists in the choice oj an 
estimate so that the sum oj the squares of the deviations oj the data from the estimate 
is a mimmum. 

The method of least squares gives the best, unbiased linear estimate. 
The word best means here that the least-squares estimate has a smaller 
variance than any other linear estimate. By unbiased is meant that the mean 
value (mathematical expectation) of the estimate is equal to the true popula
tion value. That is, the average of a great many least-square estimates is 
likely to differ from the true value as little as we like. The adjective linear is 
employed because the estimates must be linear functions of the parameters 
estimated. All these results are independent of any assumption of normality 
of the observations. (Markoff theorem.) 

Assume we have a number of observations Xl, X2, "', X". Let us use the
method ofleast squares in order to estimate the "true" value of X in a sampk 
of n independent observations. 

Let a be the quantity we want to find. According to the fundamental 
principle of least squares, we want to minimize the sum of squares: 

Q = (Xl - a)1 + (XI ~ a)1 + (X. - a)1 + ... + (X,. - a)l. 

This is the sum of the squares of the deviations of the observations from the 
estimate a. 

273 
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We want to adjust a in such a fashion that Qbecome a minimum. Hence 
we must have dQj da = 0, rPQ) da 2 > 0. Thus 

dQ}da = -2(XI - a) - 2(X2 - a) - 2(xa - a) -'" - 2(x. - a) = 0, 
flIQ) da2 = 2 + 2 + 2 + ... + 2 = 2n > 0. 

Simplifying the first equation, we have 

na = Xl + Xt + Xa + ... + ;e,. 

We see that the least square estimate a = x is the arithmetic mean. It 
follows from the fact that the second derivative is positive (n being the 
number of observations) that we have a true minimum of Q. 

• EXERCISES 96 

1. Let a sample consist of the items 2, 5, 9. (a) Compute the sum of squares of 
the deviations from the estimated value aj that is, Q = (2 - a)2 + (5 _ a)2 
+ (9 - a)2, by squaring the expressions in brackets. (b) Find the derivative of Q with 
respect to a. (c) Show that the least squares estimate of a is the arithmetic mean of 
the three numbers given above. 

2. Given the 6 numbers 2,7,4, 1,0, -3. Proceed as in Example 1. 
*3. Use the method of least squares to find the estimate of the true yalue of .. 

log Xl, log X2,' • " log Xft. This least squares estimate is log G = (lin) ~ log Xi., so G 

is the geometric mean. 
4. Use the formula established irt Problem 3 to find the geometric mean oC (a) 

2,3, 9j (b) 1,16, 19j (c) 2,10,15,105; (d) 2, 5, 5, 10, 18; (e) 1,6,5; (f) 0, 5, 2, 3, 
5.5, 7.6, 10.7. 

* *5.· Find the minimum value of Q which is assumed in the example above for 
(l = X. Interpret it statistically. 

6. Use the formula established in Problem 3 to find the geometric mean of the 
data given in Problem 1, Exercises 86. 

7. Use the result of Problem 3 to establish the geometric mean of the data in 
Problem 2, Exercises 86. 

8. Use the data in Problem 3, Exercises 86, to compute the geometric mean ac
cording to the result in Problem 3. 

9. Compute the geometric mean of the data in Problem 4, Exercises 86, ac
cording to the results of Problem 3. 

**10. Consider the situation described in Problem 5, Exercises 85. Show that 
the least-square estimate and the maximum-likelihood estimate are the same, namely, 
X, which is the arithmetic mean of the observations in the sample. 
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97. Curve -Fitting 

The method of least squares is useful in curve fitting. Assume we 
have the series of items, Xl, X2, •.. , X", and the associated series,Y1, Y2, ... , y ... 
We want to estimate or predicty if X is given, and if we assume that there is a 
linear relationship y = a + bx, where y is the estimated value. It follows that 

1/1 = a + bX1 
y, = a + bxs 

'0" = a + bx". 

So the errors are (y. - Y.) = y. - (a + bx.). 
The sum of squares of the errors to be minimized is F = (y1 - a - bX1)' 

+ Vs - a - bX2)' + ... + (y .. - a - bX .. )2. This is to be minimized by the 
appropriate choice of the values of a and b. We have the necessary conditions 
of / oa = 0 and of / iJb = O. These give the 2 normal equations for a and b, 
namely, 

Dr = na + bLx, 

LXY = aLx + bLx', 

where LX, for example, is adopted for purposes of simplicity to denote the 
sum of all the x's. 

If the variable X is time, the fitted line is called a linear trend. 

a EXAMPlE 

Assume the development of an economic time series: 

Year x y xy x2 

1910 -3 1 -3 9 
1920 -1 2 -2 1 
1936 1 2 2 1 
1940 3 3 9 9 
Sums 0 8 6 20. 

We have chosen the x so that their sum becomes O. It is observed that 
LX = 0, Dr = 8, LXY = 6, LX2 = 20. 

Since n = 4, the normal equations are 

8 = 4a + O· b = 4a, 

6 = O' a + 20b = 20b. 

This gives the solution a = 2 and b = 0.3. Thus the equation for prediction is 

'0 = a + bx = 2 + 0.3x. 

This result can be used for interpolation, since the relationship is Imear. 
For instance, estimate the value ofy in 1935: The corresponding x is 2, and 
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the estimated value ofy is 2 + 0.3(2) = 2.6. If conditions are the same for 
the future as in the past we can also use the formula for extrapolation. For 
example, what under these conditions is the predicted value of y in 1950? 
Evidently x = 5, so fi = 2 + 0.3(5) = 3.5. , 

----~~--~~--~-----4----~----_+----_+-% 
-1 0 -3 

1910 
-2 

1920 
Figure "5 

1 
1930 

2 3 
1940 

This example is illustrated by Figure 45. We show the observations as 
crosses in their relation to the fitted straight line. The deviations from the 
fitted line, the sum of the squares of which is minimized, are also indicated. 

• EXERCISES 97 

1. Given the following values for consumption of wheat in the United States: 

Year Consumption 

1910 36 
1915 43 
1920 34 
1925 41 
1930 47. 

(a) Fit by the method of least squares the best linear trend. (HINT: Choose It = -2, 
-1,0, 1,2.) (b) Interpolate for 1926; (c) for 1927; (d) for 1929. (e) Extrapolate 
for 1940; (f) for 1945; (g) for 1947. 

2. Given the following data for the price of rye in the United States: 

Year Price 

1890 66 
1900 56 
1910 90 
1920 78. 

(a) Fit a linear trend by the method of least squares. (HINT: Choose Jt = -3, -1, 
1,3.) (b) Interpolate for 1915; (c) 1916; Cd) 1919. (e) Extrapolate for 1925; (f) 1932. 
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3. Given the following data for consumption of cotton in the United States: 

Year Consumption 

1895 25 
1900 36 
1905 49 
1910 45 
1915 65 
1920 50 
1925 61. 

(a) Fit a linear trend by the method of least squares. (b) Graph the data and the 
trend. (c) Interpolate for 1921; (d) 1923; (e) 1924. (f) Extrapolate for 1930; (g) for 
1943. 

4. Given the following data for the price of potatoes in the United States: 

Year Price 

1918 120 
1921 110 
1924 62 
1927 97. 

(a) Fit a linear trend by the method o~ least squares. (b) Graph the data and trend. 
(c) Interpolate for 1925; (d) 1926. (e) Extrapolate for 1930; (f) for 1935. 

5. Given the following data for the consumption of pig iron in the United States: 

Year Consumption 

1880 140 
1890 121 
1900 101 
1910 105. 

(a) Fit a linear trend by the method of least squares. (b) Graph the data and trend. 
(c) Interpolate for 1905; (d) for 1909. (e) Extrapolate for 1914; (f) for 1916. 

6. Given the following production data for steel in the United States: 

Year, Production 

1930 12 
1932 4 
1934 6 
1936 11 
1938 8. 

(a) Fit a linear trend by the method of least squares. (b) Graph the data and trend. 
(e) Interpolate for 1935; (d) for 1937. (e) Extrapolate for 1939; (f) 1940. 
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7. Given the following data on Wholesale Price Indexes, 1929 = 100. 

All Raw Semi- Manufactured 
Year Commodities Materials Manufactured Production 
1930 91 86 87 93 
1931 77 67 74 82 
1932 68 56 63 74 
1933 69 58 70 75 
1935 84 79 78 87 
1937 91 87 91 92 
1939 81 72 82 85 
1940 82 74 84 86 
1941 92 86 92 94 
1942 104 103 99 104 
1943 108 115 99 106 
1944 109 116 100 107. 

(a) Fit straight-line trends by the method of least squares. (HINT: Call 1930 year 1, 
1931 year 2, and so forth.) (b) Graph original data and trends. (c) Interpolate for 
1934. (d) Interpolate for 1938. (e) Extrapolate for 1945. 

8. Given the following data pertaining to the cost of living index, United States, 
where 1935-1939 = 100: 

Year Index 

1930 119 
1931 109 
1932 98 
1933 92 
1934 96 
1935 98 
1936 99 
1937 103 
1938 101 
1939 99 
1940 100 
1941 105 
1942 116. 

(a) Fit a straight-line trend. (b) Graph the data and trend. (c) Extrapolate for 1943; 
(d) 1944; (e) 1945. 

**9. Prove that the normal equations in the example above actuiilly give a 
minimum of F. Consider necessary and sufficient conditions. 

*10. Assume the relationship between x and y to be y = a + hx + ex! (para
bola), and show that under these conditions the method of least squares leads to the 
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LY = ria + hLx + cLx!, 

LXY = aLx + bLx2 + cLx', 

11. Use the results of Problem 10 to fit a parabolic trend to the data of the 

example above. 
12. Use the results of Problem 10 to establish a parabolic trend for the data in 

Problem 2. Work parts (b) to (f) in Problem 2 if a parabolic trend is assumed, and 

compare results with the linear trend. 
13. Use the results of Problem 10 to fit a parabolic trend to the data of Problem 

5. Use this trend to work (b) to (f) in Problem 5 and compare with the results of the 

linear trend. 
*14. Establish the nonnal equations for an exponential trend in the logarithmic 

form: log 11 = a + bx. (HINT: Substitute log y for y in the normal equation for a 
straight-line trend. The normal equations are, then, 

L logy = an + b~::X, 
LX logy = a~:X + bLx2.) 

Show that the nonnal equations follow from the necessary conditions of a minimum 
and that the sufficient conditions are fulfilled. 

15. Given the data: 

Year 

1900 
1910 
1920 
1930 
1940 

Population United States (millions) 

76 
92 

106 
123 
132. 

(a) Fit an exponential trend (Problem 14). (b) Graph the data and trend. (c) In
terpolate for 1925; (d) for 1937; (e) 1939. (f) Extrapolate for 1945. 

16. Use the results of Problem 14 to fit an exponential trend to the data in 
the example above. 

17. Use the results of Problem 14 to fit an exponential trend to the data of 
Problem 2. Work parts (b) to (f) oT the problem. (HINT: The estimates are now logy 
and have to be converted into ordinary numbers.) 

18. Use the results of Problem 14 to fit an exponential trend to the data in 
Problem 5. Work parts (b) to (f) of Problem 5 with an exponential trend. 

19. Use the results of Problem 14 to fit an exponential trend to the data of 
Problem 3. Work parts (b) to (g) of Problem 3 with this trend. 
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**20. Assume that the values)'1, h,"', y. are normally and independendy 
distributed according to 

PI = (1/.v2;) rWIfl-a-l>"'l)', Pt = (1/~) e-~(~)I 
p .. = (1/-v'2;) rW",,-a--6.z,.)'. 

(a) Establish the probability that the independent eventsYl,Yt,·· ',.1 .. will happen ~ 
gether. (b) Maximize this probability (method of maximum likelihood). Show that 
the resulting normal equations for a and h are the same as in the method of least 
squares. 

*21. Given 2 series, XI, X2,' •• , x. and)'l, .12,' •• , .1",. The estimated value of z 
is x = A + By. Establish the normal equation for A and B which minimize G = 
(Xl - A - B)'l)2 + (X2 - A - BY2)' + ... + (x", - A - By .. )'!. Show that the normal 
equations are the same as in the example above with the role of x andy exchanged. 

*22. Let x be income andy the number of people receiving income x or higher. 

Assume a Pareto curve for the cumulative distribution of income (Section 14). Fit 
this curve in the logarithmic form log y = a + h log x, if the data are Xl, X2,' •• , x .. ; 

)'l, .12,' • " .1 ... (HINT: Show that the normal equations for a and h result from those 
obtained by fitting fJ = a + hx, but with log x substituted for x and logy substituted 
fory; that is, 

I: logy = na + hI: log x, 

I: (log x) (logy) = aI: log x + bI:(log x)'.) 

Show that the necessary and sufficient conditions for a .:'linimum are fulfilled. 
23. Given the data for income distribution in the United States for 1918: 

Income Classes 

500 to 1,000 
1,000 to 3,000 
3,000 to 10,000 

10,000 to 1,000,000 

Frequencies 

12,531,000 
19,875,000 
1,971,000 

255,000. 

(a) Find the cumulative distribution. (b) Fit the Pareto distribution using the 
results of Problem 22. (c) Estimate the number of people receiving $5,000 or more, 
(d) 57,250 or more, (e) $1,785 or more, (f) between $1,100 and $1,250, (g) between 
$5,000 and $8,000. 

24. Take the following income distribution, United States, 1926: 

Income Classes 

$1,000 to 5,000 
5,000 to 25,000 

25,000 to 250,000 
250,000 to 1,000,000 

Frequencies 

31,796,000 
1,111,000 

111,000 
4,000. 

(a) Find the cumulative frequency distribution. (b) Fit a Pareto curve (Problem 22). 
(c) Estimate the number of people having an income of more than $4,000; (d) more 
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than $10,000; (e) more than $70,000; (£) more than $2,000; (g) between $4,000 
and 14,500; (h) between $500,000 and $750,000. 

25. Family wages or salaries, United States, 1939: 

Class Limits 

$500 to 1,000 
1,000 to 1,500 
1,500 to 2,000 
2,000 to 3,000 
3,000 to 5,000 -

Number of Familie~ 

5,169,000 
4,675,000 
3,746,000 
3,684,000 
1,779,000. 

(a) Find the cumulative frequency distribution. (b) Fit a Pareto curve. (c) Estimate 
the number offamilies having an income of more than $2,500; (d) more than $4,000; 
(e) between $1,250 and $1,275; (f) between $2,500 and $2,750. 

26. Use the data in Problem 10, Exercises 92, to estimate the Pareto distribu
tions of incomes of urban, rural farm, and rural non-farm workers. 

zr. Use the data in Problem 7, Exercises 87, to derive the Pareto distribution 
of incomes for families. 

28. Use the data in Problem 8, Exercises 87, to find the Pareto distribution of 
incomes for corporations. 

98. Regression 

Assume that we have 2 series of n values, each of2 variables x and y: 
Xl, ~2, ••• , X" and Yl, Y2, ••• , y". The variables X and y are both taken as 
random variables. We assume that they are both normally distributed. The 
marginal distributions are also normal. We have already shown that the 
best linear equation for the prediction of y, if X is given, is found by the 
method of least squares. The value of y obtained in this way, namely, 
y = a + bx, is called the regression oj y on x. The normal equations for the 
determination of a and bare 

D = na+b:Ex, 

:Exy = a:Ex + b:Ex2. 

On the other hand, if we know y and want to predict x, we use the linear 
equation, x = A + By, called the regression of x on y. The method of least 
squares this time gives the following normal equations for the determination 
ofa and b: 

:Ex = nA+BD, 

:Exy = AD + BDt. 

It will be noted that the roles of X and yare exchanged. 
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a EXAMPlE 

Consider the following series of observations: 

x 11 x2 xy yt 

1 4 1 4 16 
3 2 9- 6 4 
0 2 0 0 4 
4 4 16 16 16 
8 12 26 26 40. 

If we want to predicty when we know x, we compute the regression ofy on X; 
that is, 

'0 = a + bx. 

Using the above formulas we have the following normal equations from 
the table: 

12 = 4a + 8b, 

26 = 8a + 26b. 

Solving this system of equations, we have a = 2.6, b = 0.2. Hence the 
regression of y on x is 

y = 2.6 + 0.2x. 

For instance, for x = 2, we have '0 = 3. For x = 10, we have '0 = 4.6. 
Next we compute the regression of x ony: 

x = A + By. 

The normal equations become, in this case, 

8 = 4A + 12B, 

26 = 12A + 40B. 

Solving this system of equations, we have A = 0.5, B = 0.5. Hence the 
regression of x on y is 

x = 0.5 + 0.5y. 

Suppose for instance we want to estimate x, if we know thaty = 1; we obtain 
x = 1. Or, if we want to estimate x ify = 6, there results x = 3.5. 

'We show in Figure 46 the so-called scatter diagram of our 2 variables 
X andy. The observations are denoted by points. The 2 regression lines are 
also given and labeled x and O • 

• EXEROSES 98 

1. Given the data: 

1& Y 
1 0 
2 1 
3 5 
o 1. 
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x x 

----~r_~--r-----+-----+_----~----~--% o 1 2 4 5 
Figure 46 

(a) Find both regression lines. (b) Make a scatter diagram. (c) Predicty if x = 4. 
(d) Predict x if y = 3. 

2. Given the data: 
x y 

1 5 
0 0 
0 1 
2 3 
4 5 
1 4. 

(a) Determine both regression lines. (b) Make a scatter diagram. (c) Predict y if 
11 = 5. (d) Predict x ify = 2. 

3. Given the data: 

x Y 
1 6 
5 1 
3 0 
2 0 
1 1 
1 2 
7 1 
3 5. 

'a) Find both regression lines. (b) Make a scattc;r diagram. (c) Predicty if 11 = 10. 
(d) Predict 11 ify = 2.5. 
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4. Given the data: 

~ .1 
8 7 
3 0 
5 10. 

(a) Find both regression lines. (b) Make a scatter diagram. (c) Predict., if It = 6. 
(d) Predict % if)' = 4. 

5. The following table gives a wholesale price index (x) and the index of in
dustrial production in the United States (y): 

Year Wholesale Prices Industrial Production 

It y 

1935 80 87 
1936 81 103 
1937 86 tt3 
1938 79 89 
1939 77 109. 

(a) Determine both regression lines. (b) Make a scatter diagram. (c) Assuming that 
conditions remain as in the period under consideration, predict the index of industrial 
production for a wholesale price index of 90. (d) Under the same conditions as given, 
predict the wholesale price index if the index of industrial production is 120. 

6. The following table gives wheat prices and wheat-production in the United 
States: 

Production, 

Million Bushels Price per Bushel 

Year x y 

1932 2.9 0.6 
1933 2.4 0.9 
1934 1.4 1.2 
1935 2.3 1.3 
1936 1.5 1.5 
1937 2.6 1.3 
1938 2.6 0.8 
1939 2.6 1.0. 

(a) Find both regression Jines. (b) Make a scatter diagram. (c) Assuming the same 
fundamental conditions to prevail on the wheat market as during the period of the 
data, predict the price of wheat if the production is 2 million bushels. (d) Under the 
same conditions, predict the production of wheat if the price is $1 per bushel. 

7. The following table gives the total deposits and the interest rate in the United 
States for varioul years: 
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Total Deposits in Interest Rates, 
Year Billions of Dollars per cent 

It .1 
1935 45 3.0 
1936 50 2.7 
1937 52 2.6 
1938 51 2.5 
1939 55 2.8. 

(a) Make a scatter diagram. (b) Determine both regression lines. (c) Assuming the 
fundamental conditions the same as in the period covered by the data, predict the 
interest rate if there are 60 billion deposits. (d) Under te same condi~ons, predict 
the deposits if the interest rate is 1.5 per cent. 

8. The following table gives agricultural production and price indexes in the 
United States: 

Year Index of Production Index of Prices 

x .1 
1937 106 122 
1938 103 97 
1939 106 95 
1940 110 100. 

(a) Make a scatter diagram. (b) Find both regression lines. (c) Assuming conditions 
to be the same in agriculture as in the period covered, predict the price index if the 
index of agricultural production is 100. (d) Under the same conditions, predict the 
index of production if the price index is 130. 

9. The following table gives the total national income and the index of indus
trial production in the United States: 

National Income, Index of 
Year in Billions of Dollars Industrial Production 

x y 

1929 83 110 
1930 69 91 
1931 54 75 
1932 40 58 
1933 42 69 
1934 49 74 
1935 56 87 
1936 6S 103 
1937 72 113 
1938 64 89. 

(a) Make a scatter diagram. (b) Compute both regression lines. (c) Assuming eco
nomic conditions to be the same as in the period 1929-1938, predict the index of 
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production if there is a national income of 100 billion. (d) Under the same conditions, 
predict the national income if the index of industrial production is 50. 

10. The following table gives disposable income and gross investment in the 
United States for certain years: 

Disposable Income Gross Investment per 
Year per Capita, Deflated Capita, DeBated 

JC .7 
1930 $478 $97 
1931 440 81 
1932 372 45 
1933 381 45 
1934 419 66 
1935 449 78 
1936 511 103 
1937 520 98. 

(a) Make a scatter diagram. (b) Find both regression lines. (c) Assuming the. same 
economic conditions to prevail as in the period covered by the data, predict per capita 
deflated gross investment if the per capita disposable deflated income is $600. (d) 
Under the same conditions, predict the per capita deflated disposable income if the 
per capita deflated gross investment is 135. 

11. The following table gives information on leather belts: 

Year Output Total Cost 

JC y 

1934 3 234 
1935 4 316 
1936 11 880 
1937 6 670. 

(a) Find both regression lines. (b) Predict the total cost if the output i!, 10. (c) Predict 
the ·output if total cost is 1,000. (d) Make a scatter diagrlllfl.. 

12. The following table gives information on steel, United States: 

Year Production Total Cost 

JC y 

1930 12 84 
1932 4 44 

-1934 6 51 
1936 11 82 
1938 8 61. 

(a) Find both regression lines. (b) Predict the cost if production is 10. (c) Predict 
the production if the cost is 50. (d) Make a scatter diagram with both regression lines. 
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99. Simple Correlation 

A measure for the linear relationship between the two variables x 
andy is described as the sample correlatIOn cotjJicient; it is given by the formula: 

L(x - x)(y - y) 
, = -yT:E~(=x=-===:x)=:::~E~()I=-~y)~2 

This may be simplified to 

Exy - nfy 
, = ---;:::=~===:==-===:==::::: y (Ex2.- nf2) (D' - ny~) 

where x and fi are the sample means of x and y. The sample correlation 
coefficient r provides an empirical estimate of the population correlation 
coefficient p. 

If , = 0 the variableS are said to be uncorrelated. But this does not 
mean that they are independent in the probability sense, for it is possible, 
for instance, that the variance of y depends on x, etc. 

If we assume that we have a joint-normal distribution of the random 
variables x and y, we can test the significance of,. We compute the quantity: 

,y(n - 2) 
t = . 
~ 

This statistic t follows Student's t distribution with n - 2 degrees of freedom. 
The null hypothesis is that in the population corresponding to the sample 
there is no linear re~ationship between x andy, that is, the population correla
tion coefficient p = O. If this null hypothesis is rejected from the point of 
view of a given level of significance, we say that r is significant. 

The number of degrees of freedom is n' = n - 2. This follows from the 
fact that the regression equation involves 2 constants, a and b, or A and B, 
which have to be estimated from the data. This uses 2 degTees of freedom out 
of a total of n observations. 

uTo interpret " the sample correlation coefficient, we start with the 
identities proved earlier. We have for the 2 sums of squares: 

:E(x - X)2 = EX2 - nf2, 

:E(y - y)2 = :Eyl - nyt. 
These sums of squares have been used previously to compute the sample 
variances. We have a similar relationship for the sum of cross products: 

E(x - x)(y - y) = Exy - nxy. 

Now consider the 2 normal equations which give a and b foc the re
gression of y on x, ('0 = a + bx): 

D = na + bEx, 

:Exy = aEx + b:Ex l
• 
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Multiply the members of the first equation by Ex and the second by n, in 
order to eliminate 0; there results 

(Ex)(D) = naEx + b(Ex)', 

nE-9 = naEx + nb Exl • 

Subtracting the members of the first equation from the ~orresponding mem
bers of the second to eliminate 0; it follows that 

nExy - (Ex)(D) = b[nExl - (Ex),]. 

After dividing both sides of the equation by n, there results 

Exy - n (~x)(~) = b [ Exl _ n (~x)], 
or E-9 - nXy = b (Exl - nXl). 

This follows from the definition of the sample means; namely, 

_ Ex 
:l:=-' 

n 

-D y=-' 
n 

The term on the left side is the sum of cross products. The term on the 
right side is the sum of the squares of the deviations of x from its mean x; thus 

and, finally, 

b = E (x - x) (y - y) • 
E(x - X)I 

Now consider the first normal equation, 

D = na +bEx. 

We may divide by n, and obtain, recalling the values of y and !, 

fi = 0 + bx. 

Hence, deducting the last expression from 1i = 0 + bx, 

iJ - y = 0 + bx - (0 + bx) = b(x - x). 

So-the deviation ofy from the fitted line is 

y - iJ = y - fi - (iJ - y) = (y - y) ,... b(x - x). 

The sum of squares of these devia~ons is 

E(y - iJ)1 = E(y - y)1 - 26 E(x - x)(y - fi) + b'E(x - X)I. 
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Substituting the value of b derived above, this can be simplified to 

.... t •• _ ,f)t = .... ( _ T.)t _ (:E(x - x)(y_- y»)2 • 
~v 1/ ~ Y 1/ :E(x _ x)Z 

Now divide both sides of the last equation by :E (y - y) 2 ; there results 

:E(y - y)t = t _ (:E(x - :t)(y - y)]' • 
:E(y - y)t :E(x - x)Z:E(y - y)2 

The last term on the right is the square of the sample correlation 
coefficient, as defined above. Hence we get the relationship: * * 

In this formula we have on the left the ratio of 2 sums of squares. In the 
numerator appears the sum of the squares of the deviation of the variable y 
from the fitted, or estimated, values g. In the denominator is the sum of the 
squares of the deviations ofy from its mean y. 

By dividing numerator and denominator of the fraction on the left by 
tI - 1, we get the ratio of two variances; that is, 

:E(y -'0)2 

n-l ----=1-, 
:E(y - y)Z 

n-l 

Now we have on the left in the numerator the portion of the variance of y 
which has not been explained by the regression ofy on x. In the denominator 
we have the variance of y. Hence the square of the correlation coefficient 
may be interpreted as the proportion of the variance of y which can be 
explained or accounted for by the regression of y on x. The square of the 
correlation coefficient is called the coefficient of determination . 

. The expression in the numerator cannot be larger than the expression 
in the denominator. If there are no deviations from the linear regression line, 
the expression in the numerator will become O. In that case we have,2 = 1. 
We have a perfect linear correlation if either, = 1 or , = -1. Evidently 
, cannot be larger than 1 or smaller than -1. The expression on the left, 
the ratio of 2 non-negative quantities (sums of squares), cannot become 
negative. 

Next consider the case in which the numerator in the expression on the 
left assumes its greatest possible value. In this case all the variability of y 
remains unaccounted for by the regression of y on x; the expression in the 
numerator is the same as the one in the denominator. Hence in this case we 
~et 1 on the left side of the equation, jnd it follows that, = O. A 0 correla
tlO~ coefficient corresponds to the case when there is no linear relationship 
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between x and y. Of course, there may still be a nonlinear relationship. If 
, = 0 we say that the two random variables x andy are uncorrelated. 

We show, in Figure 47, 3 scatter diagrams as illustrations for various 
values of the correlation coefficient. On the top we have the case, = 1, so 
the coefficient of determination is ,3 = 1. There are no deviations between 
the fitted line and the variable. The 2 regression lines coincide. Thus, there 
is a perfect positive linear relationship between x andy. 

y 
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o 1 2 3 
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3 ,=-1 

~ 2 
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Figure ~7 

The diagram in the middle shows the case where, = -1; the coefficient 
of determination is 1, as before. The 2 regression lines coincide again, but 
now they slope downward. There is a perfect negative linear relationship 
between x andy. 

Finally, the diagram on the bottom shows a case where, = O. The 
coejj;ient of determination r% = o. This means that there is no linear rda
tioniliip between the random variables x and y. The regression lines are 
seen to be perpendicular. 

In order to test the significance of the sample regression coefficient b, 
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we compute 

For tests of hypotheses we have 

(b - fJ) v' (n - 2)(2:x2 - nx2) 
t = , 

v'D' - ny2 - b2(2:x 2 - nx2) 

where fJ is the hypothetical regression coefficient in the population. Both 
these quantities t are distributed like Student's t with n - 2 degrees of 
freedom. 

a EXAMPlE 

Given the following data: 

x y Xl xy yl 

1 2 1 2 4 
2 2 4 4 4 
2 1 4 2 1 
1 0 1 0 0 
0 2 0 0 4 

Sums: 6 7 10 8 13. 

\Ve have n = 5, x = 1.2, Y = 1.4. The correlation coefficient is 

8 - (5)(1.2)(1.4) -0.4 -0.4 

, = V[10 - 5(1.2P][13 - 5(1.4)2) = V(2.8)(3.2) = V8.96 

-0.4 
= -- = -0.134. 

2.99 

Since, = -0.134, we have a negative relationship between x andy. Thus 
large values of x are associated with small values of y, and vice versa. 

The coefficient of determination " = (-0.134)2 = 0.018. This shows 
that if we know x we can explain 0.018 (almost 2 per cent) of the variance 
of y. And knowledge of y enables us to explain almost 2 per cent of the 
variance of x. 

To make a test of significance let us adopt a level of significance of 
5 percent. Thestatistict = (-0.134)V(5 - 2)/Vl - (0.134)2 = -0.234:. 
For 5 - 2 = 3 degrees of freedom we see that t must be at least 3.182 to be 
significant. Hence the null hypothesis (that p in the population is 0) is not re
jected and our empirical correlation c~efficient of -0.134 is not significant. 

-To test our empirical regression coefficient b = -0.143 on the 1 per 
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cent significance level, we compute 

( - 0.143) Vr.c( 5:---2:-) =[1-0 ---(=5 )"""'(-1.--2)-=2) 

t = -V;=13~-==:=(5:::::::) (=1.=-=4):::=2 -=( -=0=.1=4=3)=' [==10=-==(5=)(=1.=2):::::2) 

= -0.234 

For n - 2 = 5 -2 = 3 degrees of freedom we must have t = 5.841 on the 1 
per cent significance level. Our empirical t (-0.234) is much smaller and 
not significant. We conclude that it is likely that in the population there is 
no linear relationship between :It and y. 

To find confidence limits with a 95 per cent confidence coefficient we 
use the above formula with t = ±3.182 (5 per cent level, 3 degrees of 
freedom): 

(-0.143 - (3) V(5 - 2) [10 - (5)(1.2)2) 
--;:===:=::;::::::==============~===========- = ±3.182. V13 - (5)(1.4)2 - (-0.143)' [10 - (5)(1.2)'] 

This gives the following 95 per cent confidence limits for the population re
gression coefficient {J: - 2.089 and 1.803. 

• EXERCISES 99 

Compute the correlation coefficient and the coefficient of determination for 
the following problems. Test the significance of the correlation coefficient, assuming 
that the data come from a normal population. The level of significance is 5 per cent. 
Compute the 95 per cent confidence limits of the regression coefficient. 

1. Problem t, Exercises 98. 
2. Problem 2, Exercises 98. 
3. Problem 3, Exercises 98. 
4. Problem 4, Exercises 98. 
5. Problem 5, Exercises 98. 
6. Problem 6, Exercises 98. 
7. Problem 7, Exercises 98. 
8. Problem 8, Exercises 98. 
9. Problem 9, Exercises 98. 
• *10. Show that the 2 regression lines coincide if, = t, or , = - t. 
**11. (Multiple ,egression) Given the relationship between 3 variables x~ and.c: 

.t = a + by + 'Z, derive by the method of least squares the normal equations: 

LZ = ft(J + bLX + cLY 
LXZ = aLx + bLxI + ,LX.Y 

L1Z = a:EJ + bLxy + xEr 

100. Fitting of Demand and Supply Curves 

Great care has to be exercis;d in the fitting of empirical demand 
and supply curves from time series data. \\'e can deal here only with the 
simplest possible cases and indicate some of the problems involved. 
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If we consider the interaction of supply and demand from the point of 
view of economic theory, we note the following: The price paid and the 
quantity sold are both determined by mutual interaction of the demand and 
supply functions on the market (see Section 8). The intersection of the supply 
and demand curvtS determines the price and the quantity sold. 

From these truths follows the fact that we cannot, in general, compute 
both the demand and the supply function from time-series data, frequently 
called the problem oj Identification. Neglecting more complicated cases, we note 
3 important, special situations: 

(a) Stable Demand Function and Fluctuating Supply Function, which is 
probably the typical situation for agricultural commodities. It has been 
observed that the per capita demand for agricultural products is relatively 
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stable in time. But the supply of agricultural commodities fluctuates very 
violently, especially under the influence of weather conditions. It is apparent 
from the graph that the successive yearly observations will lie on the demand 
curve. Hence we can estimate the demand curve but not the supply curve 
from time-series data. 

We show in Figure 48 a somewhat idealized situation in which the 
demand curve D is constant; Sl, S2, Sa represent supply curves at various 
points of time, say in 3 consecutive years. They shift, for instance, because of 
weather conditions. 

j\ssume that we have a very good harvest in year 1, a very bad one in 
year 2, and a medium harvest in year 3. Since the demand curve is stable 
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and the supply curve subject to shifts, all the quantities and prices observed 
on the market will lie on the demand curve. A statistical regression analysi~ 
should in this case reveal the demand curve. 

(b) Stable Supply Function and Fluctuating Demand Function. This may be 
typical for certain industrial products, such as steel. The supply conditioru 
in old"established industries are relatively stable. But the demand for indus
trial products (for example steel) fluctuates violently in the business cycle. 

It appears from the graph that all the observations will lie on the supply 
curve. Hence it appears reasonable that we can fit the supply function but 
not the demand function from time-series data. 
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We show in Figure 49 a situation with a stable-supply curve and a 
fluctuating-demand curve; S is the stable-supply curve. Let D l , for instance, 
be the demand curve in the depth of the depression, Ds the demand function 
at a time of boom, Da the demand function 'at a time of mediocre business. 
The intersections of the supply curve with the various demand curves lie 
here on the supply curve. Hence a statistical analysis of the recorded 
quantities sold and prices established on the market will reveal the supply 
curve, but not the demand curve. 

(c) Neither the Demand nor -the Supply Curve Remain Stable. This is probably 
the most frequent case in practice. The observed quantities sold on the 
market and the market prices do not lie either on the demand or on the 
supply curve. Neither of the 2 curves can be estimated by statistical analysis 
of prices and quantities alone. 

We show in Figure 50 the case that is probably most common, in which 
neither the demand nor the supply curve stay constant. We show 3 shifting 
demand and supply curves. 
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The prices and quantities actually established on the market lie neither 
on the demand nor on the supply curve. But, since the shifts in demand are 
more violent than the shifts in supply, a statistical analysis of the quantities 
sold and bought and the prices charged and paid on the market will give a 
relationship, which will more nearly represent the supply curve than the 
demand curve. It should be emphasized that neither the demand nor the 
supply curve can actually be estimated statistically in this case. 
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Cobweb theorem: Suppose a commodity has a more or less fixed period qf pro
duction. That is, a decision about production has to be made for a fixed period 
(for example 1 year) before the final product comes fordi. This is the case 
with many agricultural commodities, for example hogs. (See Problem 12, 
Exercises 27.) 

The demand for this commodity in each year will depend upon the price 
existing in the particular year. Hence regression analysis of the quantities 
and prices of the same year will yield an approximation to the demand 
function. 

But the supply of the commodity in any given year will depend upon the 
price of last year. Hence regression analysis of the quantities of any given 
year and the prices of the year before gives an approximation to the supply 
function. Such a correlation, where one series lags behind the other, is called a lag 
correlation. 

We show in Figure 51 an illustration of the cobweb theorem. We assume 
a fixed demand function and a stable supply curve. If the quantity sold was 
3 and the price 7 (at the intersection of the demand and supply curves) then 
the price and quantity would remain stable. We could not get any data to 
determine the demand or supply function. Apart from random fluctuations 
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and shifts in the curves which we have excluded, and apart from outside 
influences, all the prices recorded at various points in time will be 7. Also, 
all the quantities recorded as sold on the market will be 3. 

But assume, that by accident or for some other reason the quantity 1 
is produced. We see from the demand curve that with this small quantity 
the price will be very high, that is 9. 

s 

P 
10 

9 

8 

7 -p; 
6 

Pz 
5 

4 

3 

2 

1 
DI IDs D,,Dz I D 

1 2 3 4 5 6 1 8 9 10 

Figure 51 

We have assumed that the period of production of the commodity is 
fixed, say one year. At a high price of 9 the suppliers of the commodity plan 
to produce 4 units, as shown on the supply curve. Hence in the next year the 
quantity 4 is supplied. 

But if 4 units are supplied, the buyers will not pay a price of 9 but only 
of 6. Again, the suppliers take the price of 6 ;Or granted as next yeax:'s price 
and plan to produce only 2.5 units in the 3rd year. But at the low quantity of 
2.5 units the consumers will pay a price as high as 7.S in the 3rd year, and 
so forth. . 

It appears from the graph that the points (D1,PI), (D2,P2), (D.,ps), all lie 
on the demand curve D. Hence the ordinary regression analysis of the 
quantities sold on the market and the prices which prevail simultaneously 
"hould give an estimate of the demand curve. 
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It also appears from the graph that the points (D2,Pt), (D3,h), (D.,Ps) 
all lie on the supply curve S. Hence a statistical regression analysis of the 
quantities established on the market, together with the prices which pre
vailed ayear before, will yield an estimate of the supply curve. Such a statistical 
procedure is called lag correlation. 

Lagged Regression 

We use the data from the example in Section 99 to compute the lagged 
regression between x andy. The series of x is shifted 1 unit back, denoted by 
x' and we get the data: 

x' Y x" x'y )' 

1 2 1 2 4 
2 1 4 2 1 
2 0 4 0 0 
1 2 1 2 4 

6 5 10 6 9. 

The normal equations are 

5 = 4a + 6o, 
6 = 6a + lOb. 

The solution of these 2 equations is a = 3.5, b = -1.5; so~ the regression 
equation is f) = 3.5 - 1.5x'. For instance, if x' = 4, (that is, x = 4 in the 
previous year) (J = -2.5. The lag correlation coefficient is 

r' = 6 - (4)(1.5)(1.25) = _ 0.90 
V[10 - (4)(1.5)2][9 - (4)(1.25)2] 

Let us test this lag correlation coefficient, level of significance 5 per cent: 
t = -2.919. We have for 4 - 2 = 2 degrees offreedom, t = 4.303. Hence 
our empirical lag correlation coefficient is not significant since it is smaller. 
The hypothesis that in the population the lag correlation coefficient p' = 0 
is not rejected . 

• EXEROSES 100 

In the following exercises, consider the economic significance of the statistical 
result!. Does the regression line represent a demand or a supply curve? 

1. Sugar in the United States 

Year 

1915 
1920 
1925 

Consumption 

43 

46 
62 

Price 

55 
110 
54. 



298 Probability and Statistics 

(a) Find the 2 regression lines. (b) Predict the price if the consumption is 50. (c) Pre
dict the consumption if the price is 90. (d) Find the correlation coe~ient; (e) the 
coefficient of determination. (f) Make a scatter diagram with both regression lines. 
(g) Test the significance of the correlation coefficient (level 1 per cent). (h) Test the 
regression coefficient of consumption on price, level of significance 1 per cent. (i) 
Replace the data by their logarithms, and fit a demand curve with constant elasticity. 
(j) Find the 95 per cent confidence limits of the regression coefficient of log con
sumption on log price (elasticity). 

2. Corn in the United States 
Year Consumption Price 

1926 27 64 
1927 28 72 
1928 28 75 
1929 26 78 

(a) Find the 2 regression lines. (b) Predict the price if the consumption is 25. (c) Pre
dict the consumption if the price is 65. (d) Also, find the correlation coefficient; 
(e) the coefficient of determination. (f) Make a scatter diagram and indicate both 
regression lines. (g) Test the significance of the correlation coefficient (level 5 per 
cent). (h) Take the logarithms of the data and fit the two regression lines. (i) Find 
the correlation coefficient for the logarithms, U) the coefficient of de,termination. 
(k) Test the correlation coefficient for its significance (level 5 per cent). (1) Test the 
regression coefficient of log consumption on log price (elasticity), level of significance 
5 per cent. 

3. Wheat (world wide) 

Year Consumption Price 

1885 23 77 
1890 24 84 
1895 27 50 
1900 27 62 
1905 34 75 
1910 36 91 
1915 43 96 
1920 34 183 
1925 41 144 
1930 47 67 

(a) Find both regression lines. (b) Predict the price if consumption is 40. (c) Predict 
the consumption if the price is 80. (d) Find the correlation coefficient; (e) the coef
ficient of determination. (f) Make a scatter diagram with both regression lines. 
(g) Test the significance of the correlation coefficient (level of significance 1 per cent). 
(h) Find the 95 per cent confidence limits for the regression coefficient of consump
tion on price. (i) Take the logarithms of the data and find both regression lines for 
such values. U) Find the correlation coefficient between the logarithms. (k) Test the 
correlation coefficient, level of significance 5 per cent. 
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Rye, United States 

Year Consumption Price 

1880 54 74 
1890 77 66 
1900 90 56 
1910 162 90 
1920 162 78 

Ca) Find both regression lines. (b) Predict the consumption if the price is 60. (c) 
Predict the price if the consumption is 80. (d) Also, find the correlation coefficient, 
(e) the coefficient of determination. Cf) Make a scatter diagram with both regression 
lines. (g) Test the significance of the correlation coefficient (level of significance 
1 per cent). (b) Take the logarithms of the data and compute both regression lines. 
(i) Find the correlation coefficient for the logarithms; (j) the coefficient of determina
tion. (k) Test the significance of the correlation coefficient (level of significance 1 
per cent). (l) Find the 95 per cent confidence limits for the regression coefficient of 
log consumption on log price (elasticity). 

Cotton, United States 

Year Consumption Price 

1875 12 11 
1880 18 10 
t885 20 8 
1890 26 9 
1895 25 8 
1900 36 9 
1905 49 11 
1910 45 14 
1915 65 11 
1920 50 16 
1925 61 20 

(a) Find both regression lines. (b) Predict the consumption if the price is 5. 
(c) Predict the price if the consumption is 50. (d) Find the coefficient of correlation; 
(e) the coefficient of determination. (f) Make a scatter diagram with both regression 
lines. (g) Test the significance of the correlation coefficient (level of significance 
5 per cent). 

Potatoes, United States 

Year Consumption Price 

191> 36 62 
1918 41 120 
1921 36 110 
1924 42 62 
1927 40 97 
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(a) Compute both regression lines. (b) Predict the price if the consumption is 35. 
(c) Predict the consumption if the price is 50. (d) Find the coefficient of correlation, 
(e) the coefficient of determination. (f) Make a scatter diagram with both regression 
lines. (g) Test the significance of the correlation coefficient (level of significance 
1 per cent). (h) Take the logarithms of the data. (i) Find both regression lines; 
G) the correlation coefficient; (k) the determination coefficient. (l) Make a scatter 
diagram with both regression lines. (m) Test the significance of the correlation 
coefficient (level of significance 5 per cent). (n) Find the 99 per cent confidence limits 
of the regression coefficient of log consumption on log price (elasticity). 

Pig Iron, United States 

Year Price Consumption 

1880 129 140 
1890 103 121 
1900 102 101 
1910 98 105 

(a) Find both regression lines. (b) Predict the consumption if the price is 100. 
(c) Predict the price if the consumption is 150. (d) Find the correlation coefficient, 
(e) the coefficient of determination. (f) Make a scatter diagram with both regression 
lines. (g) Test the significance of the correlation coefficient (level of significance 
1 per cent). (h) Find the 95 per cent confidence limits of the regression coefficient 
of consumption on price. 

Year 

1939 
1940 
1941 
1942 
1943 
1944 
1945 

Hogs, United States 

Total Quantity Average Price Wholesale 

(Millions) Cents per Pound 

67 6.6 

78 5.8 

71 9.6 

78 13.9 

95 14.6 

97 13.5 

69 14.8 

(a) Compute both regression lines. (b) Predict the quantity if the price is 5. (c) Pre
dict the quantity if the price is 15. (d) Make a scatter diagram. (e) Compute the 
correlation coefficient. (f) Test the significance, levelS per cent; (g) coefficient of 
determination. (h) Tabulate each quantity sold and last yeat"s price. Compute the 
regression of quantity on price of the year before. (i) Predict the quantity, if the 
price in the year before was 10. G) Predict the quantity sold, if the price in the year 
before was 12. (k) Find the lag correlation coefficient. (1) Test its significance, level 

5 per cent. (m) Compute the coefficient of determination. 
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9- Sugar, United States 

Consumption per Retail Price Index, Average 

Year Capita Pounds 1935-1939 = 100 

1929 108 114 

1930 104 107 
1931 107 99 
1932 102 90 
1933 99 94 
1934 105 98 
1935 104 101 
1936 102- 100 
1937 93 101 
1938 96 98 
1939 107 101 

~a) Find the regression line of the quantities on the price. (b) Make a scatter diagram. 
(c) Predict the quantity if the price index is 120; (d) if it is 85; (e) ifitis 105. (f) Find 
the correlation coefficient. (g) Test its significance, level 5 per cent. (h) Find the 
coefficient of determination. (i) Consider the quantity sold, and the price index of 
the year before, and compute the regression of quantities on the price of the year 
before. G) Make a scatter diagram. (k) Predict the quantity if the price index of the 
year before was 100; (1) ifit was 125; (m) if it was 83. (n) Compute the lag correlation 
coefficient. (0) Test its significance, level 5 per cent. (p) Compute the coefficient of 
determination. 

10. Agriculture, United States 

Farm Production Index, Farm Prices Index, 
Year 1909-1914 = 100 1909-1914 = 100 
1929 99 149 
1930 98 128 
1931 102 90 
1932 96 68 
1933 96 72 
1934 93 90 
1935 91 109 
1936 94 114 
1937 106 122 
1938 103 97 
1939 106 95 

(a) Find the regression of production on prices. (b) Make a scatter diagram and 
indicate the regression line. (c) Pedict the production if the price index is 100; 
(d) if the index is 150. (e) Find the correlation coefficient. (f) Test its significance, 
level 5 per cent. (g) Compute the coefficient of detennination. (h) Consider produc-
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tion and the price index of last year, and find the linear regression of the index of 
production on last year's price index. (i) Predict the index of production if the price 
index oflast year was 110; U) if it was 160. (k) Find the lag correlation coefficient; 
(1) test its significance, level 5 per cent. (m) Find the coefficient of determination. 
(n) Find the 95 per cent confidence limits for the regression coefficient of production 
on the price of the year before. 

**11. (Identification) Let the demand function bey, = a + b" whereYI is the 
quantity and x, is the price for the year t: Similarly, lety, = c + dx, be the supply 
function. (a) Multiply the supply function by an arbitrary constant K, and add the 
result to the aemand function. Show that the resulting relationship cannot be dis
tinguished from the original demand function because it involves the same variables. 
Hence the demand function is not identified. (b) Multiply the demand function by 
an arbitrary constant L, and add to the supply function. Show that the resulting func
tion involves the same variables as the supply function. Hence the latter is not identi
fied. 

**12. (Identification). Let the demand function be y, = a + hx, and the supply 
function: y, = c + dx'-I. (The same notation is used as in Problem 11.) Proceed as 
in Problem 11, but show that now both the demand and the supply function are 
identified (HINT: Consider which variables enter into the functions constructed; 
distinguish between x, and XI-I') 

**13. (Multiple regression). Given the following Canadian data: 

Year Price of tea Price of coffee Consumption of tea 

(x) (y) (z) 

1929 32 20 3.9 
1930 31 17 4.5 
1931 27 14 4.1 
1932 30 15 3.7 

1933 32 18 3.6 

(a) Use the results of Problem 11, Exercises 99, to fit a multiple regression equation 
of the form i = a + Inc + cy. (b) Predict .t if we have X = 3D, Y = 16. 



·INDEX NUMBERS 

101. Index Numbers 

Index numbers are supposed to measure the value of money. The 
way in which they are constructed, which commodities are included, etc., 
depends largely upon the purpose for which they are to be used. 

One important purpose of index numbers is the measurement of the 
standard of living. If the consumption of a well defined group of people is 
known, theoretical limits can be established (under certain conditions), and, 
under more restrictive conditions, the change in the cost of living can 
actually be estimated. 

FORMULAS. 

If the quantities consumed or sold are not known, there are 2 important 
formulas that are employed rather frequently. Denote the price at the base 
period as po and at the period for comparison by h. The number of com
modities in the index is n. Then 

s = 'LpJ/po 
n 

(Sauerbeck), 

G=~ 
where PI/PO is the price ratio for each commodity, and n denotes multiplica
tion. The summation 'L and the multiplication n are extended over all 
the commodities. Moreover, S is the arithmetic mean and G is the geometric 
m~n of the n price ratios. 

303 
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If the quantities consumed are known, we denote by qo the quantity 
consumed or bought in the base period and by ql the quantity in the period 
of comparison. We have. the following formulas: 

L = L,plqo 
L,poqo 

P = LPlql 
L,pOql 

1= VLP 

(Laspeyre). 

(Paasche). 

(Fisher's ideal index). 

The summations are extended over all commodities. It can be shown under 
somewhat restrictive conditions, and if there is no change in taste, that 
Laspeyre's index number gives the upper limit and Paasche's the lower limit 
of the "true" change in the cost of living. Under still greater restrictions 
Fisher's ideal index number I, which is the geometric mean of Land P, 
gives an approximation to the "true" cost of living index . 

• EXAMPLE 

We. give an example for only 2 commodities: 

Commodity A B 
po 1 2 
qo 5 10 
PI 2 3 
ql 1 5. 

\Ve have by the use of the above formulas: 

S = L(PJ/po) = (2/1) + (3/2) = 2 + 1.5 = 3.5 = 1.75 = 175 per cent. 
n . 2 2 2 

G = ~n(J:) = ~G) (i) = V3 = 1.73 = 173 percent. 

Taking the quantities q into account, as required by the formulas of Laspeyre, 
Paasche, and Fisher, we get 

L = LPtqo = (2)(5) + (3)(10) = 10 + 30 = 40 = 1.6 = 160 er cent. 
L,pOqO (1)(5) + (2)(10) 5 + 20 25 P 

P = LPlql = (2)(1) + (3)(5) = 2 + 15 = 17 = 1.55 = 155 er cent. 
L,pOql (1)(1) + (2)(5) 1 + 10 11 P 

Finally: 1 = YEP = v'(1.6)(1.55) = 1.57 = 157 per cent. 

These values of Land P are much closer than is common. As a general 
principle, the "true" index of the cost of living is regarded as between P 
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and L; it may be approximated by the geometric mean of these two indexes, 
which is I. 

• EXEROSES 101 

1. Given the following data: 

Commodity A B C D E F 

po 1 2 7 6 6 

qo 10 8 6 7 1 9 

/J1 1.5 3 8 8 8 7 

tJl 5 6 3 6 0 5. 

Compute the index number according to (a) Sauerbeck's formula; (b) geometric 
mean; (c) Laspeyre's formula; (d) Paasche's formula; (e) Fisher's ideal formula. 
(f) Establish limits for the "true" index of cost of living. (g) Estimate the "true" 
index of cost of living. 

2. Given the data: 

Commodities A B C D E F G H 

po 2 5 10 1 2.7 1 5 6.9 

qo 20 9 4 6 10 8 9 7 

PI 1.5 4 9 0.8 2.5 0.6 4 • 6.8 

tJl 25 10 5 8 11 9 9.5 7.2. 

(a) Compute the change in the value of money according to Sauerbeck; (b) geometric 
mean; (c) Laspeyre; (d) Paasche; (e) Fisher. (f) Give limits for the "true" cost of 
living index. (g) Estimate the "true" cost of living index. 

3. Given the data: 

Commodity Corn Wheat Oats Potatoes Sugar Tobacco 

Price 1926 0.75 1.45 0.41 1.42 0.043 0.182 
Quantity 1926 2,692 831 1,247 354 12,952 1,298 
Price 1930 0.84 0.87 0.39 0.90 0.034 0.144 
Quantity 1930 2,060 858 1,278 333 13,169 1,635. 

Compute the increase in the cost of living (a) by Sauerbeck's index number; (b) 
geometric mean; (c) Laspeyre; (d) Paasche; (e) Fisher. (f) Estimate the limits for 
the "true" increase in the cost of living. (g) Estimate the increase in the cost of living. 

4. Given the data: 

Commodity A B C 

po 1 5 8 
qo 10 12 5 

PI 1.5 6 10 
ql 8 10 2. 

Compute the increase in the cost of living using (a) Sauerbeck's index; (b) geometric 
mean; (c) Laspeyre's; (d) Paasche's; (e) Fisher's ideal index formula. (f) Establish 
limits for the increase in the cost of living. (g) Estimate the "true" cost of living index. 
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**5. Consider the definition of Laspeyre's index number. Assume that we 
compute L = 1.20. Show that a person whose income in time 0 waa '100 will be 
not worse off in time 1 with an income of '120. (HINT: Consider the commodities 
which he bought in time 0 and which he could buy with his increased income in 
time 1.) 

6. Given the data: 

Commodities .A B 

po 1 1 
qo 10 5 

/It 2 " 
ql 5 2. 

Find x if the following indexes have the value 1.5: (a) Sauerbeck's; (b) geometric 
mean; (c) Laspeyre's; (d) Paasche's; (e) Fisher's. 

7. Use the data in Problem 3 for the following commodities: corn, wheat, 
oats, potatoes to compute the increase ·in the cost of living between 1926 and 1930 
according to the following formulas: (a) Sauerbeck's; (b) geometric mean; (c) 
Laspeyre's; (d) Paasche's; (e) Ideal. 

S. Use the data in Problem 3 for the commodities, sugar and tobacco, to com
pute the increase in the cost of living according to the following formulas: (a) Sauer
beck's; (b) geometric mean; (c) Laspeyre's; (d) Paasche's; (e) Ideal. 

9. Given the data: 

Year 
1939 
1942 
1943 

Year 
1939 
1942 
1943 

Year 
1939 
1942 
1943 

Beef 

Consumption, 
Million lb. 

7,159 
8,104 
6,434 

Parle 

Consumption, 
Million lb. 

8,474 
8,139 
9,380 

Lamb 

Consumption, 
Million lb. 

868 
948 
865 

Retail Price, 
Cents per lb. 

36.0 
29.3 
30.2. 

Retail Price, 
Cents per lb. 

30.4 
41.4 
40.3. 

Retail Price. 
Cents per lb. 

28.2 
35.3 
40.3. 



Yeac 
1939 
1942 
1943 

Year 
1939 
1942 
1943 

Year 
1939 
1942 
1943 

Year 
1939 
1942 
1943 

Year 
1939 
1942 
1943 

Butt4r 

Consumption, 
Million lb. 

1,782 
1,764 
1,673 

Cheese 

Consumption, 
Million lb. 

537 
603 
753 

Oranges 

Production 
Million Boxes 

70 
272 
297 

Potatoes 

Production, 
Million bu. 

342 
433 
611 

Sugar 

Disappearance 
1,000 Short Tons 

7,078 
5,974 
6,664 
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Retail Price, 
Cents per lb. 

32.5 
34.8 
37.7. 

Retail Price, 
Cents per lb. 

25.3 
34.8 
37.7. 

Retail Price, 
Cents per lb. 

28.9 
35.7 
44.3. 

Retail Price, 
Cents per lb. 

2.5 
3.4 
4.6. 

Retail Price-
Cents per lb~ 

5.4 
6.8 
6.9. 

Use the formulae for Laspeyre's, Paasche's, and Fisher's index to compute the increase 
or decre~ in food price (a) from 1939 to 1942; (b) from 1939 to 1943; (c) from 1942 
to 1943. 

·*10. Investigate the various price-index formulas for homogeneity with re
spect to the prices. Check by using the Euler theorem. (See Sections 64, 65.) 

Suggestions for Further Study 

It has been the purpose of this book to introduce the student of 
economic theory to some of the fundamental ideas of algebra, analytic 



308 Probability and Statistics 

geometry, trigonometry, calculus, probability and statistics. Illustrations of 
the mathematics include examples and exercises taken from mathematical 
economic theory and from econometric research. If the s~dent wants to 
gain greater proficiency in the various fields treated in the present text, the 
following suggestions are made. 

An excellent comprehensive survey of modern algebra, which covers 
topics not touched upon in this book, is Garrett Birkhoff and Saunders 
MacLane,"i Survey of Modern Algebra (New York: Macmillan, 1941). The 
theory of matrices, important in modern statistics and many other applied 
fields, is presented in R. A. Frazer, W. J. Duncan, and A. R. Collar, Ele
mentary Matrices (New York: Macmillan, 1946), and also in an appendix to 
the author's Economelrics (New York, 'Viley, 1952). Many topics in point set 
theory, group theory, and so forth are introduced in an elementary and easily 
understandable way in the book: John von Neumann and Oskar Morgen
stern, Theory of Games and Economic Behavior (Princeton: Princeton University 
Press, 1944). This book presents an entirely novel approach to the funda
mental problems of economic theory. 

A more rigorous treatment of many topics included in this book may 
. be found in K. O. May, Elemenlary Ana()'sis (New York: Wiley, 1952). A 
more comprehensive treatment of many calculus problems touched upon 
in this text is to be found in R. G. D. Allen, Alathemallcal Anal)'Sisfor Econo
mIsts (New York: Macmillan, 1939). This book contains chapters on dif
ferential equations and the calculus of variations. A more advanced book 
is David V. Widder, Advanced Calculus (New York: Prentice Hall, 1947). 
Methods useful in dynamic economics are presented in W. J. Baumol, 
Economic Dynamics (New York: Macmillan, 1951). 

Griffith C. Evans' book, AfathematicalInlroductlOn to Economics (New York: 
McGraw-Hill, 1930) treats many topics in mathematical economics, 
especially in the field of nonstatic economics. An advanced treatise in modern 
economic th~pry is P. A. Samuelson, FoundatIons of Economic Ana?Jsis (Cam
bridge, Mass.: Harvard University Press, 1947). An introduction to linear 
programming is given in R. Dorfman, Appbcations of Linear Programmmg to 
the Theory of the Firm (Berkeley, Cal.: University of California Press, 1951). 
A comprehensive survey of the field of econometrics is presented in Harold T. 
Davis, The Theory of Econometrics (Bloomington: Principia Press, 1941); J. 
Tinbergen, Econometrics (New York: Blakiston, 1951); and in the author's 
book, Econometrics (New York: Wiley, 1952). 

Probability is presented essentially from the same point of view as in 
this text in Richard von Mises, Probability, Statistics and Truth (New York: 
Macmillan, 1939). A very comprehensive treatment of the subject is avail
able in J. V. Uspensky, Introduction to Afathemalical Probablhty (New York: 
McGraw-Hill, 1937). 

The two volumes, R. L. Anderson and T. A. Bancroft, Statistical Theory 
in Research (New York: McGraw-Hill, 1952) and A. M. Mood, Introductioll 
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to the Theory of Statistics (New York: McGraw-Hill, 1950), give a good ele
mentary introduction to modern statistical theory. A survey of modern 
mathematical statistics is available in S. S. Wilks, Mathematical Statistics 
(Princeton: Princeton University Press, 1943), and in the two volumes by 
Maurice G. Kendal, The Advanced Theory oj Statistics (London: Charles 
Griffin, 1945, 1946). An introduction to multiple regression and correlation 
is given in M. Ezekiel, Methods of Correlation AnalYsis (New York: Wiley, 
1941). . 



ANSWERS TO ODD-NUMBERED 
PROBLEMS 

Exercises 1 

1.3,11,18,6 
3. (a) 2,~onpermissible value, -6,66/5, -34/3. 

(b) -22/4, x "" -2 is permissible. 
5. 1,9,25,49/25 
9. (a)'a (b) 11.-26 

(e) 11.(1 - 6) (f) 211. 
11. (a) Sa (b) 56 , 

(e) ](11. + b) "" 5(11. + 6) = Sa + 56 
](11.) + feb) = Sa + 56 

Exercises 4 

(c) x = 0 is not permissible. 
7. 0, L8, 64, 1,000, -1,000 
(c) a + 6 (d) 11.(1 + b) 
(g) 0 
(c) 5(11. + 6) (d) 5(11. - b) 
(f) ](11. - b) = 5(11. - 6) = Sa - 5b 

](11.) - feb) = Sa - 5b 

1. -2/3 3. 17/5 5.7/5 7. 1/6 
9. If Xt = 0 we have Xl = 10, r .., 10. If Xl - 0 we have XI .., 5, r = 5. Hence the first 

activity 'WID be selected, since it gives the higher revenue. 

Exercises 5 

·1. (a)y,.. -2x+2 (b).1 = -2 (c) y "" 5x (d).1 - -x + 5 
3. (a), .., -x + 2 (b), = 2x + 5 (c) y ,.. 5x + 8 (d) y = 3 
5. (a) -1,0 (b) -4, -3 (c) 3, -7 (d) 4,6 

Exercises 6 

1. (a) 10 (b) 16.8 (c) 15 . ~) 5 
(e) 50 (f) 95 .... (g) TOo (h) 20 v 

3.~) 9 (b) 6 (c) 18.75 \.-(d} 4' 
(e) 12 (f) 32 Jg) 40 (h) 10 

5. (a) 0.333 (b) 1.111 (c) 5.051 (d) 4.625 
(e) 10.25 (f) 11.375 (g) 5.56 (h) 12.5 

7. (a) 3.4 (b) 2.725 (c) 4.9, (d) 4% 
(e) 13.2 (f) 10.13 (g) 6.4 (h) 21.33 

9. (a) 0.68 (b) 0.53 (c) 0.455 (d) 48 ' 
(e) 38 (f) 28 (g) 0.88 (h) 88 

11 ... (a) 5/3 (b) 5/2 
5 - 3p 

(c) D ~--
2 

311 



312 Answers to Odd-numbered Problems 

Exercises 7 
1. (a) 3 

(e) 13 
3. (a) 4-

(e) 5 
5. (a) 1.0 

(e) 6.5 
7. (a) m 

(e) 8/m 
(1) 0 

9. (a) 75 

Exercises 8 

1. (a) 27& 
3. (a) 4~ 
5. (a) 7 
7. (a) 1% 

(b) 19 
(f) 50.5 
(b) 6 
(f) 17.50 
(b) 0.818 
(f) 4.41 
(b) 10m 
(f) 6/m 

(b) 15 

(c) 199 
(g) 1/2 
(c) 22 
(g) 40 
(c) 0.546 
(g) 0.091 
(c) ml 

(g) 1 

(c) 5~1I 

(b) 3% '" 
(h) 3~ 
(b) 14 
(b) 5 

(d) 5~ 

(d) 32 

(JH 
( 8.7 

(d) 1/3 
(h) 5/ml 

(d) 11 

9. (a) (A"+ N)/(B + M) 
11. (a) 11/13 

(b) (AM - BN)/(B + M) 
(b) 1.01 

Exercises 9 

1. (a) 10% "4~ (b) 5%,97&,97& 
(d) 5.1,9.8,4.9 (e) 4.2,11.6,11.6 

-3. (al 9.02,6.96,0.35 (b) 9.03,6.93,0.69 
(d) 8.99,7.01,0.14 (e) 8.92,7.16,1.79 

5. (a) 5/8 subsidy (h) 2.5 tax 
7. (a) (a + m)/(b -.'- n), (an - bm)/(b + n) 

(b) (an - bm - bnl)/(b + n), (a + m + nl)/(b + n) 
w1th -I for a subs1dy, t for a tax 
(ani - bmt - bnt')!(b + II) for a tax, 
(alit - bml + bnl')/(b + II) for a subsidy 

9. (a) Price rises 0.9, quantity decreases by 1.8 
(b) Price decreases by 1.2, quantity increases by 2.4 

Exercises 10 
1.47, -19 
7,. -1/2, -1,1 

Exercises 11 

3. 1%3,6/23 
9. 1, -1: 2" 

1. (a) 1/2,4 (b) IJ1, 1~ 
3. (a) 1, 2 (b) 9, 14 

(c) 6,8,16 
(f) 4.65,10.7,2.68 
(c) 9.17,6.67,3.34 

(cl 5 tax 

5. 0.0 

5. (a) 5.399, 1.524, 13.308 (b) 60.0, 70.0, 7.0 
7. (11- a){g - n) - ,em - e)/(6 - k){g - II) - je, 

j(1I - a) - (m - e)(6 - k)/jc - (g - 11)(6 - k) 
9. 2, 1, 3 and 18, 27, 8 

Exercises 12 
1.1,3 3.3,2,4 
7. Only 1 independent equation and 2 unknowns 

5. 8,32,4 
9. 10, 10, 5, 3 
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Exercises 13 

1. 2.08,9.4 
7.p.2,219.3 

Exercises 14 

1. (a) 7,248 
(e) 12tJ,870.000 
(i) 462,170,000 

3. (a) 3,053 
(e) 20 

5. (a) 6091 
(e) 395 
(i) 11,199,000 

7. (a) a/~ 

3. 2.62, 17.36 
9. 5,20 

(b) 1,050 
(f) 8,267,600 

(b) 1,516 
(f) 20,833,000 
(b) 991,780 
(f) 3,903,500 
(j) 29,660 

(b) a/WI> 

5. 4.73,157.9 
11. 2.24, 6.67 

(e) 3,359,300 
(g) 382,240 

(e) 50 
(g) 2,303,400 
(e) 4,247,700 
(g) 1,121,500 
(k) 4,808 

(d) 38,092 
(h) 86,214,000 

(d) 3,779,500 
(h) 42,571 
(d) 34 
(h) 260,010 

(e) (a/l00)11l 
(d) (a/l0)'1l 

9. (a) 1,000 
(d) 141.42 

(e) a(t" - .r6)/.r6t" 
(b) 444 

(f) a(3" - 1)/(15 X 1Q5)' 
(e) 31.62 

Exercises 15 

1. (a) 0.098 
(e) 1.585 

3. (a) 0.177 
(e) 0.657 

5. (a) 32.64 
(e) 81.50 

7. (a) 27.46 
(e) 473.21 . 
(i) 4.733 

(e) 3 

(e) 1,286.1 
(g) 2.886 
(e) 1.06 
(g) 0.833 
(e) 20.84 
(g) 18.84 
(e) 108.05 
(g) 4.402 

9. (a) (1/5)1" 

(b) 1.024 
(f) 0.833 
(b) 0.380 
(f) 0.04 
(b) 27.68 
(f) 26.02 
(b) 65.42 
(f) 4.57 
(j) 4.975 
(b) a1

" (e) a 
11. (a) 20 

(d) 100 

Exercises 16 

1. (a) 14 
3. (a) 40 
5. (a) 0, 10 
7. (a) -2.5 
9.4 

Exercises 17 

(b) 100 
(e) 50 

(b) 23 
(b) 10 
(b) 90 
(b) 7.5 

1. (a) 140 (b) 150 
3. (a) 94 (b) 325 
5. 2an + n(n - 1) d/2 
7. (a) 120, -40 (b) -240 
9. a = Am(m - 1) - Bn(n - 1)/mn(m - n) 

d = 2(Am - Bn)/mn(n - m) 

(f) 22 

(e) 4 
(f) 100 

(e) 452 

(d) 3,125 X 1011 
(h) 8.027 
(d) 55.49 
(h) 66.267 
(d) 20.06 
(h) 12.56 
(d) 4,071.5 
(h) 4.200 

(e) -9890 
(e) 240 
ee) 13 

(e) -900 
(e) 16,750 

(e) 120 
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Exercises 18 ' 

,. (a) 400 
3. (a) 200 
5. (a) 50' 
7. (a) 960 
9~ 159 

Exercises 19 

1. (a) 80 
3. (a) 125 
5. (a) 10 

(b) 650 
(b) 8th year 
(b) 700 .. 

(b) -240 

(b) 5,120 
(b) 3,125 • 
(b) 100,000 

7. /I = ," = -
A .. -1/ .. -.. (B)ll<_-"> 
B"-l/........ A 

9. II = 8, r = 1 

Exercises 20 

1. (a) 21 
3. (a) 35 
5. (a) 5%, 
7. ar", This is Y"+1' 

(b) 341 
(b) 155 
(b) 5/28 

(e) 2,450 (d) 1,100 
(e) 2,700 
(e) 950 

(e) 240 (d) 2,160 

(e) 163,840 
(e) t,953,125 
(e) 10,000,000,000 

(e) 21,845 
(e) 635 
(e) l1U 

[B - A]'/-9. (a) -A-
(b) [(B ~ A)'/- - 1] 

AI 
B -2A 

Exercises 21 

1. (a) 1,060 
(d) 7.96 years 

3. (a) 228,220 
(d) 543,230 
(g) 5.6 years 

5. (a) 0.7% 
(d) 131,080,000 

7. (a) 3,438,800,000 
(d) 113,140,000 

9. (a) 3.8% 
11. 156,200,000 

(b) 1,124 
(e) 1.166 years 
(b) 4.66% 
(e) 10.4 years 

(b) 123,880,000 
(e) 141,680,000 
(b) 535,080,000 
(e) 92,814,000 
(b) 2],380,000 

Exercises 22 

1. (a) '10.816 
3. (a) '525.50 
5. (a) 4.1% 
7. (a) ,1,104,600 
9. (a) 35 years 

(b) ,14.801 
(bJ ,638.t4 
(b) 1.6% 

(b) '1,280,000 
(b) 8t.3 years 

(e) ,7t.06 
(e) '805.24 
(e) 0.4% 

11. (a) ,284,000,000,000 (b) '314,000,000,000 

(e) 1,690 
(1) 12.9 years 

(e) 376,560 
(1) 18.2 years 

(e) 128,330,000 
(f) 157,530,000 
(e) 203,990,000 

(e) 33,060,000 

(d) '500.00 

(e) '1,628,900 
(e) 116.3 years 
(e) '419,000,000,000 



Answers to Odd-numbered Problems 315 

Exercises 23 

7. tid =0 be 
9. The determinant appearing in the numerator equals zero and the determinant in the 

denominator is not equal to zero. 

t 1. (a) I ~ ; I = 2.2 - 4.1 .. 0 

(b) " = k 
.J = -k/2 and k is any number, 10 an infinite number of solutions is possible. 

13. (a) A = 4, 1 
(b).J = 2k when A = 4 

.J = -Ie when A .. 1 
where Ie is an arbitrary number 

Exercises 24 

(b) 43 
S. abc 

(e) -39 
7. 40,40 

Exercises 25 

1. -5, -5.5, -10.5 

-17.0 2.5 

3. 1, -1,2 

14.5 
7. (a) 13.7 -133.0 119.3 = 0 

4.2 64.6 -68.8 

(b) PI = PI .. 1; (4.2)(1) + (64.6){1) - (68.8)(1) = 0 

9. I: : 1- Db - ab = 0, I: : I = ab - ab - 0 

Exercises 26 

1. (a) y(x) = (10){5)a 
(b) 6,250 
(e) 1,550,000 

5. 'A(" + 1) - 1.05A{x) - 0 

b 
9. -1 < - < O. 

a 

Exercises 27 

t. 8 
(e) 8 

3. (a) y{x) == (-2)-{15) + 1 
5. (a) 13,315.36 

3. (a) y{x) = (10,000)(1/10)· 
(b) 100 
(e) 1/10 

7. b/a is positive 

(b) 8 
{d) 8 - 1/2(8) ... 4 
(b) 61, :-119 
(b) 17,546.68 

7. (a) if [kms+1 + _e_] + b [lema + _c_] = c 
&+b c+b 

(b) akma +1 + bkm· = 0 
(e) Ie + II = K 

9. 175,199,231/256 
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11. (a) 1.101 X 10' (b) 1.134 X 10. 
13. (a) p(x) = 5( -1/6)~ + 60 

D(x) = 20 - to( -1/6)· 
(b) 5(-1/6)· + 60 = 70 - 1/2[20 - 10(-1/6)%] 

5(-1/6)% + 60 = 70 - 10 + 5(-1/6)· 
5(-1/6)% + 60 = 60 + 5(-1/6)· 
20 - 10(-1/6)% = 1/3[5(-1/6)%+1 + 60J 

= 2/6[5(-1/6)·+1 + 60] 
"" (-10)( -1/6)( -1/6)·-:-1 + 20 = 20 - 10( -1/6)· 

(e) 60, 20 
15. (a) p(x) = 4 + 2( -2)· 

D(x) = 8 - 2( -2)· 
(b) 4 + 2( -2)' = 12 - [8 - (2)( -2»] 

8 - 2( -2» = 2[4 + 2( -2)·-1] = 8 - 2( -2)· 

Exercises 28 

1. (a) y = 2x/5 + 2 (b) Yes 
(d) x = 5y/2 - 5 (e) Yes 

3. (a) y = 8/x (b) Yes (c) -8 
(e) x = 81y (f) Yes (g) 8 

5. (a) y = 120/x' (b) Yes (c) 120 

(e) 1373 (f) x = ± V120/y (g) No 

(1) ± [(2V30)/] (j) ±(2v'i5) 

(e) 6 
(f) -10 

(d) 173 
(h) -173 
(d) 30 

(h) ±(2V30) 

7. (a) Odd (b) Even (e) Odd 
(d) Even for n = 0, 2, 4, ... , odd Cor n = 1, 3, 5, ... 

±V6 - 3xl 

9. (a) y = 2 

Exercises 29 

V6 - 2y2 
(e) x = ± 3 

1. (a) p = 5 - 3D/2 
(d) 1.25 

(b) R = 5D - 3D'/2 
(e) 3.8675 

(e) 3~ 
(C) 2.90625 
(i) 0 (g) 3.72656 (h) 1.5 

3. (a) p = VI00 - 5D (b) R = DVI00 - 5D (e) 7.071 

(f) 24.685 (d) 9.487 (e) 3 873 
(g) 31.967 (h) 1.249 

5. (a) p = 24/1og D (b) R = 24D/log D (e) 24 
(d) 79.727 (e) 18.94 (f) 240 
(g) 171.681 (h) 200.521 

7. (a) p = 1 + v'i1=D (b) R = D + Dv"iT"=D 
(e) 4.2404 (d) 4.3015 
(f) 4.0822 (g) 19.996 

9. (a) p = O.lt/Dl.. (b) R = O.lt/Do .• 

(e) 4.3164 
(h) 1.0697 
(e) 0.00248 
(f) 0.04379 (d) 0.00166 (e) 0.00339 

(g) 0.04071 (h) 0.03724 
11. (a) p = 116.3/DIii' 

(e) 116.3 
(e) 6.98 (f) 13.37 

(b) R = 116.3/DlIl 
(d) 19.71 

(g) 20.95 
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13. (a) p = 20.72/Do.811 
(d) 23.26 

Exercises 30 

1. (a) C = D' + 2D 
(d) 24 
(g) 13 

3. (a) C = 3D + 100/5 
(d) 21.8 
(g) 2.6 

(b) R os 20.72DO 187 

(b) A = D + 2 
(e) 15 
(h) 7 
(b) A = 3/5 + 100/5D 
(e) 23.6 

(e) 11.63 

(e) 168 
(f) 8 

(c) 20 
(f) 20.6 

5. (a) C = 'V'5D' + D + 45 (b) A = 'V'5D2 + D + 45/ D 
(e) 6.7082 (d) 23.55844 (e) 223.93 
(f) 7.1414 (&) 2.64575 (h) 2.295 
(i) 3.21455 

7. (a) C = 2DVW (b) A = 2VW 
(d) 640v'iQ (e) 2000Yz (f) 2Yz 

9. (a) C = 24 log D (b) A = (24/D) log D 
(d) 7.22472 (e) 48 

(e) 16Yz 

(g) 10Yz 

(e) 0 
(f) 96 

(g) 64.77528 (h) 0.48 (i) 1.34202 
11; (a) A = 10,485/D + 6.75 - 0.0003D 

U> 0.0012 
(b) 13,407 

(c) 19,215 (d) 25,296.75 
(f) 3.153 (g) 3.011 

Exercises 31 

1. (a) (~. + ax(3x + 2) + 3x' + 4x 
(b) 96 

3. (a) 2x + 3 + ax 
5. (a) 3x' + 3xax + (~x)1 
7. (b) 3x' + 3x~x + (ax)' 

(d) 12.61,85°28' 
(f) 12,00060001,85°14' 

9. 1 3 
11. 1 1 1 

Exercises 32 

1. x j(x) \30 - l(x)\ 
2.5 41.25 11.25 
2.1 32.05 2.05 
2.05 31.0125 1.0125 
2.01 30.2005 0.2005 
1.5 21.25 8.75 
1.9 28.05 1.95 
1.95 29.0125 0.9875 
1.99 29.8005 0.1995 

5. II y. 
5 0.08 

10 0.0000256 
100 (0.31691)(10-17) 

(e) 89°24' 
(b) -5/2 

(e) 21,793.9425 
(h) 3.08570 

(b) -0.6997, -0.16967 
(c) 19, 86°59' 
(e) 12.0601,85°16' 

3. It 

1 
2 
5 

10 
20 

100 
1000 

1,000,000 
1. II 

5 
10 

100 

5 
1 

l(x} 
100 

50 
20 
10 

5 
1 
0.1 
0.0001 

S. 
193~ 
199.80468 
199.99999 

1 

\l(x) - 01 
100 

50 
20 
10 

5 
1 
0.1 
0.0001 

\200-s..\ 
6% 
0.19532 
0.00001 
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9. lim [~ - -"-] = 0 - -"- = _.-
..-. .. T - 1 T - 1 T - 1 1 - r 

11. (a) 1/1 -. 
13. (a) 0.5516 

(b) 4/5 (e) 1/3 (d) 9/10 
(e) 22,243,376 

Exercises 33 

1. (a) 6x + 3~x - 5 
(e) 25 

3. (a) 3x2 + 3x~ + (~)I 
(e) 12 
(e) ±0.76 

5. (a) 6x - 6 + 3x~ 
(e) -6,99°27' 
(e) 6, 80°33' 
(g) 0.90379 

(b) 22,301,517 

(b) 6x - 5 
(d) 8r43' 
(b) 3x! 
(d) 85°14' 

(b) 6x - 6 
(d) - 36, 91 °35' 
(f) 1.04466 

7. (a) -3x2 - 3x~ - (~)t 

(e) -3,108°26' 
(b) -3x' 
(d) -0.76,0.76,0.438976, -0.438976 
(b) -1/12, 1/24 9. (a) 1/12, 1/24 

Exercises 34 

1. (a) C' = 1 
3. (a) C' = 2D + 2 

(e) 32 
5. C' = 2 +2D 
7. C' = 56 
9. (a) C' = m + 2nD 

(d) m + IOn 
11. C' = 0.8 

(e) 0.8 

Exercises 35 

1. (a) 10D - 3D! 
(d) 10 

3. (a) 16D - D'/2 
(d) -21.5 

5. (a) p = 12 - O.lD 
(d) 1 

7. (a) p = 26.5 - 5D 
(d) -3.5 
(g) 5.5 

9. (a) leD/b - "D'/b 
(d) Ie - 2a/b 

Exercises 36 

1. (a) 5x' 
3. 7x' 
6. (a) 6x' 
7. 20xl' 
9. (a) 4x' 

(b) t 
(b) 22 
(f) 8 
(a) 4 

(a) 56 
(b) m + 2ft 
(e) m + 2mll 
(a) 0.8 
(d) 0.8 

(b) 10 - 6D 
(e) -8 
(b) 16 - 3D'/2 
(e) 14.25156 
(b) 12D - 0.1D' 
(e) 4 
(b) 26.5D - SD' 
(e) -13.5 

(b) Ie/b - 2"D/" 
(e) Ie - 2,,!/b 

(e) t (d) t 
(e) 2 (d) 6 

(b) 12 (e) 22 
(b) 56 
(e) m 
(f) m + 2,.. 
(b) 0.8 
(e) 0.8 

(e) 4 
(f) -10 
(e) 14.5 

(e) 12 - 0.2D 
(f) -2 
(e) 26.5 - 10D 
(f) -8.5 

(e) Ie/" 
(f) 1e(1 - 2,,)/" 

(b) 5 

(b) 0 (e) (-0.69883, 0.1t647) 
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1. (a) 24x' 
3. (a) 16x'· 
5. -12x· 
7. -30x' 

Exercises 38 
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(b) -24 
(b) 0 

(e) 0 
(e) (-.39685,0.09922) 

9. -8x. n023' 

1. (a) 4 -4x (b) 4 
3. (a) 4x - 15x' + 4x' (b) 0 (e) -100 
5. (a) 4x' - 6x (b) -20; 92°52' 
7. (a) 1,000D - 2DI - 3DI (b) 1,000 - 4D - 9D2 

(e) 987 (d) -344 • (e) 652 (f) 674.04 
9. (a) 8D - DI (b) 8 - 2D (e) -2 

(d) 6 (e) 0 (f) -5 
11. (a) 76D - 73DI (b) 76':" 146D (e) 17.60 

(d) -4.30 (e) 22.71 (f) 38.77 
13. (a) 15D - 2D1 (b) 15 - 4D (e) 13 

(d) 11 (e) 14.2 (f) 12 
(g) 11.20 

Exercises 39 

1. -2 + lOx 
3. (a) 2 + 2x 

(e) -0.81802 
5. (a) 10 

(d) 0 
7. (a) 3 
9. (a) 6.75 - 0.0006D 

(e) 2.55 
11. (a) 1.052 - 0.004D 

(d) 0.652 

Exercises 40 

(b) 4 
(f) (-1.8661,0.85013) 
(b) 0 
(e) 0 
(b) 3 

(b) 0.932 
(e) 0.752 

(b) 3.75 
Cd) 2.85 

(d) -6 

(e) 0 
(f) 0 
(e) 3 

(e) 0.452 

1. 6x' - 20x - 11 3. -5 + 6x + 21x' - 20x' - 20x· 
5. 7x' - 24x' - lOx. + 72x' - 87x' + 92x + 30 
7. (a) -7x' + 48x' - 8Sx· + 128x' - 81x' + 70x - 33 

(b) 40,88°34' (e) -4865,90°1' ,----
9. (a) 2D· - 10D· - 40DI + 200D (b) 8D' - 30DI - 80D + 200 

(e) -78 (d) -94 
(e) 98 (f) -62.5 

Exercises 41 

1. 12x' + 12x/(2x + 1)1 3. -4x' - 2/(x' + 2x)I 
5. (a) 0.366, -1.366; 1.63394,3.36605 (b) 0.69067, -1.69067; 1.01644, 3.12989 

7. (a) 10D/t + SD 
(e) 10/36 

9. (a) 40/(20 - 3D)' 
(e) 8/5 

(e) -1.51447,0.51447; 2.16985,1.7607 
(b) 10/(1 + SD)I 
(d) 10/2601 
(b) 40/289 
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Exercises 42 

1. 15(3x - 2)4 
3. (a) 50D(1 + 5D2)C 

(c) 19,448,100 

5. '!z. ~ = '!z 
du dx dx 

= t (Xp1q-1) = nx~-l where 
q 

1 
7. (a) VI + 2D 

(e) 1/2 

9. (a) DVIO - 2D 

(e) 1/2 
11. (a) -1/x2 

(e) -20/(2x + 1)2 

13. (a) 12,800. _ -3,840 
DO 8' D13 

(e) -37.76 
(e) -23.75 

15. (a) R = 2,180/D,R ' = -2,180/DI 

(e) -200.18 
(e) -482.77 

17. (a) x = g(y) = vY 
xl =y 
:. y = x2 = f(x) 

1 
(b) 2x, _ r 

2vy 

(d) (6) C~) = 1 

( ) '() '( dy dx f f x . g y) = - . - = 1 
dx dy 

(b) 64,800 
(d) 671,618,400 

p 
n=-

q 

1 
(b)v'3 

(d) 1/3 

(b) 10 - 3D 

VIO - 2D 

(d) -3.5 
(b) -7/x' 

-12 
(d) _Ir: 

- V Xl 

(b) -78.16 

(d) -27.24 
(f) -46.14 
(b) -60.56 

(d) -51.60 
(f) -196.57 

(c) (8) C~) = t 

(e) (20) ( _ ~) = 1 
2v 100 

dx dy 1 1 1 
19. - = 2y, - = - = -- = -x-3i 

dy dx 2y 2Vx 2 

21. x = y", 
dx 
~ = ny,,-I, 

dy lit 1 1 - = -- = -- n - t = -- = n = - xl/ft-i 
dx ny~-l n[x1/~) nx~-l'" n ({y x·-1) n 
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Exercises 43 

1. (a) 2.48832 

Exercises 44 

1. (a) 1 
(e) 5/4 
(i) -1/4 

4. (a) 2 
(e) 115 

(b) 0 
(f) -1 
(j) -3/2 
(b) 10 
(f) 6.9 

Exercises 45 

(b) 2.5936 

(e) 6 
(g) -6 
(k) -9/6 
(e) 6 
(g) 3.5 

(d) 1/3 
(h) -2 

(d) 60 

1. 10/x; 10; 2.5. 3. 2 + 2 log. X; 2; 4; 6.96982. 
s. 4(log. Xl'/X; 0; 32/e'; 4.71453. 
7. (a) 100D/log. D (b) 100 log. D - 100/(log. D}' 

(e) 23.53 (d) -63.87 
9. (a) 5/D (b) 5 

(e) 1 (d) 5/e' 
11. (a) (20 - 3D + 3D log. D)/D(20 - 3D)" (b) 0.06920 

(e) 20/(20 - Je)1 (d) 1.16567 

Exercises 46 

1. -4/1 - 4x. 3. 2x + 3/x' + 3x - 7. 
S. 5x1 - 12x - 5/(5x - 6)1. 
7. 2(1 + x)(1 - 2x}'/(xl - 5)1 - 6(1 + x}!(l - 2X)2/(-" - 5)' 

- 4x(1 + x)'(1 - 2x}'/(xi - 5)'. 
9. (a) 18/1 + 3D (b) 18 (e) 4.5 (d) 18/19 

Exercises 41 

1. -2e~ •. 
5. Ses/(2 + 3e·)·. 
9. (a) 100D - neD 

(e) 100 - 2e 
11. (a) 50e~ (b) 50ei 

Exercises 48 

1. (a) 2x - 2-"/1 + 2x - xl 
(e) co 
(e) 22~tI 

3. (a) 3 
S. (a) 5x 

(d) 6 

7. hx/a + 6x 

11. uEu/Ex + vEv/Ex. 
U+II 

(b) 3 
(b) 5 
(e) 25 

3. -5/4e··. 
7. (10z}(2.30259). 
(b) 100 - />(D + I) 
(d) 100 - 4e' 
(e) 50eio (d) SOt' 

(b) 0 
(d) 2~ 

(e) 3 
(e) 0 
(f) 10 

9. (x/u)(du/dx) = Eu/Ex 

13. (au/au + bv)Eu/Ex + (bv/au + bv)EII/Ex. 
15. 'Eu/Ex - Ell/Ex. 
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Exercises 49 

1. (a) 10 - 3D/ -3D (b) -2~ (c) -1/3 
~) -1% W -5% 

3. DpG = b, P = [b/D)l/a, 
[b/D]l/a 1/-b1lG. D-(G+i/a) 

ED/Ep = ---. = -1/Da+i/. ·oDG+l/. = -II 
D 0 

5. ED/Ep = 0/D[1/0] = % = (I) 

7. dp / dD is the slope of the tangent (p, D) and for demand curves which fall from left 
down to the right this slope is negative. 

9. (8 - D)/(-D) (a) -7 
(c) -0.143 (d) -3 

11. (76 - 73D)/( -73D) (a) -1.082 
(c) -1.603 (d) -1.314 

13. -1/3 
1/. (15 - 2D)/( -2D) (a) -6.5 

Exercises SO 

15. -0.5 
(b) -8.375 

(b) -0.60 

,Cb) -0.388 
(e) -1.975 

(c) -10.538 

1. ED/Ep = 1,000 - 2D - 3D'/D(1/-2 - 6D) 
R' = (1,000 - 2D - 3DI)[1 + (-W - 6D')/(1,000 - 2D - 3D'») 

= 1,000 - 2D - 3D' - 2D - 6D' 
= 1,000 - 4D - 9D' 

3. ED/Ep = 6/D(2 + 3D)(2 + 3D)'/-t8 = (6/-18D)(2 + 3D) 
R' = 6/2 + 3D(1 + (-18D)/6(2 + 3D)] 

= 6/2 + 3D[12 + 18D - 18D/6(2 + 3D)] 
= 12/(2 + 3D)S 

5. ED/Ep = 100 - 3 log. D/D[D/-3] =0 100 - 3 log. D/-3 
R' = 100 - 3 log. D[l + (-3/100 - 3 log. D)] 

= 97 - 3 log. D 
7. R' =p+p/oo =p+O 

:. R' =p 
9. ED/Ep = (76 - 73D)( - 73D) 

R' = (76 - 73D)[1 - 1/(76 - 73D)/( -73D)] 
= 76 - 146D 

11. ED/Ep = -1/2 
R' = -2180D-. 

Exercises 51 

1. (a) Increasing 
(c) Increasing 

(b) I ncre asing 
(d) Increasing 

3. Monotonically increasing 
5. Increasing for b > 0 Decreasing for b < 0 
7. (a) R' = 1 - 2D 

Increasing for D < 1/2 
Decreasmg for D > 1/2 

(c) R' = 20 - 10D 

Increasmg for D < 2 

Decreasing for D > 2 
(e) R' = 20D - 3D' 

Increasing for D < 20/3 
Decreasing for D > 20/3 

(b) R' = 10 - 6D 
Incrcasmg for D < I ~ 
Decreasmg for D > 1 ~ 

(d) R' = 100 - 6D' 

IncreasingforD < 10/V6 

Decreasing for D > 10/V6 
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9. R' = 76 - 146D 
Increasing for D < 0.521 
Decreasing for D > 0.521 

Exercises 52 

1. (a) 10,0,0 
(b) 5 - 2.¥ + 5x4, -2 + 20x', 60xl 
(c) xes + es, xe· + 2es, xe" + 3e" 
(d) 1 - log, x/xl, -3x + 2.¥ log, x/x', 11 - 6 log, x/%· 

3. (a) l/x, -l/xI, 2/xI, -6/%' ' 
(b) (-l)·+l(m - l)!x ..... 

5. y(') = (-l)'[m + (s - 1)] I/(m - 1) \x·+o 
7. ,.(A) = fJ"e-" 
9. y' = 8x' - 14x' + 3x1, 

y" = 56x' - 84x' + 6%, 
,'" = 336x' - 420x'.+ 6" 
y'- = 1,680x' - 1,680xl ; 

yo = 6,720xl - 5,040x', 
yo' = 20,160xl - 10,080x, 

yo" = 4O,320x - 10,080, 
"1'''' = 40,320, 

Exercises 53 

1. (a) Concave upward (b) Concave upward 
(c) Concave downward (d) Concave downward 
(e) Since y" = 6x the curve is concave upward for positive % and concave downward 

for negative %. 

3. (a) Concave downward 
(c) Concave downward 
(e) Concave downward 

(b) Concave downward 
(d) Concave downward 

(f) Since)''' = -2 the curve is concave downward for all values of %. 

5. (a) Concave upward for all values of x. 
(b) Concave upward for all values of %. 

(c) Concave downward for all values of %. 

(d) Concave upward for % > -2, concave downward for % < -2. 
7. Concave upward for % > 2/3, concave downward for % < 2/3 

Exercises 54 

1. (a) 50,000 - 600D + 3[)1 (b) -600 + 6D 
(c) Increasing marginal costs for D > 100, decreasing marginal costs for D < 100 

and constant marginal cost for D = 100 
3. (a) 40 - 24D + 3D' . (b) -24 + 6D 

(c) Increasing marginal costs for D > 4, decreasing marginal costs for D < 4 
and constant marginal cost. for D = 4 

5. (a) 1,000 - 48D + 12D' + 4DI (b) -48 + 24D + 12D' 
(c) Increasing marginal costs for D > 1.236068, decreasing marginal cOBts for 

D < 1.236068 and constant marginal costs for D = 1.236068 
7. Constant marginal costs for all values of D. 
9 •. ,constant marginal costs for all values of D. 
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Exercises 55 

1. Critical points: 0.204, -1.264. 
Minimum at x = 0.264, maximum at Jt = -1.26~ 

3. Critical points, 2/3, -2/3. Maximum at x = 2/3, minimum at x = -2/3 
5. Critical pOints: 0, -1, -3. Minimum at x = 0, maximum at x = -1, minimum at 

x = -3. 
7. Critlcal poiRt l/e a minimum 
9. Critical pOints: 3, -3, 2, -2. A minimum at x = 3, a maximum at x = -3, a 

maximum at x = 2, a minimum at x = -2. 

Exercises 56 

1. (a) 3D 
(c) 10D - 5D2 
(e) 7D - 5D2 
<g) -10 < 0 

3. <a) D = 1 
(c) 9;9;2;7. 

(b) 3 
(d) 10 - 10D 
(f) D = 7/10 
U) 6.5,4.55,2.1,1.95 
(b) D> -1/2 

5. <a) D ,,;. 1/2 (b) R" = -20/t·G" = 0 :. R" < G" 
7. <a) D = 1/3 (b) -150 < 0 
9. <a) 2.34D - 1.34D2, 1 - 0.83D + 0.85D", - 1 + 3.17D - 2.19D' 

<b) D = 0.724 
(c) R" = -268, G" = 1.70 :. R" < G" 
<d) 1.370, 0992, 0 845, 0.147. 
(e) Competitive: D = 1.043, P = 0 942 

Monopoly: D = 0 724, P = 1.370 

Exercises 57 

1. (a) D = 3 • 
3. (a) D = 1 
5. (a) D = 0 
7. (a) D = l/e 
9. (a) 5 - 3D + 2D~ 

(c) 5 - ~D + 6D2 

Exercises 58 

(b) G' = 11 = A 
(b) G' = 9 = A 
(b) G' = 2 = A 
(b) G' = 1 - 1/, = A 
(b) D = 3/4 
(d) G' = 3~B = A 

1. Concave upward for x > 1/6, concave downward for x < 1/6 
(b) Point of inflection at (1/6, -1/54) (c) -1/6 

J. 1 hiS curve has no rnUectlOn pomt, but a maximum at x = 3(2, so concave downwards. 
5. y' = 4x2 

y" = 12x' 
Since y" = 12x" this is positive for all values of x other than 0 and the concavity or 
the curve does not change so there is no inflection point. 
(b) y' = 5x' 

y" = 20x· 
Y = x' then has an inflection point at x = 0 since the concavity changes at that 
point. 

7. 50D - 8D2 + D' 
(a) D = 2% 

:. D = 2% 

(b) G' = 50 - 16D + 3D' 
G" = -16 + 6D = 0 

G'll = 6, so a minimum at D = 2%, which is the inflection point on G. 
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S. C =j(D) 
c' =j'(D) 
c" = j"(D) = 0 is the inflection point on C, but at the same time gives critical 
points on C', in our case minima. 

Exercises 59 

1. (a) 0 (b) 6 
3. (a) -6 (b) 11 
5. (a) 1 (b) 0 
7. (a) 0 (b) 11 
9. (a) -1 (b) -31 

Exercises 60 

1. (a) 2% + yl - 2, 2%y + 5 
3. (a) 2 + 3y - .t, 3x, -x 
5. (a) 1 + log. xy, x/y 

(c) 3/2 
(c) -3 
(c) -a 
(c) 3a l + 4a 
(c) -a' 

(b) 4,9 
(b) 7,0,0 - xye- z 

(b) 1, 1 

(d) 3 
(d) -6a + 1 

7. (a) -4.0848p-1 04.,..0 lot Q _1 .... 

-184.704 Q-o ou,..o I" p_1 0.0, 

166.7664 Q-G ... p-1 .'.".-0 OIl. 

9. (a) 54.0144 Q-G 'mp-o ,"".' 013, 

(b) 43.334; 0.95836; 0.94215. 

(b) Q.78226; 0.23696; 4.4518. 
-3848526 QO 'fI'lp_1 013,..0 ill, 

384.8526 QOflllp_O "'".-0 4IrI. 

Exercises 61 

1. (a) 10 - 2,. + II; a. (b) 12; 2. 
3. (a) lOI) - 2,. - 5b + 3&; 200 - 46 - 5a -~; 50 - ~ + 3a - b. 

(b) 103; 182; 21. 
5. (a) 0.64 L-o" CO H; 0.36 LO It C-o ••. 

(b) 0.57239; 0.43905. 
7. (a) 0.58 LO .. c-o .... ; 0.43 L -0'7 Co .... 

(b) 0.55079; 0.45938. 
9. (a) 31.056; 12.755; 4.4366; 12.571; 24.401. 

11. (a) 2.13,.'" bO ", 0.34,.' 11 b-o .... 
(b) 4.9107; 0.66628. 

Exercises 62 

1 () 
-10PA 2ps 

• a , • 
100 - 10PA - 2ps 100 - 10PA - 2ps 

-2 -1 
(b) -.-. 

7 7 

3. (a) -1.9PA , 0.2ps 
63.3 - 1.9PA + 0.2ps + O.SPe 63.3 - 1.9PA + 0.2ps + 0.5pe ' 

0.5Pe 

63.3 - t.9p ... + 0.2ps + O.SPe • 

(b) -0.28571; 0.02406; 0.05263. 

5. (a) O.lPA , O.lps 
10.3 + O.lp ... + O.lps - 0.3pe 10.3 + 0.lP4 + O.lps - 0.3Pe' 

-0.3pe 

. 10.3 + O.lp ... + O.lps - 0.3Pa· 

tb) 0.094; 0.118; -0.424. 
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7. (a) -002PA 
49.07 - 0.02PA - 0.36PB - 0.03pc + 0.03PD 

-0.36pB 

49.07 - 0.02PA - 0.36pB - 0.03pc + 0.03PD 

-0.03Pc 

49.07 - 0.02PA - 0.36PB - 0.03pc + 0.03PD 

0.03PD 

49.07 - 0.02PA - 0.36pB - 0.03pc + 0.03PD 

(b) -0.0004; - 0.0149; - 0.0019; 0.0006. 

9. (a) - O.lPB • 
24.2 + O.lPB - 0.6pc - 0.3PD 

-0.6Pe 

24.2 + O.lPB - 0.6pc - 0.3PD· 

-03PD 

24.2 + O.lPB - 0.6pc - 0.3PD 

(b) 0.004; - 0.026; - 0.013. 
11. 0.538; -0.717; 0.717. 

5 
11.2K 

1 • (a) • 

13. 0.317; -0.38; 0.327. 

-8.6p 
(b) 11.2K _ 8.6P _ 379· (c) 1.46214; -0.50522 :Z 11.2K - 8.6P - 379 

17. (a) -1.32; 0.4. 

Exercises 63 

1. (a) -184 
69 

3. (a) -3/2 

(b) -1 

aD 
(b) D' = rl, 2D ap = -3r', 

5. (a) -x/z; -y/z. 
7. (a) -3/2; -1/2. 
9. -1; -1. 

dp dD 

(c) -1 (d) -0.62350 

ED = -3P. 1. = -3p-1 = -3. 
Ep 2D D 2r' 2 

(b) -x/z; ~y/z. 
(b) -3/2; -1/2. 

11. ~ =fD dD + fA, 
da da 

- =gD-' 
da da 

dD 
Solving for da ; 

dD f. .. 
- =j-- which 18 < 0, 
da D - glJ 

Exercises 64 

1. k = 3. 

dp dD.. 
- = gD- which 18 < O. 
ia da 

3. k = 1. 
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50(1/18) o50/IB 
5. (a) D ... = -- = t -. 

(1/lA) /JA 

k = O. Similarly for DB. 
(d) The demand for A and B is unchanged if all prices change by the same per cent. 
(e) 30; 166%. 

7. Homogeneous of degree 1. 9. Homogeneous of degree O. 

Exercises 65 

,. (a) Homogeneous of degree 4. 
3. (a) Homogeneous of degree 2. 
6. Yes, 

(b) x(8x') - y(16y') = 4u. 
(b) x(2x) + y(2y) = 2u. 

L [(1.01)(0.75) L-G .. ,02&] + e [(1.01)(0.25) LO 7. C-0 76] 

= 1.01 LO.neo" (0.75 + 0.25) = 1.01 Lon CO". 
2x. 

7. No, 
L [0.43 L-o.<l1 CO 01] + e [0.58 LUI C-0 uJ 

= LO .. CO 01 (0.41 + 0.58) = 1.01 LO .. Co u. 
9. Not linear homogeneous. 

a [(l00) (0.28) 0-071 bO OJ CO .0 dO IT.f" 18) + 
" [(tOO) (0.23) a O " b-O TI ,0 00 dUT jO 18) + 
, [(100) (0.04) a O .8 bO." ,-0" dO 17 j6.18] + 
d [(100) (0.17) a O .. bO .. CO 00 d-o 83 jU8) + 
f [(100) (0.18) aO ... hO .. ,0 00 dO 17 j-O 82) 

= x[0.28 + 0.23 + 0.04 + 0.17 + 0.18) ~ 0.90x. 
t1. No. 

Exercises 66 

t. 12x'; -30xy; -15y' + 6. 3. 0; -x/y'; l/y S. 6x,0, -2, -1,4, O. 

7. (a) O. 2x . -=-!.. 
'r'r 

-1 -1 
(b) 0; 54 ; 36' 

9. (a) 6x, 0, 0, 12u'!, -!, -y,O, -x, 0, 4u'. 
(b) 6,0,0,0,0,1,0, -1,0,32. 

Exercises 67 

1. Minimum at (-1, -~, -1~). 
3. Minimum at (6, 13}2)· -218.25. 
5. The determinant is <0 so neither a maximum nor minimum. 
7. Determinant = 0 so neither a maximum nor a minimum. 
9. (a) III <0, & <0, b' < ac. (b) 4>0, ,>0, h'. < ac. (c) h' > ac. 

, 1. Mmimum at (0, 0, 0, 0, 0). 

Exercises 68 

1. (a) D ... = 3; DB = t and -8 < OJ -to < O. 
(b) 19, 20, 24, 53. 

3. (a) D ... = 2, DB = 3; -2 < 0 and -6 < O. 
(b) 7, 20, 37, 37. 

5. (a) D ... = 5/6, DB = 1~, Dc = 3%. 
(b) 7~ 11, 33,40.9095, 112.4214. 
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7. (a) DA = 980517, DB = 6.69637, Dc = 1.4098, DD = 4.10416. 
(b) 121.94830; 56.51815; 51.5412; 21.79168; 345.72347; 1390.5661. 

9 () 
a(2d + 2n) - eq 

• a D A = • 
(2d + 2n) (2b + 2m) - q2 

b> -m, d > -no 

( ) 
2a (d+ n) (b+ 2m) - aq'+ heq 

b PA = • 
4 (d+ n) (b+m)- q' 

Exercises 69 

1. (272,5/6),25/12. 

5. (-5;rs. -2
3
Vs) 9Vs. 

-k (2me - bn) 

e(2h + 2m) - aq DB = ..,.----'. __ ---:.._-c'-_ 
(2d + 2n) (2b + 2m) _ql 

2c (h+ m) (d+ 2n) - eql+ adq 
PB = • 

4 (d+ n) (b+ m)- q2 

3. (16%,8%. 8U) . 833}3. 

( 
-10 10) -500 

7. 5/3, -9-' '3 0 81" 

-k(2an - hm) 
9. x = • 

2 (bmn - m2e - an') , = a(bmn - m'e - an') " 

k'Cb' - 4ac) 

4 (hmn - m'e - an2 ) 

11 . fs - >. gz = 0, 

: . .&. = >. =b . 
gz gw 

:.~ =~, 
f. g. 

h. =!.=.o 
f. gw 

f.->'g.=O, 

By imphcit differentiation: 

dy 
o =fs + f.'dx 

dy -fs :. - =-, 
dx f. 

Similarly ~ = -gs from g (x,y) = O. 
dx g. 

Exercises 70 

1.5;2Y2. 

5 
7. (a) 5;-' 

q 

9. (a) 1., l. 
2 4 

But x = 5,y = 272. 
:. 5/2 = 5/2. 

3. x = 1152.155,y = 1225.307. 5. 4; 13i. 

(b) -1. (c) -1. 

(b) t; 1. (c) t. 1. 
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ilV 2uau 
13. - = -- = Zljl + A = 0, 

itI( itx 

ov 2UoU 
- = -- = 2Ux + 2A = O. 
oy oy 

Eliminating A and using the restriction gives the same result as in Problem t. 
oW 5U'oU 
- = -- = 5U~ + A = 0, 
itx itx 

oW 5U'itU - = -- = 5U'x + 2A = 0, 
oy oy 

which gives the same result. 

az t au 1 
-=--=-,+A=O, 
ox U ax U 

az 1 au 1 .. - = - - = - x + 2A which gives the same relult. 
0.' U oy U 

15. U(x,y) + A [xp .. + YPr - 1), 

au 
ox + Ap. = 0, 

au 
- +>.p" =0 
ay 

au au 
.. .!!!. = ~ = !!. 

p. 1 pw 

:. - A ia the marginal utility of money. 

Exercises 71 

1. 1,~, 3~, 4. 3. 3, 3/2!11, 90. 
5. -2a-' <0, -26-- <0, 4a-'6-s >0, -5/2 -5/2, 

- 3a-'/s - 311-5/s 
-4- <0, -4- <0, (9/36) a 6' >0, 

-6a-4 <0, -6~-4 <0, 4a-- 6-1 >0, 
-2a-l <0, -26-' <0, 4a-16-' >0. 

7 .... = xP. - ape - hp, +).g (x,a,") 
.... = -Po + A g. = 0 
... ,=-p,+'Ag,=O 
1Y. = p. + Ag. = 0 
• g. g, -g. 1 .. - == - == - ::-. 

p. p. Ps A 

9. (a) a = 1/2,6 = ~ t -24-- <0, -66-4 <0, 12a-I" .... >0. 

(b) 1/2, $ t 15.48, 42.20. 
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Exercises 72 

x' 
1. x-x2+-+C. 

4 
3. 10 log. x + C. 

51 • 
5. -x·" + C. 

2 

2x3 4x' 7.x+-+-· 
3 3 

1 9. x+-+C. 
2x' 

Exercises 73 

5D" 
1. (a) 150% + D + 50DI - -. 

3 

3. (a) 2D + 51> + 95. 

• 43 + e'o 
(c) 5e'° + 215' 2 + 5e'0, ---. , , 12 

200 
5. (a) - D'I, - 1780. 

3 

(c) 248673; 25; 155U2. 

7. (a) 200Vn - 700. 

(c) 1300; 10; 13. 

9. 6.75D - 0.0003D' - 10,485, 

11. 1.052D - 0.002DI + 16.8, 

Exercises 74 

150% 5D1 
(b) --+1+50D--· D ~ 3 

5~ 95 
(b) 2+-+-· D D 

200 1780 
(b) - DIll - --. 

3 D 

) v'2Oo 700 
(b----· 

D D 

10,485 
6.75 - 0.0003D - --. 

D 

16.8 
1.052 - o.o02D + D· 

1. 41~. The area under the curve from x-I to x -= S. 
3. -r. The area under the curve from x = -1 to x = 3. 
5. 84. The area under the curve from x = 1 to x = 16. 
7. 26.3891. The area under the curve from x = 0 to x "" 2. 

b 
9. /I + 2· The area under the curve from x - 0 to x-I. 

Exercises 75 

1. (a) 20~ 
3. (a) 567 
5. (a) 469.71661 
7. (a) 0.351 
9. (a) 1.92667 

(d) 1.79307 
11. (a) 1.210 

(d) 1.Z29 

Exercises 76 

1. (a) 1/6 

(b) 12~ 
(b) 531.40271 
(b) 4661 
(b) 0.729 
(b) 0.80667 
(e) 3.52667 
(b) 1.204 
(e) 1.242 

(b) 1/6 

(c) 63-( 
(c) 576.02495 
(c) 453.1821 
(c) 2.043 
(c) 1.30667 
(f) 2.82907 
(c) 1.178 

(c) 1/6 

(d) 7S 

(d) 1/6 
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3. (a) 1/6 (b) 1/6 (e) 1/6 (d) 1/6 
(e) 0 (f) 0 (g) 0 (h) 0 
(i) 1/3 G> 1/3 (k) No 

5. (a) 1/3 (b) 1/3 (e) 1/3 (d) 0 
(e) 1 (0 0 

7. (a) 23/60 (b) 1/4 (e) 1/2 
(d) Probability with a true die"" 1/2 

9. (a) 0.51333 (b) 0.51334 (e) 0.51332 

Exercises 77 
1. (a) 1/3 (b) 1/2 (e) 1/2 (d) 1/2 

(e) 5/6 (0 1 
3. /I + q = 1. 5. (a) 5/36. 
7. (a) 1/8 (b) 1/8 (e) 1/8 (d) 27/512 
9. (a) 1/32 (b) 1/32 (e) 1/32 (d) 1/32 

1 1 
11. (a) - (b) -

6" 6" 

Exercises 78 
1.0.3. 3. 0.25. 

Cumulative Distribution 

% /I 
1 0.25 
2 0.75 
3 1.00 

6. (a) 1/2 + 1/2'1/2 + 1/2'1/2'1/2 - - z= ~ = 1 
1 - 1/2 . 

(b) 1/16. (e) 1/128. (d) 1/4. 

7. (a) p(l) = 0.4;p(2) = 0.3;p(3) = 0.2;p(4) = 0.1. 
(b) 0.4 + 0.3 + 0.2 + 0.1 = 1. 

9. % P Cumuilltive Distribution 
0 1/8 % P 
1 3/8 0 1/8 
2 3/8 1 1/2 
3 1/8. 2 7/8 

3 1.0. 
11. % P Cumulative 

2 1/36 % P 
3 2/36 2 1/36 
4 3/36 3 3/36 
5 4/36 4 6/36 
6 5/36 5 10/36 
7 6/36 6 15/36 
8 5/36 7 21/36 
9 4/36 8 26/36 

10 3/36 9 30/36 
11 2/36 10 33/36 
12 1/36. 11 35/36 

12 1.00. 



332 Answers to Odd-numbered Problems 

Exercises 79 

1. 1.8. 3. 2.0. 5. 1.0. 
9. 2.0. 

Exercises 80 

1. (a) 12 
(e) 14 
(i) 48 

3. (a) 3 
(e) -16}2 

5. (a) 1 
7. (a) 1.8 

Exercises 81 

'1. 73.8; 9.0. 

7. 3.0; 6.75. 

Exercises 82 

(b) 24 (c) 9 
(f) 2 (g) -20 
(j) 240 (k) 58 
(b) 4}2 (c) 7}2 
(f) 12.5 (g) 13}2 
(b) 8.5 (c) -5.5 
(b) 0 k 1 15.4 

3. 6.0; 70.8. 

9. 0.1; 0.4; 0.4; 0.1. 

7. 131-

(d) 18 
(h) 49 
(1) -16 
(d) -1}2 

(d) 100 

5. 1.5; 8.5. 

bHI - a'+1 
11. • 

(k + l)(b - a) 

1. 0.56; 0.5536; 0.57920. 3. 2.0; 0; 6.8. 
5. 1/2; O. 7. 0.56; 0.748. 
9. E(x - 1')' = EXI - 31'Ex' + 3(1')2 Ex - 1'1 

= 1'; - 31';1'~ + 2 (1';)' 
= Ex' - 3Ex'Ex' + 2(Ex)1 
= Ex" - 3~1 + 2(1')1. 

11. 2 0; 0; 6.8. 

Exercises 83 

1. (a) 4/9 
(e) l611/2187 

3. (a) 1/2 
(e) 0.00369 

(b) 80/243 
(f) 1808/2187 
(b) 15/64 

(c) 1/243 

(c) 1/16 

5. (a) 0.08192 (b) 0.06606 (c) 0.8192 
7. (a) 0.000003960 
9. (a) 0.45941/10 

11. po = 0.0466. 
PI = 0.1866. 
PI = 0 3110. 
PI = 0.2765. 

(b) 0.OQ0000002058 (c) 0.99860 
(b) 0.17097 (c) 0.72531 

, p. = 0.1382. 
P6 = 0.0369. 
p, = 0.0041. 

Exercises 84 

1. 0.8450 3. 0.1615 
(c) 0.2082 
(g) 0.2420 
(c) 0.0227 
(g) 0.9192 

5. (a) 0.8950 
(e) 0.9525 

7. (a) 0.1859 
(e) 0.2119 

(b) 0.3272 
(f) 0.0764 
(b) 0.3219 
(f) 0.9192 

(d) 8/27 

(d) 1 -:- (25)10-11 

(d) 0.32212 
(d) 0.02967 
(d) 0.000001217 

(d) 0.0569 
(h) 0.8023 
(d) 0.1587 
(h) 0.0139 
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9. po = 0.0492. 
p, = 0.1696. 
P, = 0.3053. 
PI = 0.2893. 

p, = 0.1361. 
Pi = 0.0352. 
P. = 0.0046. 

-x +,. = 0, 

tl'P / _ '2- - 0 P . . - = -1 .,. v r < so IS a maxunum. 
tJx:2 

Exercises 85 

1. E{, = E [t Xi] = t E(x.) = n,. 
1=1 1=1 

t (x, -X)t [ ,,( tx.)t] 
3. 1=1 = _1_ E ~, __ "_ 

n - 1 n - 1 1=1 n 

[ 1 (")' ")] 1" Ex. LX. 
=-- E x,'+ -- -2x,~ 

n - 1 1=1 n n 

[ (")' {")'] 1 ft· Ex. ~x, 
= -=- E x,t + n -- - 2n 1=1 

n 1 1=1 n n 

= _1_ [ t x.' - nil] 
n - 1 <=1 

5. (a) L = _1_ expo {- 1/2 t (x, _ a)2} 
{2r)ft/1 1=1 

dL [1 { " }] .. (b) -d = ( ),,/. expo - 1/2 E (x. - a)' E (x, - a) = 0 
a 2r J.=1 1=1 

" " :. .E x, = no a = E x,/n = i. 
I-I 1=1 

[ 
.. ] nat 7. E(Z) = l/n E E(x, - ,.)" = - = r 

1=1 n 

W is the estimated variance, Z is the actual variance, and from 6 W is a biassed esti
mate of r. 
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Exercises 86 

1. Class 
Limits 

(a) 0--4 
4-8 
8-12 

12-16 
16-20 
20-24 
24-28 
28-32 
32-36 

Class 
3. Limits 

0-10 
10-20 

.f 20-30 
30--40 
40-50 

5. (a) 32 

7. (a) 45 

Class 
Frequency Limits 

1.0 (b) 0-5 
3.5 5-10 
1.5 10-15 
0.0 15-20 
2.5 20-25 
1.5 25-30 
1.0 30-35 
0.0 35-40 
1.0 

Frequency 
4.5 
4.5 
3.0 
2.0 
3.0 

(b) Class 
Limits 

4--14.67 
14.67-25.34 
25.34-36.01 

Class 
(b) Limits 

0-7.5 
7.5-15 

15-22.5 
22.5-30 
30-37.5 
37.5-45 

Exercises 87 

1. 27; 173.3; 13.16. 
5. 11.5; 32.2; 5.67. 
9. (b) 31.72; 416.63; 20.41. 

11. (a) 5. 

Exercises 88 

1. 165, 12.85 
5. 30.1, 5.49 

Class 
Frequency Limits 

2.5 (c) 0-10 
3.0 10-20 
0.5 20-30 
2.5 30--40 
2.0 
0.5 
0.0 
1.0 

(c) Class 
Frequency Limits 

6.0 4-12 
5.0 12-20 
1.0 20-28 

Frequency 
2.0 
3.0 
4.0 
3.0 
1.0 
4. 

28-36 

3. 11.0; 28.8; 5.37. 
7. 2,146.5; 2,902,857; 1704. 

(b) 13.5. 

3. 27.47, 5.24 
7. 414.55,20.36 

Exercises 89 

1. 8.97; 20.53. 3. 15.90; 29.38. 5. 18.85; 35.15. 
7. 9.24; 13.36. 9. 485,988; 495,972. 

Frequency 
5.5 
3.0 
2.5 
1.0 

Frequency 
6.0 
2.5 
2.5 
1.0 
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Exercises 90 

1. Rejecte~. 
5. (a) Accepted. 
7. Rejected. 

Exercises 91 

1. Accepted. 
5. Accepted. 

3. Rejected. 
(b) Accepted. (c) Accepted. 
9. 4.27; 4.93. 

3. Accepted. 
7. Rejected. 

9. ! - ,. is distributed as , with (II - 1) degrees of freedom. 
SS 

(d) Accepted. 

The values of "I" being from the "," tables with (II - 1) degrees of freedom. 
The confidence limits are: 

! - S'i'I( ...... ,)(O 06) 

! + sst(..-ll(O Oi) 

11.8.14,13.86; 7.05,14.95. 

Exercises 92 

1. Nonsignificant. 3. Nonsignificant. 
5. (a) Nonsigruficant. 
7. (a) NonsIgnificant. 

(b) Nonsignificant. (c) Nonsignificant. 
(b) Significant. (c) Significant. 

9. d - ,.. is normal with mean 0 and variance 1, where 
"'1 

(a) d - 1.96"'4. d + 1.96"'4; 
(b) d - 2.57"'4, d + 2.57"'4; 
(c) - CD, + CD 

(d) d - 1.65",". d + 1.65"'4 
11. (a) Nonsignificant. (b) Nonsignificant. 

Exercises 93 

1. (a) z .. 27,s = 13.16. 

Upper Limits 
(StandardIZed) 

-1.24 
0.31 
1.86 

3. (a) 11.3; 4.71. 

Upper Limits 
(Standardized) 

-1.34 
-0.70 
-0.06 

0.57 
1.21 
1.85 

Cumulative 
Probability 

0.1075 
0.6217 
0.9686 

Cumulative 
Probability 

0.0901 
0.2420 
0.4761 
0.7157 
0.8869 
0.9678 

P Np 
0.1075 10.75 
0.5142 51.42 
0.3469 34.69. 

P Np 
0.0901 1.80 
0.1519 3.04 
0.2341 4.68 
0.2396 4.79 
0.1712 3.42 
0.0809 1.62, 



336 Answers to Odd-numbered Problems 

5. (a) 45.7; 17.34. 

Upper Limits Cumulative 
(Standardized) Probability p Np 

-1.48 0.0694 0.0694 4.86 
-0.33 0.3707 0.3013 21.09 

0.82 0.7939 0.4232 29.62 
1.98 0.9762 0.1823 12.76 

7. (a) 31.72; 20.41. 

U pper Li~its Cumulative p Np 
(Standardized) Probability 

-1.31 0.0951 0.0951 12.74 
-1.06 0.1446 0.0495 6.63 
-0.82 0.2061 0.0615 8.24 
-0.57 0.2843 0.0782 10.48 
-0.33 0.3707 0.0864 11.58 
-0.08 0.4681 0.0974 13.05 

0.16 0.5636 0.095~ 12.80 
0.41 0.6591 0.0955 12.80 
0.65 0.7422 0.0831 11.14 
0.90 0.8159 0.0737 9.88 
1.14 0.8729 0.0570 7.64 
1.39 0.9177 0.0448 6.00 
1.63 0.9485 0.0308 4.13 
1.88 0.9700 0.0215 2.88 
2.12 0.9830 0.0130 1.74 
2.52 0.9941 0.01 11 1.49. 

9. (a) 1837; 641.3. 

Upper Limits Cumulative 
(Standardized) Probability p Np 

-1.31 0.0951 0.0951 1,962,198 
-0.53 0.2981 0.2030 4,188,499 

0.25 0.5987 0.3006 6,202,280 
1.03 0.8485 0.2498 5,154,123 
1.81 0.9649 0.1164 2,401,681. 

Exercises 94 

1. (a) X = 27, s = 13.16. 

Upper Limits Cumulative 
(StandardIzed) Probability p Np 

-1.29 0.0985 0.0985 0.98 
0.53 0.2981 0.1996 2.00 
0.23 0.5910 0.2929 2.93 
0.99 0.8389 0.2479 2.45 
1.75 0.9599 0.1210 1.21. 

NonsIgnificant. 
3. Significant. 
5. Nonsignificant. 



7. ! .. 7., = 2.83. 

Upper Limits 
(Standardized) 

-1.06 
0.35 
1.78 

NonsigDlficant. 

Exercises 95 

1. Significant. 
5. Nonaignificant. 

Exercises 96 

1. (a) 3a1 - 32a + 110. 

.. 
3. Q, = 1: (log Xi - log G)', 

.-1 
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Cumulative 
Probability 

0.1446 
0.6368 
0.9625 

P 
0.1446 
0.4922 
0.3257 

3. Nonsignificant. 
7. Nonsignificant. 

Np 
1.16 
3.94 
2.61. 

(b). - 5~ . (c) ! ... 5~. 

dQ, .. 
- - -21: (log Xi -log G)/G - 0, 
dG .-1 

II 

.. 
1: (Xi - !)I 

5. s' - .-1 ill the aample variance, 
11-1 

10 Q, .. ( .. - 1),1, where,' ill the aample YIll"iance. 
7. 3.9831. 9. 5.7349. 

Exercises 97 

1. (a) ; = 40.2 + 2x. 
(e) 48.2. 

3. (a) & = 47.285 + 5.43x. 
(e) 62.489. 

5. (a) y = 116.75 - 6.25%. 
(e) 93.0. 

7. (a) y = 70.774 + 2.088x, 
; = 58.55 + 2.994x, 
y = 69.1 + 1.917%, 
; = 76.557 + 1.68x. 

(b) 42.6. 
(f) 50.2. 

(b) 59.231. 
(f) 69.005. 
(c) 104.25. 
(f) 90.5. 

(c) 43. 
(g) 51.0. 

(d) 61.403. 
(g) 83.123. 
(d) 99.25. 

(d) 43.8. 

(c) 81.214; 73.520; 78.685; 84.957. 
(d) 89.57; 85.496; 86.353; 91.677. 
(e) J04.182; 106.454; 99.772; 103.437. 
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9. ap = -2 [t y; -II" - II t X. 2J = 0, 
iJa 1=1 i*1 

iJ2p 
- =2" >0 
iJa' ' 

iJ'P .. 
-=2LX ' >0 
iJb' i=I' • 

Necessary and sufficient conditions (or a minimum are met. 
11.·Y = 2.0 + 0.3x. 
13. (a) y = 109.5625 - 6.25x + 1.4375x'. (c) 103.81. 

Wlnn W1~~ 
(f) 108.67. 

15. (a) log y = 2.01608 + 0.06056x. 
(d) 131.53. 
(f) 15Q.48. 

17. (a) log y = 1.85352 + 0.02119x. 
(c) 79.458. 
(e) 86.758. 

19. (a) log y = 1.65641 + 0.05608x. 
(d) 63.419. 
(f) 75.985. .. 

21. G = L (x. - A - By,)', 
1=1 

aG .. - =2L (x. -A -By.)(-l) -0, 
iJA i=I .. " :. L x. = A" + B L y" 

i=I 0-1 
aG .. 
.:>B = 2 L (x. - A - By.)(-y.) ... 0, 
v 0=1 

.. " " LXV" = A LY, + B L y,l. 
0-1 0=1 o~I 

(c) 111.25. 
(e) 135.25. 

(b) 78.687. 
(d) 81.818. 
(£) 92.886. 
(c) 60.227, 
(e) 65.077. 
(g) 106.31 

23. (a) Cumulative Probability 
0.36278 
0.93556 
0.99262 
1.00000. 

(b) log Y = 8.93768 - 0.6223 log It. 
(c) 4,323,200. 

(g) 96.000. 
25. (a) Cumulative Probability 

0.27130 
0.51667 
0.71328 
0.90664 
1.00000. 

Exercises 98 
1. (a) y = 0.4 + 0.9x, 

~ = 0.97 + 0.305y. 

(d) 3,340,800. 
(e) 8,207.000. 
(f) 848,000. 

(b) log Y == 8.46854 - 0.59016 log x. 
(c) 2,905,400. 
(d) 2,201,600. 
(e) 50,900. 
(f) 158,800. 

(c) 4.0. (d) 1.89. 
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3. (a) y == 2.86 - 0.30x, 
i = 3.44 - 0.28y. 

5. (a) y = -14.25 + 1.42%, 
~ = 68.58 + 0.12y. 

(d) 82.98. 
7. (b) Y = 4.14 - 0.028x, 

~ = 77.8 - 10.0y. 
9. (b) Y = 13.84 + 1.23x, 

! = -1.43 + 0.70y. 
11. (a) ~ = 40.92 + 80.68x, 

Z = 0.225 + O.Olly. 

Exercises 99 

(c) -0.14. 

(c) 113.6. 

(c) 2.46. 

(c) 136.84. 

(b) 847.72. 

1. 0.524; 0.275; nonsignificant; - 0.70, 3.42. 
3. -0.291; 0.085; nonsignificant; -1.305,0.697. 
5. 0.409; 0.167; nonsignificant; -4.412,7.268. 
7. -0.532; 0.283; nonsignIficant; -0.110,0.056. 
9. 0.932; 0.869; significant; 0.84, 1.62 • .. 

11. F = I: (z, - a - hx. - 91.)1 .-1 
aF II 

- == - 2 I: (z. - a - hx. - g.) .., O. 
aa 0=1 

aF .. 
- == - 2 I: (z. - • - hx. - g.)x • .. O. 
ab ;=1 

iJF .. 
- .. - 2 I: (z. - II - hx. - g.)y. = o. 
iJc 0=1 

Exercises 100 

(d) 2.74. 

(d) 62.8. 

(d) 33.57. 

(c) 11.225. 

1. (a) y = 133.4 - 1.20x. (b) 73.4. (e) 48.l. 
Z = 59.09 - 0.12y. 

(d) -0.382. {e} 0.146. (g) Nonsignificant. 
(h) Nonsignificant. 
(j) -4.916, 2.522. 

(i) log Y = 2.1393 - 0.1771 log x. 

3. (a) y = 48.88 + t.3b, (b) 101.28. 
i = 28.40 + 0.056y. 

(c) 32.88. (d) 0.2697. 
(e) 0.0727. (g) Nonsignificant. 
(i) log y = 1.1216 + 0.5389 log x, U> 0.3487. 

log z = 1.0754 + 0.2259 logy. 
(It) Nonsignificant. 

5. (a) D = 6.755 + 0.1293x, 
Z = 1.7234 + 3.0569y. 

(c) 14.514. 
(e) 0.3956. 

7. (a) y == -5.0632 + 1.1279x, 
x = 24.092 + 0.7t87y. 

(c) 131.897. 

(1) Nonsignificant 
(b) 17.008. 

(d) 0.629. 
(g) Significant. 
(b) 107.727. 

(d) 0.9005. 

(h) -0.116,0.424. 

(e) 0.8109. (g) Nonsignificant. 
(h) -0.527,2.78l. 



340 Answers to Odd-numbered Problems 

9. (a) y ... 73.3955 + 0.2898x. 
(d) 98.0285. 

(c) 108.1715. 
(e) 103.8245. 

(f) 0.3811. (g) Nonsignificant. 
(h) 0.1452. 
(k) 101.87181. 
(m) 99.47549. 

(i) '& = 117.77581 + 0.14096%. 
(1) 105.39581. 

(0) Nonsignificant. 

a +Kc 6 +Kd 
11. (a) .11 = --+--x, 

1 +K 1 +K 

c+1.o d+L6 
(b) .11 = 1 + L + 1 + L X, 

13. (a) Z = 6.007 - 0.098x + 0.055.1. 
(b) 3.947. 

Exercises 101 

(n) 0.2010. 
(P) 0.0404. 

1. (a) 244%. 
(e) 129%. 

(b) 178%. (c) 130%. 
(f) 127% - 130%. (g) 129%. 

3. (a) -19%. 
(e) -14%. 

6 L LP,qo 12 
• -= LPoqo == ., 

But LPoqo = 100, 

(b) -21 %. (c) -13%. 
(f) -13% to -15%. 

(d) 127%. 

r~-15%. 
(g) "-14%. 

and LP,qo = 120, so that with an income of l:.!O in time 1 a person may buy the same 
amounts of commodities, at the new prices, as he bought with 100 at the prices in 
time 0; so is no worse off. 

7. (a) -17%. (b) -20%. (c) -11%. (d) -130/0- (e) -120/0-
9. (a) 11 %; 9%; 100/0- (b) 12%; 15%; 13%. (c) 2%; 1 %; 1.4%. 



N 

10 
11 
12 
13 
14 

16 
16 
17 
18 
19 

20 
21 
22 
23 
24 

26 
26 
"Zl 
28 
29 

30 
31 
p~ 
33 
34 

33 
36 
37 
3§ 
39 

40 
41 
42 
43 
44 

45 
46 
V' 
48 
49 

60 
51 
52 
53 
54 

N 

TABLE J 

10.0-Four--Pface Common Logarithms of Numbers-"S4.9 

0 1 2 3 4: 6 6 '1 8 

,0000' ~ 0086 0128 0170 0212 0253 0294 0334 
0414 0453 0492 0531 0569 0607 0645 0682 0719 
07~2 0828 0864 0899 0934 0969 1004 1038 1072 
1139 1173 1206 1239 1271 1303 1335 1367 1399 
1461 1492 1523 1553 1584 1614 1644 1673 1703 

1761 1790 1818 1841 1875 1903 1931 1959 1981 
2041 2068 2095 2122 2148 2175 2201 2227 2253 
2304 2330 2355 2380 2405 2430 2455 2480 2504 
2553 2577 2601 2625 2648 2672 2695 2118 2742 
2788 2810 2833 2856 2878 2900 2923 2945 2961 

3010 3032 3054 3075 3096 3118 3139 3160 3181 
3222 3243 3263 3284 3304 3324 3345 3365 3385 
3424 3444 3464 3483 3502 3522 3541 3560 3579 
3617 3636 3655 3674 3692 3711 3729 3747 3766 
3802 3820 3838 3856 3874 3892 3909 3927 3945 

3979 3997 4014 4031 4048 4065 4082 4099 4Il6 
4150 4166 4183 4200 4216 4232 4249 4265 4281 
4314 4330 4346 4362 4378 4393 4409 4425 4440 
4472 44gi' 4502 4518 4533 4548 4564 4579 4594 
4624 4639 4654 4669 4683 4698 4713 4728 4742 

477l 4786 4800 4814 4829 4843 4851 4871 4886 
4914 4928 4942 4955 4969 4983 4997 50Il 5024 
5051 5065 5079 5092 5105 5119 5132 5145 5159 
5185 5i"9& 5211 5224 5237 5250 5263 5276 5289 
5315 5328 5340 5353 6366 5378 6391 5403 5416 

5441 5453 6465 5478 6490 5502 6514 5527 5539 
6563 6575 5587 6599 5611 5623 6635 5647 6658 
5682 6694 5705 5717 5729 5740 6752 5763 5775 
6798 5809 5821 5832 5843 5855 5866 5877 5888 
6911 6922 5933 6944 5955 6966 5977 5988 6999 

6021 6031 6042 6053 6064 6075 6085 6096 6101 
6128 6138 6149 6160 6170 6180 6191 6201 6212 
6232 6243 6253 6263 6274 6284 6294 6304 6314 
6335 6345 6366 6365 6375 6385 6395 6405 6415 
6435 6444 6454 6464 6474 6484 6493 6503 6513 

6532 6542 6551 6561 6571 6580 6590 6599 6509 
6628 6637 6646 6656 6665 6675 6684 6693 6702 
6721 6730 6739 6749 6758 6767 6776 6785 6794 
6812 6821 6830 6839 6848 6857 6866 6875 6884 
6902 6911 6920 6928 6937 6946 6965 6964 6972 

I 

6990 6998 7007 7016 7024 7033 1042 7050 7059 
.7076 7084 7093 7101 7110 7118 7126 7135 7143 
7160 7168 7177 7185 7193 7202 7210 7218 7226 
7243 7251 7259 7267 7275 7284 7292 7300 7308 
,7324 7332 7340 7348 7356 7364 7372 7380 7388 

0 1 2 3 4 I» 6 .,. 8 

10.0 - Four.Place Com,!,on Logarithm. of Numbers - 54.9 
341 

9 

0374 
0755 
1106 
1430 
1732 

2014 
2279 
2529 
2765 
2989 

3201 
3404 
3598 
3784 
3962 

4133 
4298 
4456 
4609 
4751 

4900 
5038 
5112 
5302 
6428 

6551 
5670 
5786 
5899 
6010 

6111 
6222 
6325 
6425 
6522 

6618 
6712 
6803 
6893 
6981 

7061 
7152 
7235 
7316 
7396 

9 



N 

55 
56 
57 
58 
59 

60 
61 
62 
63 
64 

65 
66 
67 
68 
69 

10 
71 
72 
73 
74 

'75 
76 
77 
78 
79 

80 
81 
82 
83 
84 

85 
86 
87 
88 
89 

90 
91 
92 
93 
94 

95 
96 
97 
98 
99 

N 

T.bl.1 

55.0-Four-Place Common Logarithms of Numben-99.9 

0 1 2 S 4 5 6 1 8 9 

7404 7412 7419 7427 7435 7443 7451 7459 7466 7474 
7482 7490 7497 7505 7513 7520 7528 7536 7543 7551 
7559 7566 7574 7582 7589 7597 7604 7612 7619 7627 
7634 7642 7649 7657 7664 7672 7679 7686 7694 7701 
7709 7716 7723 7731 7738 7745 7752 7760 7767 7774 

7782 7789 7796 7803 7810 7818 7825 7832 7839 7846 
7853 7860 7868 7875 7882 7889 7896 7903 7910 7917 
7924 7931 7938 7945 7952 7959 7966 7973 7980 7987 
7>993 8000 8007 8014 8021 8028 8035 8041 8048 8055 
8062 8069 80~5 8082 8089 8096 8102 8109 8116 8122 

8129 8136 8142 8149 8156 8162 8169 8176 8182 8189 
8195 8202 8209 8215 8222 8228 8235 8241 8248 8254 
8261 8267 8274 8280 8287 8293 8299 8306 8312 8319 
8325 8331 8338 8344 8351 8357 8363 8370 8376 8382 
8388 8395 8401 8407 8414 8420 8426 8432 8439 8445 

8451 8457 8463 8470 8476 8482 8488 8494 8500 8506 
8513 8519 8525 8531 8537 8543 8549 8555 8561 8567 
8573 8579 8585 8591 8597 8603 8609 8615 8621 8627 
8633 8639 8645 8651 8657 8663 8669 8675 8681 8686 
8692 8698 8704 8710 8716 8722 8727 8733 8739 8745 

8751 8756 8762 8768 8774 8779 8785 8791 8797 8802 
8808 8814 8820 8825 8831 8837 8842 8848 8854 8859 
8865 8871 8876 8882 8887 8893 8899 8904 8910 8915 
8921 8927 8932 8938 8943 8949 8954 8960 8965 8971 
8976 8982 8981 8993 8998 9004 9009 9015 9020 9025 

9031 9036 9042 9041 9053 9058 9063 9069 9074 9079 
9085 9090 9096 9101 9106 9112 9117 9122 9128 9133 
9138 ~143 9149 9154 9159 9165 9170 9175 9180 9186 
9191 9196 9201 9206 9212 9217 9222 9221 9232 9258 
9243 9248 9253 9258 9263 9269 9274 9279 9284 9289 

9294 9299 9304 9309 9315 9320 9325 9330 9335 9340 
9345 9350 9355 9360 9365 9370 9375 9380 9385 9390 
9395 9400 9405 9410 9415 9420 9425 9430 9435 9440 
9445 9450 9455 9460 9465 9469 9474 9479 9484 9489 
9494 9499 9504 9509 9513 9518 9523 9528 9533 9538 

';t_ 
--

9542 9547 9552 9557 9562 9566 9511 9576 9581 9586 
9590 9595 9600 9605 9609 9614 9619 9624 9628 9633 

9638 9643 9647 9652 9657 9661 9666 9671 9675 9680 

9685 9689 9694 9699 9703 9708 9713 9717 9722 9727 
9731 9736 9741 9745 9750 9754 9759 9763 9768 9773 

9771 9782 9786 9791 9795 §800 9805 9809 9814 9818 

9823 9827 9832 9836 9841 9845 9850 9854 9859 9863 
9868 9872 9877 9881 9886 9890 9894 9899 9903 9908 
9912 9917 9921 9926 9930 9934 9939 9943 9948 9952 
9956 9961 9965 9969 9974 9978 9983 9987 9991 ,.9996 

0 1 2 S 4 IS 6 1 8 9 

55.0-Four-Place Common Logarithms of Numben-99.9 

342 



TABLE 2 

Natural Trigonometric Functions for Decimal Fractions of a Degree 

Deg. Sin Tan Cm eo. Deg. Deg. Sin Tan Ctn Cos !neg. 

0- .00000 .00000 - 1.00000 90- &- .10453 .10510 95144 .99452 84-
.1 .00175 .00175 672.96 1.00000 .9 .1 .10626 .10687 93572 .99434 .9 
.2 .00349 .00349 286 48 0 99999 .8 .2 .10800 .10863 9.2052 .99415 .8 
.:s .00524 .00524 190.98 .99999 .7 .3 .10973 . Il040 90579 .99396 .7 
.4 .00698 .00698 143.24 .99998 .6 .4 .11147 .11217 8.9152 .99377 .6 

.5 .00873 .00873 1I459 .99996 .5 .5 .11320 .11394 8.7769 .99357 .5 

.6 .01047 .01047 95489 .99996 .4 .6 .11494 .11570 86427 .99337 .4 

.7 .01222 .01222 81847 .99993 .3 .7 .11567 .Il747 85126 .99317 .3 

.8 .01396 .01396 71615 .99990 .2 .8 .Il84O . Il924 83863 .99297 .2 

.9 .01671 .01571 63.657 .99988 .1 .9 .12014 .12101 82636 .99276 .1 

1- .01745 .01746 57.290 .99985 89- 7- .12187 .12278 8.1443 .99255 83-
.1 .01920 01920 52081 .99982 .9 .1 .12360 .12456 80285 .99233 .9 
.2 .02094 .02095 47740 .99978 .8 .2 .12533 .12633 79158 .992 II .8 
.:s .02269 .02269 44 066 .99974 .7 .3 .12706 .12810 78062 .99189 .7 
.4 .02443 .02444 40.917 .99970 .6 .4 .12880 .12988 7.6996 .99167 .6 

.6 .02618 .02619 38.188 .99966 .6 .5 .13053 .13165 75958 .99144 .5 

.6 .02792 .02793 36801 .99961 .4 .6 .13226 .13343 74947 .99122 .4 

.7 .02967 .02968 33 694 .99956 .3 .7 .13399 .13521 7.3962 .99098 .3 

.8 .03141 .03143 31821 .99951 .2 .8 .13572 .13698 73002 .9907S .2 

.9 .03316 .03317 30.145 .99945 .1 .9 .13744 .13876 72066 .99051 .1 

2- .03490 .03492 28636 .99939 88- 8- .13917 .14054 71154 .99027 82-
.1 .03664 .03667 27.271 .99933 .9 .1 .14090 .14232 70264 .99002 .9 
.2 .03839 .03842 26031 .99926 .8 .2 .14263 14410 6.9395 .98978 .8 
.:s .04013 .04016 24.898 .99919 .7 .3 .14436 .14588 68548 .98953 .7 
.4 .04188 .04191 23 859 .99912 .6 .4 14608 .14767 67720 .98927 6 

.5 .04362 .04366 22.904 .99905 .6 

.6 .04536 .04641 22.022 .99897 .4 
.5 .147111 149o!!< 66912 .98902 .5 
.6 .14954 .15124 6.6122 .98876 4 

.7 .04711 .04716 21.205 .99889 .3 .7 .15126 .15302 65350 .98849 .3 

.8 .04885 .04891 20446 .99881 .2 .8 .15299 .15481 64596 98823 .2 

.9 .05059 .05066 19740 .99872 .1 .9 .15471 .15660 63859 .98796 .1 

3- .05234 .05241 19.081 .99863 87- 9- .15643 .15838 63138 .98769 81-
.1 .05408 .05416. 18464 .99854 .9 .1 .15816 .16017 62432 .98741 9 
.2 .05582 .05591 17.886 .99844 .8 .2 .15988 .16196 61742 .98714 .8 
.:s .05756 .05756 17.343 .99834 .7 .3 .16160 .16376 61066 .98686 .7 
.4 .05931 .05941 16832 .99824 .6 .4 .16333 .16555 60405 .98657 .6 

.6 .06105 .06116 16.350 .99813 .6 .5 .16505 .16734 59758 .98629 .5 
6 .06279 .06291 15895 .99803 .4 .6 .15677 .16914 5.9124 .98600 .4 
.7 .06453 .06467 15464 .99792 .3 .7 .16849 .17093 5.8502 .98570 .3 
.8 .06627 .05642 15056 .99780 .2 .8 .17021 .17273 57894 .98541 .2 
.9 .06802 .06817 14.569 .99768 .1 .9 .17193 .17453 5.7297 .98511 .1 

4- .06976 .06993 14301 .99756 86- 10- .17365 .17633 5.6713 .98481 80-
.1 .07150 .07168 13.951 .99744 .9 .1 .17537 .17813 5.6140 .98450 .9 
.2 .07324 .07344 13.617 .99731 8 .2 .17708 .17993 55578 .98420 .8 .:s .07498 .07519 13300 .99719 .7 .3 .17880 .18173 55026 .98389 .7 
.4 .07672 .07695 12.996 .99705 .6 .4 .18052 .18353 54486 .98357 .6 
.5 .07846 .07870 12.706 .99692 .5 
.6 .08020 .08046 12429 .99678 .4 
.7 .08194 .08221 12.163 .99564 .3 
.8 .08368 .08397 11.909 .99649 .2 
.9 .08542 .08573 11.564 .99635 1 

.5 .18224 .18534 53955 .98325 .5' 

.6 .18395 .18714 53435 .98294 .4 

.7 .18567 .18895 52924 .98261 .3 

.8 .18738 .19076 5.2422 .98229 .2 

.9 .18910 .19257 5.1929 .98196 .1 
5- .08716 08749 1I.430 .99619 85-
.1 .08889 .08925 11205 .99604 .9 
.2 .09063 .09101 10988 .99588 .8 .:s .09237 .09277 10.780 .99572 .7 
.4 .09411 .09453 10.579 .99556 .6 

11- .19081 .19438 61446 .98163 79-
.1 .19252 .19619 50970 .98129 .9 
.2 .19423 .19801 5.0504 .98096 .8 
.:s .19695 .19982 5.0045 .98061 .7 
.4 .19756 .20164 4.9594 .98027 .6 

.5 .09585 .09629 10385 .99540 .6 

.6 .09758 .09805 10199 .99523 .4 

.7 .09932 .09981 10019 .99506 .3 

.8 .10106 .10158 9.8448 .99488 .2 

.9 .10279 .10334 9.6768 .99470 .1 
&- .10453 .10510 9.5144 .99452 M-

.6 .19937 .20345 4.9152 .97992 .5 

.6 .20108 .20527 4.8716 .97958 .4 

.7 .20279 .20709 48288 .97922 .3 

.8 20450 .20891 47867 .97887 .2 

.9 .20620 .21073 47453 .97851 .1 
12- .20791 .21256 4.7046 97816 78-

!neg. Coa. Cm Tan Sin Deg. Deg. COB Cm Tan Sin Deg. 
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T.f,/e 2 

Natural Trigonometric Fundions lor Decimal Fradions 01 a Degree 

lDeg. Sin Tan Ctn Co. lDeg. lDeg. Sin Tan Ctn eo. lDec· -
1'- .20791 .21256 4.i'046 .97815 78- 1'7.6 .3OO7l .31530 3.1716 .95372 72.11 

.1 .20962 .21438 4.6646 .97778 .9 .6 .30237 .31722 3.1524. .95319 .4 

.2 .21132 .21621 4.6252 .97742 .8 .7 .30403 .31914 3.1334 .95266 .3 

.3 .21303 .21804 4.5864 .97705 .1 .8 .30570 .32106 3.1146 ..95213 .2 

.4 .21474 .21986 4.M83 .97667 .6 .9 .30736 .32299 3.0961 .95159 .1 

.5 .21644 .22169 4.5107 .97630 .5 18- .30902 .32492 3.0777 .95106 7'-

.6 .21814 .22353 4.4737 .97592 .4 .1 .31068 .32685 30595 .95052 .9 

.7 .21985 .22536 4.4373 .97553 .3 .2 .31233 .32878 30-415 .94991 .8 

.8 .22155 .22719 4.4015 .97515 .2 .3 .31399 .33072 30237 .94943 .7 

.9 .22325 .22903 4.3662 .97476 .1 .4 .31565 .33266 3.0061 .94888 .6 

13- .22495 .25081 4.3315 .97437 77- .5 .31730 .33460 2.9887 .94832 .5 
.1 .22665 .23271 4.2972 .97398 .9 .6 .31896 .33654 2.9714 .94771 .4 
.2 .22835 .23455 4.2635 .97358 .8 .1 .32061 .33848 2.9544 .94721 .3 
.3 .23005 .23639 4.23OJ .97318 .7 .8 .32227 .340-13 2.9375 .94665 .2 
.4 .23175 .23823 4.1976 .97278 .6 .9 .32392 .34238 2.9208 .94609 .1 

.5 .2334.5 .24008 41653 .97237 .5 I&- .32557 .34433 2.90-42 .94552 11-

.6 .23514 .24.193 41335 .97196 .4 .1 .32722 .34628 2.8S7!I .944<15 .9 

.7 .23684. .24.371 41022 .97155 .3 .2 .32887 .34824 2.8716 .9443il .8 

.8 .23853 .24562 4.0713 .97113 .2 .3 .33051 .35020 28556 .94380 J 

.9 .24023 .24747 4.0408 .97072 .1 .4 .33216 .35216 2.8397 .94.l22 .6 

14- .24192 .24933 4.0108 .97030 7&- .5 .33381 .35-412 28239 .94264 .5 
.1 .24362 .26118 39812 .%987 .9 .6 .3.35-45 .35608 28083 .94206 .4 
.2 .24531 .25J04 3.9520 .96945 .8 .1 .33710 .35805 2.7929 .9-4147 .3 
.3 .24700 .254~-O 39232 .%902 .1 .8 .33874 .36002 2m6 .94088 .2 
.4 .24869 .25676 3.8947 .96858 .6 .9 .340.38 .36199 2.7625 .!H029 .1 

.5 .25038 .25862 38667 .96815 .5 20- .34202 .36397 2.7475 .93969 TO-

.6 .25207 .26048 3.8391 .96771 .4 .1 .M366 .36595 27326 .93909 .9 

.7 .25376 .26235 38118 .96727 .3 .2 .34530 .36793 2.7179 .93849 .AI 

.8 .25545 .26421 37848 .96682 .2 .3 .34694 .36991 2.7034 .93~ J 

.9 .25713 .26608 3.7583 .966J8 .1 .4 .34857 .37190 2.6889 .93728 .6 

15- .25882 .26795 37321 .96593 75- .5 .35021 .31388 2.67<46 .93667 .5 
.1 .26050 .26982 3.7062 .96547 .9 .6 35184 .37588 26605 .9.3006 .4 
.2 .26219 .27169 3.6806 .96502 .8 .7 .35347 ~7187 2.6464 .935-14 ~ 

.3 .26387 .27357 3.6554 .96456 .7 .8 .35611 .3791l6 2.6325 .9.3-183 .2 

.4 .26S56 .27545 3.6305 .96410 .6 .9 .35674 .38186 2.6187 .93-L.?() .1 

.5 .26124 .27132 3.6059 .96363 .5 21- .35837 .38386 2605l .93358 ~&-

.6 .26892 .27921 35816 .96316 .4 .1 .36000 .38587 2.5916 .932% .9 

.7 .27060 .28109 3.5576 .96269 .3 .2 .36162 .38787 25782 .93232 .AI 

.8 .27228 .28297 3.5339 .96222 .2 .3 .36325 .38988 25649 .93169 .7 

.9 .27396 .28486 3.5105 .96174 .1 .4 .36488 .39190 2.5517 .93106 .6 

16- .27564 .28675 34874 .96126 H- .5 .36650 .39391 2.5386 .93042 .6 
.1 .27731 .28864 3.4646 .96078 .9 .6 .36812 .395'13 2.5257 .92978 .4 
.2 .27899 .29053 344...?() .96029 8 .7 .36915 ~9195 2.5129 .92913 .3 
.3 .28067 .29242 3.4197 .95981 .7 .8 .37137 .39997 2.5002 .92&19 .2 
.4 .28234 .29432 3.3977 .95931 .6 .9 .37299 .40200 2.4876 .92784 .1 

.5 .28402 .29621 33759 .95882 .5 
.6 .28569 .298Il 3.35« .95832 .4 
.7 .28736 .30001 33332 .95782 .3 
.8 .28903 .30192 33122 .95732 .2 
.9 .29070 .30382 3.2914 .95681 .1 

22- .37461 .40403 2.4751 .9:!7IS 68-
.1 .37622 .40606 2.4627 .9:!653 .9 
.2 .37784 .40809 2.<l504 .92587 .AI 
~ .37946 .41013 2.4383 .9:!5~1 J 
.4 .38101 .41217 2.4262 .92..s5 .6 

IT- .29237 .30573 32709 .95630 13-
.1 .29404 .30764 3.2506 .95579 .9 
.2 .29571 .30955 32305 .95528 .8 
.3 .29737 .3Il-47 32106 .95476 .7 
.4 .29904 .31338 31910 .95424 .6 

IT.~ .30071 .31530 31716 .95372 12.6 

.5 .38168 .4H21 2.4142 .92388 .5 

.6 .38430 .41626 2.4013 .9:!.321 .4 

.7 38591 .41831 2.3906 .922.5-4 .3 

.8 .38752 .42036 23789 .9~186 .2 

.9 .38912 .42242 2.3673 .9~1l9 .1 
23- .39073 .424.47 2.~9 .92050 67-

lDeg. COB Ctn Tan SiD foeg. iDeg Cos CtIl Tan Stn Pec· 
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Table 2 

Natural Trigonometric Functions for Decimal Fractions of a Degree 

Deg. Sin Tan Ctn Cos Deg. Deg. Sin Tan Ctn Cos Deg. 

23- .39073 .42447 2.3559 .92050 67- 28.5 .47716 .54296 18418 .87882 61.5 
.1 .39234 .42654 2.3445 .91982 .9 .6 .47869 .54522 18341 87798 .4 
.2 .39394 .42860 23332 91914 .8 .7 .48022 .54748 1.826~ 87715 .3 
.3 39555 .43067 2.3220 .91845 .7 .8 .48175 .64975 18190 .87631 .2 
.4 .39715 .43274 2.3109 .91775 .6 .9 ,48328 .55203 18115 .87546 .1 

.5 39875 .43481 22998 .91706 .6 29- .48481 .55431 1.8040 .87462 61-

.6 .40036 .43689 22889 .91636 .4 .1 .48634 .55659 17966 .87377 9 

.7 40196 .43897 2.2781 .91566 .3 .2 .48786 .65888 17893 .87292 .8 

.8 .40355 .44105 22673 .91496 .2 .3 .48938 .56117 1.7820 .87207 .7 

.9 40514 .44314 2.2566 .91425 .1 .4 .49090 .66347 17747 .87121 .6 

24- .40674 .44523 22460 .91355 66- .5 .49242 .56577 17675 .87036 .6 
.1 ,40833 .44732 22355 .91283 .9 .6 .49394 .66808 17603 .86949 .4 
.2 .40992 .44942 22251 .91212 .8 .7 .49546 .57039 1.7532 .86863 .3 
.3 .4Il51 .45152 22148 .9Il40 .7 .8 .49697 .57271 17461 .86777 .2 
.4 .41310 46362 2.2045 .91068 .6 .9 .49849 .67503 17391 86690 .1 

.5 .41469 .45573 2.1943 .90996 .6 39- .50000 .57735 17321 .86603 69-
.6 41628 45784 2.1842 .90924 .4 .1 .50151 .67968 1.7251 .86515 .9 
.7 41787 .45995 2.1742 .90851 .3 .2 .50302 .58201 17182 .86427 .8 
.8 .41945 .46206 21642 .90778 .2 .3 .60453 .58435 17113 .86340 .7 
.9 .42104 .46418 2.1543 .90704 .1 .4 .50603 .58670 17045 .86251 .6 

25- .42262 .46631 2.1445 .90631 65- .6 .50754 .68905 16977 .86163 .6 
.1 .42420 .46843 2,1348 .90557 .9 .6 .50904 .59140 16909 .86074 .4 
.2 42578 .47056 2.1251 .90483 8 .7 51054 .69376 16842 .85985 .3 
.3 .42736 .47270 2.1155 .90408 .7 .8 .61204 .69612 16775 .85896 .2 
.4 .42894 .47483 2.1060 .90334 .6 .9 .51354 .59849 1.6709 .85806 .1 

.6 .43051 .47698 2.0965 .90269 .5 31- .61504 .60086 16643 .85717 59-

.6 .43209 .47912 2,0872 .90183 .4 .1 .51653 .60324 16577 85627 .9 

.7 .43366 .48127 20778 .90108 .3 .2 .51803 .60562 16512 .85536 8 

.8 .43523 .48342 2.0686 .90032 .2 .3 .51952 .60801 16447 85446 .7 

.9 .43680 .48557 20594 .89956 1 .4 .52101 .61040 16383 .85355 .6 

26- .43837 .48773 2,0503 .89879 64- .5 .52250 .61280 16319 .85264 .5 
1 .43994 .48989 20413 .89803 9 .6 .52399 .61520 16255 .85173 .4 

.2 .44151 .49206 20323 .89726 8 .7 .52547 .61761 1.6191 .85081 .3 

.3 .44307 .49423 2.0233 .89649 .7 .8 .62696 .62003 16128 .84989 .2 
.4 .44464 .49640 2.0145 .89571 .6 .9 .62844 .62246 1.6066 .84897 .1 

.6 .44620 :'(9858 2.0057 .89493 .5 32- .62992 .62487 1.6003 .84805 58-

.6 .44776 .50076 1.9970 .89415 .4 .1 .63140 .62730 1.5941 .84712 .9 

.7 .44932 .60295 1.9883 .89337 .3 .2 .53288 .62973 1.5880 .84619 .8 

.8 .46088 .50514 1.9797 .89259 .2 .3 .53435 .63217 1.5818 .84526 .7 

.9 .45243 .60733 1.9711 .89180 .1 .4 .63583 .63462 1.6757 .84433 .6 

27- .45399 .50953 1.9626 .89101 63- .6 .53730 .63707 1.6697 .84339 .5 
.1 .45554 .51173 1.9542 .89021 .9 .6 .53877 .63953 1.5637 .84245 .4 
.2 .45710 .51393 1.9458 .88942 .8 .7 .54024 .64199 1.6577 .84161 .3 
.3 .45865 .51614 19375 .88862 .7 8 .54171 .64446 15517 .84057 .2 
.4 .46020 .61835 1.9292 .88782 .6 .9 .54317 .64693 1.5458 .83962 1 

.5 .46175 .52057 1.9210 .88701 .5 33- 54464 .64941 15399 .83867 57-

.6 .46330 .52279 1.9128 88620 .4 .1 .54610 .65189 1.5340 .83772 .9 

.7 .46484 .52501 1.9047 .88539 .3 .2 .54756 .65438 1.5282 .83676 .8 

.8 .46639 .52724 18967 .88458 .2 .3 .54902 .65688 15224 .83581 .7 

.9 .46793 .52947 1.8887 .88377 .1 .4 55048 .65938 15166 .83485 6 

28- .46947 .63171 1.8807 .88295 62- .5 .55194 .66189 1.5108 .83389 .5 
.1 .47101 .53395 18728 .88213 .9 .6 .55339 66440 1.5051 .83292 .4 
.2 .47255 .53620 18650 .88130 .8 .7 55484 66692 14994 .83195 .3 
.3 .47409 .53844 1.8572 .88048 .7 .8 .55630 .66944 1.4938 83098 .2 
.4 47562 .54070 1.8495 87965 .6 .9 .56775 67197 1.4882 83001 .1 

28.5 47716 .64296 1.8418 .87882 61.5 34- 55919 67451 14826 82904 1S6-

Deg. Cos Ctn Tan Sin Deg. Deg. Cos Ctn Tan Sin Deg. 
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Table ~ 

Natural Trigonometric Functions Jor Decimal Fractions of a Degree 

Deg. Sin Tan Ctn Cos Deg. Deg. Sin Tan Ctn Cos lDeg 

34- 55919 .67451 1.4826 .82904 56- 39.5 .63608 .82434 1.2131 .77162 .50.~ 
.1 .56064 .67705 1.4770 .82806 .9 .6 .63742 .82727 1.2088 .77051 .4 
.2 .56208 .67960 1.4715 .82708 .8 .7 .63877 .83022 1.2045 .76940 .3 
.3 .56353 .68215 1.4659 .82610 .7 .8 .64011 .83317 1.2002 .76828 .2 
.4 .56497 .68471 1.4605 .82511 .6 .9 .64145 .83613 1.1960 .76717 .1 

.5 .56641 .68728 1.4550 .82413 .5 40- .64279 .83910 1.1918 .76604 IS~ 

.6 .56784 .68985 1.4496 .82314 .4 .1 .64412 .84208 1.1875 .76492 .9 

.7 .56928 .69243 1.4442 .82214 .3 .2 .64546 .84507 1.1833 .76380 .8 

.8 .57071 .69502 1.4388 .82115 .2 .3 .64679 .84806 1.1792 .76267 .7 

.9 .57215 .69761 1.4335 .82015 .1 .4 .64812 .85107 1.1750 .76154 .6 

35- .57358 .70021 1.4281 .81915 55- .5 .64945 .85408 1.1708 .76041 .5 
.1 57501 .70281 1.4229 .81815 .9 .6 .65077 .85710 1.1667 .75927 .4 
.2 .57643 .70542 1.4176 .81714 .8 .7 .65210 .86014 1.1626 .75813 .3 
.3 .57786 .70804 1.4124 .81614 .7 .8 .65342 .86318 1.1585 .75700 .2 
.4 .57928 .71066 14071 .81513 .6 .9 .65474 .86623 1.1544 .75585 .1 

.5 .58070 .71329 14019 .81412 .5 41- .65606 .86929 U504 .75471 49-

.6 .58212 .71593 1.3968 .81310 .4 .1 .65738 .87236 1.1463 .75356 .9 

.7 .58354 .71857 1.3916 .81208 .3 .2 .65869 .87543 1.1423 .75241 .8 

.8 .68496 .72122 13865 .81106 .2 .3 .66000 .87852 1.13S3 .75126 .7 

.9 .58637 .72388 1.3814 .81004 .1 .4 66131 .88162 1.1343 .75011 .6 

36- .58779 .72654 1.3764 .80902 54- .5 .66262 .88473 1.1303 .74896 .5 
.1 .58920 .72921 13713 .80799 .9 .6 .66393 .88784 1.1263 .74780 .4 
.2 .59061 .73189 13663 .80696 .8 .7 .66523 .89097 1.1224 .74664 .3 
.3 .59201 .73457 13613 .80593 .1 .8 66653 .89410 1.1184 .74548 .2 
.4 .59342 .73726 1.3564 .80489 .6 .9 .66783 .89725 1.1145 .74431 .1 

.~ 

.5 .59482 .73996 1.3514 .80386 .5 42- .66913 .90040 1.1106 .74314 48-

.6 .59622 .74267 1.3465 .80282 .4 .1 .67043 .90357 1.1067 .74198 .9 

.7 .59763 .74538 1.3416 .80178 .3 .2 .67172 .90674 1.1028 .74080 .8 

.8 .59902 .74810 1.3367 .80073 .2 .3 .67301 .90993 1.0990 .73963 .7 

.9 .60042 .75082 1.3319 .79968 .1 .4 .67430 .91313 1.0951 .73846 .6 

37- .60182 .75355 13270 .79864 53- .5 .67559 .91633 10913 .73728 .5 
.1 .60321 .75629 1.3222 .79758 .9 .6 .67688 .91955 1.0875 .73610 .4 
.2 .60460 .75904 1.3175 .79653 .8 .7 .67816 .92277 1.0837 .73491 .3 
.3 60599 .76180 13127 .79547 .7 .8 .67944 .92601 1.0799 .73373 .2 
.4 .60738 .76456 1.3079 .79441 .6 .9 .68072 .92926 1.0761 .73254 .1 

.6 .60876 .76733 1.3032 .79335 .5 -is- .68200 .93252 1.0724 .73135 .l7-

.6 .61015 .77010 1.2985 .79229 .4 .1 .68327 .93578 1.0686 .73016 .9 

.7 .61153 .77289 1.2938 .79122 .3 .2 .68455 .93906 1.0649 .72897 .8 

.8 .61291 .77568 12892 .79016 .2 

.9 .61429 .77848 1.2846 .78908 .1 
.3 .68582 .94235 1.0612 .72777 .7 
.4 .68709 .94565 1.0575 .72657 .6 

38- .61566 .78129 12799 .78801 52- .5 .68835 .94896 1.0538 .72537 .5 
.1 .61704 .78410 1.2753 .78694 .9 
.2 .61841 .78692 12708 .78586 .8 
.3 .61978 .78975 12662 .78478 7 
.4 .62115 .79259 1.2617 .78369 .6 

.6 .68962 .95229 1.0501 .72417 .4 

.7 .69088 .95562 1.0464 .72297 .3 

.8 .69214 .95897 1.0428 .72176 .2 

.9 .69340 .96232 1.0392 .72055 .1 

.5 .62251 .79544 1.2572 .78261 .5 

.6 .62388 .79829 12527 .78152 .4 

.7 .62524 .80115 1.2482 .78043 .3 

.8 62660 .80402 1.2437 .77934 .2 

.9 .62796 .80690 1.2393 .77624 .1 

u- .69466 .96569 I.OS55 .71934 46-
.1 .69591 .96~7 I.OSI9 .71813 .9 
.2 .69717 .9724& 1.0283 .71691 .8 
.3 .69842 .97586 1.0247 .71569 .7 
.4 .69966 .97927 1.0212 .71447 .6 

39- .62932 .80978 1.2349 .77715 :n-
.1 .63068 .81268 1.2305 .77605 .9 
.2 .63203 .81558 1.2261 .77494 .8 
.3 .63338 .81849 12218 .77384 .7 
.4 .63473 .82141 1.2174 .77273 .6 

39.1\ .63608 .82434 1.2131 .77162 50.& 

.5 .70091 .98270 10176 .71325 .5 

.6 .70215 .98613 10141 .71203 .4 

.7 .70339 .98958 10105 .71080 .3 

.8 .70463 .99304 10070 .70957 .2 

.9 .70587 .99652 10035 .708J4 .1 
45- .70711 1.00000 1.0000 .70711 -&5-

Deg. Cos Ctn Tan Sin iDeg. iDeg. Coa Ctn Tan Sin iDeg. 

Natural Trigonometric Functions for Decimal Fractions of a Degree 
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TABLE 3 

1.00 - Four-Place Natural logarithms - 5.59 

N .00 .01 .02 .03 .04 .01S .06 .01 .08 .09 

1.0 0.0000 0.0100 0.0198 0.0296 0.0392 0.0488 0.0583 0.0677 0.0770 00862 
1.1 0.0953 0.1044 0.1133 0.1222 0.1310 0.1398 0.1484 0.1570 0.1655 0.1740 
1.2 0.1823 0.1906 0.1989 0.2070 0.2151 0.2231 0.2311 0.2390 0.2469 0.2546 
1.3 0.262. 0.2700 0.2776 0.2852 0.2927 0.3001 0.3075 0.3148 0.3221 0.3293 
1.. 0.3365 0.3436 0.3507 0.3577 0.3646 0.3716 0.3784 0.3853 0.3920 0.3988 

1.1S 0.4055 0.4121 0.4187 0.4253 0.4318 0.4383 0,4447 0,4511 0,4574 0.4637 
1.6 0,4700 0.4762 0.4824 0.4886 0,4947 0.5008 05068 0.5128 0.5188 0.5247 
1.7 0.5306 0.5365 0.5423 0.5481 0.5539 0.5596 0.5653 0.5710 0.5766 0.5822 
1.8 0.5878 0.5933 0.5988 0.6043 0.6098 0.6152 0.6206 0.6209 0.6313 0.6366 
1.9 0.6419 0.6471 0.6523 0.6575 0.6627 0.6678 0.6729 0.6780 0.6831 0.6881 

2.0 0.6931 06981 0.7031 0.7080 0.7129 0.7178 0.7227 0.7275 0.7324 0.7372 
2.1 0.7419 0.7467 0.7514 0.7561 0.7608 0.7655 0.7701 0.7747 0.7793 0.7839 
2.2 0.7885 0.7930 0.7975 08020 0.8065 0.8109 0.8154 0.8198 0.8242 0.8286 
2.3 0.8329 0.8372 0.8416 0.8459 0.8502 0.8544 0.8587 0.8629 0.8671 0.8713 
2.4 0.8755 0.8796 0.8838 0.8879 0.8920 0.8961 0.9002 0.9042 0.9083 0.9123 

2.1S 0.9163 0.9203 0.9243 0.9282 0.9322 0.9361 0.9400 09439 0.9478 0.9517 
2.6 0.9555 0.9594 0.9632 0.9670 0.9708 0.9746 0.9783 0.9821 0.9858 0.9895 
2.7 0.9933 0.9969 1.0006 1.0043 1.0080 1.0116 1.0152 1.0188 1.0225 1.0260 
2.8 1.0296 1.0332 1.0367 1.0403 1.0438 1.0473 1.0508 1.0543 1.0578 1.0613 
2.9 1.0647 1.0682 1.0716 1.0750 1.0784 1.0818 1.0852 1.0886 1.0919 1.0953 

3.0 1.0986 1.1019 1.1053 1.1086 1.1119 1.1151 1.1184 1.1217 1.1249 1.1282 
3.1 1.1314 1.1346 1.1378 1.1410 1.1442 1.1474 1.1506 1.1537 1.1569 1.1600 
3.2 1.1632 1.1663 1.1694 1.1725 1.1756 1.1787 1.1817 1.1848 1.1878 1.1909 
3.3 1.1939 1.1969 1.2000 1.2030 1.2060 1.2090 1.2119 1.2149 1.2179 1.2208 
3.4 1.2238 1.2267 1.2296 1.2326 1.2355 1.2384 1.2413 1.2442 1.2470 1.2499 

S.IS 1.2528 1.2556 1.2585 1.2613 1.2641 1.2669 1.2698 1.2726 1.2754 1.2782 
3.6 1.2809 1.2837 1.2865 1.2892 1.2920 1.2947 1.2975 1.3002 1.3029 1.3056 
3.7 1.3083 1.3110 1.3137 1.3164 1.3191 1.3218 1.3244 1..3271 1.3297 1.3324 
3.8 1.3350 1.3376 1.3403 1.3429 1.3455 1.3481 1.3507 1.3533 1.3558 1.3584 
3.9 1.3610 1.3635 1.3661 1.3686 1.3712 1.3737 1.3762 1.3788 1.3813 1.3838 

4.0 1.3863 1.3888 1.3913 1.3938 1.3962 1.3987 1.4012 1.4036 1.4061 1.4085 
4.1 1.4110 1.4134 1.4159 1.4183 1.4207 1.4231 1.4255 1.4279 1.4303 1.4327 
4.2 1.4351 1.4375 1.4398 1.4422 1.4446 1.4469 1.4493 1.4516 1.4540 1.4563 
4.3 1.4586 1.4609 1.4633 1.4656 1.4679 1.4702 1.4725 1.4748 1.4770 1.4793 
4.4 1.4816 1.4839 1.4861 1.4884 1.4907 1.4929 1.4951 1.4974 1.4996 1.5019 

4.1S 1.5041 1.5063 1.5085 1.5107 1.5129 1.5151 1.5173 1.5195 1.5217 1.5239 
4.6 1.5261 1.5282 1.5304 1.5326 1.5347 1.5369 1.5390 1.5412 1.5433 1.5454 
4.7 1.5476 1.5497 1.5518 1.5539 1.5560 1.5581 1.5602 1.5623 1.5644 1.5665 
48 1.5686 1.5707 1.5728 1.5748 1.5769 1.5790 1.5810 1.5831 1.5851 1.5872 4.9 1.5892 1.5913 1.5933 1.5953 1.5974 1.5994 1.6014 1.6034 1.6054 1.6074 . 
IS.O 1.6094 1.6114 1.6134 1.6154 1.6174 1.6194 1.6214 1.6233 1.6253 1.6273 
5.1 1.6292 16312 1.6332 1.6351 1.6371 1.6390 1.6409 1.6429 1.6448 1.6467 5.2 1.6487 1.6506 1.6525 1.6544 1.6563 1.6582 1.6601 1.6620 1.6639 1.6658 5.3 1.6677 1.6696 1.6715 1.6734 1.6752 1.6771 1.6790 1.6808 1.6827 1.6845 S.4 1.6864 1.6882 1.6901 1.6919 1.6938 1.6956 1.6974 1.6993 1.7011 1.7029 

IS.IS 1.7047 1.7066 1.7084 1.7102 1.7120 1.7138 1.7156 1.7174 1.7192 1.7210 

N .00 .01 .02 .03 .04 .01S .06 .01 .08 .09 

log..1 = .6974-3 log. .01 = .3948-5 log •• 001 = .0922-7 

1.00 - Four-Place Natural logarithms - 5.59 
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Table 3 
5.50- Four-Place Natural Logarifhms-10.09 

N .00 .01 .02 .03 .04 .05 .06 .07 .08 .09 

5.5 1.7047 1.7066 1.7084 1.7102 1.7120 1.7138 1.7156 1.7174 1.7192 1.7210 
5.6 1.7228 1.7246 1.7263 1.7281 1.7299 1.7317 1.7334 1.7352 1.7370 1.7387 
5.7 1.7405 1.7422 1.7440 1.7457 1.7475 1.7492 1.7509 1.7527 1.7544 1.7561 
5.8 1.7579 1.7596 1.7613 1.7630 1.7647 1.7664 1.7681 1.7699 1.7716 1.7733 
5.9 1.7750 1.7766 1.7783 1.7800 1.7817 1.7834 1.7851 1.7867 1.7884 1.7901 

6.0 1.7918 1.7934 1.7951 1.7967 1.7984 1.8001 1.8017 1.8034 1.8050 1.8066 
6.1 1.8083 1.8099 1.8116 1.8132 1.8148 1.8165 1.8181 1.8197 1.8213 1.8229 
6.2 1.8245 1.8262 18278 1.8294 1.8310 1.8326 1.8342 1.8358 1.8374 1.8390 
6.3 1.8405 1.8421 1.8437 1.8453 1.8469 1.8485 1.8500 1.8516 1.8532 1.8547 
6.4 1.8563 1.8579 1.8594 1.8610 1.8625 1.8641 1.8656 1.8672 1.8687 1.8703 

6.5 18718 1.8733 1.8749 1.8764 1.8779 1.8795 1.8810 1.8825 1.8840 1.8856 
6.6 1.8871 1.8886 1.8901 1.8916 1.8931 18946 1.8961 1.8976 1.8991 1.9006 
6.7 1.9021 1.9036 19051 1.9066 1.9081 1.9095 1.9110 1.9125 1.9140 1.9155 
6.8 1.9169 1.9184 1.9199 1.9213 1.9228 1.9242 1.9257 1.9272 1.9286 1.9301 
6.9 1.9315 1.9330 1.9344 1.9359 1.9373 1.9387 1.9402 1.9416 1.9430 1.9445 

7.0 1.9459 1.9473 1.9488 1.9502 1.9516 1.9530 1.9544 1.9559 1.9573 1.9587 
7.1 1.9601 1.9615 1.9629 1.9643 1.9657 1.9671 1.9685 1.9699 1.9713 1.9727 
7.2 1.9741 1.9755 1.9769 1.9782 1.9796 1.9810 1.9824 1.9838 1.9851 1.9865 
7.3 1.9879 1.9892 1.9906 1.9920 1.9933 19947 1.9961 1.9974 1.9988 2.0001 
7.4 2.0015 2.0028 2.0042 2.0055 2.0069 2.0082 2.0096 2.0109 2.0122 2.0136 

7.5 2.0149 2.0162 2.0176 2.0189 2.0202 2.0215 20229 2.0242 2.0255 2.0268 
7.6 2.0281 2.0295 2.0308 2.0321 2.0334 2.0347 2.0360 2.0373 2.0386 2.0399 
7.7 2.0412 2.0425 2.0438 2.0451 2.0464 2.0477 20490 2.0503 2.0516 2.0528 
78 2.0541 2.0554 2.0567 2.0580 20592 2.0605 2.0618 2.0631 2.0643 2.0656 
7.9 2.0669 2.0681 2.0694 2.0707 2.0719 2.0732 2.0744 2.0757 2.0769 2.0782 

8.0 20794 2.0807 2.0819 2.0832 2.0844 2.0857 2.0869 2.0882 2.0894 2.0906 
81 2.0919 2.0931 2.0943 2.0956 2.0968 2.0980 2.0992 2.1005 2.1017 2.1029 
8.2- 2.1041 2.1064 .e.l066 2.1078 2.1090 2.1102 2.1114 2.1126 2.1138 2.1150 
8.3 2.1163 2.1175 2.1187 2.1199 2.1211 2.1223 2.1235 2.1247 2.1258 2.1270 
8.4 2.1282 2.1294 2.1306 2.1318 2.1330 2.1342 2.1353 2.1365 2.1377 2.1389 

8.5 ·2.1401 2.1412 2.1424 2.1436 2.1448 2.1459 2.1471 2.1483 2.1494 2.1506 
8.6 2.1518 2.1529 2.1541 2.1552 2.1564 2.1576 2.1587 2.1599 2.1610 2.1622 
87 2.1633 2.1645 2.1656 2.1668 21679 2.1691 2.1702 2.1713 2.1725 2.1736 
8.8 2.1748 2.1759 2.1770 2.1782 2.1793 2.1804 2.1815 2.1827 2.1838 2.1849 
8.9 2.1861 2.1872 2.1883 2.1894 2.1905 2.1917 2.1928 2.1939 2.1950 2.1961 

9.0 2.1972 2.1983 2.1994 2.2006 2.2017 2.2028 2.2039 2.2050 2.2061 2.2072 
9.1 2.2083 2.2094 2.2105 2.2116 2.2127 2.2138 2.2148 2.2159 2.2170 2.2181 
9.2 2.2192 2.2203 2.2214 2.2225 2.2235 2.2246 2.2257 2.2268 2.2279 2.2289 
9.3 2.2300 2.2311 2.2322 2.2332 2.2343 2.2354 2.2364 2.2375 2.2386 2.2396 
9.4 2.2407 2.2418 2.2428 2.2439 2.2450 2.2460 2.2471 2.2481 2.2492 2.2502 

9.5 2.2513 2.2523 2.2534 2.2544 2.2555 2.2565 2.2576 2.2586 2.2597 2.2607 
9.6 2.2618 2.2628 2.2638 2.2649 2.2659 2.2670 2.2680 2.2690 2.2701 2.2711 
9.7 2.2721 2.2732 2.2742 2.2752 2.2762 2.2773 2.2783 2.2793 2.2803 2.2814 
9.8 2.2824 2.2834 2.2844 2.2854 2.2865 2.2875 2.2885 2.2895 2.2905 2.2915 
9.9 2.2925 2.2935 2.2946 2.2956 2.2966 2.2976 2.2986 2.2996 2.3006 2.3016 

10.0 2.3026 2.3036 2.3046 2.3056 2.3066 2.3076 2.3086 2.3096 2.3106 2.3115 

N .00 .01 .02 .03 .04: .015 .06 .07 .08 .09 

log. .0001 = .7897-10 log •. 00001 == .4871-12 log. .000 001 - .1845-14 

5.50 - Four-Pia;. Natural Logarithms -1 0.09 
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TABLE 4 

Areas 01 'he Normal Probability Curve 

I-tP(t)dl 

II 0.00 0.01 0.02 0.03 O.M 0.05 0.06 0.01 0.08 0.09 

- 1--
0.0 .0000 .0040 .0080 .0120 .0160 .0199 .0239 .0279 .0319 .0359 
0.1 .0398 .0438 .0478 .0517 .0557 .0596 .0636 .0675 .0714 .0753 
0.2 .0793 .0832 .0871 .0910 .0948 .0987 .1026 .1064 .1103 .1141 
0.3 .1179 .1211 .1255 .1293 .1331 .1368 .1406 .1443 .1480 .1517 
0.4 .1554 .1591 .1628 .1664 .1100 .1736 .1772 .1808 .1844 .1879 

0.5 .1915 .1950 .1985 .2019 .2054 .2088 .2123 .2151 .2190 .2224 
0.6 .2257 .2291 .2324 .2351 .2389 .2422 .2454 .2486 .2517 .2549 
0.7 .2580 .2611 .2642 .2673 .2704 .2734 .2764 .2794 .2823 .2852 
0.8 .2881 .2910 .2939 .2967 .2995 .3023 ;3051 .3078 .3106 .3133 
0.9 .3159 .3186 .3212 .3238 .3264 .3289 .3315 .3340 .3365 .3389 

1.0 .3413 .3438 .3461 .3485 .3508 .3531 .3554 .3517 .3599 .362~~ 
1.1 .364l .3665 .3686 .3708 .3729 .3749 .3770 .3790 .3810 .3830 

jl.2 .3849 .3869 .3888 .3901 .3925 .3944 .3962 .3980 .3997 .4015 
1.3 .4032 .4049 .4066 .4082 .4099 .4115 .4131 .4141 .4162 .4177 
1.4 .4192 .4207 .4222 .4236 .4251 .4265 .4279 .4292 ,4306 .4319 

1.5 .4332 .4345 .4357 .4370 .4382 .4394 .4406 .«18 .4429 .4441 
1.6 .4452 .4463 .«74 .4484 .4495 .4505 .4515 .4525 .4535 .4545 
1.7 .4554 .4564 .4573 .4582 .4591 .4599 .4608 .4616 .4625 .4633 
1.8 .4641 .4649 .4656 .4664 .4671 .4678 .4686 .4693 .4699 .4706 
1.9 .4713 .4719 .4726 .4732 .4738 .41« .4750 .4756 .4761 .4767 

'2.0 .4773 .4778 .4783 .4788 .4793 .4798 .4803 .4808 .4812 .4817 
2.1 .4821 .4826 .4830 .4834 .4838 .4842 .4846 .4850 .4854 .4857 
2.2 .4861 .4864 .4868 .4871 .4875 ,4878 .4881 .4884 .4887 .4890 
2.3 .4893 .4896 ,4898 .4901 .4904 A906 .4909 .4911 .4913 .4916 
2.4 .4918 .4920 .4922 .4925 .4927 .4929 .4931 .4932 .4934 .4936 

2.5 .4938 .4940 .4941 .4943 .4945 .4946 .4948 .4949 .4951 .4952 
2.6 .4953 .4955 .4956 .4957 .4959 .4960 .4961 .4962 .4963 .4964 
2.7 .4965 .4966 .4967 .4968 .4969 .4970 .4971 .4972 .4973 .4974 
2.8 .4974 .4975 .4976 .4977 .4977 .4978 .4979 .4979 .4980 .4981 
2.9 .4981 .4982 .4983 .4983 .4984 .4984 .4985 .4985 .4986 .4986 

3.0 .4987 .4981 ,4981 .4988 .4988 .4989 .4989 .4989 .4989 .4990 
3.1 .4990 .4991 .4991 .4991 .4992 .4992 .4992 .4992 .4993 .4993 
3.2 .4993 .4993 .4994 .4994 .4994 .4994 .4994 .4995 .4995 .4995 
3.3 .4995 .4995 .4996 .4996 .4996 .4996 .4996 .4996 .4996 .4997 
3.4 .4997 .4991 .4997 .4997 .4997 .4997 .4997 .4997 .4997 .4998 

3.5 .4998 .4998 .4998 .4998 .4998 .4998 .4998 .4998 .4998 .4998 
3.6 .4998 .4998 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999 
3.7 ,4999 .4999 .4999 .4999 .4~l .4999 .4999 .4999 .4999 .4999 
3.8 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .5000 3.9 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000 

u 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.01 0.08 0.09 

Areas of ,I.. Normal Probability Cu~. 
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Degrees of Freedom 

1 
2 
3 
4 
Ii 

6 
7 
8 
9 

10 

11 
12 
13 
14 

15 

16 
17 
18 
19 

20 

21 
22 
23 
24 

25 

26 
27 
28 
29 
80 

40 

ISO 

Degrees of Freedom 

TABLE 5 
Student'. t-Distribution 

5 per Cent 

12.706 
4.303 
3.182 
2.776 
2.571 

2.447 
2.365 
2.306 
2.262 
2.228 

2.201 
2.179 
2.160 
2.145 
2.131 

2.120 
2.110 
2.101 
2.093 
2.086 

2.080 
2.074 
2.069 
2.064 
2.060 

2.056 
2.052 
2.048 
2.045 
2.042 

2.021 

2.008 

5 per Cent 

Student's t-Distribution 

350 

1 per Cent 

63.657 
9.925 
5.841 
4.604 
4.032 

3.707 
3.499 
3.355 
3.250 
3.169 

3.106 
3.055 
3.012 
2.977 
2.947 

2.921 
2.898 
2.878 
2.861 
2.845 

2.831 
2.819 
2.807 
2.797 
2.787 

2.779 
2.771 
2.763 
2.756 
2.750 

2.704 

2.678 

1 per Cent 



TABLE 6 

Xl Probability Scale 

Values of Xl Corresponding to Certain Chances of Exceeding Xl 

Degrees 
P-.DO .70 .60_ .80 .20 .10 .0lS .02 .01 of 

Freedom 

- - -------
1 0.02 0.15 0.45 1.07 1.64 2.71 3.84 5.41 6.63 
2 0.21 0.71 1.39 2.41 3.22 4.60 5.99 7.82 9.21 
3 0.58 1.42 2.37 3.66 4.64 6.25 7.81 9.84 11.34 
4 1.06 2.19 3.36 4.88 5.99 7.78 9.49 11.67 13.28 
IS 1.61 3.00 4.35 6.06 7.29 9.24 11.07 13.39 15.09 

6 2.20 3.83 5.35 7.23 8.56 10.64 12.59 15.03 16.81 
7 2.83 4.67 6.35 8.38 9.80 12.02 14.07 16.62 18.47 
8 3.49 5.53 7.34 9.52 11.03 13.36 15.51 18.17 20.09 
9 4.17 6.39 8.34 10.66 12.24 14.68 16.92 19.68 21.67 

10 4.86 7.27 9.34 11.78 13.44 15.99 18.31 21.16 23.21 

11 5.58 8.15 10.34 12.90 14.63 17.27 19.67 22.62 24.72 
12 6.30 9.03 11.34 14.01 15.81 18.55 21.03 24.05 26.22 
13 7.04 9.93 12.34 15.12 16.98 19.81 22.36 25.47 27.69 
14 7.79 10.82 13.34 16.22 18.15 21.06 23.68 26.87 29.14 
lIS 8.55 11.72 14.34 17.32 19.31 22.31 25.00 28.26 30.58 

16 9.31 12.62 15.34 18.42 20.46 23.54 26.30 29.63 32.00 
17 10.08 13.53 16.34 19.51 21.61 24.77 27.59 30.99 33.41 
18 10.86 14.44 17.34 20.60 22.76 25.99 28.87 32.35 34.80 
19 11.65 15.35 18.34 21.69 23.90 27.20 30.14 33.69 36.19 
20 12.44 16.27 19.34 22.77 25.04 28.41 31.41 35.02 37.57 

21 13.24 17.18 20.34 23.86 26.17 29.61 32.67 36.34 38.93 
22 14.04 18.10 21.34 24.94 27.30 30.81 33.92 37.66 40.29 
23 14.85 19.02 22.34 26.02 28.43 32.01 35.17 38.97 41.64 
24 15.66 19.94 23.34 27.10 29.55 33.20 36.41 40.27 42.98 
2lS 16.47 20.87 24.34 28.17 30.67 34.38 37.65 41.57 44.31 

26 17.29 21.79 25.34 29.25 31.79 35.56 38.88 42.86 45.64 
27 18.11 22.72 26.34 30.32 32.91 36.74 40.11 44.14 46.96 
28 18.94 23.65 27.34 31.39 34.03 37.92 41.34 45.42 48.28 
29 19.77 24.58 28.24 32.46 35.14 39.09 42.56 46.69 49.59 
30 20.60 25.51 29.34 33.53 36.25 40.26 43.77 47.96 50.89 

- ------- - - -
Degrees 

of P-.90 .70 .60 .80 .20 .10 .01S .02 .01 
Freedom 

x' Probability Scale 

For larger degrees of freedom, let t = v'2X2 - .y2n - 1 where 
n = degrees of freedom. Then, approximately, 

p =! --[",(t) dt 
2 0 

and Table 25 may be used. 

Reproduced from StatistkaJ. Methorh lor Research Workers with the Jlermission of 
the author, R. A. Fisher, and his publisher, Oliver and Boyd, Edinburgh. 
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AND STATISTICAL TERMS 

Abecissa, 5 
Addition theorem, t 99 
An:&, 182 
Arithmetic progression, 44 

aum, 46 

Bias,236 
Binomial distribution, 223 

mean, 227 
standard deviation of, 228 
variance of, 228 

Central limit theorem, 229 
Chance variable, 202 
Chi 1qWll'e distribution, 268, 351 (Table 6) 
Class limits, 243 
Class mean, 245 
~ffk~ntof~mtion,287 
~fficient of determination, 289 
~fficient regression, 291 
Common difference, 44 
Common ratio, 48 
Concavity. 128 
Conditional probability, 200 
Confidence limits. 25 t 
Consiatency.241 
Consistent estimate. 241 
Constant, derivatiw of, 99 

times a function. derivatiw of, 95 
Comtrained maximum, 171 
Comtrained minimum, 171 
Contingency table. 270 
doordinatea, rectangular, 5 

Corremtion, 273 
coefficient, 287 

mg,297 
sample,287 
teat of significance, 287 

Jag,295 
simple,287 
zero,289 

Critical point, 135 
Critical value, 135 
Cumumtive probability, 203 
Curve, area, 182 
Curve fitting, 275 

Definite integral, t 82 
Degrees of freedom, 241 
Density, probability, 204 
Dependent variable, 3, 69 
Derivative, 85 

of a constant, 99 
times a function, 95 

of differences of functions, 97 
of exponential function, 115 
firat, geometric significance of, t 23 
of a function of a function. 105 
higher,126 
of an implicit function, 154 
logarithmic, 114 
of a logarithmic function, 112 
negatiw power, 107 
partial, 146 

higher,164 
of a power, 94 
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Derivative (corU'd) 
of a product, 100 
of a quotient, 102 
rules for obtaining, 94 
second,128 
of a sum of functions, 97 

Determinant, expansion, 56 
minors, 56 
ofthe second order, 54 
solution of systems of equations, 54 
third-order,56 

Determination, coefficient, 289 
Difference, common, 44 

equation, homogeneous first-order, 61 
linear, with constant coefficients, 61 

nonhoDlogeneous, 63 
first, 61 
of functions, derivative, 97 
quotient, 76 

Dispersion, 219 
Distribution, binomial, 223 

chi square, 268, 351 (Table 6) 
fitting, 265 
frequency, 243 
normal, 226, 349 (Table 4) 
probability,202 
Student's, 287, 350 (Table 5) 
t, 287, 350 (Table 5) 

I, 109-110 , 
Efficiency, 241 
Efficient estimate, 241 
Equation, defined, 11 

graph,6 
lInear, in one unknown, 11 

systems, 28 
normal, 275, 279, 282 
quadratic, 35 

Error curve, normal, 226 
first kind, 256 
second kind, 256 

Estimate, 236 
consistent, 241 
efficient, 241 
sufficient, 242 
unbiased, 236 

Euler theorem, 161 
Even funcllon, 71 
Expectation, matheDlatical, 80, 208 
Exponential function, derivative, 115 

trend,279 
Extrapolation, 276 

Fiducial limits, 251 
First derivative, geoDletric significance, 123 
First difference, 61 
First-order difference equation, homoge

neous,61 
nonhomogeneous, 63 

Fitting, curve, 275 
Fitting distribution, 265 

norIDal, 265 
FreedoDl, degrees of, 241 
Frequency, relative, 194 
Frequency definition of probability, 194 
Frequency distribution, 243 
Function; 3, 69 

even, 71 
of a function, derivative, 105 
homogeneous, 159 

linear, 162 
iInplicit, 69-70 

derivative, 154 
inverse, 69 
linear, graph, 13 
odd, 71 
of one variable, IDaXim.um, 133 

miniInum, 133 
of several variables, 145 

DlaxUnum, 166 
IDinim.UDl, 166 

Gaussian distribution, 226 
Geometric Dlean, 274 
Geometric progression, 48 

lunit,84 
sum, 50 

liIDit,84 
Goodness of fit, 267 
Graph, 5, 6 

of linear function, 13-16 

Higher derivative, 126 
Higher partial derivative, 164 
Homogeneous function, 159 

Euler theorem, 161 
linear, 162 

Hyperbola, rectangular, 42 
Hypotheses, test, 255 

Implicit function, 69 
derivative, 154 

Indefinite integral, 181 
Independence, 201 
Independent variable, 3, 69 
Inflection point, 142 
Integral, definite, 182 

indefinite, 181 
Intercept, 16 
Interpolation, 275 
Inverse funcllon, 69 

Kurtosis,220 

Lag correlation, 295 
coefficient, 297 

Lag regression, 297, 300 
Large numbers, law of, 210 
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Law of large numbers, 210 
Least squares, 273 
Level of significance, 255 
Likelihood, maximum, 243, 280 
Linut, 80 

confidence, 251 
fiducial, 251 

Linear difference equation with constant 
coefficients, 61 

Linear equation, in one unknown, 11 
systems, 28 

Linear function, graph, 13 
Linear ho~ogeneous function, 162 
Linear trend, 275 
Location, probability distribution, 208 
Logarithm, 37, 341-342 (Table 1) 

natural, 110, 347-348 (Table 3) 
Logarithmic differentiation, 112, 114 

Mathematical expectation, 80, 208 
moments about, 219 

Maximum, 133 
constrained, 171 
with side conditions, 171 

Maximum function of several variables, 166 
Maximum likelihood, 243, 280 
Mean, arithmetic, 208 

binomial distribution, 227 
class, 245 
geometric, 274, 30l 
population, 208 
sample, 237, 245 

Median, 250 
Minimum, 133 

constrained, 171 
function of several variables, 166 
side conditions, 171 

Minor, 56 
Mode,234 
Moment, 217 

about the mathematical expectation, 219 
about the origin, 217 

Multiple regression, 292 
Multiplication theorem, probability, 200 

Natural logarithm, 110, 347-348 (Table 3) 
Negative power, derivative, 107 
Normal distribution, 207, 226, 349 (Table 

4) 
fitting, 265 

Normal equations, 275, 279, 282 
Normal error curve, 207, 226 
Normal integral, 229 

Odd function, 71 
Ordinate,S 

Parabola, curve fitting, 278 
trend,278 

Partial derivative, 146 
higher, 164 

Permissible value, 3, 4 
Point of inflection, 142 
Population, 208 

mean, 208 
standard deviation, 220 
variance, 219 

Power, derivative, 94 
Probability,193 

addition theorem, 199 
classical definition of, 193 
condltional, 200 
cumulative, 203 
denslty, 204 
distribution, 202 

binomial, 223 
mean, 227 
standard deviation, 228 
variance, 228 

dispersion, 219 
kurtosis, 220 
location, 208 
moments, 217 
normal, 207, 226 

in tegral, 229 
rectangular, 205 

skewness, 220 
frequency definition, 194 
multiplication theorem, 200 

Product of functions, derivative, 100 
Progression, arithmetic, 44 

sum, 46 
geometric, 48 

limit, 84 
sum, 50 

sum, 44 

Quadratic equation, 35 
Quotient of functions, derivative. 102 

Random sample, 235 
Random sequence, 194 
Rllndom variable, 202 
Range, 245 
Ratio, common, 48 
Rectangular coordinates, 5 
Rectangular hyperbola, 42 
Rectangular probability distribution, 205 
Regression, 273, 281 

coefficient, 291 
test, 291 

lag, 297, 300 
multiple, 292 

Rdative frequency, 194 
Repeated trials, 223 
Rules of differentiation, 94 

Sample, correlation coefficient, 287 
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Sample (cont'tl) 
mean, 237, 245 

standard error, 239 
random, 235 
variance, 239 

Sampling, random, 235 
stratified, 236 

Scatter diagram, 282 
Second derivative, 128 
Second-order determinant, S. 
Selection, 194, 
Sequence, random, 194 
Sheppard's correction, 250 
Significance level, 255 
Simple correlation, 287 
Skewness, 220 
Slope, 14, 77 

tangent, 123 
Standard deviation, 220 

binomial distribution, 228 
population, 220 

Standard error, sample mean, 239 
Statistic, 236 
Stochastic variable, 202 
Stratified sampling, 236 
Student's distribution, 258, 287, 350 

(Table 5) 
Sufficiency, 242 
Sufficient estimate, 242 
Sum, of arithmetic progressions, 46 

of functions, derivative, 97 
of geometric progressions, 50 

limit, 84 
of progressions, 44 

Systems of linear equations, 28 
lOlution by determinants, 5. 

'-distribution, 258, 287, 350 (Table 5) 
Tangent, alope, 123 
Telt, .goodneu oHit, 267 

hypothelel, 255 
large samplel, 255 
small samples, 257 

of lignificance, correlation coefficient. 
287 

regression coefficient, 291 
two samples, 259 

Third-order determinant, 56 
Trend, exponential, 279 

linear, 275 
parabolic, 278 

Trials, repeated, 223 
Trigonometry, 77, 343-346 (Table 2) 
Two samples, test of lignificance, 259 

Unbiased estimate, 236 

Values, permissible, 3, 4 
Variable, 69 

chance, 202 
dependent, 3, 69 
independent, 3, 69 
random, 202 
stochastic, 202 

Variance, 219 
binomial distribution, 228 
population, 219 
sample,239 
Sheppard'. correction, 250 

Zero coaelation, 289 
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Agricultural prodw:u, demaDd, 24 
IUpply,24 

Australia, production function, 150 
Automobili:s, demaDd, 151 
Average cost, 74 

and marginal cost, 140 
Average revenue, 72 

Barley, demaDd, 19, 11, 71, 99, 152 
Beef, demaDd, 31, 152 
Beer, demand, 151 
BiCYCles, demaDd, 151 
Buckwheat, demaDd, 24, 99 
Budget equation, 171 
Butte~demand, 74,154 

Canada, production function, 150 
Cobweb theorem, 65, 295 
Collective demand, 18 
Collective IUpply, 19 . 
Competition, 22, 12, 175 
Compound interest, 52, 62 
Connant elasticity, demaDd, 41 
CoDJtant marginal cost, 130 
Comtant product curve, 1 n 
Comumera' surplus, 188 
Com, demand, 11, 41, 108, 151 
Cost, average, 74, 181 
indepartment~, 100 
of hOSiery, 76, 90, 100 
of leather belts, 76, 90, 100 
in light plant, 90 
of living, 301 
marginal, 88,181 
, CODJtant, 130 

Colt, marginal (~o"l'tI) 
decreasing, 130 
increasing, 130 

of steel, 76, 100 
total, 74, 181 

Cotton, demand, 19, 41, 71, 98, 108 

Decreasing marginal cost, 110 
Demand, agricultural products, 24 

automobiles, 151 
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barley, 19, 11,73,99,152 
beef, 11, 152 
beer,151 
bicycles, 151 
buckwheat, 24, 99 
butter, 74, 154 
com, 11, 41, 108, 151 
cotton, 19,41,71,98, 108 
curves with constant elasticity, 41 

fitting, 292 
quadratic, 15 

elasticity, 119, 174 
partial, 151 

function of, 72 
individual,17 
linear, 17 
market, 17 

hay, 11, 74, 99, 153 
mutton, 31, 152 
oats, 11, 151 
oieomargerine, 154 
partial elasticity, 151 
pork, 31, 152 
potatoe., 41, 71, 108 
r)":, 19, 99 
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Demand (conl'd) 
shift, 15~ 
shoes, 153 
soap, 153 
spirits, 153 
sugar, 19, 24, 43, 65, 73, 98,107 
tobacco, 153 
wheat, 43, 108 

Department store, cost, 100 
Distribution of income, 37 

Elasticity, 41, 118,298,299 
constant, 41 
of demand, 119, 174 

and marginal revenue, 121 
partial, 151 

income, 174 
Enterprise, growth, 47 
Equation, budget, 173 
EquIlibrium, general, 32 

market, 22 
several commodities, 30 

partial, 22 

Farms, production function, 151 
Fitting demand functions, 292 
Fitting Pareto distribution, 280 
Fitting supply functions, 292 
Food, utility function, 174 
Free competition, 22, 32, 175 
Free good, 18 
Function, production, 175 

transformation, 177 

General equilibrium, 32 
Geometric mean, index number, 303 
Good, free, 18 
Growth of enterprise, 47 

Hay, demand, 31, 74, 99, 153 
Hogs, production function, 151 
Hosiery, cost, 76, 90, 100 

Ideal index number, 304 
Identification, 293, 302 
Imputation, 32 
Income, distribution, 37 

elasticity, 174 
Increasing marginal cost, 130 
Index number, geometric mean, 303 

ideal,304 
Laspeyre's, 304 
Paasche, 304 
Sauerbeck, 303 

Indifference curve, 174, 175 
Individual demand function, 17 
Individual supply function, 19 
Input-output analysis, 60 
Interest, compound, 52, 62 

Joint production, 169 

Laspeyre's index number, 304 
Leather belts, cost, 76, 90, 100 
Light plant, cost, 90 
Linear demand function, 17 
Linear programming, 12, 30 
Linear supply function, 19 
Living, cost of, 303 

Marginal cost, 88, 181 
and average cost, 140 
constant, 130 
decreasmg, 130 
increasing, 130 

Marginal productivity, 149, 177 
Marginal rate ofsubstitution, 174 
Marginal revenue, 90 

and elasticity of demand, 121 
Marginal utIlity, 174 
Market, demand function, 17 

equilibrium, 22 
of several commodities, 30 
8upply function, 19 

Meat packing, production function, 10 
Monopoly, 136 

steel, 139 
sugar, 139 
tax, 157 

Multiplier, 64, 85 
Mutton, demand, 31, 152 

Oats, demand, 31, 153 
Oleomargerine, demand, 154 

Paasche index number, 304 
Paretb curve, 37 

fitting, 280 
Partial elasticity of demand, 151 
Partial equilibrium, 22 
Population growth, 51 
Pork, demand, 31,152 
Potatoes, demand, 43, 73, 108 
Product, constant, 177 
Production, under free competition, 

175 
function, 175 

Australia, 150 
Canada, 150 
farms, 151 
hogs, 151 
meat packing, 10 
United States, 150 

joint, 169 
Productivity, marginal, 149, 177 
Profits, 32, 136 
Programming, linear, 12, 30 

Quadratic demand function, 35 



Ratio,.ex, 198 
Revenue, average, 72 

marginal, 90 
total, 72 

Rye, demAlld, 19,99 

'Sauerbeck index number, 304 
Sex ratio, 198 
Shift in demand, 158 
Shoes, demand, 153 
Soap, demand, 153 
SpecIfic tax, 24 
Spirits, demand, 153 
Steel, coat, 76, 100 

DlODOpoly, 139 
Subsidy, 24 
Substitution, m.arginal rate or. 174 
Sugar, demand, 19, 24, 43, 65, 73, 98, 107 

DlODOpoly, 139 
supply, 21, 24, 65 

Supply, agricultural products, 24 
curve, fining, 292 
function, col.lective, 19 
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Supply, function, (conl'd) 
individual, 19 
hnear,19 
Dl&rket,19 

lUgar, 21, 24 
Surplus, CODSUJDefS', 188 

Tax, 24 
specific, 24 
monopoly, 157 

Theorem, cobweb, 295 
Tobacco, demand, 153 
Total cost, 74, 181 
Total revenue, 72 
Transfonnation function, 1 n 
United States, production function, 150 
Utility, 173 

function for food, 174 
Dl&rginal, 174 
measurable, 174 

~,de~,43, 108 
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