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PREFACE

The idea from which this dissertation grew was conceived under
the stimulus of lectures on ‘“‘International Economic Policies” de-
livered by Professor Jacob Viner. I am indebted to him for pains-
taking criticism, for constructive suggestions, for references—in
fact, for most generous assistance at every turn. From Professor
Henry Schultz I have received constant encouragement and, out
of his wide knowledge of mathematical economics, technical aid
which has been invaluable. My other major obligations are to
Professors Frank Knight, Harold Hotelling, and John Canning
for reading and commenting on the manuscript; to Professor
F. W. Taussig and to the late Professor Allyn Young for instruc-
tion and inspiration; to Mr. Alexander Oppenheim for the solu-
tions of Appendix I; and, not least, to a wife who “suffereth long
and is kind.” My debts to other teachers and friends are legion.

I am not so sanguine as to expect that I have avoided entirely
errors of exposition or of theory. Responsibility for them is, of
course, mine alone.

Chapter ii is the foundation upon which the three following
chapters are separately based. If the reader prefers to omit the
somewhat lengthy symbolic translations of chapter iii, he may
proceed directly to chapters iv and v.

This monograph was originally submitted in partial fulfilment
of the requirements for the doctorate in the University of Chica-
go, August, 1929. Except for the addition of section 4 in chapter
v, no important revisions have been made in the original thesis.

THEODORE O. YNTEMA
TeE UNivERSITY OF CHICAGO
August 12, 1931
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CHAPTER 1

INTRODUCTION

The reformulation of the theory of international trade herein
attempted does not constitute a system fundamentally different
from the classical and neo-classical theory. Instead, it proceeds
from well-known assumptions rather widely conceded to be useful
approximations in many cases. By elementary methods of mathe-
matical analysis the conclusions which follow from the classical
-premises are re-examined and extended. |

The case for mathematical deduction is particularly strong in
the theory of international trade. Within the general field of pro-
duction and distribution the traditional one-thing-at-a-time
method with its ceteris paribus assumption typically yields useful
approximations, since the repercussions of a given change are
often negligible, or at least insufficient to alter the sign of the
direct result. On the other hand, the simultaneous equation anal-
ysis—much as it may contribute to an appreciation of the assump-
tions implicit in a simplified technique—suffers as a method of
direct approach from the severe practical limitation of complexity,
since it introduces innumerable elements but little related to the
immediate phenomenon. The respective merits of these proce-
dures, however, are quite different when applied to the theory of
international trade. Here the classical method has been particu-
larly awkward, and the field has often been designated as the
most difficult and perplexing in economics. For the validity of the
ceteris paribus assumption is doubtful if the problem is one related-
to loans, indemnities, duties, bounties, etc. (not restricted to a
very small portion of the imports or the exports), since the reper-
cussions of changes in price levels and exchange rates on the inter-
relations of supply and demand are of primary importance. The

b



3 INTERNATIONAL TRADE

term “reciprocal demand” nicely epitomizes the vagueness of
classical theory in this realm. But these conditions afford the best
opportunity for mathematical analysis. A relatively small num-
ber of variables, closely interdependent, but—as a useful first
approximation—independent of repercussions from the multitude
of factors in the domestic price system, offers the chance to use
the ceteris paribus assumption relative to the latter and the meth-
od of simultaneous equations in analyzing relations between the
former. '

The group of closely related variables to be dealt with in inter-
national trade theory are those of prices and quantities of the
commodities demanded and supplied. The relations of this group
to substitute domestic commodities might also be recognized, and
it would be possible to include a wider and wider range of variables
until the whole price system of each country were involved in the
adjustment of trade balances. For a complete theory this would
be necessary. But the equations would then be so numerous and
complicated as to afford nothing more than an indication of the
type of relations existing at equilibrium. Utilizing more restricted
assumptions, we shall be able to derive and extend the principal
propositions in the pure theory of international trade.

It is believed that the contributions to be found in these pages
consist in (1) a more accurate definition of assumptions; (2) a
simpler and more elegant statement of equilibrium conditions;
(3) a technique for analyzing—subject to the assumptions made—
the effects of a disturbance in conditions of demand or supply or
in trade balances; (4) a method for generalizing many of these
conclusions to any number of commodities and countries; and
(5), perhaps, a basis for a statistical approach to some problems
in international prices.



CHAPTER 1T

THE GENERAL EQUATIONS DESCRIBING
EQUILIBRIUM

I. PREVIEW OF THE CHAPTER

At the risk of oversimplification and later repetition we shall
preface this chapter with a general statement of procedure. It is
hoped that such a preview may suggest how the preliminary
assumptions and definitions will be synthesized into a description
of equilibrium.

International trade, or, as it is often termed, interregional trade,
is in the pure case distinguished from intranational or intra-
regional trade by immobility of the productive agents between
the countries or regions. Only exchange of products takes place
between the countries. Actually this sharp contrast of sufficient
mobility of the factors for competition and equalization of price
within the respective regions with complete immobility between
regions does not exist. In this study we shall confine ourselves to
the simplified, ideal case.

In most instances the changes in the prices of imported or ex- .
ported commodities attributable to disturbances in the conditions
of trade may, for our purposes, be resolved into two components:
(@) shifts of all the demand and supply schedules of a country up
or down by a ratio which is constant for every point on any sched-
ule; (b)) movements of the equilibrium price pointsalong the sched-
ules with changes in quantities demanded or supplied. The shifts
of class (¢) are monetary in character, resulting from a generally
distributed increase or decrease in the means of payment in cir-

* We shall hereafter use the term “country” as indicative of a region within which
the productive factors are in competition, but beyond the limits of which they can-

not move.
3



4 INTERNATIONAL TRADE

culation. If we could abstract from them, it would be possible, for
some arbitrarily assumed monetary conditions, to define the or-
dinary price-quantity functions of demand and supply. Shifts
which are peculiar to specific schedules are not included under
“either (a) or (5) but constitute a separate class.

There ar¢ two well-known, fundamental characteristics of ex-
change between individuals, trading bodies, or countries, which
are readily translated into equations, At equilibrium price the
quantity of a commodity demanded is equal to the quantity sup-
plied. Or, in special form for our use: at a price which is the same
in all countries (neglecting transportation costs, duties, etc.) the
total quantities of a commodity imported are equal to the total
quantities exported. This is true of, and yields an equation for,
each commodity. The second condition is this: for each trading
body or country the total value of what is bought is equal to the
total value of what is sold, allowance being made for loans, de-
ferred payments, gifts, etc. This corresponds to the balance of
international debits and credits and reduces in the simplest case
to the equality of the value of exports and imports. From this
relation one equation is obtained for each country. These two sets
of equations, together with those necessary to define the functions
and assert the equality of international prices, are adequate for a
description of equilibrium.

We may now pass to a more detailed analysis of the problem.

2. STATEMENT OF ASSUMPTIONS

Pursuing the classical method of abstracting from complicating
factors, we shall first write the equations describing equilibrium
in international trade for a very simple case. The list of assump-
tions cited below (an inclusion not strictly in the classical tradi-
tion) is not complete in detail; many of the assumptions are of
blanket character covering numerous subordinate points.

Assumption 1: Invisible items, i.e., non-commodity items, such
as loans, indemnities, duties, etc., do not enter into trade balances.
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Assumption 2: Physical, financial, or time barriers to trade,
such as embargoes, transportation costs, duties, etc., do not exist.

Assumption 3: Competition brings about the equality of the
values of every internationa]ly traded commodity in all exporting
and importing countries in terms of gold or in terms of a.ny other
traded commodity. :

Assumption 4: Definite demand and supply schedules for each
commodity are given. A demand schedule allows the whole quan-
tity of a commodity taken by domestic buyers to be stated as a
function of the price of the commodity, provided that abstraction
is made from other influences, including monetary changes. A
supply schedule permits the quantity of a commodity offered for
sale by the whole group of domestic vendors to be expressed as a
function of its price—again abstracting from all other effects on
the price. These are the ordinary domestic demand and supply
schedules, defined for some constant set of monetary conditions.

The assumption of such schedules is indeed significant, since it
implies, inter alia: ‘

a) There is a definite functional relationship between price and
quantity with respect to commodities supplied and demanded. In
particular the price is a single-valued function of the quantity.

b) Shifts and migration of the factors of production resulting
from changes in international trade are neglected.

¢) No internationally traded commodity has any nval or com-
plementary commodity.

Assumption 5: Adjustment in international trade to equilibri-
um conditions is achieved through monetary mechanisms which
elevate the demand and supply schedules of some countries and
lower the schedules of other countries, or alter the exchange values
of the currencies of the various countries, or operate in both these

* Constant monetary conditions are such as would keep the prices of purely
domestic commodities (i.e., commodities not traded internationally) constant. Al-
though the prices of exported and imported commodities might vary under these
conditions with variations in the quantities of imports or exports, their demand and
supply schedules would remain unchanged.
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ways concurrently. If a monetary change raises or depresses the
schedules in a country, all the schedules of that country are raised
or depressed tkroughout by the same ratio.

Assumption 6: Only such original disturbing influences occur as
are directly recognized in the analysis.

Of these assumptions, the first three are obviously not true to
the facts and, as we shall see, can be somewhat modified to accord
better with actual conditions. Assumption 4 can be relaxed to
allow rival and complementary relations between commodities,
but the analysis then becomes much more complicated. It hasnot
been feasible to do this except in the general equations. The fifth
assumption is essential to a simple algebraic description of equilib-
rium and cannot readily be modified without introducing other
arbitrary elements. It can, however, be abandoned, as in chapter
v, when we are seeking only the signs of the changes in the vari-
ables resulting from a disturbance to equilibrium.

Attention should be directed to the assumption of price-quan-
tity functions—particularly supply functions—since they are a
considerable simplification of actual conditions. Even though we
specify whether we are considering short- or long-run adjust-
ments, we should recognize the fact that short- and long-run ad-
justments do not occur independently of each other. But we fol-
low what we believe to be a useful abstraction in assuming supply
and demand curves as elements of our problem. There is this
consideration in support of such procedure, that if we know only
whether the demand curves be inelastic or elastic and whether
the supply curves’ slopes be positive or negative, we can, in some
instances, formulate generalizations regarding the sign of the
change in the prices of the commodities and the quantities im-
ported and exported. '

"The implications of the fifth assumption should not be over-
looked. It excludes other mechanisms which aid in establishing
equilibrium, such as partial movements of the factors of produc-
tion and changes in the amounts of invisible items which minimize
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short-run oscillations in exchange rates and price levels. Further- |
more,* the mechanism described in this assumption is based on a

much simplified theory of money and prices. Current formula-

tions of monetary theory show that in the expansion or contrac-

tion of credit and currency, demand and supply schedules do not
shift by a uniform ratio. Movements in price levels are phenom-
ena with important dynamic characteristics which cannot be de-
scribed in static terms. Our procedure is not, however, wholly un-
warranted. For the tendency of such dynamic changes is toward
the conditions indicated by our uniform shifts of schedules. The
degree of accuracy of our assumption depends upon the length of
period of adjustment considered and the uniformity and simul-
taneity with which expansion and contraction of credit affect the
income streams of primary importance in determlmng the prices
of imports and exports.

From assumptions 1 and 2 and the implicit assumption that
what is bought is paid for immediately, it follows that the total
value of exports from each country must equal the :"cotal value of
imports into that country for any given period. Further, for any
period, the total quantity of imports of a commodity into all
countries must equal the total quantity of exports of the com-"
modity from all countries. These two well-known generalizations, .
coupled with the fifth assumption regarding the monetary shifts -
in demand and supply schedules, afford the basis for the equatlons'
of equilibrium in international trade. :

3. DEFINITION OF SYMBOLS

Let there be countries 1 to m engaged in international trade,
identified by a first subscript (or first after a comma, if one appears
in the subscripts) to any variable or function, and commodities
1 to », identified by a second subscript (or second after a comma).?

* The conclusions of chapter v are not, for the most part, subject to the limita-
tions cited in the rest of this paragraph. ‘

a After much consideration it seemed best to abandon the scheme of symbols
ordinarily used by the Lausanne mathematical school of economists and adopt a



8 INTERNATIONAL TRADE

In some preliminary cases and in a few instances later it is neces-
sary to distinguish the price, quantity, function, or elasticity of
a demand curve from that of a supply curve. This is done by
using a subscript d or s, then a comma, and after the comma the
country and commodity subscripts. Let x, be the quantity* of
commodity & exported from (if x is positive) or imported into (if
x is negative)? country p. Let ¥, be the price which the kth com-
modity would have in the pth country under some constant mone-
tary conditions arbitrarily assumed, so that all demand and sup-
ply schedules could be defined at fixed heights for these condi-
‘tions. Let gs be the quantity of the 2th commodity taken in
the pth country, and similarly let ¢, be the quantity supplied.

system of double-subscript notation. Among the reasons for this decision the fol-
lowing are the most weighty:

@) Some device for identifying many different variables and functions with the
particular commodity and country is necessary. The subscript notation does this
most conveniently. _

3) The double-subscript system conforms to the ordinary mathematical nota-
tion and greatly facilitates the handling of the determinants in chapter v and
Appendix 1.

¢) It is often useful to be able to write a general term or a general equation
typifying a large group of such terms and equations. For this the general sub-
scripts are a distinct advantage.

d) Subscripts, particularly numerical subscripts, facilitate the writing of summa-
tions in abbreviated form.

¢) The use of subscripts avoids the introduction of an excessive number of
symbols. .

For illustration of the use of double-subscript notation in analogous circum-
stances, see A. L. Bowley, Mathematical Groundwork of Economics, pp. s fI., and
V. Pareto, “Teoria Matematica dei Cambi Forestieri,” Giornale degli Ecomomisti,
VIII (1894), 143 ff.

* All quantities demanded or supplied, or imported or exported, are really rates,
i.e., quantities per unit of time. ‘

s This use of a positive sign for exports and a negative sign for imports leads to a
determinant in chapter v in which all the elements are positive rather than negative,
The distinction between positively and negatively sloped supply curves, which is
important, would also be confused by the use of negative signs for exports. In
spite of the fact that our convention is at variance with ordinary usage, it seemed
advisable to adopt it.
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Between these quantities and the quantity exported (+) or im-
ported (—) there is the obvious relation:

o,k Ga,pk = Tpk « (1)

Now our assumptions permit us to express the quantity taken
(or supplied) as a function of the price on a fixed-height schedule.

Qoo =Vt (ypr) « (2
a.pt=Vapk(Ypt) - o @)

Consequently the quantity exported or imported may be defined
(except for imports of a commodity produced under decreasing costs)*

as .
Lok = o, ot — Ga, ok = Vo, 5t (Yp1) — Va5t (Vo) | ()

or simply,

Zpk =]t (Ypt) - B (5)

Conversely, of course, y may be exp’réssed as a function of 2:
Yok =bok(Zpt) « (6)

Now ¥ has been defined and related to xu for some assumed,
constant monetary conditions. But it is through ckanges in mone-
tary conditions that adjustments in international trade are effect-
ed. Such changes, according to our assumptions, shift all the de-

* This definition is appropriate if the supply curve is positively sloped and also
for exports of a commodity whose curve of equation (2) is negatively sloped. For
smports of a commodity whose supply in the importing country would be character-

ized by a negatively sloped curve this relation is not correct. For such imports the
proper function is

Top™=— \l’d,pb (ypk) . (40)

The function fpi(ypr) in equation (5) is under these conditions defined by (44)
instead of (4). A full explanation of this matter is given in chapter iv, where the
problem can be dealt with more conveniently by graphic illustrations.
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mand and supply schedules of a country upward or downward by
some ratio which is the same for all commodities. Let us designate
by Y the actual money price of the kth commodity in the pth
country. Then if r, be the ratio of the height of any schedule in
country p under existing conditions to the height of the same
schedule under the assumed conditions for which its y,, was de-
fined and related to x,:, we have
=Y |

Ty Yor * )]
Thus, for example, if all the schedules in country p had risen by
25 per cent above the status under which y,, was defined,

You
rp=1.2§ o (8)
_ For the exchange rate, i.e., the number of units of currency of
country p obtainable for one unit of the currency of country 1, let

us use the symbol ¢:. Since the prices of internationally traded
?
commodities are the same in both countries when allowance is

made for the exchange rate, it follows that

c_x- Yxh = th . (9)
4

Let us next consider the relations between the heights of the
schedules in countries 1 and p and the exchange rate. If the num-
ber of units of currency in country 1 were twice what it is, the
heights of all the schedules would be doubled. On the other hand,
the number of units of currency of country p obtainable for a unit
of the currency of country 1 would be halved. Such a phenomenon
we shall term a compensated monetary change, i.e., a shift in the
ratio of the two price levels compensated by a reverse shift in the
exchange rate, or, from the other point of view, a shift in the ex-
change rate compensated by a reverse shift in the ratio of the two
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price levels Such compensated moneta.ry changes, which form
the basis for the purchasing power parity theory, leave the net

value of the expression ?—c_, unchanged, since a proportional in-

P

crease or decrease in ; is balanced by the same proportlonal de-

4

crease or increase in ¢; . Any net change in (r c:) we sha.ll call an

P
uncompensated monetary change, and the expression (—;;ci) we
shall designate by the symbol z,, which we shall ‘term the net
monetary factor. ’
%=ﬁ@. " (10)
p Pp
Obviously, z, varies directly with the ratio of the height of coun-

try 1’s schedules to the height of country #’s schedules and also
directly with the exchange rate. Consequently, if the exchange
rate ¢, is constant, the net monetary factor ; varies directly with .

P »

the ratio of the heights of the schedules in the two countries, :7'- .
. . ) . ‘ P
But if this ratio is constant, the net monetary factor 2, is directly
3 .
proportional to c, , the exchange rate.

By substxtutlon in (10) from (7) we get

Ya |
ry Yk Yok Ya ~
= == O= — Cr e II
T Ju Ta (=)
: Yok
But by (9) we have
Yu G=I. (1'2) 7
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Whence _
z.;= %;’f or ) Yo = ziyll . (13) .

On the significance of this relation two observations should be
made. First, corresponding to the equivalence of money prices of
internationally traded commodities in two countries (when allow-
ance is made for the exchange rate), we have here the proposition

that the ratio 22 is the same for all traded commodities. Second,

yu

itis clear that a change in the net monetary factor z, signifies that

7 _
there has been a real or uncompensated shift in the relation of the
schedules in country 1 to those in country p. These uncompen-
sated or real shifts in the heights of the schedules or in the ex-
change rates afford the basis for adjustments in international
trade necessitated by changes in conditions of demand and sup-
ply, indemnities, duties, etc.—i.e., such disturbances as are not
of a purely monetary character involving only the general heights
of the schedules and the exchange rates.

4. THE EQUILIBRIUM EQUATIONS

Having defined all the necessary symbols, we are equipped to
describe the ¢haracteristics of equilibrium in international trade
The two fundamental conditions of equilibrium are, for our sim-
plest case, the equality of the values of the imports and the exports
for each country, and the equality of the guantities of the exports
and the imports of each commodity for all countries combined.
The equations of Sets I and II below exhibit these two conditions
respectively. Sets III, IV, and V are auxiliary equations stating
the interrelations of the quantities and the prices and the varia-
tions in the heights of the schedules, as set forth in the preceding
paragraphs. The demonstration of the equality of the number
of equations and unknowns, which is necessary for a determinate
solution, may best be deferred to a later point in the discussion.
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Set I.—Each equation states that the sum of the values of
goods imported (—) plus the sum of the values of goods exported
(+) is zero for each country. We have, thus, # equations, one for
each country, of the type, for the pth country, |

IVt 2pVpt2p Vst oo +2pV pu=0, | (14)

or, in summation form,

i=n

E xp{Yp‘=° .

Set II.—For each commodity the sum of the quantities ex-
ported (4) from all countries plus the sum of the quantities im-
ported (~—) into all countries must be zero. There are # such equa-
tions, one for each commodity, of the type, for the kth commodity,

Tt Xt 2t o o0 o FEm=0, ' ‘(1.5),

or, in summation form,

f=m

E x;'k=°o

Set I1I.—Rewriting (7),
Yor="rpyo - | ‘ | (x6)

There is one such equation for each of the #» commodities in each
of the m countries, mn equations in all. 7, is the same for every

commodity in a country.
Set I'V.—From (5) we obtain mn equatlons one for each com-

modity in each country, ;
Xk = for(ypr) - - Gn
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Set V.~From (13)*

ypl- zx_yﬂ . . (18)
4
There are n such equations (one for each commodity) for each
of (m—1) countries, or #(m~—1) in all. For country 1, z, is unity
. . . ; .

‘and the equation becomes a simple identity.

By substituting in the equations of Sets I and II the expressions
given by Sets III, IV, and V, we can eliminate the latter sets and
obtain (m+n) equations involving only the yu’s and the z,s.

4
We may first substitute from Set V in Set III and Set IV. (The
Roman numerals in brackets specify the sets of equations from
* which substitution has been made.)
Set III (V).

You=ryz:iyu . (z9) .
14

Set IV (V).

Toa=fou(Zyu) . (20)

We then substitute these expressions for ¥, and z, in Set I,

obtaining

'rz!ynf ﬂ(zlyn)+’pz!ynfr=(zxyn)+ rees +’pzl}’mfm(zl)'m) =0, (21)
4 » » 4 1 4 »

or

=

Z’ng}’xifpi(zg'u =o0.

™ ) 4 4
3 If commodity % is not an internationally traded commodity for country 1,
there is no y,;=2:3:k relation to be used in substituting for y,,. But the relation of
?
Tp 10 Yk (for the gth country) may be used instead by virtue of (26):
o
Ik gk (183)
_ ]
This relation, it should be mﬁceF, does not introduce any additional variables.
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From this 7, may be canceled out, giving Set I (III, IV, V):

f=n

Z 2:y1ifpi(2n) =0 . | (22)

jumy P p_
Further, if we wish, the zi'm'ay be canceled, since it is common to

all the commodities.
Set I’ (ITI, IV, V).

t=n

D nfmilzmd =o. | (23)
s=1 p

By substitution in Set II from Set IV (V), we obtain Set IT av,
V): : : ‘

Ju(yu) +faa(zm) Hn(zyw) + « o o o Ffmr(2yu) =0, (24)

or, since z; is unity,
b 4

Together, Sets I (HI, IV, V), (22), and IT (IV, V), (24), contain
(m+n) equations. They involve # unknowns, yu, and (m—1)
unknowns, z;, together (m+#n—1) unknowns. But one of the

¥4
equations can be obtained from the other (m—+n—1) by straight-
forward substitution, so that there are the same number of inde-
pendent equations as unknowns.*
The final two sets of equations, Set I’ (III, IV, V), i.e., (23), and
Set II (IV, V), (24), may be written in a simple rectangular for-

* This can be most easily seen by reference to equations (25). Suppose, for ex-
ample, that the equalion in the first row was not given. For each term in' the first
row its equivalent, which is the negative sum of the other terms in its vertical col-
umn, may be substituted. But the sum of all such terms is zero. Therefore the sum
of the terms in the first row is zero.



16 INTERNATIONAL TRADE

mation, equations of the former set reading from left to right and
equations of the latter set, with a factor y. inserted throughout,
reading from top to bottom.

yqfn(yn) | +y:sz(yu) o +yn\/m(ym) =Q

+ o+ +
nyzx(Z:y;.)+y.Jn(zlyn)+ s +ymfzn(z_xym) =0
4+ 4 +
yqf_u(z!yn)"l"yufgz(z!yu)+ eeoe. +ymf_m(z_xym) =0 (25)
3 3 3
+ o+ +
A
yxx/mx(z!_yfx)+ynfmz(zg_yu)+ ) +ymfm|(z_§_ym) =0
] ] cosne ]

o o o

These horizontal equations, it will be remembered, are derived
from the fact that the sum of values of imports (—) and values
of exports (+) equals zero for each country. And the vertical
equations indicate that the sum of the quantities of a commodity
imported (—) into all countries and the quantities exported (+4)
from all countries is zero.

From the equations of Sets I (III, IV, V) and II (IV, V), as
given in (22) and (24) or in (25), the y.’s (the prices on fixed-
height schedules of all the commodities for country 1) and the
z,’s (all the net monetary factors) are determinable. Through the

?

equations of Set V, (18), all the y,’s (the prices on the fixed-
height schedules of all the commodities in all the countries) are
then calculable; and from them, by means of the equations of Set
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IV, (17), all the x.’s (the quantities of imports and exports for all
commodities and all respective countries). The actual money
prices, Y, which appear in Set IIT, (16), cannot be determined
since we do not have the means of ascertaining the r, values.
These ratios, r;, establish the absolute heights of the actual de-
mand and supply schedules in existing money units for the various
countries. Since equilibrium is dependent, not on the absolute
heights, but on the relative heights of the schedules in the respec-
tive countries and on the exchange rates, it is to be expected that
the ratios, r,, are not involved in the solution. They can be ascer-
tained only by knowledge of the factors which fix the absolute
heights of price levels throughout the world.

5- THE NET MONETARY FACTOR
The net monetary factor z, which is the key to our simultaneous

P .
equation description of equilibrium, was by (10) defined as equal
to (—:—' c;). Now, if the exchange values of all currencies—or of the

I

currencies of those particular countries in which we are interested

—were known and were constant, i.e., if the ¢,’s were known con-
»

stants (a condition approximated when the countries are on the
gold standard), all the ratios between the r,’s could evidently be
ascertained. Further, if from data outside those which have been
assumed, any r, were known, then the other r,’s would be calcu-

lable. Changes in the ratio ? would be approximately the same,
»
if ¢; were constant, as changes in the ratio of the height of the

? .
internal or domestic price level of country 1 relative to that of
country 2.

On the other hand, if the r,’s in question were constant, i.e., if
the actual schedules in these countries were to remain throughout
at fixed heights, a case approximated when the internal price
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levels are constant, the net monetary factor 2, would be propor-
?
tional to the exchange rate ¢,, which represents the number of

) 4
units of currency of country p which have a purchasing power of
any internationally traded commodity equal to that of one unit of
the currency of country 1. In the special case in which the r,’s

were all unity, the net monetary factor z; would be identical with

?
the exchange rate ¢,.

: P
Neither of the special cases discussed in the two preceding
paragraphs will necessarily exist, and it is quite possible that

variations in the net monetary factor z, will be the result of con-
. P )
current variations in the relative heights of the price levels and

in the exchange rate, i.e., in both ? and ¢, . It is hardly necessary
» » ,
to remark that, if it is desired, a net monetary factor, 2, relating.

?
.country g to country p could be calculated from the relation,

r et
L4 4
z_;=" c!==z' . (26)

6. LIMITATIONS OF THE PURCHASING POWER PARITY THEORY

The foregoing exposition may throw some light on the doctrine
of purchasing power parity in its simpler forms. According to
this doctrine, the exchange ratio of the currencies of two countries
is inversely proportional to the ratio of their domestic price levels.
Assuming no disturbances to originate except those which we

specifically recognize, ? is proportional to the ratio between the
?
heights of the two price levels and ¢, is the exchange ratio of the

P
currencies. Consequently, the doctrine requires that
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1 £} = E_ )
;; K & ’ . (27)
P

in which K is some constant, and also therefore that
zl =K L] (28)

?
But it is variations in this net monetary factor, %, which are all

4

important in explaining the adjustments necessitated by non-
monetary changes, such as shifts in demand, indemnities, loans,
duties, etc. Because it requires implicitly that the net monetary
factor be a constant, the purchasing power parity theory is com-
pletely estopped from coping with such phenomena and is com-
pelled to regard them as disturbing factors for which it cannot
account. It can deal adequately only with those changes of a
purely monetary origin and character in which price levels and
exchange rates require appropriate adjustment Zo each otker, i.e.,
in which only a “compensated monetary change” occurs. .

7- THE TERMS OF TRADE IN RESOURCES COSTS

Thus far we have deliberately refrained from introducing rela-
tive resources costs or terms of trade as measured in resources. It
seemed preferable to develop our formulation first by discussing
more realistic price phenomena than to encumber it with the per-
plexities of real costs. But the basis for the analysis of many of
these issues has been provided by our formulation—in some ways
better perhaps than if the problem had been approached directly.

2, has been named the net monetary factor; subject to certain re-
P
strictions, it might have been called an “index” of the resources

terms of trade, i.e., an index of the ratio of the quantity of re-
sources of country p to the quantity of resources of country 1,
necessary in the respective countries to yield products of equal
exchange value. If yu and yu may be assumed proportional to the
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resources costs of producing a unit of commodily k in the respective
countries, %,, which is by (13) equal to the ratio of y, to yu,
I 4

would be such an index. The definition may be made more gener-
al by requiring only that under constant monetary conditions a
unit of money in country x (and similarly for country ) shall be
able to purchase a constant quantity of productive resources. It
is then unnecessary that the commodity be produced in both
countries. This index of the terms of trade avoids some of the
difficulties encountered in the usual exposition of the theory. In
the first place, there is absolutely no necessity that the units of
productive resources in countries 1 and p be identical. Secondly,
the composition of a unit of productive resources may be allowed
to vary; substitution of one resource for another in the unit is
made at the current rate of exchange (value) between resources.
No difficulty arises so long as it may be assumed that under con-
stant monetary conditions for a country one money unit will al-
ways purchase the same quantity of any factor of production, or,
_if any variation in this quantity occurs, that it is proportionately
the same for all productive factors. When changes in the relative
prices of the productive factors must be considered, the effects of
small alterations in the composition of the unit of productive re-
sources could be approximated by the use of index numbers.*
The resources terms of trade is not equivalent to the com-
modity terms of trade, sometimes called the “barter” or “net
barter’”’ terms of trade. This latter is the ratio of a quantity of
representative exports to a quantity of representative imports of
equal value, and its variations are conveniently measured by

1]

1 The index of the resources terms of trade might be regarded also as an index
of the terms of trade in marginal sacrifice or real costs, if for each individual the
prices of the various productive services or resources which he provided or sold were
proportional to his marginal disutility of supplying them. (The forgoing of the re-
turn from an alternative use is here considered as a sacrifice, e.g., in the case of
land.) This proportionality of the prices of factors of production to the sacrifice
costs of supplying them really underlies and justifies the substitution of one re-
source for another in a composite unit of resources.
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dividing an index of the price of imports by an index of the price
of exports. If country 1 imported only a single commodity, 1, and
exported only a single commodity, 2, an index of the commodity

or barter terms of trade would be given by %,’—5, orits eqﬁivalent,

21 Now ¥ would generally be an index of the resources cost of

12

a unit of exports from country 1. But y,,, which would generally
be an index of the resources cost to the exporting country, p, of a
unit of commodity 1 imported by country 1, is neither equal nor
proportional to ¥y, but is equal to y,, multiplied by the variable
z;. Consequently, it is not legitimate to assume that the com-

14
modity or barter terms of trade is a reliable index of the resources

terms of trade. The argument may be put in more general terms.

Disturbances to international equilibrium cause the command of

(convertible) money over resources in the various countries to

undergo changes which are not uniform as regards the different
countries. Hence the ratios of the money prices of the exports of

the different countries cannot serve as indexes of the ratios of

their resources costs. '

8. AN ALTERNATIVE SET OF EQUILIBRIUM EQUATIONS
There are other ways in which the equilibrium equations may
be combined and simplified. We may utilize Sets I, IT, ITI, and
V, numbered (14), (15), (16), and (18), respectively, and add to
these, in place of Set IV, (17), a Set VI from (6), of the type,

Yok = Poe(2pt) » (29)

Since there is one such equation for each commodity in each
country, there are mn equations in the set. From Set VI substitu-
tion can be made in Set III, (16), and in Set V, (18), yielding Sets
III (VI) and V (VI):

Yor=rsbu(xm) - (30)

¢ﬁk(xpk) = z_x¢tk(xxk) . (3 1)
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Substituting in Set I, (14), from Set III (VI), (30), and canceling
out the 75, We get Set I (111, VI):

2y Pp1( %)+ X5aPpa(%pa) F Tpsdps (Xgs) + o0 o FZpndpa(Tp) =0, (32)

or in the summed form,

fmn

§ :-”vs‘ﬁpi(xﬁ =0.

=y

Now Sets I (II1, VI), (32), and V (VI), (31), together with Set
I1, (15), contain the following number of unknowns:

Zz, one for each commodity in each country,.....mn

21, one for each country except 1,.. ............m—1
’ " —————
Total number of unknowns.....cceeeveee.. mn+m—1

.

The number of equations in these sets is as follows:

Set I(III, VI), (32) ... cevenenrvanecvsacecanes

Set I, (15). .. ccveruavecescrenncasncsncunnnss n
Set V(VD), 31)..ccvunn.. Serecnssavnasanenanes n(m—1)
Total number of equations........ PETETRrreR mn+m

We have, therefore, as before, one more equatiori than unknowns.
But any one of the equations of the Sets I (II1, VI), (32), and 11,
(15), can be obtained from the other (m-+n—1) by direct substi-
tution. Hence there are but (mn+m—1) independent equations
and the solution is, prima facie, determinate.

Because of the much larger number of unknowns left when
the equations are reduced in this latter way, it is usually more
convenient to deal with the forms first derived, Sets I (III, IV,

V), (22), and II (IV, V), (24).
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Q. DETERMINATION OF ABSOL'dTE MONEY PRICES

Although for many problems the relative prices in each country
will suffice, it is sometimes desirable to know how the absolute
prices are determined. :

If all the countries in the system were on (stable) mconvertlble
paper currencies, the heights of the actual money demand and
supply schedules, and hence the 7,’s, would be known. It would,
as a matter of fact, be convenient to assume for the definition of °
the y,,’s the constant monetary conditions actually in existence,
so that all the 7,’s would be equal to unity. With the r,’s known,
the actual money prices, ¥, would be ascertainablq from the
fixed-height schedule prices, y.

Yoe=15Yok « - (33)

Under inconvertible paper currencies gold would have a variable
money price and fixed-height schedules like those of any other
commodity. Unless the equations of this chapter are modified as
indicated in the following paragraphs, they are applicable to gold
only if all countries have inconvertible currencies. '
The essence of the gold standard and convertibility of the cur-
rency is a fixed money price for gold (fixed at least within narrow
limits). If gold be the gth commodity, this simply means that in
any gold-standard country p the price ¥, is a known constant.
The fixed-height schedule price of gold is the variable y,,, equal
to Y, . If for the y,, of each gold-standard country we substitute
r . '
in 01; equations % , we shall be replacing each variable y,, by an

expression involving a variable 7,. The number of unknowns will
therefore remain unchanged, and the system of equations will re-
main determinate. Since ther, and the y,:’s for all the commodities
are simultaneously determined by the solution of the equations,
the actual money prices, ¥, are at once calculable from (33).
By means of equation (10) any 7, for a gold-standard country can
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be obtained if r, is known, since ¢, is a constant between gold-
' P
standard countries. The actual money prices in any gold-standard

country could be ascertained then by use of (33), or directly
by (9).

For gold-standard countries the demand function for gold re-
quires a word of interpretation. g4,, should be taken for the pth
country as the quantity of gold per unit of time consumed in the
arts plus the quantity necessary to make good the depletion of the
monetary stock due to loss and wear. Thus, at equilibrium, the
quantity of gold supplied throughout the world would be equal
to the quantity demanded in the arts plus the quantity to replace
the depletion of the monetary stock of the metal.

The total monetary gold stock and its distribution among the
various countries might be determined as follows. Let the gold-

‘standard countries, numbered 1 to m’, possess a total stock of
gold represented by the unknown W, expressed in units of the
currency of country 1. Let the total money payments per unit of

_time at fixed-height schedule prices in the respective countries be
the known constants 7,,9;, . . . . 7w. Then the total money pay-
ments at actual prices would be r.7;, 7,05, . . . . fw¥mw. Let the
ratio of gold stock to money payments for each country be #,, %,,
« « « « U, which are also regarded as constants. Then we get the
equation:

1208, , 130:% P! U/ U’
rlvlul+ ava ’+_§_J_2+ L C A Y +—".—LT— 1 l;v . (34)
‘l Cl Cs .
2 3 n

Since the r,’s are determinable from the equations already given,
the terms on the left-hand side of the equation indicating the gold
stocks of the respective countries can be evaluated and then
summed to give the total monetary gold stock of the world.
After a serious disturbance, a return to an equilibrium which
involves the equalization of the supply of and demand for gold as
defined above might be reached only after a long process of ad-
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justment. For the gold stock of the world is large relative to the
changes in it which could readily be brought about through in-
creased production and decreased consumption in the arts, or vice
versa. Consequently, in the analysis of the effects of disturbances,
especially for short periods of time, it may be advisable to neglect
gold as an internationally traded commodity and deal only with
relative prices. Another alternative is to modify the system of
equations so as to represent the monetary gold stock of the world
as roughly constant for purposes of studying its distribution
among the various countries and its effects upon their price levels.
The supply and demand for gold, as we kave defined them, would
then show an excess or deficit which would be absorbed by the
world gold stock without, it may be assumed, appreciable effect
on prices in the short run. The equations of Set I and that of
Set II for gold would, of course, have to be adjusted to allow for
this altered absorption of gold in the various gold-standard coun-
tries in excess or deficit of the amount indicated by the demand
functions as they have been defined.

Our treatment of gold, money, and money prices has been re-
stricted to the requirements of our immediate problem. We have -
not attempted to deal with the relation of the “productive serv-
ice” of money to the rate of interest, one of the most perplexing
points in the analyses of Pareto and his followers.® |

t See Appendix IT, the section on Pareto.



CHAPTER III

RELAXING THE LIMITATIONS ON THE
EQUILIBRIUM EQUATIONS

I. INTRODUCTION

The limiting assumptions under which the results of the pre-
ceding chapter were obtained may be considerably relaxed, as
was suggested, if appropriate changes be made in the equilibrium
equations. Such modifications permit the recognition, in a more
or less restricted way, of invisible items, duties, bounties, trans-
. portation costs, interdependence of the price-quantity relations
of different commodities, i.e., rival or complementary demand and
supply, non-uniformity in monetary shifts of the various sched-
ules, and a monopoly in the supply of any commodity.

2. SERVICES IN THE INTERNATIONAL BALANCE

Invisible items may be classified into three groups: (a) serv-
ices, such as transportation, insurance, services for foreign tour-
ists, bankers’ services, etc.; (b) credit transactions; (c) unilateral
payments without a guid pro quo, such as indemnities, gifts, etc.

Services may be treated exactly as commodities, with a de-
mand and a supply schedule in each country for each particular
type of service. For many items in this class—e.g:, transportation,
insurance, and bankers’ services—the demand is joint with the
demand for commodities; in some instances, problems of joint
supply arise. Rival and complementary relationships are not,
however, peculiar to service items; they are also characteristic of
commodities. Methods of dealing with them are suggested in the
portions of this chapter which are concerned with transportation
costs and the general interdependence of the price-quantity rela-
tions for different commodities.

26
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3. CREDIT TRANSACTIONS AND UNILATERAL PAYMENTS

Groups (b) and (c) may be combined. The transfer of the pro-
ceeds of a loan or the repayment of earlier borrowings is analogous
to the transfer of an indemnity as regards immediate effects upon
the sfatus quo in international trade. Both loans and unilateral
payments tend to create an increase of circulating money media
in the country receiving them and a decrease of circulating money
media in the country making them. In the following analysis it
will be assumed that these increases or decreases of circulating
media are generalized so that all the demand and supply schedules
of a country for internationally traded commodities tend to rise
or fall by the same ratio.

If the net amount of loans and unilateral items may be treated
as constant—and we shall limit the discussion to this case—it is
usually constant in terms of convertible money rather than when
deflated to the basis on which the fixed-height schedules are de-
fined. If, however, these net amounts for the various countries
were constant on the fixed-schedule basis for any country or
countries, they could be dealt with very simply. Instead of the
equations of Set I (III, IV, V), (22), which indicate the (deflated)
total of export (+) and import (—) values, having zeros on the
right-hand side, they would have constants (or constants with
appropriate z; multipliers and/or divisors) with proper signs. The

P .
adjustment of the conditions of commodity trade to offset the
net amounts of loans and other invisible items is given by the solu-
tion of these equations together with those of Set II (IV, V), (24).

In the more probable case with the net amount of loans and
unilateral items constant in convertible money the procedure is
slightly different. As an illustration, let us take the case of an
indemnity payable by country 2 to country 1 in terms of country
1’s currency, I ;). Deflated to the monetary conditions of fixed-
height schedules, this would be for country 1,

I(x<_2)
141 !
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or for country 2,

¢ ey I aenty
fa L £}
The equations of Set I (III, IV, V), (zz), would then be (m equa-

tions):
For country 1,

fmn

Zyufu(yu = ""I “-’ (35)
For country 2, |
fmn '
Zy,m.(z,yu)- “"; boyloen (g
=y )

For countries 3 to m,

fmn

Zyufp.(zxyu)=0- (37)

(L}

" The equations of Set II (IV, V), (24), must be included (»
“equations):

t=m

ZIu(z%Q’1k) =0. (38)

I commodity 1 is gold, we may substitute in equations (36),
(37), and (38) —= for ¥,;. The solution will then be determmate, "

since Y 1s a constant

UNENOWNS
Symbol Number
£ T I
2738 (0 B R n—1
Bl cevrcsoovencersscssanencenns m—1
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EquarIOxs
Set . Number
Set I (IIT, IV, V), (35), (36), B37)y - e v vvveven.e.m
Set IL(IV, V), (38); cevevnneenneereeenannnnns n
m+n

But of the (m+n) equations in Set I (II1, IV, V) and Set IT (IV,
V), one is determinable when the other (m+n—1) are given, so
that there is the same number of independent equations as un-
knowns. _

4. PROHIBITIONS, DUTIES, AND BOUNTIES

Artificial impediments to trade and the converse, special in-
ducements, may be divided into two classes: outright prohibi-
tions of exports or imports, and duties and bounties.

Prohibition of imports or exports of a specific commodity into
or from a given country is easily recognized by simply setting the
Za, and hence the zuyn, in question equal to zero. Prohibitions
of imports from, or exports to, a few specific countries cannot be
dealt with in our system of equations. In the absence of other
impediments to trade and with multiple sources of supply and
demand for the commodities in question, such discrimination
would be thwarted by simple shifts in the buyer-seller relations.
If other impediments do exist, this discrimination depends for its
effectiveness on the absence of other large, elastic sources of sup-
ply (or large elastic demands) which are in actual competition
with the supply (or demand) of the country attempting the dis-
crimination.

Duties and bounties must be classified for treatment as ad
valorem and specific. We shall assume that the proceeds of duties
are expended, and the funds for bounties are secured, in such
manner that the effects are generally distributed and all the sched-
ules of the country tend to be raised, or lowered, by the same
ratio.

If there is an ad valorem duty, 7', on commodity % imported
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into the pth country and if the full duty-paid price on the fixed
schedule is represented by y;a, the price less the duty, still on the

fixed schedule, is 'xyf‘f" (=2z:ya). The total value which must be
1 4

paid to foreign countries for the imports is, on the fixed schedule

~ basis, X O z,y,;, f,,k[z,y,g(x +T)]. To adapt the equations of

+T

Set I (111, IV, V), (22), and Set II (IV, V), (24), it is therefore

only necessary to change fu(z:ya) to fulzyu(z+T)] for the
P 4

‘taxed commodity. An ad valorem bounty on exports, B, if one
were offered, would be dealt with in exactly the same way, with
~ the insertion of the factor (1+B) in place of (x+T).
A specific duty or bounty is a fixed money amount per unit of a
commodity imported or exported. If the specific duty on the kth
commodity imported into country # is 7" in the currency of that
/

country, it would on the fixed-schedule basis be equivalent to % .
If the fixed-schedule price including duty is indicated by ¥, the
corresponding price less duty is (y,;.—%) (=z,y,;,), and the total
payment to other countries is (y”‘—%) Zpky OF Z:Yurfp [z_,y,,,+
%—] Remembering the changed relation between yp,;, and ;r,;, , it
.is only necessary for us to rewrite the equilibrium equations of
Sets I (111, 1V, V), (22), and II (IV, V), (24), inserting f,;,(z_,y,:.-l-_ |
%-,) in place of f,,,(z%y,k) for the taxed commodity. This 7, ;ﬁght{-

be a known constant; but if  is a gold-standard country, it is bet-
ter regarded as a variable and we might therefore modify the
system of equations, as indicated in section g of chapter ii, by
the recognition of gold as a commodity of fixed money price in
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gold-standard countries. A specific bounty, B’, would be dealt
with as above with the B’ replacing the T”.

5. TRANSPORTATION COSTS

If both natural and artificial impediments to trade were absent,
every commodity would (except in rare instances) be either im-
ported or exported to some extent—purely domestic commodities
would be practically non-existent. The impediments to trade—
of which cost of transportation is the greatest—create the gap
between the prices at which imports of a commodity cease and
exports begin. The effects of transportation costs upon economic
phenomena have been too much neglected, and their inclusion in
mathematical descriptions of equilibrium has not usually been
attempted. We shall give particular attention to transportation
services because their cost is so important an obstacle to trade and
because the demand for and the supply of these services are ex-
cellent illustrations of joint demand and joint supply.

With the introduction of transportation costs, the description
of equilibrium becomes much more complex. The uniformity of -
international prices must now be modified to allow for costs of -
carriage. And the number of possible routes of transportation
between countries is enormous if the countries are numerous. But
the chief difficulty is encountered in a perfectly general set of
equilibrium equations because it cannot be ascertained in advance
which commodities are imported into, and which are exported
from, each country. |

To avoid some of these complications, we shall make no at-
tempt to introduce transportation costs into a thoroughly general
system of equilibrium equations. Instead, we shall simplify the
problem by assuming that we know whether each commodity is
imported into or exported from each country and to which coun-
tries the exports of each country go—or, its equivalent, from
which countries the imports of each country come. We shall also
neglect the internal transportation costs and the geographical
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variations in conditions of supply and demand within each coun-
try and shall regard each country spatially as a point.

If all types of transportation services have horizontal supply
curves and it is known on which commodities each country fur-
nishes the carriage, the equilibrium equations for two countries
are readily obtained. It is, in fact, possible to use the equilibrium
. equations as given in chapter ii with merely a redefinition of the
ym’s. In such a case each y,, would be the fixed-schedule import
demand price, Jess the costs of transporting the commodity to the
country #f the importing country furnished the transport service,
or the fixed schedule export supply price, plus the costs of carrying
the commodity to the other country if the exporting country fur-
nished the service.

From this ultra-simplified case we might proceed by successive
stages to recognize: (a) variable transport costs, (b) the joint-cost
characteristic of transportation as regards different commodities
and different routes, and (¢) additional countries. It will be quite
as satisfactory and much briefer to give immediately an illustra-
tion involving three countries, three commodities, and costs of
transportation which are both variable and joint. This illustra-
tion, it should be noted, exhibits all the types of relations existing
in more extensive cases.

It is now necessary to distinguish the imports of a commodity
which come from different countries. Thus if x,, be negative (im-
ports of commodity 1 into country 1), we mlght have, for ex-
ample, '

Tu=ZaemtTac, (39)
in which %y« would represent imports of commodity 1 (last
subscript) into country 1 coming from country 2, and z;<;) the

imports from country 3. For exports of commodity 2 from coun-
try 1, (x,,>0), it might be true that

X1 = K> T2y (40)
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wherein x;_,,), would be the exports of commodity 2 from coun-
try 1 to country 2, and x>, the exports'to country 3. An arrow
pointing to the left specifies an import (—); and an arrow pointing
to the right, an export (+). , : :
Let us suppose that the commodities are imported into or ex-
ported from the various countries as indicated by Figure 1. In
it the countries are represented by the Roman numerals, the
commodities by Arabic numerals, and the direction of shipment of
the commodities by the arrows.
: 11

This diagram is the equivalent of the following nine equations:-

Xiu=>X(1ea)r «
X2 =Fa->22FXa->53 »
X13=¥(1->2)3
T =2Za>nrtTa->ar -
X2 X212 » »- (41)
X3 =ZaenstTaess -
X31=X(3¢-2)x
X=X (ena .

X33 =X(3->2)3 o



34 INTERNATIONAL TRADE

But a quantity exported from one country is imported into an-
other, so that the twelve quantities on the right-hand side of the
foregoing equations are connected by the six equations:

x(x(—i)i+x(»x}x=° .
x(,.,,),+x(,,_,),-o .
Tas>tEpen=0. (42)
ZasnstTaens™o0 .
" ZpsgtEgem=o0.
Taenstrasny=o.

Let us recognize as an individual “commodity” the transporta-
tion service for each tangible commodity over each separate route
of shipment. In Figure 1 there are six such commodity routes.
Let the unit of service in each instance be that necessary to carry
one unit of the specified commodity over the specified route. Then
the total quantity of transportation service required to carry the
~ kth commodity from country p to country p’ is equal in magnitude
with the number of units of commodity transported, i.e., 25, p)s-
By analogy with earlier notation, the portion of this service fur-
nished by country p” would be g.7,  ,,,» and the price of this
service on the fixed-height schedule of country p” would be
Yo'4ps ks’

For the six commodity routes as shown in Figure 1 there are
six equations stating that the total quantity of each type of
transportation service is equal to the sum of the quantities fur-
nished by each of the three countries:

0-3

p> k= zqc tpos)h ® (43)

=g

This equation recognizes that the demand for transportation

services is joint with the demand for the commodity carried.
The quantity of each type of transportation. service furnished

by each country is a function of the prices of all the various types
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of transportation service—a statement which covers the joint
supply characteristics of such services. This gives eighteen equa-
tions, six for each country. The general equatlons for the respec-
tive countries are: -

q.,u(p_”, )k_¢‘ "(P—)P )k( s e 0 e y::t("9 )‘ s o0 ) .
q‘,zt(le)k—wg.zt(le)k( * e 0 e y"(i—)i’)i e . L3N] ) . (44)
q"3‘(p->b’)k=¢'-3‘(p->p’)k( R y-"(:'—)i’)i * e . ) .

The equality of international prices of transport' services is
assumed. This leads to twelve equatlons, six each of the two

types,
yzt( 2
y"(’—)”k (45)

_ Vs o)k
47 Yitips gk

To describe the relations between prices in the various coun-
tries when transportatlon costs have been taken into con51dera-
tion, the following six equatlons are requ1red

_yz:"'yzt(,_)x)I
Zé——— .
Yz
yzz_yzt(z_:u)z
z%=——-—————- .
: Y1z
yZS-yzi(!éz)s )
Z}=-—-———— .
Y
z§=y3:+(yst(zal,,_yst(,%s)l) - ‘ (46)
Vux

L ‘(;93)2
2] ’

- y33+ (y3 ‘(3-93)3 - ys 5(192)3)
* ' y13 .
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The other equations necessary to complete the system are the
nine equations of Set IV, (17),

Zoa=foa(ym) » (47)

and the three equations which express for each country the equal-
ity of the values of imports (c.i.f.) to the values of exports (f.0.b.)
plus the value of transportation services furnished,
xnyu+xuyn+xuyu+Z(q..uu_,,r)‘yu“-_,,:“) =0,
.o x"y’l+xﬂyﬂ+xﬂly23+Z(q-.uu_)ﬁ‘yzlu_),l)‘ =0. (48)
TuYut 2yt xssyu+2(qa.3i(i_, )34 3');) =0.
In each of these equations the summation for the value of trans-
portation services furnished extends over all the individual com-
modity-routes, i.e., the six indicated in Figure 1.
The unknowns in this system are:

Symbol of Unknown Number of Unknowns
Xpkeoceresnseersarrsonasnsccasenone 9
XM ANA Tpe . covvrvnnnnans 12
7 T (11 ) 1R 9
y,g( P R R 18
Zieeeeaeetiteottiiieiieiiiiiaieiee 2
P
Qo1 ps 100 T0.38(p> o)k Qo3tpspih*ov° 18
Total number of unknowns..... 68

The equations relating these unknowns to each other are as fol-
lows: '

Type of Equation Number of Equations
(75 3 S R 9
(77 ) A 6
(43) . e veeeer i 6
(44) . . et 18
(45) . - - oo 12
(717 6
(071 ) 1A 9
71 1 3
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But from sets (41), (42), and (48) one equation can be eliminated,
leaving 68 independent equations. We have consequently a de-
terminate solution with the same number of equatlons as un-
knowns. '

6. GENERALIZATION OF DEMAND AND SUPPLY FUNCTIONS

Except in the preceding illustration, it has been assumed thus
far that each quantity of a commodity imported or exported is a
function only of the price of that commodity (on the fixed-height
schedules). It is easy to extend this functional relation so as to
allow for the recognition of competing and complementary rela-
tions between commodities (inclusive of services). If the kth com-
modity is interdependent only with certain other internationally
traded commodities and not at all with domestic commodities, the
expression, %z =fp(Ys), need merely be generalized:

Lok =fok(Ypry Yory o o 0o e Ypho o 0 e s Yon) - ‘ (49)

The prices of purely domestic commodities, for which we may use
the general symbol, 3’,», may also be brought into the functional
relation. Thus, if the quantity of commodity % is in part a func-
tion of the price of the &’th domestic commodity, we should have:

Zok=fpk(Ypry Yoy o o« « Yok o o o « Yom, ¥'gt?) (50)

But since another variable has been mtroduced another equa.tlon
will be needed for a solution. This will be of the type,

Va, o' (¥ 91') = Va0 (¥ 9%, Yt) » (s1)
if the supply of the domestic commodity is related to y, or |
Vaor' (¥ o1y Ypr) =Vt (5 s) (52)

if the demand for the domestic commodity is related to yu.
Equations (51) and (52) might be more complicated, involving
additional prices; but the procedure in general is simple. For every
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domestic price brought into the system an equation of the general
type (51) or (52) is necessary, equating the quantity of the do-
mestic commodity demanded to the quantity supplied.

7. EXCLUSION OF FACTORS OF PRODUCTION

As was pointed out in the first chapter, still further generality
- may be achieved by bringing into the system the factors of pro-
duction and the whole set of purely domestic prices and quantities
for each country. In such a step one would not encounter any
peculiar theoretical difficulties demanding special consideration
here, but the complexities of notation and the increases in the
number of unknowns and equations would be very great. By ex-
cluding the equations involving the factors of production and as-
suming definite supply functions instead, we are, of course, pre-
vented from investigating the behavior of the factors of produc-
tionin international trade. We do not thereby mean to imply that
they are not worth studying. But it seemed doubtful whether it
would be profitable to adopt the mathematical method in such a
study, except, perhaps, merely to state the general conditions of
equilibrium. By restricting the scope of our equations, we are
able to make use of them in the solution of some important prob-
lems.

8. DYNAMIC MONETARY CHANGES

If the mechanisms of adjustment of international balances of
debits and credits involve only the exchange rates and not the
price level, our assumption of frictionless operation of these
mechanisms is a fair approximation to reality. For the exchange
rate is sensitive and, when it is modified, does have very nearly

the effect of a uniform change in the net monetary factor z, for
4
all commodities. On the other hand, when adjustment to equi-

librium is achieved by, or even accompanied by, general shifts in
the height of the demand and supply schedules, such shifts are
apt to be somewhat irregular during transition. They do, however,
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tend to approximate uniformity if new disturbing elements do
not enter.

For study of the effects of disturbances to equilibrium when the
shifts in the schedule are not proportionally equal the reader is
referred to section 4 of chapter v.

9. MONOPOLY

The alterations in the equilibrium equations necessary to
describe the operations of a monopoly, which is free to charge
different prices in different markets, are worth considering. In
the five sets of equilibrium equations in chapter-ii, (14), (z5),
(16), (17), (18), which may be written for three countries trading
in # commodities, competitive conditions were assumed. Now let
us assume, instead, that the first commodity is controlled by a
monopoly in country 2 and exported to countries 1 and 3, which
may or may not have competing domestic producers, and then
observe the changes which are required. In the first place, the
two fundamental equations in international trade exhibiting the
equality of values of imports and exports for each country and the
equality of quantities of imports and exports for each commodity
are unaffected (Sets I and II). So also are the equations of Set III
in which the actual price ¥, is equated to a ratio r, times the
fixed-height schedule price y,:. The equations of Set IV express
the quantity of imports which would be taken or exports which
would be offered as a function of the fixed schedule price. A sim-
ple functional relation between the quantity offered by a monop-
oly and its price does not exist; and consequently we must drop
out the equation,

Xax =f zx(yzx) . (53)

The equations of Set V are based on the equality of the prices of
a commodity in all countries and would not hold for commodity 2.
Thus we lose the two equations,

Ya2=21Yu -
! (54)
Y= z*yu . .
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Inall we lose three equations of this system for competition. These
are replaced by the six following equations of which the first two,
(3) and (1), have already been given. The third of these expresses
the average unit cost of production by the monopoly as a function
of its output. '

Qen=Jdn=%ay« ' . (S 5)
Qan=Van(yn) . (56)
You1=fs(gs,1) (57)7

The remaining three equations are peculiar to a monopoly which
can discriminate in price between markets.* They state the condi-
tion that the marginal or differential gross revenue o the monopoly
from the sale of an additional unit in each market must be the
same and must be equal to the marginal cost of production.

2
’ d(x ) "2 y |,)
d(q d,n)'n) _ d(xnz;yn) _ 3 %) 3 - d(q.',.y,',,) (5 8)
dqa,n dxy, dx; dq.,n '

In the differentiation the 2z’s may be regarded as constant if the
monopoly neglects the effects of its own action on the relative
price levels and exchange rates. J

We have in these six additional equations introduced the three
additional unknowns ¢,., ¢ia, and y.., so that we have left
a net of three equations to compensate for the three equations
which were dropped from the competitive system. The solution,
therefore, remains determinate.

3T, O. Yntema, “The Influence of Dumping on Monopoly Price,” Journal of
Political Economy, XXXVI (1928), 687-89.



CHAPTER IV
GRAPHIC METHODS

1. DEFINITION OF IMPORT DEMAND AND EXPORT SUPPLY

The algebraic analysis of the preceding chapter suggests com-
ments on some of the graphic methods in current use* and also
the possibility of a new graphic treatment.

In equations (1), (2), (3), (4), and (5) of chapter ii the function-
al relation of the quantity of a commodity exported or imported
to its price, when the schedules are at some ﬁxed height, was de-
fined as
 %pk= o, ok Ga, ok =V, ok (Y5k) — Y, ok (Y5) =, pk(ypk) ’ (59)

except for ¢émports of a commodity which, if it were produced
domestically, would be supplied at decreasing price. Under this
exceptional condition,

Xpk =0 §d,pk = O —VYd,pk (ypk) =for(Yst) 5 | (60) |

a relation which can be explained more satisfactorily after the
graphic counterpart of the normal relatlons in (59) has been
descnbed «

Y | Y

D S | —*¢
é,><,, —

(o] qQ =X o +X
F1c. 2 F16. 3

* Diagrams similar to many of those in this chapter are given in Geomelrical
Political Economy by H. Cunynghame. See Appendix I for comments on the
graphic methods of Cunynghame, Auspitz and Lieben, and others. .

41
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In Figure 2 for the normal caselet the supply function, g, =
Vo (¥m), be represented by the line SS and the demand func-
tion, qumu=vamu(y:), be represented by the line DD. For suc-
cessive values of y let the abscissa of DD be subtracted from the
abscissa of SS, (gisa—gamw=2m), and let this difference be
plotted against ¥, in Figure 3. Figure 3 therefore exhibits the
graph of the function, ‘

Zon=for (Y1) » (61)

in which positive values of x are quantities exported and negative
values of x are quantities imported. The portion of the curve in
Figure 3 which lies to the right of the origin is the export supply
curve; and the portion to the left of the origin, the import demand
curve. It should be observed that in this sort of a graph the im-
port demand curve has negative values of x as abscissae and that
its slope is positive.

Yy Yl

D
bkp ¢C B
S ':é ~— E
D 1/ |
% M q X 0 +x
Fi1G. 4 Fi6. 5

Figures 4 and 5, analogous to Figures 2 and 3, indicate the
graphic treatment of the exceptional case. The right half of
Figure 5, which relates to exports, does not come under the excep-
tional case and is obtained just as in Figure 3. To explain the
left half of Figure s, for imports, a statement of the significance
of a negatively sloped supply curve is required. The abscissa of
any point on a negatively sloped supply curve indicates the



GRAPHIC METHODS 43

smallest quantity which will be supplied at the stated price (where-
as the abscissa of any point on a positively sloped supply curve is
the largest quantity which will be supplied at the stated price).
If any imports reach the domestic market, they will enter at a-
price below PM. But if the price falls below PM, the sales of
producers in the domestic market will necessarily be less than the
minimum quantity which they will supply at such a price. ‘Con-
sequently, domestic producers will be forced out of business and
the whole supply will be imported. The discontinuity from B to C
in Figure 5 results from the fact that domestic and foreign pro-
ducers cannot share the domestic market under such conditions.*

2. ELASTICITY OF IMPORT DEMAND AND EXPORT SUPPLY

It is possible—and useful—to deal with elasticities of import
demand and of export supply, defined in both cases as

(2?9 o
hpkf(x dy),k. (62) |

The subscripts outside parentheses or brackets signify that all -
the variables and funcfions therein should bear these subscripts.
If it is desired to indicate that %, refers to export supply (or to
import demand), it may be written %, s (O £ ).

But this elasticity, %, must be sharply dlstmgulshed from the
elasticity of domestlc demand, 7,

y dyqs,
=(3 % 6
ok (qa. dy )pk : (63)

and from the elasticity of domestic supply, e,

en=(2%2) . (64)

*T am indebted to Professor Viner for this treatment of the excebﬁond case.
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The relations between these elasticities (save in the exceptional
case, in which %, is identical with 5,) will be apparent from
the following:

B ydx y d(g,—ds) -
. ( ) (q..-qag dy )n o
1 (g 29_, ¥ 9 ] -
[q-.-qa.(q g, dy g, dy) »h
‘ga,—"’qa,) .
( =g (63)

Formula (65) and all other formulas for elasticities involving
7 and e, may be adapted to the exceptional case, for imports,
by simply setting the ¢,, in the formula equal to zero.

From (63) it is clear that if e,4>o0, then |4, the absolute
magnitude of the elasticity of import demand or export supply, is
greater, the larger are the absolute values of e, 7,4, ¢u5s, and
qas, and the smaller is the absolute difference |guu— gz,
which is the quantity imported or exported. Thus, if for sugar
in the United States, n=—o.5, ¢= 0.5, and the domestic con-
sumption, ¢a, , is twice the domestic supply, ¢., ,

b= 0.5¢,,~[—0.5(24.)] _ os+z
Qo,— 2¢s,

—~1.5. (6¢)

Whereas the elasticity of domestic demand is —o.5, the elasticity
of demand for imports is —1.5, a striking contrast. So long as we
are dealing with conditions of increasing cost in a country, (¢>0),
inelastic demands for imports will be relatively rare if thereis a
domestic industry of any size competing with the imports. Analo-
gously, if e>o, the elasticity of export supply will exceed the
elasticity, e, of the whole domestic supply by a difference which
is greater the larger is the domestic consumption. The tendency
toward high elasticities of export supply is lessened by different
producers specializing in foreign and domestic markets respective-
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ly, especially if there are serious obstacles to shifting sales from
one market to another. For export staples of the United States,
in which the domestic market is large and the obstacles to shifting
from one market to another not important, the elasticity of ex- .
port supply must be high. The significance of high elasticities in
international trade should not be overlooked, for they tend to
lessen the price changes and the shifts of schedules which are
necessary in adjustments to equilibrium.
3. EFFECTS OF IMPEDIMENTS ON IMPORT DEMAND
AND EXPORT SUPPLY CURVES

The way in which duties modify the effective import den;and
or export supply is exhibited in Figures 6 and 7. In Figure 6 an

=X 0O ° #xX =x o +x
F16. 6 F1G. 7

import duty drops the left half of the curve (import demand) from
IC to I'D. In Figure 7 an export duty raises the right half of the
curve of export supply from CE to BE’. An export bounty would
have had the opposite effect, that of lowering CE, the curve of
export supply. As a result of a specific bounty or duty, the curve
would be shifted by a constant vertical distance—if the general
changes in the height of the country’s demand and supply sched-
ules might be neglected. Strictly, of course, the money duty should
be deflated by a variable—but this variable deflating factor, r,,
cannot be ascertained in advance. Consequently, in using the
graphic method it is not possible to represent exactly the effect
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of a specific duty or bounty. The effect of an ad valorem duty (or
bounty) would be to shift the schedule by a constant percentage
of its ordinate. It therefore can be represented without difficulty.

-x ¢ +*
Fi1c. 8

Figure 8 illustrates the effects of transportation costs which are
constant when deflated to the basis of definition of the fixed-
height schedules and uniform for all imports of the commodity.
The curve of import demand at delivered prices is IC, but at
prices f.o.b. the exporting country is I’B. The curve of export
supply at f.o.b. prices is CE but at delivered prices is DE’..

In Figures 6 and 7 (which neglect transportation costs) there
exists a gap, resulting from a duty, between the highest effective
import demand price and the lowest effective export supply
price. In Figure 8 there is a similar gap, due to costs of trans-
portation, between the highest import demand price and the low-
est export supply price which are effective a? the foreign country’s
point of shipment and receipt. When duties (bounties may be re-
garded as negative duties) and costs of transportation are com-
bined, their effect is, of course, additive. Now it is apparent that
if the foreign price falls within such a gap, the commodity will
not be exported or imported but will be purely a domestic prod-
uct. Further, it appears that there can be a difference between
the prices of domestic commodities in the respective countries
ranging from zero to the difference between the lowest export
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supply price and the highest import demand price of one country
effective at the point of shipment and receipt of the other country.

4. DERIVATION OF MARSHALL’S CURVES OF
INTERNATIONAL TRADE

The most successful graphic analysis of the problems in inter-
national trade theory has been that devised by Alfred Marshall.*

The relation of Marshall’s curves to the ordinary domestic de-
mand and supply curves does not seem to be generally known,
and it appears desirable to explain their derivation and their
relation to our algebraic statement. For graphic treatment Mar-
shall reduces all imports to a representative unit (bale of imports)
and all exports likewise to a representative unit (bale of exports).
If the difficulties implicit in this procedure be waived or, better,
if there be only two simple commodities traded between the two
countries, the equations expressing the equality of values of ex-
ports and imports (for fixed-height schedules) may be written: .

ZuYutLuyu=o0 K (67)
" ZaYntEnyn=o : (68)
or |
Xudnu (xn) + xnd’n(xu) =0. (69)
xzx¢zx(xzx) + xzz¢za(xzz) =0. (70)

From (69) are deducible the series of pairs of x;, and #;, quantities,
for which (neglecting signs) the values of the imports of one com-
modity would equal the values of exports of the other commodity.
When x,, is negative, representing imports, and x., is positive,
representing exports, they are (now neglecting their signs) the
co-ordinates of a Marshallian curve of demand of country 1 for
commodity 1 in terms of commodity 2. When %, is positive, repre-

t Alfred Marshall, The Pure Theorj of Foreign Trade, privately printed in 1879

and reprinted for publication in 1930. Marshall reproduced the substance of this
essay in Money, Credit and Commerce, Appendix J.
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senting exports, and x,, is negative, representing imports, they
are the co-ordinates of a curve of demand for commodity 2 in
terms of commodity 1. Similarly from (70) the demand curves
of country 2 for commodity 2 in terms of commodity 1, and for
commodity 1 in terms of 2, can be ascertained. Now, of all the
double pairs of (x.,, 2..) and (x.;, x.,) values, that set provides the
- solution which satisfies the equations

Zutza=o0. (71)

Tutra=0. (72)

If we construct a graph, one of whose axes represents (—=x.),
imports into country 1 of commodity 1, and (+x,,), exports from
country 2 of commodity 1, and the other of whose axes represents
(+x.,), exports from country 1 of commodity 2, and (—x,,), im-
ports into country 2 of commodity 2, we can plot the two Mar-
shallian demand curves and have their intersection determine the
quantities imported and exported. Each of these Marshallian
curves would then appear in both the first and third quadrants.
But the axes are usually arbitrarily defined so as to bring the
point of intersection into the first quadrant, and the portions of
the curves outside this quadrant are omitted.

The graphic derivation of Marshall’s curves is as follows.* In
Figure g are given the domestic demand and supply curves of
country 1 for commodities 1 and 2. The series of (—x,,) and #.,
quantities necessary to construct a Marshallian curve for coun-

1 This derivation is based on the assumption that the import demand price on its
fixed-height schedule is a function only of quantity imported and that the export
supply price on its fixed-height schedule is a function only of quantity exported.
Marshall’s comments on the interdependence of import demand and export supply
seem to refer not to a functional interrelation of fixed-height schedules but to the
interdependence which arises out of the necessity of balancing international debits
and credits. Where a functional relation between fixed-height schedules does exist,

Marshall’s curves are still applicable, but they cannot be derived from their com-
ponent elements by two-dimensional graphics.
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try 1 representing the import demand for commodity 1 in terms

of commodity 2 are such values of a5, and &b, as would yield
equal areas for dic;b.a; and d.c;b.a,, or, in other words, would
equate the values of imports and exports. If a.b; rises above the -
point of intersection of Dy, D;; and S:Sy, and if a.b, falls below the
point of intersection, the resulting portion of the Marshallian
curve represents the demand of country 1 for commodity 2 in

Ya Ye
Du S [P Se
P2 3
- |
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Sa | |
: | Dy : ' l
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0 g, G Quoo d; ch Qu
Fic. 9

terms of commodity 1. Similar curves are obtainable for the
second country. When the curves for both countries are plotted,
they will appear like those in Figure 10. Figure 11, bearing Mar-
shall’s notation, is identical with the first quadrant of Figure xo.
In Figure 10 distances along the horizontal axis represent quanti-
ties of imports or exports of commodity 2 and along the vertical
axis quantities of imports or exports of commodity 1. The curve
0D,§ represents the import demand of country 1 (first subscript)
for commodity 1 (upper second subscript) in terms of commod-
ity 2 (lower second subscript). From the other point of view, it
represents the supply of commodity 2 in terms of 1. OD. is for

country 2 the curve of import demand for commodity 2 in terms
of 1, or of export supply of commodity 1 in terms of 2. For the
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sake of completeness the curves OD,? ? and OD 1 are shown in the

third quadrant although the portlon of the curves of practical
interest is that in the vicinity of the point of intersection, 4.

=X
w Y
Dy E
Y G
=%z
- ¥F16. 10 Fic. 11

5. EFFECTS OF LOANS, DUTIES, BOUNTIES, ETC., ON
THE MARSHALLIAN CURVES

These curves may still be constructed even though loans and
unilateral items enter into the trade balances, provided that the
balance of value of such items is constant under the monetary
conditions maintaining the schedules at fixed heights. Although
this could not be true for both countries if the net monetary
factor, z3, changed, such an assumption would be roughly correct
if this change were not great. The net balance with the appropri-
ate sign, deflated to the basis on which the schedules were de-
fined for the respective countries, need merely be inserted as con-
stants in equations (67) and (68). Graphically, the difference be-
tween the areas d,c,b.a, and d.c,b,a,, Figure 9, must be kept equal
to this constant value balance of invisible items. The rest of the
procedure is unmodified.

The effect of duties and bounties upon the Marshallian curves
can also be seen from these elementary demand and supply curves
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(Figure g). A general import duty (assuming its expenditure to
be distributed so that all demand and supply schedules tend to be -
raised or lowered by the same ratio) results in decreasing the area
d.¢,b:a, through decreasing the height da, by the amount of the
duty. Since for a given quantity of imports, a,b;, the payment to
the foreign country is less, the area d.c.b.a, will be correspondingly
decreased. By analogous procedure we could deal with an export
duty or export bounty. The effects of duties and bounties (as-
suming increases or decreases in circulating media resulting proxi-
mately therefrom to be generally distributed) may be summarized
as follows (in terms of prices and values on fixed-height schedules):
a) An import duty decreases the value which would be paid to
foreigners for a given quantity of imports and hence the value
of the exports which would be sent in payment for that quan-
tity. '

b) An export duty increases the value asked of foreigners for a
given quantity of exports and hence the value of imports which
would be received in payment for that quantity.

¢) An export bounty decreases the value asked of foreigners for -
a given quantity of exports and hence the value of the imports
which would be received in payment for that quantity.

It will be useful to remember that the value of exports is (save in
the very exceptional, if not impossible, instance, which we shall -
disregard, when o>e> —1) an increasing function of quantity,
and that the value of imports is an increasing function of quantity
for elastic import demand but a decreasing function of quantity
for inelastic import demand. We come therefore to these con-
clusions:

a) An import duty will decrease the quantity of exports offered
in exchange for a given quantity of imports.

b) An export duty will, if the import demand is elastic, increase
the quantity of imports obtainable for a given quantity of
exports, but, if the import demand is inelastic, decrease this
quantity of imports.
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¢) An export bounty will, if the import demand is elastic, de-
crease the quantity of imports obtainable for a given quantity
of exports, but, if the import demand is inelastic, will increase
this quantity of imports.
Consequently, a general import or export duty wﬂl whatever be
the elasticity of import demand, decrease the quantity of exports
offered for a given quantity of imports, or will shift the curve OE
in Figure 11 to the left or the curve OG downward.* An export
bounty will increase the quantity of exports offered for a given
quantity of imports and will move OE to the right or OG up-
ward.

With certain modifications, the generalizations just cited would
cover impediments arising from costs of service necessary to
trade, such as transportation costs. If the country for which the
curve is constructed furnished exactly the service required, the
procedure would be unchanged. But if this country furnished less
or more than the necessary service, allowance should be made for
this excess or deficit in the equality of the balance of payments.

_Of course, any such service cost must not be counted twice; modi-
fication of only one of the curves of Figures 10 or 11 is necessary.

6. MARSHALL’S ELASTICITIES OF DEMAND AND SUPPLY
IN INTERNATIONAL TRADE

Having shown how the Marshallian international trade curves
are related to the domestic demand and supply functions, we may
pass to a consideration of Marshall’s concept of elasticity of de-
mand in foreign trade.? This is obtained by substituting in the
ordinary mathematical definition of elasticity of demand the
quantity imported for the quantity taken and the ratio of quan-
tity exported to quantity imported for the price. The elasticity
of demand of country 1 for commodity 1 (imported) in terms of

1 See Appendix II, section on Edgeworth, for his error in believing this to be a
case of asymmetry rather than symmetry.

2 Alfred Marshall, Money, Credit and Commerce, pp. 167 ff. and Appendix J,
Pp- 337-38 n.
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commodity 2 (exported) is- therefore (without the negative sign
prefixed by Marshall to obtain a positive value for the elasticity):

X1 ) ) :
( —Xn d('—xu) X2 = I
Ed !— (_ xll) x!i dxﬂ xxx dxxg * (73)
Xu 5——%n —I
xll dxll . x!ﬂ dxxg

The symbol Eypt is used in place of Mérshall’s “e” because the

latter would be confused with the elasticity of domestic supply.
Since x;, has a varying exchange value in terms of commodities
whose prices remain constant on fixed-height schedules (domestic
commodities), the definition of the elasticity, Eg, , is quite different
from the %4 for import demand or the # for domestic demand.
Both of these postulate a constant exchange value of the means
~ of payment in terms of commodities whose quantities taken and
supplied, and therefore whose fixed-height schedule prices, re-
main constant.

It is important to know just how these various concepts are re-
lated. In (62), (63), (64), we gave definitions of u, e, and %, the
last also in terms of 7, ¢, ¢,, and gs. It remains merely to define
Marshall’s elasticity of foreign demand, E, , in terms of the fore-
going symbols. From (67), or even from a similar equation with a
constant term for invisible items, it follows that

d(xuyn) = — d(xnyu) . (74)

Xix d I I
dz.s yn(;t—' di,,'H) yn(z;+1)

dxy T 12 dyu n I ) :
Yra <yn d xn"l" I) Y1z ( hn+ 1

(75)

In the case we are to deal with, %, refers to elasticity of import
demand and may be written %, while %, refers to export supply
and may be written %, .
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Substituting in (73) from (75), we get for the elasticity of de-
mand of country 1 for commodity 1 (imported) in terms of com-
modity 2 (exported):

' Ed.li =

I

)
o)

If there are no invisible items, this becomes simply:

hd,xx+hd.nhn,n
hm - @)

. (76)

I
Ed"s = n : h..u—

hd, 1 -

p 4
hl!2+x

We can, if we wish, substitute in (76) the domestic elastxcxtxes in
place of the #’s from (65):

1

Eait=
% 2 xnyu[QQ, (¢+ 1) 44, (71+ I)Iu(eqa, - ﬂqa,)u__ ' (78)
TuaYulge, (64 1)—qa, (4 1)]ia(eqs, — 194 ) 5s
or, in the absence of invisible items,
Esl= - - (19

2 |gs, (e+1)—qa, (n+1)}iu(egs,— n9a)1a_
[gs, (e+1)—qa, (14 1)]a(ega, — 143, )u

The subscripts to the brackets again indicate that all variables
and functions contained therein should bear those subscripts.
In general the elasticity of import demand, %a, or, referred to
country 1’s demand for commodity 1, %4, is not equivalent to
Marshall’s foreign trade elasticity of demand, E,;, (here Ed_,g).
If, however, the exported commodity be produced under condi-
tions of constant cost and the elasticity of export supply be in-
finite (%, z.,=), it can be seen from (77) that %, is equal to E;,.



GRAPHIC METHODS - 55

This is to be expected, since under such conditions the exchange
value of the second commodity, which is the means of payment, is
constant in terms of other commodities of fixed price. If we re-
strict the discussion to cases of increasing domestic costs of pro-
duction for both commodities, %, is positive and 7%, is negative.
Then if %, <—1 (elastic), inspection of (77) shows E; >k, or
|Es | < |k, ie., Marshall’s elasticity is less than our elasticity
of import demand If 23=<1 (unitary elast1c1ty), they are
equal. If o>k, > —1 (inelastic), Marshall’s elasticity is the great-
er. These conclusions again accord with general reasoning based
on the varying exchange value of the second commodity and the
increased, constant, or decreased quantities of this commodity
which must be given to obtain an increased quantlty of the im-
ported commodity.

Marshall’s definition of the elast1c1ty of a country’ s “willing-
ness to extend her sales’ is the counterpart of elasticity of supply,
if quantity of exports be substituted for quantity offered and the
ratio of the quantity imported to quantity exported be taken as
the price. Calling this E, (instead of Marshall’s ¢’), we may repre-
sent the elasticity of export supply. (Marshall does not use this.
word) for country 1 of commodity 2 in terms of commodity 1.

(—%n) 1 1 :
E"lg = = = : . (80)
) xud( xu) (-—- n) EE .diu —1 xnyn< hI + I)

dx1 Xix A%sa —1
xnyn(m‘l' 1) ‘ ‘

If no invisible items exist,

2. I - hg,xz“"‘ha,n hd,n '
E.'I; I 2 hd,n—'ha n g (81)

hd,n + !

t Alfred Marshall, Money, Credit and Commerce, p. 338 n.
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If desired, substitution could easily be made for %,., and k4;, in
terms of domestic elasticities of demand and supply.

Marshall’s case of “exceptional demand” clearly corresponds
to our inelastic import demand coupled with domestic production
(if there is any) characterized by a positively sloping supply curve.
Marshall’s case of “exceptional supply”. involves domestic de-
creasing costs, i.e., a negatively sloping supply curve. The ques-
tion of the stability of an equilibrium involving exceptional elas-
ticities is considered by Marshall in Appendix J to his Money,
Credit and Commerce. We shall treat the question by a different
method in the next chapter.

In following Marshall’s discussion of his special cases, some
help may be secured from the definition of the slope of his curve

representing the demand of country 1 for commodity 1 in terms
of commodity 2. From (75) the expression for this slope is:

d"=%6m+0
d.:n o (%d'" + I) * (82)

If %,7.> 0 or < —1, the numerator is positive. The denominator
is positive if %4, < —1, but negative if 0> kg > ~1.

7. A NEW GRAPHIC SOLUTION

Another graphic solution for equilibrium in international trade,
quite different from Marshall’s, is possible. The equilibrium equa-
tions for two countries and # traded commodities are by (32),
(31), and (15) of chapter ii, respectively:

Set I (111, VI), (2 equations) -

xu¢u(xn)+xn¢u(xu)+ seoe +xm¢m(xm)=0 o
(83)
xzz¢zx(xzx)+xn¢n(x@)+ ceee +xzu¢zn(xzu) =0,
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Set V (VI), (# equations) |

¢zk(x:k)
2= Sl (84) -
Set II (» equations)
Tutzra=o0.
Tat%.=0. (8s)
XintXn=0.

By substitution from Set II all the x,’s may be eliminated from
Set I (II, VI) and Set V (VI), g1v1ng
Set I (II, III, VI)

xn¢x'x(xu)+xu¢n(xu)+ i ' ¢ +xm¢m(xm) =0. ' (86)

(""xu)¢zx("‘xn)+(—xxz)¢zz(""xu)+ seee.
+(_xm)¢2n( xm) 0. (87) »

Set V (I1, VI)

— ¢:k ( - xtk) .
= gulan) 69

From this last Set V (II, VI) an x.; quantity can be determined
for every value of the net monetary factor z;. For any z; the terms
in (86) can therefore be evaluated, since the %y, 1, « . - . %1s are
known. Obviously, that value of the net monetary factor z; will
exist at equilibrium for which equation (86) holds, i.e., for which
the sum of the values of imports (—) and exports (+) is zero. If
‘the sum of the terms in (86) is plotted on the vertical scale against
z3 on the horizontal scale, equilibrium is determined for that z;
value at which the line crosses the horizontal axis. As variants of
this method it is possible to plot the sum of the exports and the -
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sum of the imports separately, treating both as positive magni-
tudes, and letting their point of intersection locate the equilibrium
value of 2.

+

Z[x,,4(x, )] for exports, for imports
(sign reversed), and for both combined.
M

Fic. 12

‘In Figure 12 let EE represent the sum of the export values and
IT the sum of the import values as ascertained above. By sub-
tracting the ordinate of II from that of EE, the ordinate of

zz,ie., [Z x,,fb,.-(x,;)] , is secured. OB represents the equilibri-
um magnitude of the net monetary factor z;. All the quantities of
imports and exports, the xu’s and x.’s, are then determinable from
the functions given, (88) and (85). The yu’s and y.4’s are obtain-
able from the functional relation of price to quantity in each
case, (6).

If all the import demands of both countries are elastic and there
are no negatively sloping export supply curves, the graph has
lines with slopes of the same signs* as those in Figure 12.

This method of presentation is less simple than the Marshallian

1 The graph would be similar to Figure 12 even though some of the elasticities

were different from those specified, provided they were not sufficiently important
to change the signs of the slopes of the lines 77 or EE.
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system of curves because the latter uses in the final graphs only
the quantities of each commodity imported and exported. It has
the advantage, however, of not being limited to two commodities.
A further consideration in its favor is its relation to the monetary -

mechanisms operative in international trade. The line =2 ex-
presses the excess () of the export values over import values or

the excess (—) of import over export values ie., meﬁ,.-(x,.-), as
t=1
a function of the net monetary factor z3. Itisa necessary condition
of the stability of the equilibrium that this line have a negative
slope where it crosses the horizontal axis. For, if the export and
import values do not balance, monetary mechanisms of gold flow
or currency and credit contraction and expansion are set in opera-
tion which, if the equilibrium is stable, will make them balance.
. i=n
Now, if the exports exceed the imports, [zx,ﬁp;,-(x,,.) > o] , these
=1
mechanisms operate to raise the actual schedules of ¥y in coun-
try 1 and depress the actual schedules of ¥ in country 2, or raise
the ¢; exchange rate, i.e., they increase the net monetary factor -
33 If the above mentioned line is negatively sloped, such a change
in the net monetary factor will cause a decrease in the excess of
exports over imports. If it were positively sloped, the mechanisms
described would simply increase the departure from equilibrium
conditions. Similarly, if the imports exceed the exports for coun-
try 1, the monetary processes will decrease z; and equilibrium will
be approached if the line representing value of exports minus
value of imports is negatively sloped. The values of exports and
imports to which we have been referring are not, of course, actual
values, but those for fixed-height schedules.

An extension of this graphic method into three dimensions to
accommodate three countries and any number of commodities is
possible. The method of procedure about to be followed could
have been used in the case of two countries but would have been -
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less satisfactory than that described. Let the equilibrium equa-
tions be written in the form (25):

yxxﬁfn) +yx_=l{u(yu) +oeees +yu\fu(J’m) =0
1:Jn(z;yx-)+ynln(z;yn)+ ceee +yu\fu(z,y-a)-o (89)

+

yx;fax(‘p'lx)'l'ynfu(‘g}'n)"" sece .+J’u\fan(3p’m) =0
] ] : ¢
o o coes c.>

The vertical equations allow ya, and hence yufa(ys) and

fmn
also z Yiifri(3) to be expressed as functions of z; and g5
=y
fmn

If z Yusfai(y) be plotted on the vertical scale against z; and 3,

f=y

on the two horizontal axes, a surface will be secured. Another

f=n

surface will be obtained if z ¥ufx(z33::) be plotted against z;

“and z;. The point at whic};-llnoth these surfaces intersect each
~ other and the horizontal plane of the z; and z; axes will indicate
ethbnum



CHAPTER V

THE EFFECTS OF DISTURBANCES TO
EQUILIBRIUM

I. INTRODUCTION.

The three preceding chapters provide a mathematical descnp-
tion of the conditions of equilibrium in international trade. It re-
mains to show how such equilibrium is affccted by the introduc-
tion of a new element or the alteration of one of the previously
existing conditions. Specifically, what are the effects on the rel-
ative price levels and on the prices of individual commodities re-
sulting from indemnities, loans, duties, bountles, and changes in
demand and supply curves?

Most of these phenomena have twofold effects: (¢) an n imme-’
diate shift in purchasing power and (b) a disruption of the existing
balance of indebtedness for the country in question. The proceeds
of a duty, a loan, an indemnity, etc., provide additional avail-
able funds to be expended in some particular way, and, con-
versely, the process of obtaining the money for a bounty, a loan,
or an indemnity usually involves decreases in the available funds
of certain groups. Inan extreme case, if the addition to the means
of payment resulted in an equal additional expenditure on inter-
nationally traded commodities and the decrease in the means of
payment in an equal decreased expenditure on such commodi-
ties, the disruption of international equilibrium would not occur.*
But in the typical case the changes in spendable funds also affect
domestic commodities. For the sake of simplicity, in developing
techniques of analysis we shall temporarily retain the fifth as-
sumption of chapter ii, that the increases or decreases in spend-

* Bertil Ohblin, The Reparations Problem, Index (Svenska Handelsbanken),
No. 28 (April, 1928).

61
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able funds are generally distributed over all commodities in such
a way that their net effect is a raising or lowering of all the demand
and supply schedules of a country by the same ratio. After the
methods of analysis have been developed and applied to the first
general case, we shall show that similar results are secured even
though this assumption is practically abandoned.

An existing balance of international indebtedness is disrupted
by the addition of debits or credits which will, through the mech-
anisms of adjustment, lead to a new balance. This process of ad-
justment, involving shifts in the heights of schedules and move-
ments of the price points of commodities along the schedules,
~ may be regarded as independent of the particular character of the
debit and credit items introduced, if the changes in the prices and
quantities of commodities directly affected by the disturbance
(e.g., an import duty) be excepted. As concerns these direct ef-
fects, each disturbance must be studied individually. As concerns
the effects brought about by the mechanism of adjustment, all
disturbances are alike (if, as assumed, the changes in spendable
funds are generally distributed).

2. TECHNIQUE OF ANALYSIS

The obvious method of investigating the effects of an indem-
nity, duty, etc., would seem to be (1) to write and solve the equa-
tions before the disturbance occurred, (2) to write and solve the
equations incorporating the new element, and then (3) to com-
pare the prices on the fixed-height schedules and the relative
heights of the schedules, ascertained in (1) and (2), respectively.
Unfortunately, this is not usually a practicable procedure. The
solution of such non-linear equations even in a relatively simple
case is difficult, and in the general case is not feasible.

If, however, some method could be devised which would yield
a set of linear equations involving the unknowns, or the changes
in the unknowns brought about by the disturbing element, some
useful generalizations might be obtained.
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Such a procedure is available® Let us take the equations of
(22) and (24) for some particular case of equilibrium and intro-
duce into these equations a very small change of the type we wish
to study. If it is an indemnity payable from country 2 to country.
1, there will appear on the right-hand side of the first equation of
(22) a very small negative quantity, and on the right-hand side of
the second equation of this set a very small positive quantity.
All the other equations of (22) and (24) ‘are also to be written.
Now, if each equation in the original sets of (22) and (24) be sub-
tracted from the corresponding equations in sets (22) and (24)
after the introduction of the indemnity, a new system of equations
will be obtained which relate the ckanges of the terms in the
original (22) and (24) to the indemnity introduced. If the ele-
ment of indemnity is very small (and it can be made as small as
we choose), it is legitimate to use differentials of the terms in
equations (22) and (24), neglecting all product and higher power
terms of these differentials. These equations are linear and can
be solved for these differentials of yu and z,. For sufficiently small

14
disturbances the signs of differentials indicate correctly the direc-

tion of change, plus or minus, in the unknowns yx and z;. Let us
b 4

assume that we know the correct ya and sz, values after a very
P

small element of indemnity has been introduced. We then intro-
duce a second very small additional indemnity and again ascer-
tain the signs of the differentials. Thus we may proceed by suc-
cessive steps until the very small elements of indemnity total to
the required amount. If, throughout the process; the differentials
of the unknowns always have the same respective signs, they in-

~ t'This method is merely an extension of the device employed so skilfully by A. A.
Cournot throughout Researches into the Mathematical Principles of the Theory of
Wealih. See especially page xv of the “Notes on Cournot’s Mathematics” by Irving

Fisher and page 57 of the text in the 1927 edition of N, T. Bacon’s translation, edited
by Irving Fisher.
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~ dicate the signs of the changes in the y. and 2 caused by the in-

?
demnity.?

If all the functions fu(y,) were linear, we could apply the same
technique at once to calculating the amounts, as well as the signs,
of the changes in the prices and relative heights of the schedules.

We now write the equations involving these differentials as
unknowns. - Each term in an equation of (22), before substitution,
was simply yuxz. The differential of such a term is

A(ypxsn) = £padypnt Ypudzon

pr( +ypk 37 )dJ’r

d
ux,kypk(l‘l'htk) yph D)
But since
/el L I ' (o)
»
‘we get
z:dylk-'- y ‘kdz'
Ao =g hyw) 2 ?
> dz,
= LYok (1 Fiph) y;» z.P - (92)

4

We shall hereafter denote the coefficient z,uyu(x+%,) by as.

ap =Tk (1+1pe) - (93)

s We may infer that each differential has a constant sign through the successive
steps if the coefficients for the successive solutions always conform to the appropriate
criterion. The criterion might require all import demands to be elastic and all
export supply elasticities to be positive. If the various elasticities conformed to this
criterion throughout the ranges of variation of the prices from the old to the new
equilibrium, any conclusion which could be dedyced from the criterion regarding the
sign of the differentials would obviously hold for every step.
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For an imported commodity, ¢ = E oaccording as h,,,, =—1. Foran

exported commodity, 6t S0 as ku S — 1. Excluding a case which
rarely if ever occurs, in which 0> k> —1, i.e., in which the total
value of exports is a decreasing function of quantity exported,
we may say the a, for exports is positive if the export supply
curve is positively sloped, but negative if that curve is nega.txvely

sloped.

The equations involving the dlﬂ'erentxals of the terms of the
equation (22) may now be set down. Let there be an indemnity 7
payable by country 2 to country 1, measured in the money of
country 1. Let dI represent a very small element of this indem-

nity. We then have the m equations:

dy“+ veestag, D=

11 In

{=n 132,
Y 8y |3
a,,yn + +am Yon +[zaa.] p

Gy

dy dy s dz!
L3 TP m .3
axx Yer + +asn Yim + Zast] %

3

L * L] L] L] - . - L] - -

oD g B 2
Gt et om0 lzm,]

=0.

- In these equations the ay’s are to be regarded as coefficients and

dz:

the 2 ’s and the —2 s as the unknowns. Obwously,

yxb Zx

P

(+)%

X

very small negative value and ———2

~ value.

some very small positive
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Each term in the equations of (24) was, before substitution,
simply x,, and its differential would be dr,s. But this may be
written

dxn d
drorsax,a 228 EX02 CYph
I o By Toa
d ) .
= 2y _Z;! (95)

We shall hereafter denote 2%z by bya.
don= prhipn « . (96)

| p dz,
E ] ﬂ ylb‘l—‘ ; -
dxp b,,. y” By ya T 5 (97)
?

~ For commodities imported, x,» and A, are both negative; and
b, is therefore positive. For commodities exported, b, takes the
sign of A, i.e., by is positive for positively sloped supply curves
and negative for negatively sloped supply curves.!

The n equations derived by taking the differentials of the terms
of the equations (24) are then:

‘ f=m d dzx dzx
(bu"!‘Zbu) il +bu ""'+ ceee +bm! -—z—’=0 .

fmm i dz, " dz,
y.’ ; s 0o 00 —;:.=
(bu+zbu)7‘ +bn ;;"*" +bm z_l_ O. (98)

L L L] . [ 4 L] [ 4 * . [ 4 . L 4 L L] L]

t=m d dZ] dz_!
(bm+zb ) ym+bzn —"'+ ceer +bmn

*If the supply curve is horizontal and dy,, is consequently zero, neither the a,
nor the b, coefficients can be used, since they involve a division by dy,.
The analysis of this case is deferred to a later portion of this chapter.
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In the (m+n) equations of (94) and (¢8) there are (m—1) un-
dz.

knowns, —2 z ? and 7 unknowns, 22 ‘;y"‘ , 0T (m+n— 1) unknowns. But
since one of the equations of (22) and (24) can always be derived
from the (m+n—1) others, and since the equations of (94) and
(98) can be obtained by subtracting the respective equations of
two sets of (22) and (24), any one of the equations of (94) and
(98) is derivable from the other (m+n—1) and may be omitted.

We next arrange the equations of (94), omitting the first, and
those of (98) in such a formation, (g9), that the theorems of Ap-
pendix I may be applied. The unknowns are written above the
horizontal line and the coefficients of these unknowns directly
beneath. To the extreme right are the terms on the right-hand
side of the equation. Beneath the horizontal ruling there appear
in the first (m—1) rows the equations 2 to m of (94), and in the
last # rows the 7 equations of (g8).

3. EFFECTS OF DISTURBANCES IN THE GENERAL CASE

We may consider first the case in which every @ and every b is
positive. This implies that every import demand is elastic and
every export supply curve has a positive slope (positive elasticity).
For convenience we shall designate this as the “normal” case and
these elasticities as “normal elasticities.” In Appendix I, section 2,
it is demonstrated for such a case that the unknowns of which the

individual ¢’s are the coefficients, i.e., the Dy ’s, are of opposite
Yik pe

sign from the constant terms, and that the unknowns of which the
dz,

individual &’s are the coefficients, i.e., the —z—l’ ’s, are of the same

14
sign as the constant terms. In equations (gg) representing the
effects of an indemnity paid by country 2 to country 1 the con-
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dl
& )z} , 1s positive; hence all the 3y

sare ne tive
L4 yxb B2

stant term,

dz, .
and the ? ’s positive. In other Words the fixed-height schedule

prices of both imports and exports in the country receiving the
indemnity decrease, but the height of the schedules in this coun-
try (assuming the exchange rate is constant) increases relatlve to
those of every other country. - :

If we let the indemnity-paying countty be country 1, the con-
stant term in (g9) is negative, and we find by similar analysis that
the fixed-height schedule prices of imports and exports of the in-
demnity-paying country rise, but that the height of its schedules
decreases relative to those of every other country.

Now ‘

dya dy,,ud )

Yax yxh * : (IOO)

If countries 1 and 2 be regarded as the receiving and paying coun-.
tries, respectively, we know from the preceding analysxs that

@y ; 1s of dlﬁ‘erent sign from dy * but of the same sign as %
Yar " Vik z;
Therefore, as between the indemnity-paying and the indemnity-
receiving countries the proportionate change in the net monetary
factor, or, with thé exchange rate constant, the proportionate
change in the relative height of the two countries’ schedules, is
" greater than the proportionate change in any export or import
fixed-height schedule price. Consequently, in this “normal” case
no actual money import or export price can rise as much as the
domestic price level of the indemnity-receiving country or fall as
much as the domestic price level of the indemnity-paying country.
From the behavior of the fixed-height schedule prices it is readi-
ly inferred that for country 1 receiving the indemnity, the quan-
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tity of each import increases and the quantity of each export de-
creases. For country 2 the quantity of each export increases and
the quantity of each import decreases.
All these conclusions for the “normal” case are conveniently
summarized in Table I. Country 3 is typical of any country 3 to m.
TABLEI
Errrcts or AN INDEMNITY PAID BY COUNTRY 2 T0 COUNTRY 1

S1icns or CRANGES IN:
Net

. I;nport Export
Monet. ? .

Covams ~ Foctors,  FRcaon  Fricaon ntites  Quantities

» Height Height port port
for Country Schedules ules

!-o-o‘..--;-. . L - + —-—

PRI + + o+ - +

F. PP + ? ? ? ?
dz dz
-—-;. <° _..i. > —é.y_"g or .dl.’b .

5 5 Yk Ya

In the following section it will be shown that these tabulated
-results are not dependent on the assumption of equal relative
shifts in all the schedules of a country.

Much has been said recently concerning the necessity or lack
of necessity of changes in prices to accomplish international trans-
fers such as reparations. In this problem the greatest care must
be exercised to distinguish the factors which affect both domestic
commodity prices and internationally traded commodity prices
from those which are peculiar to the latter. Both groups of prices
are affected by monetary causes which move the demand and
supply schedules up or down. But when the demand or supply
schedules of a country for internationally traded goods are shifted
by monetary changes, they stand in different relations to the
schedules of other countries. In general, if the supply curves are
positively sloped, the equilibrium price points tend to move along
the schedules in such a way as to compensate for the monetary
shift of the schedules. Thus, it is quite conceivable, especially if
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the indemnity paying and receiving countries are of approximate-
ly equal size, that there might be relatively minor changes in the
prices of internationally traded commodities. As regards domes-
tic prices, the situation is different. These prices also reflect mone-
tary changes peculiar to the country, but without the compensa- .
tion resulting from the schedules being related to foreign-country
schedules. Such compensation as occurs comes from competition
between the domestic and the import and export préducts, i.e.,
from the fact that domestic products are not purely domestic. It
is not, therefore, legitimate to conclude that price changes of all
commodities will be small because the price changes of inter-
nationally traded commodities are expected to be small. .

Our conclusions regarding the effect of an indemnity on the
fixed-schedule prices and the relative heights of price levels were
based on “normal” elasticities. Even if some of the elasticities
were exceptional, we should expect the signs of the differentials to
remain unchanged in many cases (but not the sign of the differen-
tial of the price-on a fixed-schedule supply curve of negative
slope®), particularly if the commodity imports or exports of ex-
ceptional elasticities did not make up a large portion of the trade
in a commodity, or a large portion of the trade of more than one
country. One might view the problem in terms of Marshall’s
“bales.” Although some of the elasticities of individual commodi-
ties may be exceptional, the elasticity for the composite bale may
still be of the “normal” type. Further, we shall see, when we
analyze the two-country, two-commodity case, that the signs of
the changes in the fixed-height schedule prices (excepting prices
on negatively sloped export supply curves), in the quantities im-
ported and exported, and in the net monetary factor are for wide
ranges of exceptional elasticities the same as for the “normal”
case.

The preceding discussion of the effects of an indemnity applies
~ also to the extension of loans, the repayment of loans, immigrant
t See Cases IV-VIII for two countries discussed later m this chapter.
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remittances, gifts, and any other additional remittance appearing
in the international balances.

A duty or bounty may be studied either by specific mathe-
matical analysis, i.e., by introducing a very small element of duty
or bounty and analyzing its effects upon the differentials of the
prices and of the net monetary factors, or else by considering the
disturbance to the equation of international indebtedness caused
by the duty or bounty. The former method gives a complete solu-
tion since it incorporates the changes in the prices and quantities
of the commodities directly affected. But since it involves diffi-
culties which would require extended treatment, and since the
alternative procedure yields exactly the same general conclusions,
we shall adopt this simpler method of approach.

The imposition of a duty on any import operates directly to

“reduce the net price paid to foreigners and to decrease the quan-

tity imported. Consequently, the foreign countries exporting the
product lose a portion of their means of payment for their imports
and must increase the value of their exports relative to that of
their imports. They are in a position analogous to that of the
mdemmty-paymg country On the other hand, the country levy-
ing the duty must increase the value of its imports relative to the
value of its exports; it takes the réle of the indemnity-receiving
country. Thus all the reactions we have described for the indem.
nity-receiving or the borrowing country will occur in the country
which levies the import duties. But the statement that import
prices on the fixed-height schedules will decrease does not, of
course, apply to the commodities on Wluch the duty has been im-

' posed

It is interesting to observe that the argument for the tariff as
a cause of prosperity may have a certain limited significance. A
major tariff increase will tend to raise the domestic price Tevel and
thus may initiate a prosperity phase of the business cycle. Con-
versely, a large increase in foreign import duties affecting a con-
siderable portion of the exports of a country will tend to depress
domestic prices.
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Except for the fact that the proceeds of a tax are again ex-
pended, the effects of an import duty are exactly duplicated by a
decrease in import demand, i.e., a lowering of the schedule of im-
port demand. An increase in import demand, conversely, would
have general effects analogous to the payment of an indemnity.

The results of a rise in export supply schedules and of export
duties are alike, except as regards the expenditure of the duty.
Either of these disturbances decreases or increases the value of
exports according as the foreign demand for them is ‘elastic or in-
elastic. In the former case they operate like the payment, in the -
latter case like the receipt, of indemnities as regards their general -
effects. Export bounties and a lowering of the export supply
schedule are analogous, except for the effects of securing the
bounty funds. If the foreign demand for the commodities in ques-
tion is elastic, these disturbances operate as would the receipt of
an indemnity; if not, they operate as would the payment of an
indemnity.

4. EXTENSION OF THE TECHNIQUE OF ANALYSIS

The results of the preceding section indicating the effects of a
disturbance to international equilibrium are valid beyond the
limits of the assumptions from which they were derived. v
* Thus far we have assumed that all the schedules in a country
shift up or down by the same ratio, i.e., that r, is the same for all
commodities in any country p. We were thus able to define the
net monetary factor, z, also the same for all commodities, by
equation (10), ’ |

. o)

R 2
Zx=‘1
? b 4

81

Let us now consider the case in which the relative changes in
the heights of the various schedules are not of uniform magnitude.
Under such conditions there must be a separate r,. for each com-
modity (identified by the additional commodity subscript). Fur-
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thermore, %, which relates the schedules of country p to those

’ .
of country 1, must also vary from commodity to commodity.

41 ) .
z_,_ = » G- (xooa)

Very small relative changes in z,, may be written:
? .

dz. . d J dc, :
? 'xb Tyhy
By e Te + a (z00d)
» 4
| dz,
Now, if -;_—— is of the same 51gn but of different magnitude for
-h

commodmes 1, 2,....,%,as regards the countries 1 and p, it
can be shown that the effects of an indemnity in the general nor-
mal case are similar to those tabulated in the preceding section.
It is important, therefore, to inquire into the conditions which
dz: .
" will lead to —2-’s of this type.
. z: »
With convertxble currencies and a constant exchange rate,
which may be assumed for convenience in the discussion, equatxon
(100b) becomes

s e d
L4 =_.£1_.h....._.’.2£ R (IOOC)

»

The effect of a disturbance, such as an indemnity, is either to
lower or to raise the schedules of a country. This leads to the re-
df,},
7ok
commodities (¢=1, 2, . . . ., #) in any country p. From (1o0c)

dz, 1

it is evident that the sign of -;‘—- is uniform, first, if —= d"" and d:”"
o

Ty

E _

quirement that be of the same sign, i.e., 20 or <o, for all
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are of different signs, or second, if either is consistently larger or
smaller in absolute magnitude than the other. The first of these
conditions obtains whenever a disturbance to equilibrium, such
as an indemnity or loan, increases the spendable funds in one
country and decreases them in the other (countries 1 and 2 in
the case in the preceding section). The second of these conditions
usually exists whenever there is a direct increase or decrease in
the spendable funds in one country but only a minor change in
the spendable funds in the other country, secondary to and re-
sulting from the disturbance in which the country is not directly
involved (e.g., countries 1 and 3 or countries 2 and 3 in the cases
in the preceding section). Instancesin which the secondary effects
are so concentrated on one or two particular commodities as to
cause large relative changes in the heights of their schedules would
be possible but probably exceptional,
We may now proceed to show that the effects of an indemnity,
loan, etc., are not altered by introducing variations in the magm- '
dz, y

-E
By selecting a set of posmve multxphers, A, such that A isin-

P

dz, .
versely proportional to —*- for k=1, 2,....,n, we get
2,
dzi, dzi, dzi,.
k: L4 = Az = s ess =xl d - (Iood)
pt B, p? I, ™ o,
) 4 ) 4

dz,
Sk
In case any —2- is zero, the )\ , may be regarded as mﬁmte By
Sk

dz dz,
- - I ; p - I f
substituting o, [7\5 i 7 ;] for z and treating 7‘5; as part of the
. 4

=k
14
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dz,
. .
coeiﬁcxent and [7\, ] as the unknown, we may use the methods

» z_.

' . dz,
of analysis a.lready developed in this chapter For [7\. ~ } isnow
Sk

Az '
an unknown similar to -2 , the same for all commodities, and the
’
dz, R
multiplication of the coeﬂiaents of the z:’ ’s by the posxtwe —s
\ & Sh

does not cause any reversal of sign. The vanishing of some of the

coefficients when their ), . ’s are infinite does not change the type

)
of the determinant.

_ Since the essential characteristics of the set of equations (g9)
are not altered by these processes, the results are strictly parallel

. with those obtained in the original solution. The Y »g have the

Yor
4 dz R
same signs as before. Each |, . —2-| is of the same sign as the

. » Ay
14
dz, dz,
~2 in the previous solution. And, since A, is positive, the —zT”- s

Z_x_ . p —b
P

for the various commodities (¢=1,2,...., n) have the same
dz,
sign as the corresponding —;"! .

It should be observed, however, that any statement based on
the relation in equation (100) must of course be made relative to
dzy .
the —2- for the particular commodity.

Ay
[ 4
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We come now to the second stage in the generalization of our
conclusions. Let us assume that in reaction to a disturbance of
international equilibrium the schedule$ of a country shift up (or
down) by varying relative amounts and that they also change
their shapes. For our purposes it’will be convenient to regard
such adjustments as occurring in two distinct steps.

Arbitrarily, we may imagine that the changes in shape oc-
curred just before the disturbance and that these changes left all
the import demand and export supply curves still passing through
their previous equilibrium points. Obviously, this would cayse no
. alteration in the existing equilibrium; prices and quantities would
remain the same. Then the adjustment to the disturbance in
international equilibrium could be regarded as taking place
through upward (or downward) relative shifts of these schedules.
But, as we have seen, this latter type of adjustment leads to uni-

dz,
Sk

form signs of for pairs of countries which are opp051te1y
Sk .
affected by the dlsturbance and usually also for palrs of countries
which are affected primarily.and secondarily by the disturbance.
. dz: : :
And if the z” ’s are umform in 51gn fork=1,2,....,n, there-
Sk
sults are exactly parallel to those in the ongmal case.

Nor can legitimate objection be raised to this separation of the
adjustment process into two parts, one of which is conceived of as
preceding the disturbance. For it is a sufficient answer to any -
- such objection that the final equilibrium is dependent only on the
 final shape and height of the schedules and not on the sequence of
change leading to them.

In this connection it is important to note that the coefficients
in the set of equations (99) would be derived from the changed
schedules. Consequently the type to which any case belongs de-
pends on the elasticity of the new schedules.
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In the discussion of subsequent cases we shall not repeat this
process of generalizing our conclusions. Although such conclu-
sions will be derived from the original assumption of the uni-
formity in the relative shifts of all the schedules in a country, they
may, by the processes just described, be extended to cover the
cases in which the relative shifts are non-uniform in magnitude,
although uniform in direction, and in which the schedules experi-
ence changes of shape.

5. PROCEDURE FOR CASES INVOLVING CONSTANT COSTS

The a,4 and b, elements in the determinant cannot be used
for an export with a horizontal supply curve. In such a supply
curve C

=Ko . "o (101)

in which K, is some constant.
In place of (go) we write

d(xpkypk) =y,kdTph 3 (102)

.and instead of (97) we use simply dx,. Now dx, is an additional
unknown. But from the other remaining unknowns one can be
eliminated, for

dypu=o0. | (103)
p dz
dyyk=d(21ylk)= ylk+"'—p=0 . ) (104)
? 21 .
»
p dz;
G ®
Ve % (105)

?

In each equation the coefficients of dYun may be combined with

Yu
dz,
those of ;x! , after changing the sign of the former, thereby elimi-

?
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nating the variable 22t d . The determinant solution of any such set

" of equations is then readily acoomphshed. It is interesting to ob-
serve that if two countries, say countries 2 and 3, are both export-
ing, and after the disturb%mce continue to export, a commodity
whose supply curve in each country is horizontal, the changes in
the net monetary factors relating the respective countries to
country 1 are equal. This means that the change in the net mone-
tary factor connecting countries 2 and 3 is zero.

dsz : '
_42'_"___* (106)
ya 5
_dya_%%
ya o w (o)
dz, ds -
i St ‘ (108)
b T

As a practical matter, the failure of the a’s and b’s, and hence
the typical determinant solution, is not very serious. If, instead
of an exactly horizontal line, one very nearly horizontal is utilized,
the error in the solution will be small. If the same signs for the
differentials are obtained whether the slope be positive or nega-
tive, there is reasonable assurance (assuming continuity) that the
signs of the results for the constant cost case are then known. If
the sign of a differential changes as the slope changes from posi-
tive to negative, the differential (assuming its continuity) will be
zero for the horizontal curve. -

6. STABILITY OF EQUILIBRIUM :
The conditions for equilibrium in international trade are of two
types: (a) equilibrium within each industry, and (b) equilibrium
as regards the monetary mechanism of international trade. For
(@) it is primarily necessary that differential income be equal to
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differential cost for each business enterprise and that total income
at least equal total cost for each business enterprise. This would
eliminate negatively sloped supply curves, except such as result
from economies of large-scale output for the industry which can-
not be advantageously appropriated by a partxcular business
enterprise or combination of enterprises.

For (b) it is fundamentally necessary ‘that the changes in the
relative heights of the schedules of the respective countries which
result from any disturbance to the equality of international in-
debtedness shall lead to a restoration of that equality. This may
be tested to some extent m specxﬁc cases by comparing the sign of

dz

the % ? obtained from the equations with the sign which would

’ .
result from the monetary mechanisms in operation. Thus, if an

indemnity is paid by country 2 to country 1, we know that the
monetary changes will elevate the heights of the schedules in
country 1 relative to thdse in country 2 (assuming the exchange

- . ’ dz . .
rate is constant). This means that dz;, and hence z—% , 18 positive.
* .

' d:
For the equilibrium to be stable, —z-z-i , as calculated from our equa-
i .

tions, must also be positive. If it were of opposite sign, the mone-
tary mechanisms which are operative would not re-establish but
would still further unbalance the equation of international in-
debtedness.

4. THE TWO-COUNTRY, TWO-COMMODITY CASES
WITH VARIOUS ELASTICITIES ° ,

@) Statement and Solution of Cases: A detailed solution of the
two-country, two-commodity case for the effect of a disturbance
to the balance of international indebtedness will illustrate some
of our precediilg statements and will afford a further basis for



EFFECTS OF DISTURBANCES TO EQUILIBRIUM 81

generalization regarding the effects of such disturbances upon the
terms of trade and the behavior of sectional price levels. Let the.
disturbance be any additional remittance payable by country 2
to country 1, such as an indemnity, loan, etc. We shall use the
term “indemnity” as typical of such disturbances. The equations
and the determinant A, for their solution, following the sche-

: dl)z,
matic arrangement in (99) but with a substitution of &I ' for (——r)ﬁ,
are: .

o d By
4 3 Yix , ) yxz ,
(azl+an) : Qn 129 :'l'dI ’
ba (bn+ bzx) 0. ' 0 (109)
b ‘ o . (bm+ bzz) (o] .
The solutions for the unknowns are easilj written.
dz ’ }
T + (+aI") (butbx) (brat-b2a) . (110)
H4 3 Au S
dys__ (FdI)bu(butbs) RN
. A, . ‘ 1(111)
11! g .
dyxz —— (+ ar ) (bn+bzx) (bzz) . (I 12)

Y12 . Ay
Anp= (a,,-l— dn) (bn+ bzx) _(bn'l' bzz) —Gaiban (bxz+ I;zz) /27! (bu+ b_zx) bas .
= b1 (bra+ b2) + an(b:x+ b21)b1a (x13)

* This is called An because the rows and columns are numbered beginning
with 2. :
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From (100), (z10), (111), and (112),

é_y:s,.j‘ﬂJ,dyu (hbuburtb)
Ya zi Y AP

(114)

dy,, 92y dy._ (+dI')(b,.+b,,)b,.
b 27 * PR Y2 + Au (HXIS)

We shall distinguish twelve cases, for the first eight of which
the determinant and general solutions of (109) to (115) can be
used. A special solution is necessary for Cases IX-XII. The dis-
turbance to equilibrium is, as stated, an additional remittance,
such as an indemnity which must be paid by country 2 to country
1. Commodity 1 is an import for country 1 and an export for
country 2; commodity 2 is an export for country 1 and an import
for country 2.

.Case I.—Normal case. Both import demands are elastic, and
both export supply curves are positively sloped. Therefore every
. @ and b is positive.

Case II.—One import demand is elastic and one inelastic; both
export supply curves are positively sloped. Either ¢, or as is
negative; the other a’s and b’s are positive.

Case III.—Both import demands are inelastic; both export

supply curves are positively sloped. a;, and a,; are negatlve G
and a,, and all the d’s, are positive.
. Case IV.—Both import demands are elastic; the export supply
of country 1 for commodity 2 is negatively sloped, subject to the
arbitrary limitation that |4,,|> |%.|. The other export supply
curve is positively sloped. @:, and b,, are negative; the other a’s
and b’s are positive. (b:,-+5,,) is negative.

Case V.—Both import demands are elastic; the export supply
of country 2 for commodity 1 is negatively sloped, subject to the
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limitation, |[%.]>|k«|. The other export supply is positively
sloped. a,, and b,, are negative. The other a’sand b’s are posmve
(bss+0,,) is negative.

Case VI.—Both import demands are elastic; both export sup-
ply curves are negatively sloped but subject to the restrictions
that |h.] > | k.| and | b > ||, iy Gy biay Bary (Batba), and
(bx+b,,) are all negative. ay, @z, by, and b., are positive.

Case VII.—A consideration of the effects on cases IV, V, and
VI of allowing either ¢, or a., to be negative, i.e., allowing one of
the import demands to be inelastic. )

Case VIII.—A consideration of the effects on Cases IV, V, and
VI of allowing both a,, and a,, to be negatlve, ie., both import
demands to be inelastic.

Case IX.—Both import demands are elastlc one export supply
curve, of commodity 2 by country 1, is of zero slope, and the
other is positively sloped. a., and b,, drop out; the other a’s and
b’s are positive. ‘

Case X.—Both import demands are elastic; one export supply
curve, of commodity 1 by country 2, is of zero slope, and the
other is positively sloped. a,, and b,, drop out; the other a’s and
b’s are positive. :

Case XI.—Both import demands are elastic; both export sup-
- ply curves are horizontal. @, by, @, and b,; drop out. @, bu,
., and b,, are positive.

Case XII.—A consideration of the effects on Cases IX, X, and
X1 of introducing inelastic import demands.

These cases do not, by any means, cover all conceivable com-
binations, but they are sufficient illustration for our purposes.
~Table II contains a summary of the solutions.
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TABLE I

Errzcrs or AN INDEMNTTY PAp BY CoUNTRY 2 T0 COUNTRY 1 WITH
Var10ous ELASTICITIES OF DEMAND AND SUPPLY

] . o SIGNS O~ . .
dyn dyn (] dyn dys (=dem)  (+dvw)
S T~ R~ - -
Toverees = - + + + + - +
I1I.... - - -+ + .+ + - +
Imx@).. - - + + + + - +
or .

- ®... + + - - - - + -
Iv...... - + + -+ + + - -
V..... N - + - + + - -
VI...... + + - + + -— -+
VII..... No change in Cases IV, V, and VI.

VII1....Either (a) no change in Cases IV, V, and VI or
() all signs reversed in Cases IV, V, and V1.
. 1x- sseve haund [+ + + + + -.

-iz—" *
. . ) S’
x...ocoo - - + o + + —
dz’ .
%
XI..... - o + ° + + -
- 2
Ty 5

XII.. fhther (a) no change in Cases IX, X, and XIT, or
() signs of Cases IX, X, and XTI reversed.

Solutions I, IV, V, and VI can be determined from inspection
of the general solutions in (110) to (115) and by consideration of
the functional relations between y,: and x,. Solution II is obvi-
ous from inspection if a,, is negative and a,, is positive. If a,, is
positive and a., is negative, the solution is more difficult. It may
be obtained most easily by excluding the equation involving a.
and including in its place the equation involving ¢,,. This requires
a new solution, but it is simple and the signs of the differentials
are then determinable from inspection. Another device which can
be used is the reversal of the position of the indemnity receiving
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and paying countries. Solution IIT becomes apparent from a con-
sideration of the determinant A,,. It appears from inspection and
trial that if a,, and a,, are both negative, this determinant may be
either positive or negative. In general, it is negative only if ¢, and
@, are based on extremely inelastic demands. For the great major-
ity of cases solution (@) will be found to hold. The results in VII
are obtained by a procedure analogous to that described under
II, and the results in VIII by a procedure analogous to that in
IT1. In general, solution VIII (b) will hold only for very inelastic
demands. In testing the sign of A, it must always be remem-
bered that @, and b, are directly related; both mvolve the same
Xpk and hpb

The zeros which appear in solutions IX, X, and XI occur be-
cause tl;e y in question is constant on a honzontal supply curve
and dy is therefore zero. The equa.tlons to be solved for IX are,
in the usual formatxon

- dg
3 dyu dzs
z* ' Y .
(aata20) @ o| +4@I) | (116) -
bzz (bxx+bzx) (o] o
_ bz 0 4 o
The solution gives
dz ’
—so. dy —“—<o. dxs<o. (117)
Z* Y
But we also have
dz
g.}_"_’ o__.‘zy_"_.___i . ‘ (118)
Yia . » Va2 Z*

tIn equatlons (x10), (111), (112), (113), (114), and (x15), substitution may be
made for the a ok ’sand b,’s from {93) and (96) and the expressions then simplified.
This relates the differentials directly to the import and export elasticities a.nd facili-
tates the solution in some of the cases.
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Therefore,

‘-ly&'>o . (119)

Since %2'1 <o, the exports of commodity 1 to country 1 from coun-

try 2 have increased, [(—dx.)>o0], and this necessitates that
AYnso
Yu ,

The solutions for X and XI follow the same procedure as IX.
The equations for XT are given below.

dz dz
Y2 V22 3* Ya z} ,
dz : dz
& o 70 Ay 7 (121)
dZ}
T ] dxn dxn
3
23 z ' dl'
a o y. +(dr') (121)
"'bu o . 1 (o] .

b2 I o o
The solution is

ﬁ = dyzz= - dy" = — (dI’)

hich is>o. 2
Z* p 2% Yu ""(bnyz:‘l"azz) which 18>0 (I 3)

dx,,:-qgii’—)%_”—a—-)- which is<o . - (124)
drgm el b is >0 (125)

- (bxx}'n+ azz)



EFFECTS OF DISTURBANCES TO EQUILIBRIUM 87

In Case XII the introduction of one inelastic import demand
will not change the signs of Cases IX, X, and XI. Two inelastic
import demands will not change the signs unless the elasticities be
considerably smaller than 1.

A study of these cases will throw some light on the stablhty of
equilibrium in international trade and on the effects of an indem-
nity or other remittance upon the sectlonal price levels and the
terms of trade.

b) Stability of Equilibrium: The monetary mechanisms which
are put in operation when an indemnity is to be paid by country 2
to country 1 increase the circulating money media or raise the
schedules in country 1 while they decrease the circulating money
media or lower the schedules in country 2. This means simply

d
that z; increases or that s positive. If the equilibrium is to be

%3
dz,
stable, the sign of —2 must agree with that deduc1ble from the

; .
mechanisms which are known to be operative. Hence, in our

o O3 . dzy
cases a positive z_% indicates a stable, and a nega.t;ve z_% an un-
stable, equilibrium. The wide range of cases for which the equilib-
rium is stable in spite of inelastic demands and negatively sloped
supply curves—within limits, of course—appears strikingly from
Table II. Although the table was constructed deliberately to re-
flect the important (stable) cases, the ranges within which in-
stability exist are suggested. Generally speaking, instability of
equilibrium is due to small negative elasticities of export supply,
i.e., export supply curves which have a considerable negative
slope, or to import demands of both countries which are highly
inelastic. These conditions are not common, however, even for
individual commodities, and are highly improbable for a “bale”
of exports or of imports composed of many commodities.
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¢) Reactions of Sectional Price Levels: The reactions of sec-
tional ‘price levels to a new item in the balance of international
indebtedness are nicely illustrated by the cases. By definition,
the payment of an indemnity by country 2 to country 1 in every
stable equilibrium case results in a rise of the schedules of country
1 relative to those of country 2. If extraneous influences are
barred, the monetary mechanisms will raise the schedules and the
domestic price level of country 1 and lower the schedules and do-
mestic price level of country 2.

When the exchange rate is constant, z; reflects the height of
country 1’s schedules relative to those of country 2:

23=¢) -:-: , (126)

in which, it will be recalled, 7, and 7, are ratios of the heights of
the actual money schedules to the fixed-height schedules for the
respective countries. Now, if ¢ is constant, the following relation
exists between the increments in the terms of equation (126):

Alog z=4 log r;—~Alogr,. (157)

A log r, serves as a measure of the proportionate change in the
heights of the schedules and in the domestic price level of country
1. Alog r, indicates the same for country 2. If the domestic price
levels of the two countries move in opposite directions, A log 7,
always has the sign of A log z; and A log r, always has the opposite
sign.

In the interpretation of the cases in Table II with reference to
the behavior of sectional price levels, some assistance may be
derived from the definition of the y,’s by equation (8):

ka

7, Y . (128)
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Whence

AK—=Aypk T (x29)

Tp

Obviously, the increments on both sides of (129) are of the same -
sign. This means simply that if the fixed-schedule or'deflated
price of a commodity rises (or falls), its actual money price rises
(or falls) relative to the domestic price level.

For Cases I, II, and III (), with positively sloped supply
curves, we find that the prices of internationally traded com-
modities may have risen or fallen, but they did not rise propor-
tionately as much as the price level of country 1 or fall as much as
the price level of country 2. The absolute rise or fall of interna-
tional prices depends on the various elasticities and on all the
monetary elements governing inflation a.nd deflation in the re-
spective countries.

From Cases IX, X, and XT, it is ev1dent that if an export has a
horizontal supply curve the money price at which it is supplied
varies proportionately with the domestic price level of the country
exporting it.

Cases IV, V, VI, VII, and VIII () show that, if the export
supply curve is negatively sloped for the country receiving the
indemnity, the price of the export rises relatively above the height.
of the domestic price level, which in turn has experienced an ab-
solute rise. But if the indemnity-paying country is supplying a
decreasing cost commodity, then its price falls relatively below
the domestic price level, which has in turn suffered an absolute
decline.

The behavior of export and import price levels relative to the
domestic price level usually assumed is that illustrated by Cases
I, IT and IIT (). The other cases, although of very much less
practical importance, have a decided theoretical interest.

d) Alterations in the Terms of Trade: In considering the al-
terations in the terms of trade produced by an indemnity or loan,

t Jacob Viner, Canada’s Balance of Infernational I ndébtedne‘ss, PP 227-37.
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we must be careful to distinguish the terms of trade in quantitie
of commodities from the terms of trade in resources costs.

If z; be accepted as an index of the terms of trade in resourct
costs,! i.e., as an index of the ratio of a quantity of country 2
resources to a quantity of country 1’s resources, which yield proc
ucts of equal exchange value, an increase in g5 would reflect a bens
fit to country 1 or a detriment to country 2, or indicate both thes
effects. From the tabulated solutions of the cases in section & :
is at once evident that the payment of an indemnity by country
to country 1 in cases characterized by stable equilibrium invar
ably increases zj, or improves the terms of trade in resources cosf
for country 1.

The commodity terms of trade, or in Taussig’s terminology, tt
net barter terms of trade, is defined as the ratio of a quantity «
representative exports to a quantity of representative imports ¢
equal exchange value. Its variations are conveniently measure
by dividing a price index of imports by a price index of export
Since the barter terms of trade may be regarded as the price pai
for imports in exports, any decrease therein is considered favo:
able and any increase unfavorable. |

The reaction of the commodity terms of trade to loans and ir
demnities has been studied both deductively and inductively. 1
particular, the arguments advanced by Taussig? and the mor
guarded statements of Viner? seek to demonstrate that the receit
of a tribute or a loan improves the commodity terms of trade an
that the payment of a tribute or the extension of a loan has tt
opposite effect. Statistical investigations have also led to resul
which are frequently in accord with this generalization. It will k
interesting to compare this conclusion with those which can t
derived from our analysis. :

3 See chapter ii, section 7.

3 F. W. Taussig, International Trade, pp. 114~18.
3 Jacob Viner, op. cit., pp. 227-37.
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Y (_y_x_x_ﬁ Y.

In the cases of section @, — y > would vary propor-

n Vialx Yn
tionately with the commodity terms of trade for country 1 which
receives the loan or indemnity. But «

d (%—:) % o as dy}: Z dy)r (130)

Substituting from (r11) and (112), we obtain

1 AI') b2 (bratba AI") (bux+b21) b
o(22) 0 as —EUIDalbrtba)y _ JORELT
or as '
bnbns b11b2a
DAy > Ay’
or as - '
hﬂlkll hnkzz ‘
_Zu—é —A-:- . . (132)‘
If A, is positive, this reduces to
d(g':‘:) %0 as hthnéhnhzz ’ (133)
but if A,, is negative, it becomes
d(z::) S (o] as huhxz % hnhzz . (134)

For Cases I to III (a), therefore, the commodity terms of trade
for the indemnity-receiving country would become better or worse
according as the product of the two export supply elasticities was
larger or smaller than the product of the two import demand
elasticities. And it would seem that the product of the export
supply elasticities is rather likely to exceed the product of the
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import demand elasticities. Our somewhat uncertain basis for
this statement is the following: (1) The alternative sources of
imports are apt to be more restricted than the possible markets
for exports. (2) Elasticities of supply (i.e., the |e|’s) probably
tend on the average to exceed elasticities of demand (the |9|’s).
On the other hand, if the exports of either country or both coun-
tries are produced under constant costs, the commodity terms of
trade are necessarily changed in favor of the indemnity-receiving
country. And if either or both export supply elasticities are nega-
tive, the alteration in favor of the indemnity-receiving country is
still further reenforced. These conclusions can be drawn from in-
spection of Cases IV-XII.

Although the usual statements regarding the effects of tribute
or loans on the commodity terms of trade are thus probably cor-
rect for the majority of cases, they have a much less adequate
foundation in the normal case than is generally supposed.



CHAPTER VI

SUMMARY

In the concluding paragraph of the Introduction the more im-
portant contributions of this investigation were very briefly indi-
cated. It is now desirable to elaborate that statement.*

The equations descriptive of equilibrium in international trade,
which were given in chapter ii, provide the foundation for all the
subsequent analysis. The first noteworthy aspect of our treat-
ment is the explicit recognition of assumptions, a phase of theo-
retical argument too often slighted. But the most important fea-
ture of the chapter is the introduction of fixed-height, or deflated,
schedules which make it possible to extend the ordinary demand
and supply relations to the theory of international trade. Com-
plementary to these schedules is the net monetary factor which -
forms the connecting link between fixed-height schedule prices in
the different countries. By use of these devices it is a simple mat-
ter to write the equations for equilibrium in the pure theory of
international values and generalize them to include any number
of countries and commodities. As a rather obvious corollary of
the definition of the net monetary factor, it appears that the pur-
chasing power parity theory is limited to a consideration of
“compensated monetary changes,” i.e., purely monetary phe-
nomena which involve a reciprocal adjustment of the price levels
to the exchange rate. A second corollary of some importance is
the distinction between the commodity terms of trade and the
terms of trade in resources costs. Attention is given finally to
the determination of absolute money prices as well as relative
prices at equilibrium.

1 For a statement of the relation of our analysis to the classical doctrine see the
section, “Classical Theory,” in Appendix II, “Notes on Other Formulations of

International Trade Theory.”
93
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Chapter iii is an elaboration of the equilibrium equations.
Therein it is shown how the equations may be modified to recog-
nize service items, credit transactions and unilateral payments,
duties and bounties, transportation costs, rival and complemen-
tary demand and supply, and monoply. Special interest attaches
to the treatment of transportation costs as the most important
of the impediments to trade and as a type case of joint demand
and complementary supply.

Although they were devised independently by the writer, the
curves of import demand and export supply in chapter iv are to
be found in much earlier works.? In our exposition, however, the
elasticities appropriate to these curves are introduced, and the re-
lations between such elasticities and those pertaining to the or-
dinary demand and supply curves are defined. Marshall’s inter-
~ national trade elasticities are also analyzed in terms of the import
and export elasticities and in terms of the domestic elasticities.
Attention is then devoted to some matters which Marshall neg-
lected to explain, namely, the derivation of his curves and the
- method of analyzing the effects of duties, bounties, etc., upon
them. Our new graphic treatment of equilibrium in international
trade is not simple enough to be of much practical importance.

In chapter v and Appendix I a technique for the study of the
effects of disturbances to equilibrium is developed. This is applied
to the general case involving m countries and 7 commodities and
also more intensively to the two-country, two-commodity case.
For the most part the conclusions of this chapter coincide with
those of the classical doctrine. But additional light is thrown upon
stability of equilibrium, behavior of sectional price levels, and re-
actions in the terms of trade, measured in commodities and
measured in resources costs. It is important to note that by an ex-
tension of the technique of analysis the findings of this chapter

* Auspitz and Lieben, Recherckes sur la théorie du prix, pp. 267 ff.; H. Cunyng-
hame, 4 Geometrical Political Economy, chap. x.
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are shown to be valid for much more general conditions than -
those assumed in the preceding chapters.” -

Some hypothesis as to the general form of the relations between
the variables under observation is a necessary preliminary to a
quantitativemeasurement of such relations. Thus,ininternational
trade, before the prices and quantities of imports and exports can
be related by statistical reduction of the data, there is needed an
algebraic statement of the type of interrelations existing. Al-
though the difficulties in the way of statistical analysis of demand
and supply in international trade are very great, the algebraic
framework on which such a study may build is indicated by this
monograph.
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SOME MATHEMATICAL THEOREMS

I. TWO THEOREMS IN DETERMINANTS

Lemma 1.—m=1. n=1. m and n are integers. &, n;, ai, bij,

(t=1,...

LM f=1,.

., n), are greater than or equal to zero.

But at least one of the ;s or 5,’s is not zero, and at least one of
the a;;’s or b,;'s in each row is not zero. The determinant D’ =
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Let k=m+n. Suppose the result is true of all determinants of
this type of order <k, ie., of order1, 2;...., k—1. Then.it
is true for those of order k. For if each column is written as

--------------------------------------------

ot+ba  ..... eeeceeenen feeencscecceccnananes

then D’ may be split up into the sum of positive multiples of
2™t® determinants of the same type, all of which save one are of
order <k and so are positive.r The exception is obtained by put-
ting all the £’s and s equal to zero. But plainly this determinant
is zero, since the sum of the first m columns is equal to the sum of
the last # columns.

It is sufficient, therefore, to show that the determinant of order
1 is positive. Every such determinant will be merely a positive ¢
or 5. Each such order 1 determinant obtained by successively
splitting up the original determinant and its resulting parts would
have, as multipliers, the product of (¢—1) #s and 7’s (see footnote
1) drawn from determinants of orders % to 2.

* In order to preserve the D'. type of the lower order determinants obtained by
splitting up the I’ determinant of order &, it is necessary with each loss in order to
redefine the ¢’s and ¢’s and the = terms with which they are associated. In each such
lower order determinant the = must cover only the terms appearing in the same row
of that determinant, and the ¢ or 9y must include all the other terms which appeared

in the row of the original determinant of order £ but have disappeared in the lower
order determinant.
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The lemma is therefore proved. Every D’ type determinant is

positive.

Lemma 2 -—The determinant D/ =

G
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This determinant is of order m+n=£k. Suppose the result were
true for all determinants of the type D’ of order <k, i.e., (2,
—1). Then it can be shown to be true for D" of order k.

As before, we can split up D" of order % into the sum of positive
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multiples of 2™*"~? determinants, all save one of order <%, of -
type D", and therefore negative. The exception is of order % and
is obtained by putting all the ¢’s and #’s equal to zero. If for this
exception, the columns 2 to m be added to column 1 and the last
n columns be subtracted from column 1, the determinant will be

3

'axi o

(s,+ia,,.>.... °
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bzz
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bimn

au v au -.-;' ' axn
azx azz ‘.o.o-c azn
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° JRNNRRE <n+ib>

i=n
By expansion this exception becomes — Za,,- times a minor of

Jj=t

type D', which is positive. This exceptional determinant is there-
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fore negative. To prove the lemma, it only remains to show that
the lowest order determinant of type D’ is negative. All such de-
terminants of order 1 are zero. The order 2 deterrmnants of type
D’ which do not vanish are

o a
b ntd|

and are obviously negative.
‘Lemma 2 is therefore proved.

[ 4

2. A THEOREM IN LINEAR EQUATIONS

. In the determinant given below, the elements in the rows repre-
sent the coefficients of the unknowns in (m+n—1) linear equa-
tions. The b’s are coefficients of the y’s, (3, to ¥.), and the a’s are
the coefficients of the #’s, (x; to x,) (see footnote 1). The k’s are
the constants on the right-hand side of the equations and are
" assumed to be all of the same sign. The a’s and b’s are =o, but
at least one of the a’s or b’s in each row does not vanish.

3 The 2’s and ¥’s are used here as general symbols for unknowns. For purposes
dzn
d:
of chapter v the x of the Appendix corresponds to —;’3-‘ of the text, and y to -i

14 i,
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From the last # equations it is evident that if all the y’s are of
the same sign, the «’s are all of the opposite sign. It is necessary,
therefore, only to show that all the y’s are of the same sign, which
is the sign of the %’s. Let us call the determinant above A,, since
the rows and columns are both numbered beginning with 2.

Obviously, A;, is of the type D’ and positive. The minor, A, ,,, is
also of type D’ and positive. A, is, however, of type D" and
therefore negative. The minor, A, ,,, is, after one interchange of
rows, of type D’/ and therefore has the sign —(—) or positive.
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- The minor, An,y, is, after two interchanges of rows, of type D”
and therefore negative. Thus the minors alternate in sign and, in
general A, ., (qsm), has the sign —(— 1)“"3 or (—1)%.

Now

yym szn n"kgAn !3+k4An g 00 +k ("'!)"A" n
’ " An

But since the A.,,.,,’s alternate in sign, beginning with a positive,
it follows that the numerator is of the same sign as the sign of the
k’s (which is assumed to be uniform). Since A,; has been shown
positive, ¥, is therefore of the same sign as the k’s. But every ¥,
(72 to yu), is consequently of the sign of the &’s, for it is quite
immaterial which of the ¥’s is 3,, and any other y may be inter-
changed in position with y, by smply shifting an even number of
rows and columns.

It should be noticed that the demonstration is unaffected if
some, not all, of the %’s are equal to zero.

Thus we have shown (a) that all the y’s, (¥, to ya), have the
- same sign, which is the uniform sign of the #’s, and (b) that all the
x’s, (z; to x,), have the opposite sign from that of the &’s.



- APPENDIX II

NOTES ON OTHER FORMULATIONS OF INTER-
NATIONAL TRADE THEORY

Classical Theory -

As was pointed out in chapter i, thlS monograph is merely a
mathematical exposition and development of the classical theory
of international trade. Classical theory in its later stages incor-
porated, infer alia, the following concepts: various forms of the
quantity theory of money; demand and supply schedules or func-
tions (although these were not used definitely in international
trade theory, but instead the rather vague term “reciprocal de-
mand”); the uniformity of competitive prices of internationally
traded commodities, with allowances for barriers; J. S. Mill’s
‘“Equation of International Demand,” stipulating the equality of
the values of exports and imports for a country; and the mainte-
nance of this equality through the shifts of price levels, brought
about by changes in the quantity of money in circulation in the
various countries or by changes in the exchange rates. These con- - ,
cepts find expression in our equations.

Certain other concepts and methods of approach employed by
the classical school are much less prominent or are omitted in our
treatment. The most striking contrast appears in our use of “de-
flated” money supply schedules instead of labor or real sacrifice
costs. Although the doctrine of comparative costs is not explicitly
recognized in our equilibrium equations, it is obvious that it could
readily be stated in terms of relative supply prices. For this pur-
pose the fixed-schedule or deflated prices, i.e., the ¥,¢’s, may be
used. Or, if the ratio of the supply prices of the two commodities
in one country be compared with the corresponding ratio in the
other country, the actual money supply prices may be utilized.

103
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An exposmon of the theory of comparatwe costs in terms of sup-
ply prices instead of real costs was given by Pareto® in his early

writings and, less satisfactorily, by J. S. Nicholson in his Princi-
ples of Political Economy. Professor Taussig, subsequent to the
publication of his book, Infernational Trade, indicated to the
writer the desirability of approaching the problem in this way and
then moving on to a discussion in terms of sacrifice costs.

The advantages of using prices instead of sacrifice costs and
utilities in approaching the theory of international trade are
readily appreciated. If the price and quantity phenomena are
dealt with by a simple extension of the ordinary treatment of
supply and demand, the difficulties of defining sacrifice costs and
relating them to money costs do not confuse the introductory
analysis. Then, after the price-quantity interactions have been
adequately described, the subjective elements may be taken into
consideration. On the other hand, an introduction to the theory
of international trade in terms of sacrifice costs or in terms of
costs measured in quantities of productive factors does avoid
some difficulties arising out of shifting price levels. But the per-
plexing relations between real costs and money costs must then
be considered immediately or some simplifying assumption must
be made. Furthermore, this approach has not led to a clear and
accurate description of the immediately observable price-quan-
tity phenomena.

Although the analysis of the theory of international trade in
this monograph has been almost entirely related to such observ-
able phenomena, it is, of course, true that the really important
elements in any economic situation are subjective. Thus, while
Angell’s argument for an analysis in terms of prices is well taken,’
his unwillingness to plumb beneath them is ill considered.? Still,

s “Teoria matematica del commercio internazionale,” Giornale degli Ecomomisti,
X (1895), 476—98; Cours d’économie politique, pp. 209 ff.; Manuel d’économie poli-
tique, pp. 505 fI.

3]. W. Angell, The Theory of International Prices, pp. 461 ff.

3 Jacob Viner, “Angell’s “Theory of International Prices,’ ”” Journal of Political
Economy, XXXIV (1926}, 622~-23. )
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the outright refusal to deal with the transition from prices to hu-
man values is less dangerous than the failure to appreciate the
difficulties involved. The classical economists were, in general,
too prone to assume the proportionality of the quantity of labor
or of composite resources expended to sacrifice cost and to money
cost, respectively.

Without any pretense at tracing the history of the theory of
international trade, we shall note briefly the principal contribu-
tions to which our algebraic and graphic methods are related.

Alfred Marshall

Among the major accomplishments of Marshall in the the-
ory of international trade were his invention and applica-
tion of a graphic technique. The curves of international ex-
change, the concepts of elasticities referring to these curves, the
identification of stable and unstable equilibria, and the elaborate
analysis of disturbances and their effects upon the terms of trade
are the features of his work of greatest interest to us. The relation
of our treatment to Marshall’s methods was set forth at some
length in chapter iv, sections 4~6, and we need not repeat it here. .

F. Y. Edgeworth -

In his series of articles on “The Theory of International
Values” in the Economic Journal* Edgeworth made illuminating
criticisms on the contributions of other writers. The constructive
portions of his papers were devoted to a graphic analysis of a
variety of problems and an algebraic description of equilibrium.

In the course of an otherwise brilliant application of the
Marshallian graphics, he fell into a curious error. While discuss-
ing the effects of taxes and other impediments to imports or ex-
ports,? he affirmed that, whereas a tax or impediment to exports
always shortens the export co-ordinate (in Figure 11, the abscissa

1 0p. cit., IV (1894), 35-50, 424—43, 606-38. Reproduced with some modifica-

tions as ““The Pure Theory of International Values” in Edgeworth’s Papers Relating .
to Political Economy, II, 3-60.

2 Economic Journal, IV (1894), 429-35.
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of OE), a tax or impediment to imports always lengthens the im-
port co-ordinale of the curve (the ordinate of OE). This asymme-
try and its consequences he regarded as the most distinctive con-
tribution of the mathematical method. As was shown in chapter
iv, section §, an impediment to imports also skorfens the export
co-ordinate of the Marshallian curve.

Although the effects of import duties and export duties on the
Marshallian curve, and therefore on the commodity terms of
trade, are symmetrical, other results of these disturbances are
unlike. In the latter part of section 3, chapter v, it was shown
that an import duty levied by country 1 raises the height of its
schedules and hence its domestic price level relative to those of
country 2 (z; increases). It was also pointed out that an export
duty would have these same effects if the foreign demand for the
imports of country 1 were inelastic. But if, as is more likely, the
foreign demand is elastic, the results would be reversed: the
schedules and domestic price level of country 1 would fall relative
to those of country 2. '

Edgeworth’s algebraic description of equilibrium starts with
composite utility functions for each of the two countries and a
- constant amount of work (measured in disutility) expended in
each country on the production of internationally traded com-
modities. The utility function for each country is then maxi-
mized, subject to the conditions of constant costs of production,
fixed quantity of resources, and the equality of values of imports
and exports. Edgeworth’s equations are adequate to indicate the
status at equilibrium; but in his illustration, at least, they are
limited to constant costs and are not as closely related as are our
equations to the demand and supply functions and the prices with
which economists are most familiar. They involve, moreover, the
vague and questionable concept of utility or disutility for a coun-
try as a whole.

In passing, we should call attention to Edgeworth’s symbol 7,
“the number of units of work in the first country, of which the
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product is equivalent in value to the product of a unit of work in
the second country.” If the disutility of production, in Edge-
worth’s sense, were proportional to the deflated supply price, ¥,
in each country, this » would be proportional to the reciprocal of -

our Z%. : (
H. Cunynghame

The curves of import demand and export supply, together with
their derivation from the ordinary domestic demand and supply -

S )
i
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C
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Fie. 13 . : A

curves, are to be found in Cunynghame’s A Geometrical Political -
Economy, chapter x. But the analysis of the “exceptional” case
of import demand when the domestic supply curve for the com-
modity would be negatively sloped is not differentiated from that
for the ordinary case. Consequently, the author is led into a
somewhat fantastic explanation of equilibrium for the exceptional

case. .
Cunynghame’s attempt to explain the derivation of Marshall’s

curves is confused and erroneous. In Figure 13, a reproduction of
Figure 56 in A Geometrical Political Economy, OU is the locus of a
point whose co-ordinates are quantities of cloth and linen having
equal total effective utilities, and OC is the locus of a point whose
co-ordinates are quantities of cloth and linen having equal total

* A Geometrical Political Economy, pp. 87-80.



108 INTERNATIONAL TRADE

costs of production.? As regards exclusively domestic trade, the
co-ordinates of P would indicate the quantities of cloth and linen
produced and exchanged against each other. But the problem is
more complex if a portion of one commodity is exported and a por-
tion of the other commodity is imported. If OM cloth were pro-
duced, its total cost would be equal to that of MR linen. And
since OT and TQ bear, respectively, the same proportion to OM
and MR, it would be true that OT cloth and TQ linen would have
equal costs of production assuming the scale of output of cloth to be
OM and the scale of quiput of linen to be MR. Further, OT cloth
and TQ linen would have equal total effective utilities if they were
the whole quantities on the market. But it does not follow that,
when the scale of output of cloth is OM, the portion QT of cloth
would exchange for the whole domestic production TQ of linen,
leaving TM (or QV) cloth to be exported for VR linen. For this
violates the two italicized assumptions. The scale of production
of linen is no longer MR but TQ, and the quantity of linen on the
market is no longer TQ but MR. Consequently, QV and VR can-
" not be taken to represent the co-ordinates of a point on a Marshal-
lian international trade curve of demand for linen in terms of
cloth. The attempt to derive a Marshallian curve of import of
cloth and export of linen from Figure 13 by a similar procedure
would likewise fail. These procedures which would be correct
(though not applicable in this problem) if the ordinates were to-
tal money value or cost fail when the ordinates are quantities of
second commodity of varying value and cost of production. It is
not difficult to understand that Marshall should have raised ob-
jections to Cunyghame’s interpretations of his curves.

J. W. Angell
In the last chapter of his Theory of International Prices Angell
obtained some novel effects with the Marshallian curves. Al-

* Cunynghame’s definition of these curves is not at all clear. This seemed the
most reasonable interpretation of his statements.
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though the exposition is not easy to interpret, it would seem that
each Marshallian curve is to be constructed out of the demand
and supply curves of each country on the assumption of perfect
competition. But since competition often is not keen, producers
and traders frequently get something more than a competitive re-

turn. In such cases the point whose co-ordinates indicate the
quantities exchanged lies somewhere within the area bounded by
the curves. This treatment, however, neglects the opposite cases
of excessive competition in which producers cannot recoup their
costs because of a decline in demand or an overexpansmn of the
industry.

Aside from the effects of imperfect competition, Angell’s argu-
ments on the indeterminateness of the terms of trade are not im-
pressive. The treatment of transportation costs is quite unsatis-
factory. If the conditions of supply and demand for transporta-
tion services are competitive and are known, they do not bring
into the situation an indeterminate element, as we have demon-

strated in chapter iii, section 5, and suggested in chapter iv, sec-
tion §.

Nor is Angell’s analysis of the multl-commodlty barter case
valid. Surely the assumption that barter reduces to a “series of
pairs of independent operations’’ is a gratuitous and unreasonable
assumption. On the contrary, we should expect the most intimate
relations between the barter exchanges of different commodities
as traders sought out the best bargains. Further, the important
balance of values would not be that of the individual transactions
but that for the whole value of imports‘and exports of a country.
This is the only reasonable sense in which Mill’s “Equation of
International Demand” is to be interpreted.

As regards the effects of money on the terms of trade, Angell
points out that dynamic monetary changes are particularly im-
portant in the short run and leave their impress more or less per-
manently on an economic system.
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A. A. Cournot

Cournot’s most important contributions appeared in his first
book, Researches into the Mathematical Principles of the Theory of
Wealth. But they relate to a single commodity which forms so
small a portion of the total value of imports or exports that the
repercussions of disturbances upon price levels may be neglected.
We shall not stop to review Cournot’s ¢onclusions since they fall
outside the scope of the general theory of international trade.

We are, however, indebted to Cournot for his independent
development of demand and supply functions and for his use of
the Taylor expansion in studying the effects of small disturbances
upon an equilibrium situation.

Leon Walras

The name of Leon Walras is included here, not because of any
direct contributions to the theory of international trade, but be-
cause of his development of the algebraic description of equilib-
rium for a single country. The two sets of equations (Sets I and
II) which are the basis of our exposition are analogous, respective-
ly, to those which express the equality of the values of sales and
purchases for each individual and to those which express the
equality of the sum of the quantities of a commodity sold to the
sum of the quantities bought.

Auspitz and Licben

~ Auspitz and Lieben derived and used curves of import demand
and export supply in total form. But, since they consistently
adopted total money value or cost as ordinates, their curves are
to be distinguished from Marshall’s curves of international ex-
change.

Their conclusions, like Cournot’s, are applicable to a single
commodity which forms so small a portion of the total value of
imports and exports that the effects on price levels may be neg-
lected.
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Vilfred Pareto

The most pretentious mathematlcal analy51s of the theory of
international trade known to the writer is that by Vilfred Pareto.*
In abbreviated form his procedure is as follows: The equations
describing the economic system of two countries as separate en-
tities are first written. If these countries now engage in inter-
national trade, i.e., import and export certain products (but not
productive services), new unknowns are introduced. These are
the # quantities of the » commodities exchanged between the two
markets and the rate of exchange between the money units of the
two countries—in all (z+1) unknowns. But there are (n+1).
additional equations. The value of exports is equal to the value
of imports (one equation serves for either country). And # equa-
tions state that the prices of the # international commodities are
equivalent in the two countries, allowing for the (known) costs of
surmounting any barriers to trade.

This treatment seems extraordinarily simple. It does not in-
volve explicitly the quantity theory of money or make any refer-
ence to shifting price levels in the respective countries. How,
then, can the equations be adequate to describe equilibrium in
international trade? |

Among the imports or exports of each country there ordinarily
appears the commodity gold. When equilibrium is achieved, it
must be true, for gold as for other commodities, that the demand
in the two countries combined is equal to the supply. If the two
countries are on the gold standard, the equilibrium which is
reached after any disturbance (such as an indemnity) is intro-
duced, would be characterized by domestic prices which had
sbifted in response to changes in the utility of gold and in its cost

* An extensive treatment appears in his two articles in the Giornale degli Econo-
misti: ““Teoria matematica dei cambi forestieri,” VIII (1804), 142—73; and “Teoria
matematica del commercio internazionale,” X (1895), 476-98. Much of this is re-

produced in the Cours d’économie politigue. In the Manuel d'économie politique the -
grneral mathematical analysis is much abbreviated.
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" of production and by prices of internationally traded commodities
which had altered in response to these changes for gold and also
because the quantities of these commodities produced and con-
sumed had changed. The equilibrium depicted is analogous to
that which is obtained in chapter ii, section g, when the demand
for and supply of gold for all countries combmed is stipulated in
the equations.

Such an equilibrium, as we have sa.xd is approached but very
slowly. It would be highly desirable to be able to consider the in-
complete equilibrium which is more quickly achieved through a
redistribution of the gold stock of the world, even though the de-
mand for gold in the arts plus the demand to maintain the mone-
tary stock were not exactly equated to the supply. This could be
done approximately in Pareto’s equations, as in ours, by omitting
the commodity gold or by assuming the value of gold imports and
exports to be known. The use of an ordinary commodity as a
numéraire in Pareto’s system would not involve any incon-
venience. But in any case, Pareto’s equations do not explicitly
recognize—in fact, they mask rather effectively—the shifts of
price levels which are so prominent in the classical theory. It is
interesting to observe that in the context of these equations the
discussion of disturbances to equilibrium devotes considerable
attention to the quantity theory of money and shifts of price
levels and rather neglects the long-run adjustment of prices to the
utility and cost of production of gold as required in the algebraic
exposition. '

In summary, the major points which distinguish Pareto’s equa-
tions from ours are the following:

1. The former involve the utility functions of individuals, the
factors of production, and, in fact, all the elements in Pareto’s
description of internal equilibrium.

2. They are limited to two countries, but they could be ex-
tended to the general case..
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3. They are not clearly related to monetary mechanisms and
shifts in price levels.

4. The effects of disturbances to ethbnum cannot, through
them, be readily associated with partlcular elasticities of demand
and supply. :

5. If all the equations of both countries are included, the sys-
tem is very much more complicated than ours and less amenable
to the analysis of the effects of disturbances to equilibrium.

There are other features of Pareto’s treatment which should be
noted. It includes a demonstration that the Marshallian curves
may be derived from his equations by the elimination of all the
unknowns except the quantities of the two commodities respec-
tively imported and exported. In order to investigate the effects
of disturbances, Pareto used small finite differences; but his proce-
dure was much less general and systematic than ours. He also de-
veloped a somewhat complicated measure of the gain or loss re-
sulting from disturbances to international trade. Not least sig-
nificant of his accomplishments, though among the simplest from -
a mathematical viewpoint, was his exposition of the theory of
comparative costs in terms of relative prices. It is unfortunate
that this treatment suffered from a needless complexfty of sym-
bols.

We cannot help deplonng that the unﬁmshed treatlse on inter-
national trade for which Pareto is reported to have accumulated
extensive notes should never have reached fruition.

Pietri-Tonells

This writer has taken Pareto’s contributions and expounded
them with added clarity.
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GLOSSARY OF SYMBOLS

This glossary includes only symbols which are used outside the im-
mediate context of their definition.

Subscripts
d—Refers to demand; always followed by a comma.
s—Refers to supply; always followed by a comma.
First subscript (or first after a comma) denotes thé country.
Second subscript (or second after a comma) denotes the commodity.
p—General subscript for a country.
k—General subscript for a commodity.
i—General subscript in summations.
Quantities of Commodities '
ga p—Quantity demanded.
s pi—Quantity supplied.
z—Quantity exported (4) or lmported (-).

Prices of Commodities

Y pi—Actual money price. :
ypi—Deflated or fixed-height schedule pnce

Functional Relations between Prices and Quaniities

qa,ot="a 5 (¥pk) -
Go,ox =Va, 5 (Ypt) -
Zok=fpr(Ypt) .
Yok = Gpk(%pt) -

Exchange Rote

¢—The number of units of country p’s currency obtainable for one
4
unit of the currency of country 1.

1y
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Index of Height of Actual Money Schedules

r,=-§:€- y i.e., the ratio for country p of the height of its actual de-

mand and supply schedules to the height of its fixed-height or deflated
schedules.

Net Monetary Factor

5i=0 L1924 | 1f barriers exist, 2, is equal to the ratio of ¥, to yu
» »7» I »
after either is appropriately modified to compensate for the barriers.

Elasticities
e —Elasticity of supply.
n,x—Elasticity of demand.
k,—Elasticity of export supply or import demand.
h, ;x—Elasticity of export supply.
k4 pr—Elasticity of import demand.
Ea_,%—Marsha]l’s elasticity of demand for his curves, i.e., the elas-

ticity of the demand of country p for its imports, &, in terms of its
‘exports, &’. ' :

Other symbols :
T—An ad valorem duty.
'—A specific duty.
’—A specific bounty.
Iy <py—An indemnity payable by country p’ to country p, meas-
ured in the currency of country p.
e =21+ hs) .
b,); = xpkh, .
Au—A determinant of the type (g9) in chapter v, section 2.
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