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The. Design 
Factorial 

and Analysis 
Experiments 

I. INTRODUCTION. 

of 

Factorial experiments are experiments which include all combinations 
of several different sets of treatments or " factors." Information is thus 
simultaneously obtained on the responses to the different factors, and also on 
the effects of changes in the level of each factor on the responses to the others. 

This Technical Communication has not been written with the object of 
convincing experimenters of the need for employing factorial designs, but 
rather for those who, while fully conscious of the advantages of such designs, 
find difficulty in laying them out and in analysing the results. It is, in fact, 
an attempt to give a comprehensive survey of the simpler types of design at 
present available, and a description of the appropriate methods of analysis. 
The reader who has not done so is advised first to read Prof. R. A. Fisher's 
Design of Experiments, where he will find a full account of the logical basis of the 
whole technique of modern experimental design. 

za. Principles underlying factorial design. 
The points at issue may be made clear by the consideration of an example. 

Suppose it. is desired to introduce a new crop into a country, and that nothing 
is knowi). of the most suitable varieties, type and quantity of manuring, the 
best cultivations, etc. The classical \'rocedure would be to set up separate 
el{periments to determine the best vaneties, others to investigate the manurial 
requirements, others (if indeed any were undertaken on this point) to determine 
the most suitable methods of cultivation, rates of sowing, etc. Unfortunately, 
however, we cannot conduct manurial experiments without choosing some 
variety on which to conduct them, nor can we conduct varietal trials without 
decidin~ on some level of manuring, a rate of sowing, width between rows, 
cultivat10ns, etc. Now it may happen that the effects of fertilizers on the 
different varieties are materially different, or that varieties that are good yielders 
at wide spacings, owing to a rank habit of growth, are much inferior in yield 
(or other qualities) when sown at close spacings. Thus conclusions that have 
been laboriously reached on the correct level of man"\}ring for one· variety may 
be inapplicable to the variety finally chosen, and that variety may itself be 
incorrectly chosen through not realizing the possibilities of increasing the yield 
of other varieties by changes in cultural practices. 

Of course none of these misfortunes may" occur. The varietal differences 
may be substantially the same for all levels of manuring and all cultural practices, 
and responses to f~rtilizers may be unchanged by change in cultural practices. 
Indeed such experimental programmes would be completely futile were this 
not usually the case. But even where it does happen that no disturbances of 
this kind exist, such methods are exceedingly inefficient compared with factorial 
experiments, for the :reason that in. factorial experiments all the plots are used 
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many times over in making estimates of the effects of the different factors. 
Thus, for example, with four factors, each at two levels, there are 16 treatment 
combinations. With 8o plots five replications of each combination are there
fore possible. The estimate of the effect of any one factor, if this effect is. 
unchanged for variations of the other factors, is obtained from the comparison 
of the mean of the 40 plots receiving the higher level of this factor with the 
mean of the other 40. If four separate experiments are undertaken, one on 
each factor; then each experiment will contain 20 plots only, and the estimate 
of the effect of each factor will be obtained from the comparison of two means 
of 16 plots each. The precision will .therefore be one quarter that of the 
factorial experiment, provided the standard error per plot is the same in both 
cases. Even if these four experiments are combined and one set of plots is 
used for the " controls," i.e. the plots receiving the standard level of each 
factor, there will only (with 16 " controls ") be 16 plots for each factor, so that 
the precision will be j that of the factorial design. 

If the effects of some or all of the factors vary with .changes in the other 
factors, the factors are said to interact, and the estimates obtained as above 
from a factorial experiment will be the average of the effects of each factor in 
conjunction with the different levels of the other factors. At the same· time 
estimates of the actual amount of the variation may be obtained by taking the 
differences of the effects of one factor at the different levels of the other factors. 
In such circumstances the results of a set of experiments containing single 
factors only will be misleading to an extent depending on the degree of variation 
in the effects. · · 

rb. Criticisms of factorial design. 
It is· sometimes objected that what is ~eally required . is n?t the. average 

effect of a factor, but rather the effect of th1s factor m conJunctiOn w1th ·some 
particular combination of the remaining factors, and that factorial experiments 
provide an estimate of this having only low precision. Actually it rarely happens 
that agricultural practices are in fact standardized in the way contemplated by 
the critics, but even where this is the case the objection, as we have seen, carries 
no weight unless the variation in the effects is substantial, and even then the 
loss in precision is small if the levels of the· remaining factors finally adopted 
are intermediate between the extremes included in the experiment. In any 
case unless we know beforehand the particular combination of the other factors 
that will be used (in which case it will be a waste of time experimenting on them 
at all) we are forced to survey the whole field, and the experimenter who confines 
himself to experiments on single factors, making a guess at the final levels of 
the other factors, is merely emulating the tactics of an ostrich. 

I An objection of a similar type is that such and such .. a combination of factors 
"would never be used in practice." Thus in fertilizer trials it may be maintained 
that the application of phosphate without potash or nitrogen to a certain crop is 
ridiculous. Suc;h preconceiVed notions are usually based on entirely inadequate 
evidence, and are well worth experimental test, but as evidence accumulates the 
field. of enquiry can sometimes profitably be narrowed. Thus if it is known 
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that the application of some nitrogenous manure is certainly required, but the 
optimal level is still in question, the lowest level of nitro~en need not be zero, 
but a minimal dressing. There is also no objection m randomized block 
experiments to including an additional set of plots (outside the main factorial 
scheme) receiving no nitrogen, both for demonstration purposes and as an 
assurance that conditions have not radically changed. 

There is one further point which must be considered in assessing the 
advantages of designs of varying complexity. As the number of treatment 
combinations is i~creased the adequate elimination of fertility differences becomes 
more difficult. Conseq.uently the standard error per plot tends to be higher in 
factorial designs than m simple experiments involving a few treatments only, 
with a resultant lowering of the relative efficiency of factorial designs. The 
whole matter has been discussed in (9)• where it was shown that the loss of 
efficiency with properly designed experiments may be expected on the average 
to be much less than the gain due to the use of factorial design, quite apart 
from the information on the interactions between the different factors, which 
can only be obtained from factorial designs. The loss of efficiency was found 
to be due mainly to the necessity of abandoning Latin-square arrangements, 
the discussion being written before it was realized that Latin-square designs· 
could be utilized in some types of factorial experiments. This procedure, when 
it is possible, is likely to reduce the loss materially. ' 

It is, perhaps, typical of the superficial character of most criticisms of 
factorial design, that in many of them the efficiency of a design (i.e. relative . 
amount of information per unit of work expended, or per plot when the work 
expended is proportional to the number of plots), is confused with the accuracy 
of the final comparisons, which accuracy can always he increased by increasing 
the size of the experiinent, .and therefore the number of replications, or by 
decreasing the number of treatments included in the experiment. 

The difficulties of the practical type that stand in the way of factorial design 
arise from the greater complexity both of the layout and the statistical analysis, 
and the larger number of plots that are required. How far these are of import
ance must be decided by the man in charge of the field operations. In this 
connection it should be remembered that any new technique is liable to present 
difficulties which fade away on ·closer acquaintance. 

zc. Scope of the Communicatitm. 
In the present paper factorial designs with factors at two levels only are 

first discussed, since these are capable of specially simple treatment, and enable 
the structure of confounded arrangements to be more easily understood than 
do designs containing factors at three or more levels. · There follows an account 
of designs with factors at three levels, with factors both at two and three levels, j 
and with factors at two, four and eight levels. Finally, various special types 
of design, such as designs with split-plots, and their modifications, and designs 
for varietal trials involving a lar&e number of varieties, ar(\ described. 

*The numbcn refer to the references at the end of the paper. 
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No attempt has been made to give recommendations as to the best procedure 
in the field, or to discuss such points as size and shape of plot, number of 
replications, etc., since these depend so much on type_ of crop and local conditions 
that rio discussion in general terms would be profitable. It may be well to 
emphasize here, however, that the additional complexity of factorial designs (and 
to a lesser extent all random arrangements) carries with it the necessity for careful 
organization if mistakes are to be avoided. The preparation of clear and simple 
plans, and a convenient system of numbering the fertilizer mixtures, etc., that 
are to be applied, will lighten the work of the man in the field, who is usually 
operating under adverse' conditions, is frequently in a hurry, and is sometimes 
not very certain of the points at issue. Whenever the remark is heard, for 
instance, that random arrangements lead to mistakes in the field from which 
systematic arrangements are immune, it can be confidently predicted that the 
preliminary organization is inadequate. . 

rd. New material. 
· For the benefit of the reader who is already familiar with the subject- it may 

be: well to indicate here what is new in this communication. Most important 
is the adaptation .of confounding to Latin-square designs, so as to enable, for 
instance, a 2s experiment to be arranged in the form of an 8 x 8 Latin square 
(pp. 3 r-35, etc.). The analogous adaptation of split-plot designs is also of 
considerable importance (pp. 78-8r). The parallel use of quasi-Latin squares 
(lattice squares) in varietal trials (described in full elsewhere) is also outlined 
(pp. 87-8). . .. 
. No complete account of the designs involving some factors at two and some 
at three· levels (pp. 57-64) has previously been published, though some of these 
designs have been in use at Rothamsted and elsewhere for some years. The 
account of designs containing factors at two levels only (pp. 23-26) 1s also more 
complete than any previously published. Lastly, the 34 design in blocks of 9 plots 
(pp. 47-8), a fairly obvious extension of the popular 3" design, should be noted. 

On the computational side a new method of computing the treatment effects 
in experiments with factors at two levels only is given (p. I5), and attention 
has ·been paid generally to the best methods of carrying out the computations 
of the various designs. 

I e. Notation, etc. \ 

It is assumed that the reader is familiar with the methods of design and 
analysis appropriate to simple experiments in randomized blocks and Latin 
squares, and in particular that he is thoroughly conversant with the analysis 
of variance procedure applicable to experiments _of this type. A selection of 
references on the subject is given at the end of the paper. 

The notation followed is substantially that of Fisher's Design of Experiments, 
i.e. small letters .are used to denote the treatments corresponding to the different 
factors, and capital letters the main effects and interactions. The symbol [ab] 
has been introduced to indicate the sum of all the yields corresponding to the 
treatment combination ab, the symbol ab, when it indicates a number, being 
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used to represent the mean of these yields,· or this mean expressed in standard 
units (cwt. per acre, etc.). (In The Design of Experiments (ab) is used to denote 
either the sum or the mean according to the experimental material.) By analogy 
[A] and [A.B] are taken to represent the algebraic sums of all the plot yields 
which go to make up the estimates of the main effect of a and the interaction 
of a and b, without any division, whereas A and· A.B indicate these estimates 
expressed in terms of the yield of a single plot (or, in standard units, such as 
cwt. p~r acre), with the conventional factor!, !, etc.' introduced, as defined on 
page 10. In the case of factors at more than two levels the symbol [A] is taken 
to reprenrnt the w}10le set of totals, and A the whole set of means, corresponding 
to the va·'ous levels a0 , a, a., ... of the factor a. 

One other new symbol is introduced. This is the word dev, which is 
used to denote the deviations of a set of numbers from their mean. dev2 is 
likewise used to denote the sum of the squares of these deviations. Thus 

dev (a,. a 2 , •••• ) = dev a ·= a1 -Q, a2-ii, a3 -Q, •..•••• 

d • ( ) - d 2 s ( -)· 2 2 -. ev a,a2 , .... = ev a= a-:-a = a1 +a2 + .. .. -na 
2 2 l ( )2 = a1 +a2 + ..•. -. a1+a2+ .... 

= a1 
2+a2 

2 + .... -a (a1+a2+ •..• ) 

In a similar manner dev a. dev b mig:·t be used in covariance work to indicate 
the sum of the ~roducts of the deviatior-- , ~two variables a and b. · The occurrence 
of these quantities in 'statistical comr .. ..ation appears to ·be sufficiently frequent 
to justify the use of a special symbol, especially since they are only very clumsily 
representable by the current symbols when the a's are themselves complicated· 
algebraic expressions. : • · . 

Algebraic formulre ·have been avoided as far as possible, and ·where. i~ has 
been necessar:· to introduce them particular attention has beeri paid to writing 
them in the form required by the computer and also in a form exhibiting their 
structure, so that they are easily remembered. Thus the-quantity Q on pa:ge 58 
has been so defined as to be analogous with the quantity [B.C], but the formula 
for 3Q is given because 3Q will be computed in numerical work. The' formula 
for B.C on the same page is given in terms of both Q and 3Q, the latter being 
the form required for computation, while the former exhibits the structure.' 
.. ~ree us~ has, how~ver, b~en made of_the algebraic notation of signs, brackets,. 
etc., m settmg out anthmet1cal calculatiOns. Those who can understand this 
notation (as for example the expression for the sum of squares on page 37) 
should have no difficulty with the algebraic formulre. 

2. A SIMPLE FACTORIAL EXPERIMENT ON POTATOES. 

The main features of factorial designs involving only two levels (often 
presence and absence) of ea~h factor can best be ~lustrated by a simple example. 
We have chosen an expenment on the manurmg of potatoes carried out at 
Wimblington in 1934· •. 
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Three factors, nitrogen, potash and dung, were included ; the 8 treatment 
combinations consisted of all co~binations of : · 

Sulphate of Ammonia (n) ! ·sulphate of Potash (k) Dung (d) 

. · { 0.45 cwt~';eper ~ere . } x {I.I2 cwt. ~:~e per acre } ·~ { 8 ton~;~; acre} 

Th~re were.~our replicatidn\; in ~~ridomiz~d ~i<;>cks of xj6o acre plots.. The plan 
of the experrment and the yields of the md1v1dual plots are shown m Table x. 

·. 

TABLE I. PLAN AND YIELDS IN LB. 

Block I Block II . Block Totals 

nk kd J I nd I . kd d k nk 
29I 398 3I2 373 4q7 324 272 306 
----------------

I 2296 

II 229I 
(I) k n• nkd n nkd nd {I) 
IOI 265 Io6 45° 89 449 338 I06 III .. 2369 

- --------
d {I) nd kd nd nk 71 d IV . 2375 

I 323 87 324 423 36I 272 I03 324 
-- -- Total 933I 

nk k n nkd k {I) nkd kd 
334 279. I28 47I 302 I3I 437 445 

Block III Block IV 

~ . 
2a . ., Yields of the different combinations of treatments. 

· the first step in the analysis of the results of a factorial experiment is to 
calculate the total yields of all the plots' with each combination of treatments. 
The main features of the ;esults are usually apparent from an inspection of these 
totals. An analysis of variance will, however, be necessary in order to make 
the for!Dal tests of significance and assign standard errors to the various 

. compansons. · · · 
; .. ' The yields of the individual treatment combinations in this experiment 

(converted to tons per acre) are given in Table 2. 

TABLE 2. YIELDS OF THE DIFFERENT COMBINATIONS OF TREATMENTS 

(ToNs PER AcRE). 

__ <I_) __ n ___ k ___ nk ___ d ___ mr_~_kd ___ ~ ___ , M~ 

2.84'·. z.8s 7·49 8.o6 8.59 9·35 u.2o ,I2.Io 7.8I 
::t 

Treatments are indicated by small letters, and the symbol (r) is used to indicate 
absence of all fertilizer.. ,. 
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zb. Main effects. 
Consider first the effect of dung. There are four relevant comparisons 

in Table 2. 

{

nand k absent = d - (x) = 5·75 
n absent, k present= kd -k = 3.71 

Response to dung n present, k absent= nd -- n = 6.50 
n and k present = nkd ._ -~ = +·O+ 

. 
Mean response=·D = 5.00 

These large apparent responses are sufficiently consistent to indicate that they 
are unlikely to be due to experimental error. 

The mean response, s.oo, will be called the main effect of dung, and will 
be denoted hr. the capital letter D. 

In a simdar manner we have · 

{ 

n and d absent 

R h n absent, d present 
esponse to potas n present, d absent 

n and d present 

+·65 
'= 2.61 
= 5-21 
= 2-75 

Mean response= K = J.So 

{ 

k and d absent . 
. k absent, d present 

Response to mtrogen k present, d absent 
k and d present 

= 0.01 
0.76 
0-57 

= -0-90 
-·-

Mean response=N = 0.56 

There is, therefore, also evidence of a substantial response to potash, and possibly 
a small response to. nitrogen. 

zc. Interactions. . . 
Examining the individual responses further, we see that the two responses 

to dung with potash absent are both substantially larger than the responses with 
potash present. Equally the responses to potash are substantially larger in the 
absence than in the presence of dung. The presence or absence of nitrogen, 
however, makes little difference in either case. 

The numerical differences in response to dung in the presence and absence 
of potash are as follows : . · 

Difference in response to d { n absent . . . . . . - 2.04-. v, 

in presence and absence of k. n present . . . . . . - 2.4-6 

.Mean . . . .. . . - 2.25 
F<?r reasons. that will be apparent in a m?~ent it is conveni~nt to take one half 
thiS mean difference, namely- 1.12. This 1S defined as the mteraction between 
the two factors• d and k, and may be written D x K, D.K or DK. . . 

• Also called the first order interaction. The niean interaction over all the other facton in the experiment is 
implied unless the contrary is stated. · - .. 
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A similar computation for differences in the responses to potash m the 
presence and absence of dung gives the identical results : 

Difference in response to k { n absent . . . . 
in presence and absence of d. n present . • . . 

-2.04 
-2.46 

Mean .. -2.25 
A moment's consideration will show that this must be so. Thus the interaction 
between dung and potash is identical with the 'interaction between potash and 
dung. . 

An alternative method of setting out the main effects and interactions 
between two factors is by means of a two-way table. In this example, taking 
the mean of n and no n in each case, we have the values of Table 3· 

TABLE· 3· MEAN OF n AND NO n (TONS PER ACRE). 

'Nok 
k 

Nod d Mean 

5·90 
9·72 

Mean 5.31 IO.JI 7.81 

The main effects are given by the differences between the pairs of marginal 
means, and the interaction is given by the difference of the means of the two 
diagonals, i.e. by t (2.84 + II.65- 8.97 -7.78). · . 

In a similar manner, the difference between the values -2.46 and -2.04 
gives an estimate in the change in the interaction between: potash and dung in 
the presence and absence of nitrogen. One quarter of this difference, i.e. one 
half the 'difference of the interactions, is defined as the interaction between the 
three factors* and may be written N x K x D, N.K.D or NKD. 

zd. Calculation of the main effects and interactions from the experimental yields. 
. It will readily be seen from the above remarks that the main effects and 

·interactions may all be ·obtained by subtracting the mean of 4 of the yield 
values of the individual treatment combinations from the mean of the other 
4· or alternatively by taking the sum of 4 of these values less the sum of the 
other 4, and dividing the result by 4· The actual signs are given in Table 4· 

.J TABLE 4· MAIN EFFECTS AND. INTERACTIONS IN A THREE-FACTOR EXPERIMENT. 

Combination of treatments. 
Effect (x) n k nk d nd kd nkd 

Total + + + + + + + + 
N + + + + 
K + + + + 

N.K + + + + 
D + + + + 

·N.D + + + + 
.K.D + + + + 
N.K.D + + + + 

• Also called tho tecond Miler interaction. 
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· . These signs may be deriv.ed in various ways. The simplest .is to ~rite 
down the signs for ·;the three main effects, and then to form the mteract1ons 
between each plJ.ir of mean effects by writing +-for two +'s or two-'s, and- for 
a- and a+. A further application of this process gives the interaction between 
the three factors. If there are more than three factors the table may be extended 
by still further applications of the same rule.. · . 

The following formal expressions for the interactions are also worth noting : 
N=i(n-r).(k+I') (d+r), · 

N.K=!(n-r) (k-r) (d+r), 
N.K.D=! (n-r) (k-r) (d-r). 

If these expressions are expanded by the ordinary rules of algebra the appropriate 
expressions for the rp.ain effects and "interactions in terms of the treatment 
combinations will be obtained. With four factors the fraction will be !, with 
five -y\-, etc., and. with only two factors !- . 

If .the above· 'method of calculation be applied to our example the main 
effects and interactions will be found to have the values given in Table 5· 
Some of these have been obtained already. 

TABLE 5· MAiN EFFECTS AND INTERACTIONS. 

N = + o.s6 N.K = + o.r8 
K = '+ 3.8o N.D = + o.27 . N.K.D = - o.ro 
D = + s.oo K.D = · - r.a 

A more mechanical method 9f obtaining these values is given in the next section. 
. These values clearly all have the same standard· error,· since they are each 

one quarter of the sums and differences of the yields of the eight treatment 
combinations. As we shall show presently, the estimate of this standard error 
(21 degrees of freedom) is ± 0.177· Any value more than twice its standard 
error may be judged significant. Thus all three main effects and the interaction 
between potash and dung, the two factors producing the large effects, are 
significant. · . 

This type of result is one commonly found in agricultural trials. Factors 
which produce large main effects may show evidence of interactions, but factors 
which produce small main effects usually show no significant interactions. 
A little consideration will show that this is what may be expected on general 
grounds. The interactions are in general likely to be small in comparison 
with the corresponding main effects. 

• 
ze. Interpretation of main effects and interactions. 

It will be clear from what has already been written that the whole set of 
mairi effects and interactions, together with the mean yield, is equivalent to 
the yields of the individual treatment combinations. · 

The response to any facto.r or combination of factors in the presence or 
absence of any. othe! factor or fac~ors (t~e mean being taken oyer all factors 
not under c~msxder~txon) can be wntte!l down very simply in terms of the main 
effects and mteractlons. The rules will be obvious from the study of Table 6. 
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TABLE 6. RESPONSES IN TERMS OF MAIN EFFECTS. AND INTERA.CTIONS. 

Expression in terms of 
. .· ·..,~ 

Response to : treatment combinations main effects and interactions 

d(kabsent) } {",,:: l[nd-n+d-(1)] D-K.D 
d(kpresent) (meanofn. t[nkd-nk+kd-k] ." D+K.D 
dandktogether and non) i[nkd-n+kd-(I)] D+K 
d (n arid k absent) d- (1) D- N.D- K.D +N.K.D 
dandk(nabsent) kd-(1) D+K-N.D-N.K 
d,kandn nkd-(1) D+K+N+N.K.D 

The interactions may thus be regarded as correcting terms which adjust 
the values of the main effects (which would be additive if the interactions were 
all zero). In this example the response to d where k is absent (mean of n and 
no n) is . D - K.D = + s.oo + 1,12 = + 6,12 . 
and where k is present is 

D + K.D = + s.oo - 1.12 = + 3.88 

The response to both d and k (mean of n and no 11) is 
D + K = + s.oo + J.So = + 8.8o. 

These responses are those given by the differences of the values of Table 3· 
It should be particularly noted that the interaction between d and k does 

not enter into the latter response. In the same way only the three-factor 
interaction enters into the expression for the simultaneous response to all three 
fertilizers : · 

D+ K+ N + N.K.D=·+ o.s6+ J.8o+ s.oo- o.Io= +9.26 

(This response can be obtained from Table 2.) 'If the interactions between 
the three factors were ignored, therefore, the estimate would be · . 

. D + K + N = + 9.36. 
· The yield of 11ny treatment combination may also be obtained from the 
main effects and interactions, together with the mean yield, being equal to the 
mean yield and the sum of plus or minus one half of all the main effects and 
interactions. The signs ·are given by Table 4· Thus, for example : 

kd= mean+ !{-N+ K-N.K+ D-N.D+ K.D-N.K.D} . 

It will be noted that in the order shown the table is symmetrical about the 
diagonal th~ough the top right-hand corner, so ·that the expression for kd 
(equivalent to n absent) is obtained from thaf of N by replacing (I) by the 
mean, n by !N, etc., and changing signs if the sign of (I) is negative. 

2j. General remarks. 
The statement of the results in terms of main effects and interactions thus 

forms a convenient way of summarizing a factorial experiment, and concentrating 
attention on its main features. It should not be forgotten, however, that the 
expressions for the main effects and the interactions are real?' a matter of 
definition, tlie ·interactions being measures of •the· departure o the observed 
differences from the law implied in the definition of the main effects. Here 
the main effects are so defined as to imply an additive law between the effects 
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due to. the three factors. This is statistically convenient, and in agriculture 
appears to provide a good representation of the tyl(e of effect frequently observed. 
But it should be clearly understood that the additive law has been provisionally 
imposed by the statistician and is not implicit in the data. 

The present example has itself afforded an illustration of il simple type 
of departure from the additive law. Others more complex will occasionally 
arise, and the experimenter should then bear in mind that the formal presentation 
of the results in terms of. main effects and interations may not necessarily be 
the best course to pursue. Equally, however, he shquld avoid giving exaggerated 
emphasis to some statistically signi{icant but isolated high order interaction 
which has no apparent physical meaning. If we are using the I in 20 level 
of significance one out of every twenty of the main effects. and interactions will 
on the average be judged statistically significant even when the treatments 
produce no effects· at all. Such anomalous results, . therefore, together with 
non-significant. effects, should be placed on record and judgment reserved until 
further information has accumulated. 

Conversely, a verdict of non-significance does not imply that no effect exists. 
It merely implies that the observed apparent effect would arise more frequently 
than I in 20 (or I in Ioo) times by chance if there were no real effect. The 
application of exact tests of significance .to all experimental results is a salutary 
habit which discourages the discussion of small apparent differences whose 
magnitude is very ill determined, but it should not be forgotten that the main 
object of most agricultural field trials is to estimate as accurately as possible 
effects of which the experimenter is normally quite prepared to admit the 
existence. . A secondary requirement is the determination of the magnitude of 
the errors to which these estimates are subject, . thus fixing limits between 
which the true value of the effect is likely to lie. ·Consequently tests of significance 
are replaced by estimates of standard errors and fiducial probability. 

Thus, for example, it is reasonable to suppose that the application of 
nitrogenous fertilizer to a crop on a given area will always alter the yield of that 
crop, although the alteration may in certain cases be very small. Non-significant 
results must not be taken as implying that no effect exists in such experiments, 
though they can be taken as implying that the effect lies within certain limits, 
In conjunction with other results, also not in themselves significant, they may 
show quite clearly the existence of a small, but appreciable, effect. Similarly 
the practice of finding the average response to a fertilizer at stations where that 
response is significant is meaningless, for by making this selection of stations 
we automatically select a majority of stations at which the error in the estimated 
response is positive. 

j 3· STATISTICAL ANALYSIS OF A 2 x 2 x 2 EXPERIMENT. 

The discussion in the last section was designed to illustrate the various 
aspects of the r~sults of a simple factorial ~esign. T~e routine analysis of such 
an expenment iS, of course, much abbreviated, and m the present section we 
pr~pose to give an outline of the various steps which should be followed in 
order to arrive at these results exp~ditiously and without unnecessary repetition 
of the various calculations. 
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I. Yields of plots. S~t out the yields as in Table I, rounding off, if 
necessary, to three significant .figures. (See note' I, ·p. 9I). 

2. Totals of individual treatment combinations and block totals. These are 
shown· in the. yield column of Table 7 and in Table I respectively. 

3·. Calcukltion of main effects and interactions in terms of the totals of 
the individual treatment combinations. The main effects and interactions can ·be 
calculated from the totals of the individual treatment combinations by means 
of the table of signs in the last section. No division of the resultant totals need 
be carried out. These totals are shown in column (3) of Table 7, each being 
the sum of I6 plot yields less the sum of the other I6 .. 

A more systematic and shorter method, which avoids the trouble of picking 
out the relevant treatment combinations (a process which is laborious when there 
are a large number of factors) is that shown in Table 7· . 

The yields must first be arranged in a standard order of the type shown, 
each factor being introduced in. turn, and being. followed by' all combinations. 

·of itself and the factors previously introduced. . Thus .the last four combinations 
are formed by taking d in conjunction with the ~t four combinations. 

Column (I) is then formed. The first four ·numbers are the sum~ of the 
four pairs of numbers in the yield eolumn,. and the last four numbers are the 
differences of these pairs, the· upper number being subtracted from the lower in 
each case. Thus 232I = III8 + I203 and+ 85 =- III8 + I203. Column (2) is 
formed in the.same manner from column (I), and column (3) from column (2). 
Since there are three factors these three applications of.the process complete the 
calculation. The total, and the main"effect and interaction totals, are obtaihed 
in column (3), each effect and interaction appearinj(opp6site the corresponding 
small l~tters in the first column. · 

TABLE 7• CALCULATION OF TREATMENT EFFECTS. 

Treatment Yield (1) (2) (3) Effect 

(I) 425 85I JI72 933I Total 
n 426 232I 6I59 +333°0 N 
k III8 2679 +86 +227I 00 K 

nk . I203 3480 +247 +I05 N.K 
d 1283 +I +147° +2987°0 D 

nd I396 +85 +8oi +I6I N.D 
kd I673 +113 +84 . : --{;69·· K.D 

nkd I807 +134 +2I --{;3 N.K.D 

S.E. ±37·2 . ±IOS·4 
Conversion 6o · 6o 

· factor 2240 X 4 2240 X I6 

=.oo669643 =·QOI67411 
Significance levels. (column 3): 5%: 2I9; I%: 298 

· Asterisks denote significant results at 1% level. 

I There are no very simple checks on the intermediate stages of the 
calculation. Complete accuracy should 'therefore be aimed at, particular 
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attention being paid to signs.* The sum-of-squares check, ·described below, 
controls the whole. calculation except for the signs of the last column, which 
should. be independent~y. diecked.. Interchanges in ~he· yield .·c?lum!l must 
be avmded by systematic cotnputat10n. A useful ·partial check IS. provtded by 
-the sum, which is independently obtained '(rom 'the block ·totals .. This and 
the ind~penden~ . calculation of the' 1nteractiqn betwee!l all ~actors check all • 
.of the yield column and columri (1}, and one half of column'{-z). 

· A rriore ,elabonite example of _t4e metP,od, involving s· factors, is,.Shown 
in Table ·22, where a systematic c~eck for each c9lugip,. i~· in~r<;>.<;llicecf. · · · 

4· Calcufa#on of -sums of· squares for blocks,. treatments; aizd: error~,. The 
ordinary' methods ·of the analysis ·of variance are. followed ... These ·give tile 
analysis of Table 8. It is advisable ·.to' .record the ·correction for )he mean. as .. 
. this is often required. ~h· subsequent _calculatioils.· ' · · · 

. . :r ABLI! 8, • ANRL \'SIS <?~ . v ARIANCI!. 

•' . ' . : . . .. ' . . . . D.F, ·: ''su;, of squares, . Mean squa~e 
Correction for mean· ... · .. • ·.•· .. ,272o&6i.3· ·' .. 

. , ~ ~· .·· ' 

' Blocks.. . ... ·:. .. . j ·-c. 77+• · ·. ·' 'zs8.o 
Treatments.. ... 7 . . -458718.ci. · 6s531.i 
Error •.. · • . . • 21 ; ~ ·- .7287 .. 6 , . :· _.: ;-, .~47·0 

Total· .. · •••. ,. _3•.· ~-. · '466779·7'>' .. ·· . 

5· .. Pa~tition of the .treatment degrees of freedom and s~m of squares.· Th~ 
7 qegrees of freedom for treatments can .be · divided· into 7 single degrees of 
freedom representing main effects, interactions between two factors, and the 
interaction betwe~~ all three. f~~ors. The seven sums of squares may be. 
calculated by squanng the quantities uf Taple 7, column (3). They are shown • 
in Table 9· ' · · · 

N 
K 

N.K 
D 

.·N.D 
'K:D 

JI{.K.D • 

. •. ' 

PARTITI.ON. OF. TRI!ATMI!NT 'sUM OF SQU~ES. 

; 

•' 

D.F~ Sum of squares . I 

I 
I 

I 

I 
I' ---
I 
;! 

. ' 

.. 
.·--

3465.j-
' I6i170.0 

344·5 
278817.8 • 

8zo.o" ~ 
•:i986.J 

.• 124.0 

• '· : Tolal · 7 . .. ·. · 4587x7.9 

E~ch square. must be di~ided by· 32, since it is the. squar~ of ~he· total of 
+ I ttmes the ytelds of ~ach .of 32 plots. (See· note 2.) Thus 

. _.I6II70.0.= 227I2/J2 
"" . 

-The awn of tw9 n~be~ of t_he same_ sign i_s th~ arithmetic s~ arid has itself this sign. The· sum of·two 
num~ers of oppos1te s1gns 18 the artthmettc. difference and has the sign of the larger number. To obtain 
the ddl'eren«7 of two nu~ben change the stgn of the number to be subtracted and take the s · b 
j::xamples wtll ~e fo~d m TabJe 22. um as a ove. 
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' These 7 degrees of f~eedom are orthogonal and therefore the. sum of the 
7 sums of sguares !s equal tc:i.' the ordinary· treatment sum of squares. (See 
note 3.) Th~s provides the check .of Table 7 menti'oned· above, and also checks 
the treatment·!\um. of squares and the correction·for the mean iil Table 8. 

Since the .. tes.ls of significanc~:can be performed by tlie· t te$t (as. described 
below~ ther~ is iri' pfactic~ no ne~d to writ~\ down t~e sepiirate sums 0~ sq!lares 

. for ea~. mam effect. and mteract10n, ·and Taple 9. will. consequently be omitted. 
All that is neces~ary,is)o sum the square·s of column (3) of Table 7 '(excluding 
the s~). on .th.~: rttachine, !l!ld· divide the t:esult by. 32. ' ' ' . -. .. ' ' . 

. ~: <j't;a_lc:#ation 'oj. mean. $qua~es a_nd:'tests of ·signifi~ance. Th~ s_eparate 
components of the 'sum of sq!lares for .. t1;eatments can be tested for s1gn1ficance 
by rne:ij.ris pf the z test... ·Since ·in this case each correspqnds to a single· degree 
of 'freedom, however, it is, simpler .. to use the·~ test, which is 'equiyalent to the 
z ~est· for ni= I. · .. · '. ' • : · .;_,. . · .. · · 

. . . . . . '' ... \· .· ~ ' . ... ' . 
. Since there,are seven."separate•effett~ tq. be. t~sted it is worth calculating 

the 5% and I% points •. For ·2I· dfgr~e'S ·offt~edom t = 2.o8o for the 5% point 
and 2.83 I for the I !'/o ·point, . The esti~ate <;If. the standard error of a main-effect 
or interaction.total is V32 X 347·0.:, :''Io'5·'4- .· The 5% aiid .I% significanc:;e levels 
for the main-e~ect. and)nte.raction totiJ.lS are. therefore I05·4 x 2.o8o = 219.2 and 
I05·4 ~ 2.831 = 298.4:. ThuS. we see i~ediately that. N, k, D, and K.D all 
_attain· the ~-% level of.signjficance, t4e· remaining interactions not being 
significant~ . , . · ~ · · :. . . . , . . ' • .. 

7. Conversion of yields and presentati'on of the results. The yields should 
be converted· to the customary agricultural units, ari.d the results presented in 
the form most suitable for making clear the main featun;s, and for combination 
with results of other experiments. . Many alternative forms are possible, and 
the exact form will depend largely on circumstances. In general it is a good 
rule to present tables showing all ·mai'n 'effects and· interactions between two 
factors (and also any interactions between. three or more factors which appear 
to be-of.ini:erest) either-directly .or in the form of two-way tables with marginal 
totals. · Various examples of the different types of presentation will be found 
in this communication. · · · · · • · 

' · The results of the present experim~i:J.t have already been discussed in deciil 
in the previous section: Both Tables_ 2 and 5 can be derived directly from the 
conversion of the appropriatecolumns.of Table 'j. ·Notice .that the conversion 
factor for the effect totals of Table 7 is tha~ applicable to the totals of 16 plots, 
although the effect totals each involve 32 plots,'Le. t:p.~,diff~renceof two sums 
of x 6 plots; , . · · . ' . . : • • . 

The appropriate standard errors should be written in Table. 7 and conve+fed 
at the same time as the numbers' to which they refer. · · ' · . · · 

8. Ca'lculation of the-~ields of t~e _treatment combinations from the ~n 
effects ana interactions. A procedure Similar to that adopted for the calculatiOn . 
of the main effects and interactions from the yields of the individual treatment 
combinations is available for the reverse computation. This procedure . is 
particularly ·useful in experiments involving a large_ number of ~actors when a 
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table giving the mean yields of the combinations of two or three factors averaged 
. over the remaining factors is required. It can also be/ used to reconstruct the 
yields of the individual treatment combinations, when these latter are not 
available. 

As an example we have derived Table 3 from Table 5 and the mean yield". 
The computations are shown in Table 10. Since ohly the two facters k and d 
are involved effects involving n will not enter into the calculation. 

K, D, K.D and twice the mean yield are arranged in a column, the order 
being the same as that adopted in Table 7, but beginning from the bottom. The 
computation process used in Table 7 is now applied/ ·. Only two applications are 
necessary as only two factors are involved ... The last column is divided by 2 to 
give the required mean yields.' · · 

TABLE 10. CALCULATION OF YIELDS OF TREATMENT COMBINATIONS 
FROM MAIN EFFECTS AND INTERACTIONs: 

Effect · (1) · · (2) Yield 
K.D - 1.12 +2.68 2J.Jo II.65 kd } 
K +J.So 20.62 15.54 7·77 k Mean over 
D · +5-00 +4.92 17.94 8.97 d n and no n 
2 (Mean) 15.62 10.62 5.70 2.85 (x) 

As an exercise in the more extended application of this process the yields 
of Table 2 may be derived, using all the effects of Table 5.' . 

4· CoNFOUNDING. 

Confounding is ·a device whereby the necessity of including every combination 
of the treatments of a factorial design in each block (or row and column in a 
Latin square) is avoided. This enables th«<block size to be kept small even when 
the number of treatment combinations is quite large. . · . 

In a confounded experiment the treatment combinations of each replication 
are divided into two or more groups (each group being assigned to a ·separate 
block) in such a way that the contrasts between the different groups represent 
high-order interactions, which as we have already seen are usually of less-interest 
than the main effects and interactions between two factors only. · Thus in any 
one replication the contrasts representing certain interactions are identified, or 
confounded, with the block differences, and in consequence in this replication 
most• of the information on these interactions is sacrificed. In so far as the 
reduction of block size has been effective in reducing the error variance the 
precision of all the remaining comparisons 'is increased. Moreover by con
founding different interactions in different replications, i.e. by partial confounding, 
som~ _informati?n ·may be retained o~ .al! intera~tions-indeed if the gain in 
prec1s1on resultmg from the confoundmg 1s sufficiently great even the partially 
confounded interactions may be more accurately determ'ined than would be the 
case if the experiment were not confounded. . . . . . 

•A small amount arising from block comparisons remains, but is not in pradtice utilizable (see next page). 



19 

4a. Example to illustrate confounding. 
. A simple and useful example of confounding is provided by the arrangement 
of a three-factor experiment in blocks of four plots. If the factors be represented 
·by a, b and c and we arrange thl) four treatment combinations 

(I), ab, ac, be, 
in one bltick of each replication (randomizing within the block) and the other 
four combinations · · 

, a, b, c, abc, 
in the either· .block; the coi'i.tr~st between these two sets of blocks is equivalent 
to the three-factor interaction A.B.C. Consequently all information on this 
interaction is lost, except the small amount arising from inter-block comparisons. 
It is. easily seen, however, that block differences are eliminated from all the 
other interactions and from all the main effects, since. each of these comparisons . 
involves two plots wit~ a plus and two plots with a minus sign from each block. 

For reasons given in (9) it is best to arrange that neighbouring blocks 
are of unlike type, so that the blocks themselves form ranqomized pairs, each 
pair comprising. a complete replication. · · .. 

In order to illustrate· the modifications that are necessary in the statistical· 
analysis we will reconstruct the analysis of the potato experiment already given, 
on the supposition that it was arranged in this way and gave yields identical 
with those. actually ob~ained. This will make clear the parallelism as well as 
the differences between .the two analyses. • Actual examples of confounded 
experiments are given later in the paper. 

4b. Statistical analysis. 
The partition of the "degrees of.freedom in the analysis <>f variance is given 

in Table I2; · 

.· . The ·formal analogy of this partition with that of split plot arrangements, 
discussed in Section I6a, should be noted. The blocks correspond to whole 
plots, arranged in blocks of 2, and the plots to sub-plots. 

"The appropriate error ·for testing N.K.D is "within block pairs." Not 
only is this likely to be large, because it involveJ~ comparisons between whole 
blocks, but it is also very ill-determined, being based on only 3 degrees of freedom. 
Normally, therefore, the partition of the sum of squares "between blocks" is 
not performed, only the three components, blocks, treatments and error being 
calculated. 

The steps of the whole calculation are as follows. 
I. Calculate the sum of squares for blocks from the 8 block totals (given 

in Table n). 

•It may perhaps be well to emphasize that there is only one fonn of a~alysis app~p~a~ to a given experimental 
arrangement. Thus it is not permissible, if it is foU;nd on analysts th~t the elmunatton ~f tho •.urn of IQ';Ulres. 
for blocks actually increases the estimate of the expertmental error, as m the potato experunent JUSt descnbed, 
to omit to perform this ~imination. The example which follows must therefore be taken u illustrating 
the statistical processes only. 
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TABLE II. BLOCK 'T()TALS, N_.K.D CO;NFOUNDED. 

Ia lb ·. '!Ia lib Ilia Illb IVa· IVb 
II63 . · IIJJ- II 57 .. H34 II68 ,' 1201 1209 II66 . 

Blocks (b) contain nkd. Note that 'the sum of the b'slcss the sum of the a's equals [N.K.D]. 

2. Calculate the sum of squares for the unconfounded treatment comparisons 
by summing the squ~res of the relevant totals from Table 7· C~eck ~his (and 
Table 7) by calculatuig the SUI:tJ. of•squares for ~11 treatments {tgnonng cop
founding) from the yields of the separate treatment combinations, and ·deducting 
the N.K.D componen~. · ; • · f · • • ·. · . . .. .. ... . . . 

TABLE J2." .ANALYSIS OF VARL\NCE, N.K.D CONFOUNDED. 

. {Between block1>ai~. 
Between N.K.D ·" .c:. 
~blocks Within block pairS . 

,. . Total .. 
· Within {Treatments* 

blpcks Error .. 

Total 

' • . D.F. Sum of squar~ Mean square 
.·3 . : • 774.1 .. ' · 258.ci' 
. I 124.0 . . 124.0' 

3 · 421.9 · · • · ~4o:6 

7 
6 . 

18 

31 

132~.0-.. 
.. 458593·9 

6865.8 

.. '1,66779·7 

'•' . 

188.6 

. .. 

.. 
: . ..Main effects and interactions between_ two factors (see Table 9)· . 

~ . . . . ' 
· 3. . Calculate the error sum of squares by subtraction. ..The remainder of 

· the analysis of variance and the tests . of significance proceed as before. 

4c. Presentation of results. · · • 
· The presentation of the results requires ·slight modification, since any 
comparison involving N.K.D is affected by block differences. The best procedure 
is to divide the individual treatment combinations into tWo categories, according 
as they fall into blocks (a) or (b), arranging the· results as in. Table 13. . . -

TABLE 13. YIELDS OF ~ThiENT COMBINATIONs;• N.K.D COMPL~Y CONFOUNDED. · 

. · Blocks (a) · . Blocks (b) . 
·. (1) nk nd · kd ·. n k .' d nkd Mean . . 

Unadjusted . .. 2.84. ·.• 8.o6 · · 9·35 .i1.2o 2.85 7·49 8.59 12.10 7.81 
Assuming N.K.D=,o .. '2-79 8.or 9·30. II.·I5. 2.go 7·54 8.64 12.15 7.81 

. t • 

N.K.D will be omitted from· the table of main effects and-' interactions, 
If the table of individual treatmeii.t COplbinations is adjusted so that the 

. mean of the first four components is equal to the mean of the second four by 
'the addition of.one half of the apparc:ntvalue of N.K,.D, here·-o.os tons, to 
each of the second four and ·the deduct10n of the same amount from each of the . 
!irst fo:u~· this wil! eliminate bl?ck effects, a~ the cost ·of assuming that N.K.D 
lS n~ghgtble.. Th1s proce~~:e 1s not to be rceco~ended as a general practice 
but 1s sometimes of value m the popular presentatiOn of the results. All inter
actions between two factors, being unconfounded, can be presented by' means 
of. the ordinary two-way tables. · · . . . . . . ... 
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4d. Example of partial confounding. 
Instead of confounding the three-factor interaction A.B.C in every replication 

of a three-factor experiment the tv(o-factor interactions may also be confounded 
in th~ir turn. Thus the potato experiment might have been arranged in 8 blocks 
of 4 plots each, the interaction 'N.K.D l;>eing confounded in the first pair, the 
intetaction.,,N.K in the second pair, . the interaction N.D in the third and the 
interactiorl K.D · in the fourth. The treatments would then have had to be 
allotted to the pairs of l:ilocks in the manner shown in Tab!~ . i+ _. · 

•• - \ 11 :, . • •• 

TABLE I4·. AilnANGEMENT, OF TREATMENTS AND BLOCK ,TOTALS, ~ARTIAL CONFOJ!NDING. 
Interaction 

0 .. 
confounde<! ' ~' 

0 0 0. N.K.D N.J( 
Block-·· ... .. .. Ia lb Ila 

"" . (1) . n n 
nk k k 

Treatments ' .. .. , nd d nd .. kd nkd kd" 

Total . . . . . . II63 II33 II06 
Adjustment ·per plot .. -2-4 +2-4 +8.8 

• 
N.D 

lib Ilia, . Illb 

(I) n . (I) 
d d k 
nk nk nd 
nkd kif nkd 

n85 1208 1161 
-8.8 -14-5 + 14·5 

K.D 
IVa 

k 
d 
nk 
nd 

1259 
+4-0 

IVb 

(1) 
It 

kd 
nkd 

III6 
-4.o 

1£. this procedure had been adopted, full information on the interaction 
N.K.D would have been obtained from the block pairs· II, II~ and IV, _but 
no information WQuld have been obtained from blocks I. Similarly; full informa
tion on N.K would have been obtained {rom blocks I, III and IV, etc. Thus 
three-quarters of the information available on the main effects would be av~ilable 
on each of the interactions. · · · . 

4e. StatistiCal analysis . . 
· Certain modiP,cations are. required in the calculations of both the estimates 

of the interactions and the analysis of variance. _ . · 
· The general principle to pe followed in cases of 'partial confounding is to 

estimate each partially confoun4ed degree of freedom (or set of degrees of 
freedom) only from those blocks in which it is not confounded. Sums of squares 
are calculated from these estimates in the ordinary way, account being taken 
of the fact that· they" are based on a reduced number of.plots. The sum ·of 
squares. for blocks is computed from ,tlie block totals in the ordinary manner. 
The calculation will here run as follows. :· . ·. 

The block totals must first- be calculated. These are given in Table 14. 
The totals for the interactions must be recalculated,. omitting the blocks 

in which they are confounded.· This can be done directly or by noting that, 
for instance, required total for N;K ':"' N.K total (Table 7) + total. of block Ila -. 
total of block lib, or in the notation we shall adopt [N.K]' = [N.K] + [Ila]- [lib]. 
This is the most expeditious method of calculatron, but care must be taken with 
the signs. In our example , . . · 

[N.KT' = ·+ 105 + no6 ..: u85 = 
[N.D]' . + 161 + 12o8 -.n6I 
[K.D]' = -. ti69 + 1259 - III6 · = 

[N.K.D]' = - 63 + II6J - II,33 = 

+26 
+2o8 

- 526 . 
- 33 
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The analysis of variance will now contain a degree of freedom for ·each 
interaction, since each can be estimated. •The sum of squares for the interactions 
will be obtained by summing the squares of the above four numbers and iividing 
by 24, since each is the sum of plus or minus 24 yields. The sum of squares 
for the main effects will be identical with that already obtaibed in the uncon
founded design. . The sum of squares for blocks comes directly from the block 
totals. Finally the error sum of squares is obtain.ed by subtraction. We thus 
obtain the analysis of variance shown in Table 15 . 

TABLE IS· .ANALYSIS OF VARIANCE, PARTIAL CONFOUNDING. 

Blocks 
Main effects 
Interactions 
Error 

D.F. Sum of squares Mean square 
7 4499·0 642.7 
3 443453·1 147817·7 
4 13404.4 3351.1 

17 5423.2 319.0 

Total 31 466779.7 

In this analysis it is not possible conveniently to subdivide the degrees of 
freedom for blocks, as was done when N.K.D was totally confounded . 

. The reader will notice that the estimates of error vary considerably in the 
three analyses, Tables 8, 12 and 15. This, however, does not indicate that the 
errors are different, sirice each is in fact an estimate of the same error. :The 
variation is due .entirely to random sampling variation resulting from the omission 
from the " error " of Table 8 of certain degrees of .freedom, those " within 
block pairs" in Table 12, and others less easily isolated in Table 15. 

The estimates of the interactions flow directly from the modified totals 
[N.K]', etc. Since each comprises 24 plots the conversion factor must be that 

· th. lf 1 · 60 ··· · appropnate to e tota o 12 pots, 1.e. g1vmg, m tons per acre, 
. · . 2240 X 12 

the .values 
N.K= + o.66, N.D= + 0.46, K.D=- I.17, N.K.D= -0.07 

values which, as should . be the case, are not substantially different from those 
already found. 

The estimate of the standard error of each of the totals [N.K]', etc., is 
clearly · 

· V24 x 319-0= + 87.5 
and this converted into tons per acre gives ± 0.195· As before, the estiffiate 
of the standard error of the .main effects will be V32 x 319.0, giving ± 0.170 
tons per acre. _ 

Using the t test we find the 5% and I% points for the interactions to be 
0.411 and 0.565. Thus K.D is significant at the 1% level, and N.D now attains 
significance at the 5% level. This is an illustration of how, by considering 
part of the data only, effects which are insignificant when the whole of the data 
is taken into a~coul!-t, may by chance attain significance. Such tests are, of 
course, not v~hd, smc~ they tra!lsgress the necessary condition that for any 
cho~en. effect m any g1ven expenment there can be only one appropriate test 
of s1gmficance. · 
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If we require the standard error of some function of the main effects and 
interactions, as for example the response to potash in the presence of dung : 

K + K.D= + 3.8o- I.I7= + 2.63 
the ordinary rule of taking the· square root of th~ sum of the squares of the 
standard errors of the two parts is appli~able, since these parts are orthogonal 
and therefqre in effect independent. The required standard error is therefore 
-v'(0.1702+ 0.195 2

)"" + 0.259·' 

41· Presentation of resuits. . 
In partially confounded experilnents the ordinary table of the yields of the 

separate treatment combinations -is misleading, since the values are affected by 
block differences, which may be very large. Since every interaction is determined, 
however, a table of adjusted yields may be computed. The experimenter will 
be well advised, wherever possible, to avoid presenting a comprehensive table 
of this nature, since .it is troublesome to compute, and is also troublesome to 
interpret, since the various comparisons are not all of the same accuracy. 
If, however, such a table is required, it can be calculated from the main effects 
and interactions by the method already given. Tables embracing certain selected 
factors only are likely to be of more interest and utility, and can be. similarly 
computed. Thus in the present experiment we might reasonably exhibit a 
two-way table of the combinations of dung and potash, similar to Table 3· 

A useful check on the construction of tables of adjusted yields is provided 
by calculating the adjustments to the original yields necessary to eliminate block 
differences. Thus in our example the difference between blocks Ib and Ia 
should, if there were no block effects, give the interaction N.K.D. Since [ N.KD]' 
contains 24 plots and blocks Ia and Ib together contain 8 plots the difference 
should be l [N.K.D]' =-II. Actually it is II33- rr63 = -30. The adjust~ 
ment per/lot is therefore l (30- rr) = 2.4, this being added to plots in lb and 
subtracte from plots in Ia. The other adjustments shown in Table 14 are 
similarly computed. Thus the adjusted yield of combination nkd is 

r8o7+ 2.4-8.8+ 14.5-4·0= r8n.I 
The reader will do well to satisfy himself that the use of these adjustments gives 
a. table of adjusted yields which is identical with that obtained by reconstruction 
from the main effects and interactions. 

5· SYSTEMS OF CONFOUNDING FOR 2 X 2 X 2 X • • • DESIGNS. 

In the last section the confounding of a single degree of freedom correspond
ing to the interaction between the three factors of a 2 x 2 x 2 design was explained. 
We shall now consider the systems of·confounding applicable to factorial designs 
involving four or more factors, each at two levels, i.e. d~signs of th~ form .2•. 

Clearly any single chosen degree of freedom for a mam effect or mteract10n 
can be confounded whatever the number of factors, for any such degree of 
freedom is derived from the contrast of one half of the treatment combinations 
with the other half, and it is therefore only necessary to assign these two groups 
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to the different blocks. •If there are a large number of factors, however, a higher· 
degree of confound~ng ~ay be advisable. \JYi!h 5 ~actors, for instanc~, there are 
32 treatment combmat10ns. If these are ~tvtded mto group~ of ;8 m· any way 
then the 3 degrees of freedom correspondmg to the compansons between the 
four groups will be confounde~L The problem is so to choose the groups that 
these 3 degrees of freedom correspond to high-order interactions. 
. , The possible solutions of this problem are provided by the following general 
ruk: · · . 

If three d~grees o£ freedom are to be confounded in a 2" design any two, 
corresponding to ·main effects or interactions, may be chosen at will. The 
" generalized interaction " between these two degrees of freedom will then also 
be confounded. (By the generaliz;ed interaction between A.B.C and A.D, for 
example, is meant B.C.D, A being struck·out as it occurs in both of the first two 
expressions.) 

. i!!: Confounding with five factors. 
' In the case of the 2 5 design the main effects and interactions are those 

shown in Table x6 • 

. TABLE 16. MAIN EFFECTS AND INTERACTIONS WITH FIVE FACTORS • 
. '• 

Interactions· ben<;een 
Main 

. 
. effects two factors three factors four factors five factors 

A. A.B B.D A.B.C A.D.E A.B.C.D 
B A.C B.E A.B.D B.C.D A.B.C.E 
c A.D ·c.n A.B.E B.C.E A.B.D.E A.B.C.D.E 
D A.E C.E . A.C.D B.D.E A.C.D.E 
E B.C D.E A.C.E C.D.E B.C.D.E 

. 
. . 

If A.B.C.D.E is confounded, and. also one of the interactions involving 
four factors, say B.C.D.E, then by the rule the main effect A is also confounded. 
The confounded set is thus 

A; B.C.D.E ; A.B.C.D.E 
The only other type of set containing A.B.C.D.E is 

A.B ; C.D.E ; A.B.C.D.E 
There is· also ·the ·type of set 

A.B.C ; A.D.E ; B.C.D.E 
This is the most useful of all, for no main effect or interaction between two 
factors is confounded. There are I 5 such sets, for the factor corresponding 
to A can be chosen in 5 ways, and the remaining four factors can then be 
divided into two pairs in 3 ways. 

The actuai partition of the 32 treatment combinations into four blocks of 8 
·so 'that the . chosen degrees of freedom are confounded, is effected by writing 

. down the stgns of any two of the three .confounded degrees of freedom after 
the manner of .Table 4, and all"ocating the four combinations + + , + - , - + , 
and -- so obtamed to the four blocks. . 
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By the device of partial confounding different sets rnay be confounded in 
the different :replications. With 5 · replications a balance4 group of ·sets such 
as that given in Table 17 can be used, each of the interactions between three and 
·four factors being confounded once and once only. In this case ~·of the 
information (relative to that on the unconfourided degrees of freedom) will .· 
be sacrificed on these interactions. ; · 

TABLE "17. BALANCED _GROUP OF SETS FOR 2 5 DESIGN. IN BLOCKS OF 8 PLOTS. 

A.B.C; A.D.E; B.C.D.E 
A.B.D ; B.C.E; A.C.D.E 
A.C.E ; B.C.D ; A.B.D.E 
A.C.D ; B.D.E; A.B.C.E 
A.B.E; C.D.E; A.B.C.D 

The rule given abov~ is eapable of extended application. Thu!? if blocks 
of4 plots are used in a 2 5 design and the interaction B.D is chosen, in addition 
to the first set of Table . 17, the full set of 7 confounded interactions is 

B.D ; C.E ; A.B.C ; A.D.E ; A.C.D ; A.B.E; B.C.D.E 
The eight." combinations of signs arising from any three of these interactions. 
(the third not being-the generalized interaction of the other two) will give the 
partition into the eight blocks. , . . 

· Balanced groups of 5 sets of this type also exist, one of these groups being 
that given in Table 18. 

TABLE 18. BALANCED GROUP OF SETS FOR 2 5 DESIGN IN BLOCKS OF 4 PLOTS. 

AB, CD, ACE, ADE, BCE, BDE, ABCD 
AC,. DE, ABD, ABE, BCD, BCE, ACDE 
AD, BE, ABC, ACE, BCD,. CDE, ABDE 
AE, BC, ABD, ACD, BDE, CDE, ABCE 
BI), CE, ABC, ABE, ACD, ADE, BCDE 

5b. Confounding with six factors. 
The confounding of experiments including six factors follows similar lines. 

With blocks of 16 treatments the most useful sets are those· of the type 
A.B.C.D ; A.B.E.F ; C.D.E.F 

and with blocks of 8 treatments those of the type 
A.C.E ; B.D.E ; B.C.F; A.D.F; A.B.C.D ; A.B.E.F; C.D.E.F 

With blocks of 4 treatments arrangem~ntS co~founding 3 ~o-factor, 8 three
factor, ·3 four-factor and the six-factor mteract1on ar~ possible, and may be 
obtained by " interacting " on the sets of Table ~8 w1th E.F, ~.F, C.F, D.F 
and A.F respectively. A balanced group of sets Will be thus attamed .. Balance 
is also possible ~n 5. replications with block~ o~ 16 treatmen~, but w1th blocks 
of 8 treatments, rather curiously, 10 rephcatwns are reqmred fo': compl:te 
balance : with 5 replications and blocks o_f 8 plots one three-factor mteract1on 
must be confounded twice while another IS not confounded at all. · . . . 
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sc. Confounding with four factors in -blocks oj"4 plots. . 
The best type of set for non-balanced arrangements lS 

A.B ; A.C.D ; B.C.D 
but for complete balance this clearly dema1_1ds 6 replica~ions, and moreover t ~he 
relative information on the three-factor mteracttons 1s _los~. The altern~tlve 
gro}lp of sets given in Table- 19 gives balance in 4 ~ephcat~ons, and sa~rifices 
only t of the relative information on the three-fa~tor mteract10ns and ! (mstead 
oft) of the information on the two-factor interactiOnS. 

TABLE 19. Z4 DESIGN. 

A.B ; C.D; A.B.C.D 
A.C; B.D ; A.B.C.D 
A.D ; A.B.C; B.C.D 
B.C; A.B.D; A.C.D , .,_ 

There is the further group ~f 5 sets (Table 2o)· which confounds every 
degree of freedom once and therefore sacrifices t of the relative informatio?
on every comparison. All comparisons are therefore of equal_ accur~cy. This 
design depends structurally on the complete set of orthogonal4 x 4 Latm squares. 

TABLE zo. AI:TERNATIVE 2 4 DESIGN. 

A; B; A.B 
C; D; C.D 
A.C ; B.D ; A.B.C.D 
A.D ; A.B.C; B.C.D 
B.C; A.B.D; A.C.D 

sd. General remarks. 
In agriculrural field experiments in randomized blocks a very high degree 

of confounding is not usually advisable ; as a general rule the two-factor inter
actions should be left unconfounded. We have, however, thought it worth while 
to put on record the possible designs in blocks of 4 plots, both for the sake of 
completeness and because they may be found to be of use in other branches of 
biological experimentl!-tion where the block size is more definitely limited. 

Balanced arrangements are particularly useful when the experimental materi;~l 
is such that a high degree of confounding is advisable, so that possibly important 
interactions are likely to be involved. In agricultural experiments the number 
of replications available is rarely great enough to attain balance in single 
~xperiments including large numbers of factors _(though balance may be 
introduced in sets of experiments of similar qesign at different places). This 
does not preclude partial confounding, which should always be adopted when 
there is more than one replication and when a choice can be made between 
interactions of the same order, unless one set can be pronounced with c~rtainty 

· to be of no importance. Thus in the experiment on beans described in Section 7, 
in. which the factors were spacing, dung, nitrogen, phosphate and potash, the 
three-factor interactions confounded with S.D.P and S.N.K. Had a. second 
replication been available the three-factor interactions D.P.K and S.N.P might 
advantageously have been confounded in it. It is instructive to identify these 
sets with those given in general form in Table 17. · 
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6. EsTIMATION OF ERROR FROM HIGH-ORDER INTERACTIONS. 

A further difficulty which limits the number of factors that can be included 
in an e::'periment !s the number of plots req~re~, Thus with six factors uS 
plots will be reqmred for even· two-fold replication. . 

If ~mly-a single ~eplication is employed the ~xperiment will not be capable 
of furrushmg an estimate of error by the ordmary procedure of comparing 
replicates. There will, however, in large experiments be a number of interactions 
between three or more factors which may in many cases be confidently predicted 
to be small in comparison with the errors affecting them. If this is the case 
they will in effect themselves be estimates of experimental error. Thus, for 
example, in a 2 6 design no less than 22 of the .63 degrees of freedom for treatments 
correspond to interactions between four or more factors. If the experiment 
consists of a single replication and is arranged in blocks of 16 plots, three of these 
will be confounded with block differences. The remaining 19 may then be used 
as an estimate of experimental error. . 

. It should be noted that even if some of these high-order interactions do 
happen, with some particular set of factors, to be appreciable, the experimenter 
is still in a much better position than he would have been had .the interacting 
factor been omitted entirely from the design. For any particular interaction 
(except those which are confounded) which later results may indicate to ·be of 
importance can be isolated and examined. Moreover the criticism that the 
inclusion of an interaction of some magnitude in the estimate of experimental 
error will inflate that estimate does not carry much weight, since the true 
experimental error (as estimated between replicates of the same treatment 
combination) would not be applicable to the results of an experiment with the 
interacting factor held constant, if it were intended that ·these results should 
be treated as valid for all levels of the interacting factor. 

This device of using only a single replication is · particularly useful in 
agricultural field experiments. For it is well known that most of the effects 
which are being measured vary from year to year and place to place. A whole 
set of similar experiments, of moderate accuracy, conducted at different places 
over a series of years, is thus of far more value for practical purposes than a 
single large experiment of equivalent accuracy. The use of only a single 
replication enables experiments comprising a reasonable number of factors to 
be carried out on ordinary non-experimental -farms, and thus very considerably 
adds to the ;resources of the experimenter. 

7· AN EXPLORATORY EXPERIMENT ON BEANS. 

!'-s an example .of the points discussed in the last two se<;tions we will 
consider a 2 5 expenment on beans, conducted at Rothamsted m 1935. 

The treatments consisted of all combinations of : 
(S) Spacing of rows : IS ins. apart (s0) or 24 ins. apart (sl). · 
(D) Dung : 10 tons per acre (d), or none. . 
(N) Nitrochalk: 0.4 cwt. N per acre (n), or none. 
(P) Superphosphate : o.6 cwt. P 2 0 5 per acre (p), or none. 
(K) Muriate of potash: 1.0 cwt. K 2 0 per acre (k), or none .. 
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The spacing was included to test the theory that the best effects of manures 
might be obtained with closely spaced rows. . . . 

. The plan is shown in Table 21. The ytelds are gtven m the first column 
in Table 22. 

·TABLE 21. PLAN OF EXPERIMENT ON BEANS, AND BLOCK TOTALS. 

Block III (sss.z) Block IV (436.7) 

s,nk s, s,p s,npk 

s,np s,dn· s,dnp s,n 

s,dp s,pk s,d s,k 

s,dk s,dnpk s,dnk s,dpk 

s, s,dp s,n s,k 
-

s,nk s,dk s,dnk s,dpk 

s,np ,s,dnpk s,p s,dnp 

s;dn s,pk s,d s,npk 

Block I (4IZ.J) Block II (481.0) 

Only a single replication was used, giving 32 plots in all, each of 'l{J acre, 
these being arranged in four blocks· of 8 plots each. Examination wtll show 
that the following interactions are confounded : 

Interaction Contrast 
S.D.P . I- II -Ill+ IV 
S.N.K . . I + II - III - IV 
D.N.P.K I .- II + III - IV 

7a. Analysis. 
' The calculation of the main effects and interactions is given in Table 22, 

· ·and the analysis of variance in Table 23. 
The estimate of error is based on interactions between three or more factors. 

The computations follow exactly vthe same lines as those of the ~ x 2 x 2 
experiment. The sum of squares for treatments is obtained by dividing the sum 
of the squares of the totals of Table 22 corresponding to the main effects and 
two-factor interactions by 32 {there being no need to write down the individual 
squares), and the other two sums of squares are similarly. obtained. A.check 
is given in Table 22 for each of the columns (1) to (5), and a check of the whole 
set of calculations is provided by the total sum of squares, which is also calculated 
direct from the yields of the separate treatment combinations. 

. A further useful check is obtained .if the block totals are noted when 
calculating the total sum of squares (as c:m conveniently be. done by the method 
of Note 4 when, as often happens; the yields are tabulated by blocks). The 

· confounded interactions can thep. be calculated .directly from these block totals 
and compared with the values already obtained. 
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TABLE 22. CALCULATION OF MAIN EFnCTS AND I~CTIONS, BEANS EXPERIMENT. 

Effect 
sdnpk Yield (o) (I) (2) (3) (4) Effect (s) cwt. per acre 
00000 ... 66. 5 . 102.7 2J2.2 46I.J 881.8 1885.2 21.04 Mean 
100 J6.2 129-5 229.1 420-5 IOOJ.4 - 125.0* - 2.-79 s 
010 74·8 91.3 213.1 525-4 - 132-4 +251.2** +5.61 n 
110 54·7 '37·8 207·4 478.0 +7-4 +8o.6 +I.8o S.D 
001 '. 68.o 86.6 227-5 - 91.9 +156.6 +52.o +I.I6 N 
101 23·3 126.5 297·9 - 40·5 ·+94·6 +53·o· +1.18 S.N 
011 67·3 82.0 243·8 +5.8 +52-4 +82.4 +1.84 D.N 
Ill 70·5 125·4 234·2 +1.6 +28.2 +3L8t 

• 
00010 56.7 102.9 - 5°·4 +73'·3 - 8.8 - 88.2 - 1.97 p 
100 29-9 124.6 - 41.5 +83·3 +6o.8 +47-2 +r.o5 S.P 
010 76·7 131.7 - 53·7 + 56.2 +75·8 - 7·8 - 0.17_D.P 
110 49·8 . i66.2 +13.2 +38·4 . -:- 22.8 - 187.2! 
001 36·3 . i23·9 - 2.3 + 58., +23.2 - 82.6 - 1.84 N.P 

. 101 45·7 "9·9·:· +8.1 - 5·7 +59-2 . +I4·4t 
011· 6o.8 95·9 +17-4 +75.8 +32.2 +I7·4t 
III 64.6 138.3 - 15.8 - 47·6 - 0.4 - Io.ot 

tOOOOI 63.6 - 30·3 +26.8 :- 3·' - 40.8 +121,6* +2.71·K 
100 39·3 -20.1 +46.5 - 5·7 - 47·4 +139·8* +3·'2 S.K 
010 51.3 - 44·7 +39·9 +70-4 +51.4 - 62.0 - 1.38 D.K 
110 ... 73·3 +3-2 +43·4 - 9·6 - 4-2 - 24.2t -0.54 S.D.K 
001 71.2 - 26.8 +21.7 +8-9 +ro.o + 69.6 +t-55 N.K 
101 6o.5 -26.9 +34·5 +66.9 - '7·8 - 98.6! 
011 73·7 +9·4 - 4·0 +10.4 - 6J.8 +J6.ot 
Ill 92-5 +3.8 +42-4 - 33·2 - I23·4 - J2.6t 

. 00011 49·6 - 24-3 +I0.2 +19-7 - 2.6 -6.6 - O.I5 P.K 
IOO '. 74·3 +22.0 +47·9 +3·5 - 8o.o - 55.6t 
OIO 63.6 - 10.7 - 0.~ +I2.8 +s8.o - 27.8t 
IIQ 56·3 +I8.8 - 5·6 +46·4 - 43·6 - 59·6f 
001 .. 48.0 +24-7 +46·3 +37·7 - I6.2 - 77·4 
IOI 47·9 - 7·3 +29-5 - 5·5 +33·6 - IOI.6t 
Oil 77-0 - O.I ~ 32.0 - I6.8 - 43-2 +49·8! 
Ill 6I.3 - 15·7 - I5.6 +I6.4. +33·2 +76-4t •. ±51.2 ±I.I4 

Total~ (for checks) : I 

ISt {Odds (a) 507. I 8I7.0 827.6 1164.0 Io8o.8 2Icq.6 
half Evens (b) 374·7 Io68.2 932.6 928.0 I230·4 -95-2 

2nd {Odds (c) 498.o - 102.8 I08.8 140.0 - 47·2 I03.2 
half Evens(d) 505.4 - 22.2 .. 223,0 79·2 - 249·6 - I56.o 

{a•+ b•=+ ao+ bo+ eo+ do 
Checks for column (I) C• + d, := _ ao + bo -co+ do 
and similarly for· the other columns. 

•Significant (5 per c~t. level), ~.e. greater than Ill or 2-4-B cwt. 
••Significant (1 per cent. level), ~.e. greater than ~55 or 3·16 cwt. 
tUsed for estimate of error. . ; tConfounded. WJth blocki. 

• • ' 
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TABLB 2J. .ANALYSIS OF·VARIANCI!, BEANS EXPERIMENT. 

Blocks 
Main effects and interactions between 

two factors 
Remainder ... 

Total 

D.F. Sum of squares 
3 I476·43 

IS 
I3 

JI 

492I.20 
Io66.64 

7464.27 

Mean square 
492.I4 

328.o8 
82.05 

Spacing, dung, and potash have produced significant effects, and in addition 
the interaction between spacing and potash is significant. It is to be ~ot~d that 
the dung and spacing show a similar (though smaller and n~m-s1gmficant) 
interaction. The table (Table 24) including these three factors 1s therefo~e of 
interest. It is not affected by the confounding, and may be constructed etther 
from the main effects and interactions or by taking the mean yields of the 
relevant sets of 4 plots. 

TABLB 24• MEAN YIELDS, CWT. PER ACRE. 

(I) k d dk 

IS rn. spacing 20.J 20.7 . 25 .o 2.3 ·7 
24in. spacing I2.I I9.8 21.4 2.5.3 

The experiment is not of high precision, being of only 32 plots, and having 
a high standard error per plot (beans have at Rothamsted proved a very variable 
crop), but in combination with other similar experiments it should provide useful 
information, and in itself affords an illustration of the importance . of putting 
theories to experimental test, since the interaction between spacing and manures. 
turned out to be the opposite of what had been expected. 

7b. Gain in. precision due to confounding. . 
It is clear that the arrangement in blocks has increased the precision, sirice 

the mean square for blocks is considerably greater than that for error. An 
estimate of the amount of this gain can be made by replacing the treatment 
mean square by the error mean square, and then calculating what the error would 
have been had there been' no confounding. (This procedure assumes that the 
confounded interactions are negligible, and is, of course, subject to certain 
errors of· estimation.) 

The calculations are set out in full in Table 25. The estimate of the 

TABLE 25. GAIN IN PRECISION D~ TO CONFOUNDING. 

D.F. Sum of squares Mean square 
Blocks 3 I476.43 492.I4 
Within blocks ' . . 28 2297.40 82.05 

Total 3I 3773.83 I21.74 
·error mean square for a block of 32 plots is I21.74, and the efficiency of an 
un~onfounded arrangem~nt is .therefore· 82.05/121.74• or 67.4 per ceni:. The 
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reciprocal of this is 148.4 per cent. and the gain in information due to con
founding is thus 48.4 per cs:ent. 
· It should be noted that if there is more than one replication, the whole of the 

sum of squares for blocks wiU not e11ter into the new estimate for error ; only those 
compone~ts which represent differences of blocks forming the same replication 
must be mcluded. · 

8. CONFOUNDING IN LATIN SQUARE DESIGNS WITH FACTORS AT TWO LEVELS. 

In a somewhat limited p.umber of cases it is. possible to adapt confounding 
to Latin square designs. Thus, for example, a 2 4 system involving 16 treatment 
combinations may be arranged in an 8 x 8 Latin square, there being four complete 
replications. Any one degree of freedom for a main effect or interaction may be 
confounded with rows (the rows being taken to represent blocks of 8 plots each), 
and at the same time another degree of freedom for a main effect or interaction 
may be confounded with columns. Alternatively partial confounding may be 
adopted, each of the 4· degrees of freedom for three-factor interactions being 
confounded in one of the four row-pairs, and the four-factor interaction being 
completely confounded in the four column-pairs. Three-quarters of the relative 
information will then be available on all three-factor interactions. 

At the outset there is one point which should be .emphasized. In order to 
obtain an unbiased· estimate of error from a Latin square it. is necessary to 
rearrange all rows in random order, and also all columns. Thus we are precl~ded 
from so arranging the experiment that the rows (or columns) forming each 
complete replication necessarily fall together in the field: This restriction is 
of importance in the types of design discussed in Section x6fand x6g, in which 
main effects such as varieties are confounded. ·· 
· In spite. of these limitations, such confounded Latin square designs as exist 
are of considerable interest, in view of the markedly greater precision of Latin 
squares as compared with randomized blocks in many types of agricultural field 
trials. We will therefore give examples which will illustrate the possibilities 
and limitations of this method of design. In this section we shall consider the 
various types which are applicable to sets of factors at two levels only. These 
must clearly utilize 4 x 4 and 8 x 8 squares. Further examples utilizing 6 x 6 
and 9 x 9 squares will be given later. .. 

8a. 2 x 2 x 2· design in two 4 x 4 Latin squares. ' 
Since we may arrange a 2 3 design in blocks of 4: plots ?n such a way as to 

confound any single degree of freedqm, we may,· m a smgle 4. x 4 square, 
totally confound any two interaction degrees of freedom, one with rows and 
one with columns, or alternatively we may ~artially confound two degrees with 
rows, and another two with columns. As m any case, however, at least two 
squares will be necessary to provide an adequate estimate of error, it is simpler, 
in cases in which partial confounding is required, to effect this by confounding 
the different degrees of freedom in different squares. . . . . 

In experiments involving the three standard fe~1hzers there are vanous 
alternatives of possible utility. With two squares, for mstance, P.K and N.P.K 
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may be confounded in both squares, or J:V.P,K may be _confounded. with ~he 
columns of both, ·P.K with the rows of one,. and N.P 11nd N.K partially w~th 
the rows of the other. With thre~ squares N.P.K may be. confounded with 
the columns of all three squ.ares, and N.P, N.K and P.K·with the rows of- one 
square each, thus obtaining ~ the relative information ori all two-factor intel'"
actions. Alterqatively, if the nyo-factor interactio~s and the main effects are 
of equal interest, these .may each be conf(_:n~nded ·m one ~alf ?f one ~quare,·. 
N.P.K being confounded in all &quares, g1vmg ~ t~e relative mformatlon on 
all effect~ except N.P;~.. ·. . · ; . • .. 
· The necessary des1gns are easily constructed by wntmg down the sets of 

.treatment combination!~ tnat must fall together in the rows and the similar sets 
that must fall together in the. columns. ·. Thus to confound P.K with the rows 
and N.P.K: with. the columns the rows must consist of the two sets 

. . • • (1) n . pk npk 
' '· ·P k np nk 

and the columns of the two sets 
(r) n 

.. • np P. 
nk ' k 
pk npk 

This gives the following alternative squares (Table z6) with the first ·row and 
the first column in an assigned order : • · 

' ' TABLE 26. 
(r) n pk "npk (r) n pk npk 
np P. nk k np k nk . p 
nk knpp nkpnpk 
pk npk (r) n pk npk (r) n 

For each square of the experiment one. of the"'~o squares may be selected at 
random, both the rows and columns being arranged in random order. 

. An . alternative arrangement, which avoids • confounding any two-factor 
interaction, is a,lso. worth -not).~g. ·If ¢.e' four treatment combinations (I), np, 
nk, pk, be arranged in a single '4 x 4 Latin square, and the other four combinations 
n, p, k, npk, in a secom\ ~quare. then the 'three-factor interaction N.P.K will 
be identica1, with the compari~oh between the two squares. This arrangement 
has the ·de_feet -that any differences in response to one of the factors, n say, in 
the two .$quares- will ~ive rise to an apparent interaction between the remaining 
factors p !lfld k. Th1s defect may be overcome, however, though with some 
probable .Joss of efficiency, by intedacing th~ two squares, one of each pair of 
colwnns (if there are eight columns) being assigned at random to the first square. 
Thus after r!lndomization we might arrive at the arrangement given in Table 27. 

·~ I. 
0 

' 4 

TABLE_2i. 

(r) k pk p npk np nk n 
nk npk np n k pk (r) p 
pk n (r) k p nk np npk 
np p nk npk n (r) pk k 

The analysis will be conducted just as it would be if the squares were not 
interlaced, eliminating the rows as well as the QPiumns of each square separately. 
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. 8b, Numerical example. . 
. . The above designs were superimposed on a uniformity· trial on sugar beet 
c<jn,ducted by Immer (17). . . · ·. . 
.: · Table 28 shows the actual arrangement derived·· by randomization from 
·Table 26 (the second square being selected in each case), and the yields of each 
plot (iu acre). P.Kand N.P.K, were confounded iD. both' squares. The degree 
of freedO!Jl·C?nfounded with rows (also -as~igned' at tand~m from the abo~~ two)· 
was N.P.K m the first square and P.K m tbe s~son.d. ~ · .. · :. · · · · · · 

• 
)'ABLE 28. p ; . 

LAN AND YIELDS IN LB~ ' · 

k npk • nk k n p p . tzp 
587 s83 576 562 576 • 569 542 549 

pit 
, 

{I) 'J nk pk np (I) n npk 
629 6IS 634 • 594 ,637 623 643 629 

np (I) nk pk npk (I) • • pk n 
'562 596 624 _627 . 631) 628' 645 65I' 

p 'npk k n k nk np p 
604 · 638 609 634 6I5 586 605 . 6I8 

The following estimates of die trelrtment effe£1:1! (totals over 32 plots) were · 
obtained: . . ·. ' 

N = + 109, P= - n; K..; + 55, N."P=- 147, N.K = ..! 5· 
_The ·~alysis of variance is given in Table. 29. . 

TABLE 29. .ANALYSIS OF YARIANCE, SEPARATE SQUARES. . 

' · D.F. ·· • ·'Srim of squareS: · Mean squ~re , 
Squares . : .. I · . . 457·~ > .:' ... ' 457·5 
Rows .. • '6.6· .. , ·.. :;104~8,.4. ,;, _.. • 34I4·7: 
Columns.. , ·•· 2797·9 · •· .·, 466,3, 
Treatments . • · '5, ' '. • · • 1145 · 1

6 
~ . 

1 
... , • 22

6
9
6

·. I 
Error IJ 346,o. . , ,... ,'2 .2 

Total 3; ' 2835o.i • 
The standard error of each of· the above· estimates is therefore~ ± 92.4. 

No one of the effects is significant. • • 
The analysis of variance appropriate. to the arrangement '41 .interlaced 

squares given in Table 2,2 is shown in Table 30. · . . · .. 
~ ,\. 

TABLE Jcl~ .ANAJ-YSIS OF VARIANCE, INTERLACED SQUARES. · 

Squares ( = N.P.K) 
Rows 
Columns .. 
Treatments .. 
Error 

Total • 

D.F. Sum of squares Mean square 
I . '•#2·5 #2·5. 
6 .\ I8540.4 3090.1--, 
6 · 2812.9 468.8' 
6 2694·9 .. 449· 2 

I2 3859.4 :J~I ,6 

3I 
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It will be noted that in this example rows have been very effective in 
eliminating soil heterogeneity. Table 31 shows the mean squares obtained with 
squares and blocks of various types : 

TABLE 31. EFFICIENCY OF VARIOUS ARRANGEMENTS. 

D.F. Mean square 

4 x 4 Latin squares {separate 18 255·9* 
interlaced 18 364. I* 

{half-rows .. 24 3o8. 5 
Blocks of 4 plots . . columns .. 24 1045·6 

2 x 2 squares 24 94°·7 

{rows .. .. 28. 407.6 
Blocks of ~ plots . . pairs of half-rows 28 867·7 

pairs of columns 28 949·1 

Blocks of 16 plots { pairs of rows 30 829·5 
· · squares .. 30 929.8 

•Treatments +error of Table& 29 and 30. 

.. 

Relative 
efficiency 
100.0 

70·3 

82.9 
24·5 
27.2 

62.8 
29·5 
27.0 

30.8 
2 7·5 

The major part of the soil heterogeneitY lies in differences between rows, 
and consequently blocks along the rows are reasonably efficient. They are, 
however, a form of block which would not in practice be used unless prior 
information on the fertility differences of the field. was available. The alter
native forms of block; whether of 4 or 8 plots, have all efficiencies of less than 
30 per cent. The arrangement in interlaced squares is somewhat less effi.cient 
than the arrangement in separate squares, but has served to eliminate the greater 
part of the variation due -to rows. 

It is not claimed that this example is typical of the average gain in efficiency 
that may be expected from the use of Latin squares instead of randomized blocks. 
It is, however, an excellent illustration of the power of Latin squares to deal 
with the types of soil heterogeneity met with in agriculture. In this connection 
it should be noted that if we have any type of experimental material which can 
be classified in two ways, with both of which variation is associated, then the 
elimination of both sources of variation simultaneously more than doubles the 
decrease in error variance- over the average of that produced by the elimination 
of either source separately. Measured in terms of information per plot (which 
is equal to the reciprocal of the error variance per plot) the additional gain by 
the simultaneous elimination of both sources is even greater. 

It is also to· be remarked that if the· variation associated with one type of 
classification is large, while that associated with a second type is negligible, the 
use of the second classification for blocks will always give a higher error than 
if the experiment were arranged wholly at random. In the present example 
the elimination of columns after eliminating rows has increased the information 
per plot from 82.9 to 100, whereas the elimination of columns before eliminating 
rows has decreased it from 27.5 to 24·5· ' 
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Be. Arrangements for jive and six factors in an 8 x 8 square. 
The arrangement of five and six factors in 4 x 4 squares is also possible 

if the confounding of some of the two-factor interactions is permitted, but the 
use of an 8 x 8 square appears more suitable, since all two-factor interactions 
can then _be kept free from confounding. · 

In the case of five factors, groups of sets may be chosen from those shown 
in Table I7. If only a single square is available, partial confounding within 
the square may suitably be resorted to, four out of the five sets being confounded, 
two with rows and two with columns. In the square shown in Table 32 the 
first group of Table 17 is confounded in rows I-4, the second in rows 5-8, 
the third in columns I-4 and the fourth in columns 5-8, the fifth group 
being unconfounded. In this table the first of the pair of numbers gives the 
combination of the a, b, and c treatments, according to the scheme : 

I = (I), 2 = a, 3 = b, 4 = ab, 5 = c, 6 = ac, 7 = be, 8 = abc, 
and the second of the pair of numbers gives the d and e treatments, according 
to :the scheme : 

I = (I), 2;, d, 3 = e, 4 = de. 
Thus 72 = bed. 

TABLE 32. 8 x 8 QUASI-LATIN SQUARE FOR FIVE FACTORS. 

II 43 7I 63 42 62 74 14 
73 6r I3 41 72 12 44 64 
54 82 34 22 83 23 31 sr 
32 24 52 84 33 53 8r 21 
8r 53 64 72 II 34 22 43 
62 74 8J sr "24 41 13 32 
44 12 21 33· 54 7I 63 82 
23 31 42 14 6r 84 52 73 

The analysis follows the ordinary lines, th7 part~ally corifounded interactions 
being computed from the rows or columns m whtch they are unconfounded. 
There are thus I8 degrees of freedom for error .. As before rows and columns 
must be completely randomized amongst themselves. . . 

In the case of six factors the system of confoundmg will be of the type : 
Rows : A.C.E ; A.D.F; B.D.E ; B.C.F; A.B.C.D ; A.B.E.F; C.D.E.F 
Columns : A.B.F ; A.D.E ; B.C.D ; C.E.F ; A.B.C.E ; A.C.D.F ; B.D.E.F 
The square shown Table 33 confounds th7se interactions. The second number 
now· indicates one of the eight combinatiOn~ of d, e and f. 

TABLE 33• 8 X 8 QUASI-LATIN SQUARE FOR SIX FACTORS. 

rr 24 36 47 s8 6s· 73 82 
27 r6 44 31 62 53 85 78 
38 45 r3 22 71 84 s6 67 
42 33 25 r8 87 76 64 51 
54 6r · 77 86 15 28 32 43 
66 57 8r 74 23 r2 48 35 
75 88 52 63 34 41 . 17 z6 
83 72 68 . 55 46 37 21 . 14 . 

If I 28 plots are available, a second square c?nfoundmg a completely different 
set. of three-factor interactions may be obtamed from the above square by 
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changing a to c, c to f, f to e, and e to a. Two four-factor interactions will be 
confounded in both squares. 
· With only a single replication error will have to b~ estim~ted from h~gh
order interactions. If all 12 unconfounded three-factor mteracttons are retamed 
there will remain 16 degrees of freedom for error. · 
' The actual factor which each letter is taken to represent in these designs 

·must of course, depend on the interest which attaches to the various interactions, 
the ;im being to confound (as far as is possible) only those interactions which 
are likely to be of little importance. 

The rows and columns of each square must be rearranged in random order 
for every experiment . 

. 9· FACTORS AT MORE THAN TWO LEVELS. 

In the preceding sections we have described factorial designs in which every 
factor is at two levels only. Many cases arise in practice, however, in which . 
more than two levels of some or all of the factors are required. In all cases 
in which it is necessary to determine the optimal level of a factor, for instance, 
at least three levels are essential, and in factorial experiments in which varieties 
are included as one of the factors the use of three varieties rather than two is 
usually advisable. · 

When some or all of the factors are at more than two levels, part of the 
'simplicity that attaches to factorial designs with factors at two levels only is lost. 
To the main effects of a factor at four levels, for instance, there will correspond 
3 degrees of freedom, and similarly for all intera(.:tions involving this factor. 
The calculations required for the analysis of variance are consequently more 
complicated. Moreover the possibilities of confounding are much more 
restricted, and the designs which exist are less elegant and more troublesome 
statistically, particularly with factors at different. numbers of levels . 

. I~ this sect!on· we will co~sider the mod~fications that are !lecessary in the 
statistical analysts when there 1s no confoundmg. In later sect10ns the simpler 
types of confounding will be described. 

9a. Two factors. 
In a ':arietal and manuring experiment on oats (Rothamsted, 1931) four 

levels of ~t!ogen .(o, 0.2, 0.4 and o.~ cwt. per acre) were applied ,to each ·of 
three vanetles; Vtctory, Golden Ram II and Marvellous. There were six 
replicates on .,lr; acre plots. The total yields of each of the twelve treatment 
combinations are given in Table 34· 

TABLE 3+ VARIETAL AND MANURIAL EXPERIMENT ON OATS. 

Treatment totals (lib.) 
no n, n. . n, Total 

Victory . . . . .. .. .. 429 . 538 665 7II 2343 
Golden Rain II .. . . .. 480 591 688 • 749 2508 
Marvellous • .. .. .. .. 520 651 7°3 761 2635 . 
Total .. ·'429 . 1780 I 2056 I ' 86 " .. .. .. .. 2221 74 
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Since there are twelve treatment combinations there must be I I degrees 
of freedom for treatments. These can, as before, be divided into main effects 
and interact~ons. . · · 

Thet;e will be 3 degrees of freedom for the main effects of ri, and 2 degrees 
of freedom for the varietal differences. This leaves 6.· degrees of freedom for 
interactions. (Note that 6 = 3 x 2). · 

If (as is natural.here) the main effects are defined as the average response. 
to one factor at all levels of the other they will be derivable from the two sets 
of marginal totals of Table 34· The sums of squares corresponding to each 
set can be calculated in the ordinary manner from the sum of the squares of the 
deviations of these marginal totals, dividing by the number of plots in each. 
Thus the sum of squares for N is given by . 

l• [14292 + I78o• + 20562 + 222I 2
- I8 x 778336.o6] 

(Note ~e method, the most s.uitable f~r a ~alculating machine, of applying the 
correctiOn for the mean. This correctiOn, 74862 /72, should be calculated first · 
and written down, as it is wanted repeatedly.) 

The sum of squares for interactions cannot be conveniently calculated 
directly, and must therefore be obtained by subtraction from the total sum of 
squares for treatments. The full analysis 1s as follows (Table 35) : 

TABLE 35• PARTil'ION OF THE TREATMENT SUM OF SQUARES IN THE VARIETAL AND 
MANURIAL TRIAL. 

D.F. j>um of squares Mean square 
Correction for mean 778336. o6 
Nitrogen .• 
Varieties .. 
lnteractions 

3 
2 
6 

20020.50 
1786.36 
321.75 

.· ~· 
All treotments 11 22128.61 

There is no automatic· check on tliis table, and all the computations must 
therefore be carefully checked. 

It will be noted that the above computations are exactly analogous to those 
of the ordinary analysis of variance of a randomized block experiment. Nitrogen 
and varieties correspond to blocks and trea~ents; interactions to error, and all 
treatments' to the total. The sums of squares and mean squares are divided 
by an additional factor 6 to allow for the fact that each ·value of Table 34 is the 
total of six plots. · . · 

We will discuss the layout and conclusions of this experiment in Section x6b. 

gb. '['hree or more factors. . 
The extension of the above analysis to three or more factors follows on the 

same lines. In the case of three factors, a at 3 levels, b at 4levels and cat 4 levels, 
for example, there will be 48 treatment combinations, and the partition of the 
degrees of freedom. will be 

·· A 2 A.B 6 
B 3 A.C 6 A.B.C I8 
C .3 B.C 9 
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In order to calculate the sums of squares three two-way tables will be 
required, one between each of the three pairs of factors, the sums being taken 
over all the remaining factors. Each set of marginal totals occurs twice, thus 
providing useful checks on the construction of the table. These three tables 
will give the sums of squares for the main effects and interactions between two 
factors. The sum of squares for the interaction between all three factors can 
then be obtained by subtraction. 

9c. Simplification when one of the factors is at two levels only. 
If one of the factors is at two levels only the interactions of this factor with 

the others can be calculated directly by using the differences of the yields at 
the two levels of this factor for all combinations of the other factors, and analysing 
these in exactly the same manner as the totals of the yields at the two levels. 
In the case of two factors only the calculations can be arranged as in Table 36, 
which gives the total yields in pounds of the five ·replicates (l15 acre plots) of an 
experiment on different proportions.Of oats and vetches in a forage mixture, both 
with and without nitrogen (Rothamsted, 1932). 

TABLE 36. ExPERIMENT ON SEED MIXTURES AND NITROGEN. 

Seeding rates (lb. per acre). 
200 oats 150 oats xoo oats so oats No oats 

No vetches 50 vetches xoo vetches 150 vetches 200 vetches Total 

Without nitrogen 1405 x66x 1788 x684 1342 788o 
With nitrogen 1788 1979 2000 1792 1468 9027 

Sum 3193 3640 3788 3476 28xo 16907 
Difference + 383 + 318 + 212 + xo8 + 126 +II47 

[n- (x)] 

The sum of squares for N is given by 1147" /so, and the sum of squares for the· 
interactions is given by 

I'd383" + 318 2 + .... - 229·4 X U47] 
Table 37 shows the full analysis of variance. 

TABLE 37• ANALYSIS OF VARIANCE OF EXPERIMENT ON SEED RATES. 

D.F. Sum of squares Meon square 
'Correction for meon 5716933 .o 

Treotments Interactions .. 
{

Seedings .. 
Nitrogen .. 

Total . . . . 
Blocks 
Error 

Total .. 

4 
I 

4 

49 

60313 ·9 
26312.2 
5717·5 

92343·6 
59601 ·9 
28384·5 

15078·5 
26312.2 

1429·4 

• 
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Provided that the correction for the mean is computed twice, and that in 
calculating the interaction sum of squares the correction for the mean difference 
{equal to the sum of squares for N) is recomputed as shown, all the treatment 
sums of squares and the sums and differences of Table 36 are checked by 
computing the total sum of squares from the 10 v~lues in the body of the table. 

9d. Procedure when two or 11WTe factors are at two levels only. 
rhe main effects and interactions involving the factors at two levels only 

may be computed by the method of Section 3 for each combination of the other 
factors. . The analysis. of these and their totals over the different levels of the 
other factors will give all the sums of squares required. 

An example will make the procedure clear. The first three columns of 
Table 38 shows the total yields of the treatment combinations of a 3 x 2 x 2 
experiment on potatoes (Rothamsted, 1933). All combinations of 

0 . { (I) =no poultry manure } { (I) =no super} 

{ 

n = no artificial nitrogen } ' • . 
n, = sulphate of ammonia x · . x / 
n. = ammonia bicarbonate m ·=poultry manure . p =super 

were applied. There were three replicates on plots of Jlr; acre. The arrange
ment was confounded in blocks of 6 plots, and is discussed in Section 13c. 

TABLE 38. COMPUTATION OF MAIN EFFECTS AND INTERACTIONS OF A 3 x 2 X 2 EXPERIMENT, 

Yields (lb.) Effects 
no n• na Total no n• na Total no · n• na Total 

(I) 4II 479 45I I34I 855 I057 968 288o 2073 :. 236I 2n5 6549 Sum 
p 4# 578 517 I539 I218 I304 II47 3669 +129 . +85 +I2I +335 p 
m _s6I 659 546 I766 +33 +99 +66 +x98 +36~ +247 +x79 +789 M 
mp 657 645 6oi I903 +96 - I4 +55 +x37 +63 - 113 - n - 6I P.M 

• • The sums and differences of pairs of values in the first four columns are 
shown in the next four columns, and the sums and differences of these latter 
in the last four columns, which give the totals of the main effects and interaction 
of p and m for n0 , n1 and n 2 , and the total of all n. The total column forms 
a check on the operation at each stage. 

_The treatment sums of squares can now be calculated immediately. The 
correction for the mean is given by 65492 /36, the sum of squares for N by 

y',. [2073 2 + 236I 2 + 2115~- 6549 x 2183], 
the sum of squares for P by 335 2 /36,'the sum of squares for P.N by· 

l'}; [x29• + 85• + 121•- 335 x nr.66667] 
and so on. . 

These sums of squares are set out in Table 39· The whole calculation is 
checked by calculating the treatment sum of squares from the individual treatment 
combinations. 

In this particular experiment the degrees of freedom for M and P.M.N 
were partially confounded, so the sums. of squares for th~se degr~es of freedom 
in Table 39 are not those that appear m the final analysts descnbed later. 



TABLE 39· PARTITION OF TREATMENT SUM OF SQUARES. 

· D.F. ' Sum of squares . ; Mean square 
Correction for mean II9I372.2 

N .. 
p .. 
P.N 
M •.. 
Jll.N 
P.M 
P.M.N 

... 
., 

• 

2 
• I 

2 
. ·. I 

2 
I 
2 

4034·0 
3Il7 ·4 

91.5 
I7292.2 
IW-7 
103-4 . 

~30!·5· 
• ' 

.... 

•· ., ' 

• 

20I,.O 
3II7·4 

45·8 4 

17292.2 
'· 721,-4 

. ~--' 103 ·4 
65o.8 

Total .. II 27js:q 
• ol • ' 

If in the summary· of tiie results two-way tables giving the yieldS: of ~?airs 
of factors are required, that for the .pairs of factors p and m can be ~enved 
immediately by conversion of..the prst total column of Table 38, while that 
for n and m can be derived by the co'nversiqn of the first two Jines of the secon~ 
set of four columns and the first line of the last set. Only that for the pa1r 
of factors n and p will require any fresh summations. · 

9e. Two factors at three levels : formal subdivision of interactiops zn a 3 X. 3 table. 
If the yield totals of the 9 treatment combinations are denoted by the 

numbers 1-9 according to. the scheme of Table 40: 

TABLE 40. YIELD TOTALS. 

bo b, b. 

ao I 4 7 
a. 2 5 8 
a a 3 6 9 

what may be called the two sets of diagonal totals of this table may be defined as 
[lz] = I + 5 + 9 [Jz] = I + 6 + 8 
[Ia] = 2 + 6 + 7 [Ja] = 2 + 4 + 9 
[I,]= 3 + 4 + 8 f.-73] = 3 + s+ 7 

· ' · The four degrees of freedom for the interactions of a 3 x 3 table IIUlY be 
divided into two. orthogonal pairs of degrees of freedom, for which the ·sums 
of squares are given by the apprepriate fraction of the sums of the squares of 
the deviations of [IJ and of [J] respectively, just as the sums of squares for the 
main effects are derived from [4] and [B]. Equally a table of the mean yields 
of the treatment combinations can be constructed from a knowledge of '[A], 
[B],_ [IJ.·and [J], or,,the corresponding means. Thus, for example, with four 
replications, . · 

a1b2 = dev A1 -1: dev B 2 + d~v I 3 + dev J1 + mean 
.- fJE ([Al] + [B2l + [Is]+ [J1]) -3 x mean. 

. Th!s formal ~ubdivision provides a useful method of computation for the 
mteract10ns of a smgle 3 x 3 table. The method is distinctly shorter than the 
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ordinary method of subtraction, since the whole computation then becomes 
self-checking. The analogous subdivision of the three-factor interactions in a 
3 x 3 x 3 design will be described when dealing with the confoundifig of this 
design. • • . · . 

The conventional numbering of the' 9 treatment combinations of a pair 
of three-level f:.actors given i~ Table 40 will be extensively. ilsed i.t;l subsequent 
pages. It should therefore be memorized: Note that the first factor is always 
written downwards. , • · 

gf. Example. • . 
In an experjment ·on the. manuring of meadow hay (Bakewell, 1935) the 

treatments (n9thing, compost, and equivalent at:tificials) followed a two-year 
cycle, making 9 treatment combinations. in all. The 1935 yields are ·given in 
Table 41. The marginal and diagonal fot;Us are also shown in this table . 

• 
TABLE 41. YIELDS OF HAY IN 19J5 IN LB. (TOTALS OF 4 P,LOTS OF ,f.. ACRE). 

1933 and 1935 1932 and 1934 treatments Diagonal totals 
treatments Nil Artificials Compost Total 

I 
Nil 65.2 71.0 85.2 221.4 274·4 
Artificials 104.2 101 .o II2.2 317·4 274·2 
Compost 94·5 84.8 108.2 287·5 277·7 

Total .. 263·9 256.8 305.6 826.3 

The partition of the treatment sum of squares is shown in Table· 42. 

TABLE 42. PARTITION OF TREATMENT SUM OF, SQUARES. 

1932 and 1934 treatments 
1933 and 1935 treatments 
Interactions 

D.F. Sum of squares Mean square 
2 115.85 57·92 
2 402.20 201.10 
4 22.83 5·71 

All treatments . . 8 540.89 

J 
262.2 
283·4 
280.7 

Since the subdivision of the interaction degrees of freedom is formal, and does. 
not' co.rrespond to any expected treatment effects, there is no point in calculating · 
the two components of the sum of square~ separately. The squares of all six 
diagonal totals are summed and 24 (= 2 x 12) times the correction for the mean 
is deducted, before dividing by 12. The fact that the total of the three sums 
of squares equals the total sum of squares for treatments checks the whole 
computation. If the interaction sum of squares were not computed directly, 
every item would have to be checked. . . 

The error mean square (24 d.f.) was 6.300. Thus there is no evidence 
of any interaction, and the effects of the fertili;~:ers in the two years may be 
regarded as additive. The stan<;lard error of a marginal total is .Vx2 x 6.300 
or ± 8.70. Consequently the response to artificials applied in 1935 is significantly 
greater than to compost, but artificials applied in 1934 show no residual effect, 
whereas that of compost is significant and large. 
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10. CONFOUNDING WITH THREE AND. FOUR FACTORS EACH AT THREE LEVELS. 

Both 3 x 3 x 3 and 3 x 3 x 3 x 3 experi~ents can be arranged ~ bloc~s of 
9 plots or in 9 x 9 Latin squares, confoundmg only three-factor mteract10ns. 
These designs are of considerable practical importance. in agriculture, and we 
will therefore describe them in detail. 

zoa. 3 x 3 x 3 designs in blocks of 9 plots. 
There are 8 degrees of freedom for the three-factor interactions. These 

can be divided into four orthogonal pairs, each pair being given by the contrasts 
of the sums of three sets of nine plots each. The four groups of three sets are 
given in Table 43, be~g represented by the four letters W, X, Y, Z.* 

TABLE 43· 3 X 3 X 3 DESIGNS CONFOUNDING THREE-FACTOR INTERACTIONS •. 

Combination w. w. W3 x. x.· x3 I y, Ya y3 Zz Za z3 
of first and 

second factors Level of third factor 
I 00 0 2 I 0 I 2 0 2 I 0 I 2 

2 10 I 0 2 2 0 I I 0 2 2 0 I 

3 20 2 I 0 I 2 0 2 I 0 I 2 0 

4 01 2 I 0 I 2 0 I 0 2 2 0 I 

5 II 0 2 I 0 I 2 2 I 0 I 2 0 

6 21 I 0 2 2 0 I 0 2 I 0 I 2 

7 02 I 0 2 2 0 I 2 I 0 I 2 0 

8 12 2 I 0 I 2 0 0 2 I 0 I 2 

9 22 0 2 I 0 I 2 .I 0 2 2 0 I 

· Examination of the table will show that every combination of each pair of 
factors occurs in each set of 9 plots, and consequently if these sets are arranged 
in blocks the 'main effects and two-factor interactions will be unconfounded. 

If more than. one replication is available it is best to use different groups 
for the different replications, thus partially confounding some or all of the 
three-factor interactions. If four replications are used complete balance is 
attained, and ! of the relative information .will be available on all the three-factor 
interactions. Partial confounding introduces some additional complication into 
the computations, unless the partially confounded degrees of freedom are allowed 
to remain in the estimate of error, but the difficulties are not great if the method 
described below is systematically followed. 

zob. · Example of a 3 x 3 x 3 design. 
Table 44 gives the plan and yields of sugar in an experiment on sugar beet 

(Woburn, 1935) in which all combinations of three sowing dates, Aprilx8th (d0 ), 

May 9th (d,), May zsth (d.)t, three spacings of rows, 10 in. (so). IS in. (s,), 
20 in. (s2 ), and three levels of sulphate of ammonia, nothing (n0 ), 0.3 cwt. N per 

· acre (n,), and o.6 cwt. N per acre (n 2 ); were included. The experiment was 

-nese groups have previously been numbered I, 11, III and IV in various orders but no consistent notation 
bas been established. ' 

tAn earlier aowing, March 14th, falled and dz replaced this. 



43 

arranged in 6 blocks of 9 plots each. Since after rejection of edge rows the 
plots of the three spacings were of different area the yields have been converted 
to cwt. per acre before analysis.* · 

TABLE #· PLAN AND YIELDS OF SUGAR (CWT. PER ACRE). 

y3 
359·0 

62 
SI 
20 
90 
82 
40 
3I 
7I 
I2 

4I 
IO 
32 
2I 
52 
9I 
6o 
So 
72 

42 
6I 
22 
8I 
30 
II 

so 
92 
70 

sz.z 
52-7 
+7·8 
35-2 
+S·+ 
++·6 
46.o 
SI.+ 
so.s 
+9·7 
+7·8 
#·I 
52·5 
+9·3 
+6.2 
+7-I 
+7·2 
s6.o 

50·9 
38.2 
+3·0 
36.s 
38.o 
+5·7 
37-I 
J+.2 
35·+ 

90 
20 
II 

6I 
32 
8I 
40 
52 
72 

I2 
82 
70 
so 
4I 
62 
9I 
30 
2I 

So 
92 
IO 
22 
7I 
5I 
42 
6o 
3I 

31.3 
~6·+ 
39·+ 
35·3 
29·9 
3+·+ 
33·3 
33·6 
31.9 

33·6 
31.4 
25-7 
33·0 
36.6. 
+I.+ 
37·6 
33·2 
41.8 

32·4 
37·7 
39·+ 
43·I 
3+·9 
34·2 
36.o 
33·5 
26.6 

z3 
3I+·3 

The combination of the first two factors, d and s, on each plot iEl given by the first figureJ and 
the level of the third factor, n, by the second figure. 

The various steps in the analysis of an experiment of this type are as follows. 
The order given should be adhered to, so that errors may be detected before 
the erroneous values are used in extensive further calculations. 

I. Identify the blocks with the groups and sets given in Table 43, or 
check the numbering if this iS given. · · · 

2. Set out the totals of the separate treatment combinations in the order 
shown in Table 45 (first factor down, second and third across, with third 
uppermost). This should be done even if there is only a single replication. 

*This accounts for slight difference& between tho results given hero and those in tho Rothainste~ Report. 
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TABLE 45· YIELDS OF SEPARATE TREATMENT COMBINATIONS. 

no 
SJ sa So "' Sl Sa so 

na 
S1 ·Sa 

do 87.2 77·9 6I.I 8S.I 86.3 86.J 84.I 86.9 87.9 
d, 84.2 70. I 79.6 94·3 86.9 70.9 86. I 82.9 76.8 
da 71.2 8o.6 66.s 72.6 73·S 83.8 74.0 93.6 7I·9 

3· Calculate the total sum of squares of all the yields of Table 44, the 
correction for the mean (which should be checked), the sum of squares for 
blocks, and the total sum of squares for treatments from Table 45· The block 
totals are ob~ained in the course of this calculation, together with a check on 
the total and on the formation of Table 45 (see Note 4). 

4· Calculate the five 3 x 3 tables given in Table 46a. The first three 
require no comment. The last two give the diagonal totals [I] and [J] for the 
3 x 3 tables for each level of n of Table 45· Marginal totals need not be taken 
out at this stage. · 

do 
d. 
da 

do 
d, 
da 

So 
Sl 
Sa 

], 
I a 
J, 

J• 
Ja y, 

TABLE 46. CALCULATION OF MAIN EFFECTS AND INTERACTIONS. 

(a) Two-way tables. (b) Three-factor interactions. 
So Sl sa 

2S6·4 2SI. I 23S·3 742·8 
264.6 239·9 227-3 73I.8 
2I7.8 247·7 222.2 687·7 

I '2 3 
[WJ 7IS.6 694·6 7S2.I 

[X] 721.2 719·4 721.7 

no n. na 

226.2 2S7·7 2S8·9 

[Y] 7s6.6 728.9 676.8 
Blocks 439·9 42S·8 3S9·0 

233·9 2S2.I 24S·8 
218.J 229·9 2J9·S 

[Y]' ·JI6.7 303.1 317.8 

242.6 2S2.0 244.2 738.8 
228.6 246·7 26J.4 738·7 
207.2 241.0 236.6 684.8 

[Z] 738.I 702-9 72I.J 
Blocks 317.8 JOS·S 314·3 

223.8 zss.8 2J8.9 
[Z]' 420·3 397·4 407-0 

22S·9 2S4·I 267.6 
228.7 229.8 237·7 

247·4 229-S 2S4·S 
228.6 264·4 244-9 
202.4 24S·8 244.8 

678·4 739·7 744·2 2162.3 

Standard errors. Totals of 6: ±8.97; totals of r8:. ±IS· 54 

Total 
2I62.J 

1224·7 

937·6 
3I2.SJ 

937·6 

1224·7 
4oS.23 

5· Calculate .. the diagonal,totals of the [I] and [J] tables in the· proper 
o_rder ~[I] and [J 1 of ~e [I] table, [I] and [J] of the [J] table). These give 
(tgnormg th~ confo~ndmg) the totals [WJ, [X), [Y], [Z] for the four pairs of 
three-factor mteracttons, and are shown m Table 46b. . 
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6. Calculate the sums of squares corresponding to the nine values in each 
of the first three tables of Table 46a. These are shown in Table 47· The first 
table, for instance, gives the sum of D, S, and D.S. One set of marginal totals 
of each of these three tables may be obtained in the course of this calculation. 

TABLE 47· AUXILIARY TABLE OF TREATMENT SUMS OF SQUARES (IGNORING CONFOUNDING). 

Correction for mean 86584.10 
Correction for working mean (' : 0

) 2430.76 
D, S, D.S.. . . 341.52 
D," N, D.N 275.13 
S, N, S.N 329.77 
D · · . . .94·47 
S 107.80 
N .. 150.14 
D S.N{Unconfounded W, X .. _ · 94.22 

· Partially confounded Y, Z 216.84 

All treatments 905 . o6 

7. - Calculate the sums of squares for the main effects from these marginal 
totals (checking that the total of each set is correct), and enter these in Table 47· 

8. Calculate the sums of squares for the four pairs of degrees of freedom 
for the three-factor interactions, keeping separate the unconfounded and partially 
confounded degrees of freedom, and enter these in Table 47· 
. 9· Subtract the sums of squares for main effects "from_ the sum of ail the 
other treatment items of Table 47· This should give the total treatment sum 
~f squares and assures the correctness of all of the preceding calculations which 
mvolve ~eatments. . 

IO. Check the sum of squares for blocks and the total sum of squares. 
If there wei:e no confounding, or if one pair of degrees of freedom were 

completely confounded, the final analysis of variance table could now be . 
immediately prepared. Witl:t partial confounding, however, the following 
additional steps are necessary. . 

. I I. Enter the block totals corresponding to the confounded pairs of degrees 
of freedom in the proper order in Table 46b, subtract these from the full totals, 
[Y] and [Z); thus obtaining the totals [Y]' and [Z)', which include only those 
blocks in which Y and Z respectively are not confounded. (If there is any 
doubt about this process, check one or more of the values by direct totallin~ 
over .the blocks in which the degrees of freedom concerned are not confounded.) 
Calculate the sum of squares from these new totals and enter in Table 47· 
(Note that each set has a different total and therefore a different correction for 
the mean, and that a new divisor, here 9, is required, since only 9 plots are 
included in each total.) The whole of this calculation must be checked, particular 
attention being paid ~o seeing that the block totals are entered in their correct places. 

I2. Construct the final analysis of variance table shown in Table 48. 



TABLE 48. 

Correction for mean 

Blocks 
D 
s 
N 
D.S .. 
D.N 
S.N .. . . 

{Unconfounded .. 
D.S.N Partial!}' confounded 
Error .. 

Total 

46 

.ANALYSIS OF VARIANCE. 

D.F. Sum of squares 
86584.10 

5 1950.38 
2 94·47 
2 107.80 
2 150.14 
4 139·25 
4 30-52 
4 71.83 
4 94-22} 
4 44-29 

22 295·29 

53 2978.19 

• 
Mean square 

390.08 
47·24 
53·9° 
75·07 
34-81 
7·63 

17-96 

17-31 

13-42 

z 

o.629• 
o.695• 
o.861• 
0-477 

0.146 

0.127 

13. Construct the various summaries of results. Tables for main effects 
and two-factor interactions and their standard .errors can be obtained directly 
by conversion of the first three tables of Table 46. The conversion factor is 
here ~- " 

In this experiment the reduction in error variance by the arrangement in 
blocks is very large. Although much of this reduction results from the difference 
between the two replications, the further reduction due to the use of blocks 
of 9 instead of 27, made possible by confounding, is also substantial, the gain 
in information, estimated by the method of Section 7b, being 53.1 per cent. 

zoc. Adjusted yields of three-factor combinations. 
Under ordinary circumstances it will not be necessary to construct any 

table including all three factors, but should this be required it may best be 
done in two stages : · 

(a) assuming the three-factor interactions to be negligible ; 
(b) introducing correcting terms for these interactions. . 

The general rule for obtaining any value of stage (a) is to take the sum of 
the appropriate values of the converted two-way tables representing two-factor 
interactions, deducting the corresponding marginal means the number less one 
of times they are involved (i.e. once with three factors, twice with fou"r factors, 
etc.) and adding the requisite multiple of the general mean. Thus in the above 
example: d 0 S 0n 0 = 42.73+ 37·70+ 40·43-41.27-41.04-37·69+ 40.04= 40.90, 
42.73 being i of 256.4 and 41.27 being -r'-g of 742.8, etc. · 

The correcting terms for the three-factor interactions are immediately 
obtainable from Table 46b by multiplying [WJ and [X] by the conversion 
factor for 18 ~lots (~ere -r'-g) and [Y]' .and [Z]' by the conversion factor for 
9 plots (here 11). Smce dosono occurs m W, X, Y, and Z., the corrected 
value is · 

d0 S 0 no = 40.90 + 39·76 + 40.07 + 35.!"9 + 46.70- 4 x 40.04 = 42.46, 
the mean of the means of JC' and Z'. being equal to the general mean. · 
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Alt~r~atively corrections may be applied to the individual plot yields so 
as to ehmmate the block effects, as in Section 4/· These are derived from 
Table 46b, that for block Yu for instance, being . 

ft (3 I6. 7 - 3 I2.53 - 439·9 + 408.23) = - 3 .o6. 
Similarly that for block Z, is + 0.76, and consequently the adjusted yield of 
d0 s0 n0 is (from Table 45) 

. ' 
H87.2- 3.o6 + o.76) = 42.45. 

To prevent the accumulation of small errors and facilitate checking it is best 
to retain an additional figure in this calculation, as shown. When the whole 
table is required the computation can be shortened in various ways the details 
~~~~~~~~~~ ' 

. The stan?ard er~ors of the various differences ca~ be obtained by considering 
whtch ?f the mt~ract10n effects W, X, Y and Z are mvolved, rememb~ring that 
each dtfference IS made up of the sum of 9 components, representmg main 
effects, and two- and.three-factor interactions. Thus d1 s1n 1 and d0 s0 n0 occur 
in the same Z set, but in different W, X, and Y sets. The relative information 
01i. Y is !, and consequently the variance as ordinarily calculated must be 
increased in the ratio 

. (8 . ft + I . ~) : I = IO : 9· 
Similarly d,s0 n0 and d0 s0 n0 occur in different W, X, Y and Z sets, so that 
the variance of their difference must be increased in the ratio I I : 9· Had there 
been four replications, with ! information on W, X, Y and Z, the ratios would 
have been 10: 9 and 3I : 27 respectively. 

The calculation of separate components of the three-factor interactions is 
discussed in the next section. 

Iod. 3 x 3 x 3 x 3 designs in blocks of 9 plots. 
· Designs with four factors (but not more) at three levels can be arranged 
in blocks of 9 plots in a similar manner to d~igns with three factors, confounding 
only three-factor interactions. Consequently, if 81 plots are available, the 
possibility of including an additional factor should always· be borne in mind, 
since this entails no loss of accuracy owing to increase in block size and little 
additional complication in the computations. 

· There are 32 degrees of freedom for three-factor interactions. These can 
be divided in various ways into 4 groups of 8 degrees of freedom each, in such 
a manner that each group of 8 degrees of freedom is given by the contrasts of 
9 sets of 9 treatment combinations. One such group of sets is shown in Table 49· 
In this table the combinations of the third and fourth factors are also represented 
by die numbers I-9· Thus· the fourth combination of the second set of the 
first grouping has the number 47, which represents the combination a0 h1 c0 d 2 • 

The table is used in an exactly similar manner to Table 43· 
The analysis of variance follows the same linel! as that of the 3 x 3 x 3 

design. In experiments with a single replication, however, it is scarcely worth 
while computing every item of the analysis of variance separately. The sums 
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of squares for the main effects and two-factor interactions may be:: calcul~ted 
from two-way tables in the ordinary mann~r. The three-f~ctor mteract10ns . 
between any set of three factors whtch_ are JUdged to ~e of mterest' may also 
be eliminated from the estimate of error if destred. A patr of degrees of freedom 

· out of any such set of 8 is confounded with blocks. 

TABLE 49· SET OF 34 DESIGNS CONFOUNDING THREE-FACTOR INTERACTIONS. · 

Combination of Combination of third and fourth factors ' 

first and second 
factors I II 

I ·- . 00 I 5 9 8·3 4 6. 7 2 I 9 5 6 2 7 
.8 

4 3 
::1. IO 5 9 I 3 4 8 7 2 6 9 5 I 2 7 6 4 3 8 

8 6 
. 

6 8 .j. 3 20 9 I 5 4 3 2 7 5 I 9 7 2 3 
4 OI 6 7 2 I 5 9 8 3 4 8 4 3 I 9 5 6 2 7 
5 II 7 2 6 5 9 I 3 4 8 4 3 8 9 5 I 2 7 6 
6 ·2I 2 6 7 9 I 5 4 8 3 3 8 4 5 I 9 7 6 2 

7 .02 8 3 4 6 7 2 I 5 9, 6 2 7 8 4 3 I 9 5 
8 I2 3 4 8 7 2 6 5 9 I 2 7 6 4 3 8 9 5 I 

9 22 4 8 3 2 6 7 9 I 5 7 6 2 3 8 4 5 I 9 

Confounded degrees A.B.C (W), A.B.D (Y) A.B.C (X), A.B.D (Z) 
of freedom · A.C.D (Z), B.C.D (X) A.C.D (W), B.C.D (Y) 

III IV. 
J· 

I 00 I 6 8 9 2 4 5 7 3 I 8 6 5 3 7 9 4 2 

2 IO 6 8 I 2 4 9 7 3 5 8 6 I 3 7 5 4 2 ?r 
3 20 8 I 6 4 9 2 3 5 7 6 I 8 7 5 3 2 9 4 
4 OI 9 2 4 5 7 3 I 6 8 5 3 7 9 4 2 I 8 6 
5 II 2 of 9 7 3 5 6 8 I 3 7 5 4 2 9 8 6 ~ 

6 2I 4 9 2 3 5 7 
8. I 6 7 5 3 2 9 4 6 I 8 

7 02 5 7 3 I 6 8 9 2 4 9 4 2 I 8 6 5 3 
. 

7 
8 I2 7 3 5 6 8 I 2 4 9 4.2 9 8 6 I 3 7 5 
9 22 3 5 7 8 I 6 4 9 2 2 9 4 6 I 8 7 5 3 

Confounded degrees A.B.C (Z), A.B.D (W) A.B.C (Y), A.B.D (X) 
of freedom A.C.D (X), B.C.D (W) A.C.D Y, B.C.D (Z) ( ) 

If the totals of the blocks of any grouping (taken in the order shown) are. 
arranged in a two-way table in the 'standard order (Table 40), tMn the· column 
totals give the confounded degrees of freedom from B.C.D, tpe row totals A.C.D, · 
the I totals A.B.D, and the J totals A.B.C. The actual pairs confound~d are 
given in Table 49 ; 0._ry can also be easily identified by determirung which 
of the sets of totals, [W j, [X], [Y] or [Z], for the factors concerned contains 
whole blocks in each total instead of three plots from each block. If no three
(actor inter~~ons are elim~ated there will be 40 degrees of freedom for error.; 
tf all are ehmmated there wtll be 16 degrees of freedom for error. . : · 

zoe. 33 and 34 designs in quasi-Latin squares. 
It .follows from the arrangementS already given for confounding· in 

randomtzed blocks, that both 3 3 and 3 4 designs can be arranged in 9 x. 9 
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quasi-Latin .squares, only three-factor interactions being confounded. 
Arrangements .o~ this type are shqwn in Tables so and 51. Rows and columns 
mu~t be ran?omlzed as usual. Partial confounding could be adopted in the 3 8 

.~es1gn ~ut IS scarcely "":orth while in a single square, since ! the relative 
mformat!O:Q must.be sacnficed on two of the pairs of degrees of freedom. 

TABLE 50 3 X 3 X 3 DESIGN IN A 9 X 9 QUASI-LATIN SQUARE. 

IO 21 32 41 52 6o 72 8o 91 
21 32 IO 52 6o 41 9I 72 8o 
32 IO 21 6o 4I 52 8o 91 72 
42 61 so 92 8z 70 30 II 22 
so 42 61 70 92 81 II 22 30 
61 so 42 81 70 92 22 30 II 
71 90 82 12 31 20· 40 62 SI 

· 82 7I 90 20 12 31 62 5I 40 
90 82 7I 31 20 I2 SI 40 6z 

Confounded degrees of freedom: rows, Y; columns, w· (Table 43). 

TABLE 51. 34 DESIGN IN A 9 X 9 QUASI-LATIN SQUARE. 

II 29 35 48 54 6J 76 8z 97 
28 34 13 56 6z 47 81 99 75 
36 I2 27 61 49 55 98 74 83 
45 SI 69 73 88 94 I7 26 32 
53 68 44 87 96 72 25 JI 19 
67 46 52 95 7I 8g 33 18 24 
79 8s 91 14 ZJ 38 42 57 66 
84 93 78 22 37 16 59 65 4I 
92 71 86 39 IS 2I 64 43 s8 

Confounded degrees of freedom : rows, II ; columns, IV (Table 49). 

Iof. Extension to 3" in blocks of 3""1 or 3""2
• 

If in Table 43 we replace each level the thh:d factor by a set of three 
combinations of a third and a fourth factors, such that, in the previous notation, 
o = I+ 5 + 9, .I=. 2 + 6 + 7, 2 = 3 + 4 + 8 (the I sets), then the contrast of W11 

W2 and W3 , etc., will represent a pair of degrees of freedom from ~he four
factor interactions A.B.C.D. If the J sets are used, then another pair of degrees 
.of freedom will be obtained. Thus all the r6 degrees of freedom will be obtained 
in pairs. We are consequently provided with a set of designs for confounding 
a 34 design in blocks of 27 plots . 
. ~ The process may be continued indefinitely, and a similar process may be 
applied to the 34 designs in blocks of 9 ·plots to give 3" designs in blocks ·of 
27 plots, etc. .. 

II. 'THE SUBDIVISION OF SETS ·OF DEGREES OF FREEDOM • 

.II a •. ·Subdivision of main effects. · 
If the response to a fertilizer is proportional to the amount of the fertilizer 

present, i.e. if the response curve is a straight line, and if the fertilizer is applied 
at three levels, equally spaced, the response per unit dressing will be estimated 
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from the difference of the two extreme values. Moreover in ~uch a case the 
yield of the central dressing will be equal to the mean of the y1elds of the two 
extreme dressings, except for experimental error, and consequently the observed 
difference of these two quantities may therefore be taken as a measure of the 
curvature of the response curve. . . 

. We may thus divide the two degrees of freedom for a fer~1hzer, n say, at 
three levels into two single degrees of freedom, one representmg the average 
or linear component of the response and the other the curvature. These 
quantities may be denoted by_ N' and N", defined as 

N'= n2 -n0 

N" = n2 - 2n1 + no 
N'-is therefore the response to the double dressing, and N" the difference between 
the responses to the second and to the first dressing.* . 

The sums of squares corresponding to N' and N" are given by 
..!.. [N'] 2 and ..!.. [N"] 2 
2n Gn 

respectively (6= 1 2 + 2 2 + 1 2 ), where n is the number of plots contributing to 
[n 0 ], etc. The standard errors are v2jn and v6jn times the standard error of 
a single plot. The two degrees of freedom are orthogonal, and consequently 
the two sums of squares total to the sum of squares for the two degrees of 
freedom. . 

If the response is substantially linear over the range investigated the sum 
of squares for N' will be much greater than that for N", and it may well be that 
N' attains significance although the sum of squares for the two degrees of 
freedom fails to do so, owing to the diluting effect of N". The test of N' alone 
is always legitimate, and should be made when the two degrees together fail to 
attain significance and inspection of the results indicates that N' may do so. 
The experimenter who confines his attention to the two degrees together is in 
fact penalizing himself by the very act of including in the experiment the 
intermediate level. In practice it is not necessary to calculate the separate sums 
of squares, since both N' and N" can be immediately tested by the t test, using 
the final summary of results. · 

Thus in the example just given the mean square for sowings, 47.24 (2 d.f.), 
is only jus~ significant at the 5% p~int, ~ut the major portion, 84.33, of the 
correspondmg sum of squares, 94·47• 1s attnbutable to the linear component D', 
which is thus dearly significant. The actual difference D' is- 3.06 cwt. per 
acre, and its standard error is ± 1.22, giving t= 2.51. On the other hand the 
curvature D", which has a value - 1.84 cwt. per acre, and a standard error of 
± 2.1I, _d<;>es not approach significance. The corresponding sum of squares is 
10.15, g1vmg the correct total. 

~he rea~er w!ll ~d it instructive to examine the response curves for spacing 
and mtrogen m a similar manner. Although all the curvatures are in the direction 
that might be expected no one of them is ·significant. This illustrates the high 
precision that is necessary to determine the curvature of the response curve at ' 
all accurately. 

•These quantiti~ ~re represented by N r:and N a Fisher's Design of EXJ?eriments. In view of the wide use of 
suffixes to mdicate levels of a factor, however, we have thought rt better to use dashes. 



51 

Similar divisions an be made when other types of treatment are involved. 
Thus in the experiment given in Table 41 the two degrees of freedom for 1933 
and 1935. treatments might be d~':ided i_nto two single degrees of freedom, one 
representmg the response to fertthzers, t.e. the mean of artificials and compost 
and the other the difference between artificials and compost. Note however' 
"th~t i~ the single degrees of freedom were chosen to represent the r~sponse t~ 
arttfictals and the response to compo·st, these would not be orthogonal, and 
consequently the corresponding sums of squares, although each would in itself 
give nse to a z test of significance identical with the t test, would not add up 
to the total sum· of squares for this set of treatments. There is no reason why 
the separate comparisons considered should always correspond to orthogonal 
degrees of freedom, but this will most frequently be the case in well designed 
experiments. 

Sets of three or more degrees of freedom can be divided in a similar manner. 
There are many possible alternatives, which we have not the space to discuss 
here. The point to remember about all such subdivisions is that to be useful 
they must correspond· to some reasonable simplification of the treatment effects, 
e.g. that forms of nitrogen are equivalent, that the response curve to a fertilizer 
can be reasonably represented by a straight line, or a second degree curve, etc. 
Whether such simplifications are in fact contradicted by the data can then be 
rigorously tested. 

IIb. Subdivision of interactions. 
Corresponding to any given subdivision of the degrees of freedom for the 

main effects of a factor, there exists a corresponding subdivision of the associated 
interaction degrees of freedom. Thus in the previous example the four degrees 
of freedom for the interactions between sowing dates and spacings may be 
subdivided into the interaction of the linear responses. D' .S', the interactions 
of each linear response with the other curvature, D" .S' and D' .S", and the inter
action of the two curvatures, D" .S". D' .S', for -example, indicates the linear 
component in the change, as s varies, of the linear response to d, or alternatively 
to s as d varies .. 
· The quantitative expressions for these interactions present no difficulty. 
Thus the linear response to d at the level So of s is d. so - doso and that at the 
level s 2 is d2 s 2 - d0 s 2 • The difference of tl;lese 

d.s.- dos.- d.so + doso 
gives the change in the linear response to d. Following our previous practice, 
we shall introduce the factor !, so that symbolically 

Equally 
D' .S' = l(d2 - do) (s2 - So) 

D". § ·"= l(d2 - 2d1 + d0 ) (s2 - S0 ) 

D'. S" = !(d2 - d0 ) (s2 - 2S 1 + s0 ) 

D". s· = !(d.- 2i1. + do) (s.- 2S, +So) 

The multipliers of the yield to~als and t~e diyisors required . to give the 
sums of squares in the analysis of vartance are gtven m tabular form m Table 52, 
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TABLE 52. EXPRESSIONS FOR INT£RACTIONS OF A 3 X 3 TABLE. 

A'.B' A'.B' A'.B' A'.B' 
bo b. b. bo b, ba· bo b. b. bo b. b. 

ao +I 0 -I -I 0 +I -I +z -I +I -z +I 
a, 0 o· 0 +z 0 -z 0 0 0 -2 +4 -2 
a a - I 0 +I -I 0 +I +I -z +I +I -z +I 

Divisor 41' xzn IZn I 36n 
n being the number of plots included in each total of the j x 3 table. As usual 
the divisors required to give the interactions in units of a single plot yield are 
one-~alf the above di':isors, and the multipliers of the error mean s~u~re required 
to give the error vanances of the totals are equal to the above d1v1sors. 

IIc. Example. 
Applying the above multipliers to the d and s table of the previous example, 

we obtain the results of Table 53· 

TABLE 53· NUMERICAL VALUES OF INTERACTIONS. 

Interaction Total cwt. per acre 
D'.S' +25.5 ±I7·9 +z.I2 ±1.48 
D'.S' +57·9 ±JI.I +I.6I ±o.86 
D'.S" - 44·9 ±31. I - 1.z5 ±o.86 
D·.s· ± 8 8 ± -90:I 53· -o. 3 o.so 

Sum of squares 
27.09 
46.s6 
28.oo 
37·58. 

IJ9·ZJ 
A systematic method of arriving at the· above totals, and also the totals for 

the corresponding main effects, is shown in Table 54· In the fir!1t three 

TABLE 54· COMPUTATION OF MAIN EFFI!CTS AND INTERACTIONS OF A 3 X 3 TABLE. 
' . . (I) (z) · ~ey 

7J8.8 738·7 684.8 ZI62.J - 54·0 - 53·8 Total S' s· 
-38.6 -3·4 -IJ.I -SS·I +zS·S -44.9 D' D'.S' D'.S" 

·-ss.o +19.0 +2.9 -33.I +57·9 -9o.I v· D".S' v·.s• 
columns (x) the first line represents the tota_ls of the three columns s

0
, ,s

1
, s

2
, 

of the d and s table. (Ta~le 46), the s~cond lme the differences d
2 

- d
0 

for each 
columns, and the third line the quantity d2 - 2d1 + d0 for each column. Each 
number need only be written on the machine once, the sequence being : 

+:ii7 .8 
- zs6.4 

+256.4 x 2 
-264.6 X Z 

- ss.o ----
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The computer m. u~t l~arn to read negative numbers directly from the machine. 
A second apphcat10n of the same process to the rows of (I) gives the required 

·quantities (2) in the order shown. 

IId. General remarks. 
The me0?d use~ in the: aboye example is perfectly general, and can be 

used to sub~Ivide the mteract10ns .many manner corresponding to that adopted 
~or the. mam .effects. If the mam eff~~s are orthogonally divided then the 
mteractu:~ns will also ·be orthogonally diVIded. Moreover there is no need to 
subdivide into single degrees o£ freedom. Thus if the factor a represents three 
varieties and b three levels of a fertilizer, we may subdivide into two pairs of 
degrees of freedom A.B' and A.B" : the former will be given by the differences 
between the linear responses of the three varieties, the latter by the differences 
between the curvatures. 

Subdivision of interaction degrees of freedom is useful, in the same manner 
as was the subdivision of main effects, for throwing into prominence effects 
which might otherwise escape notice. In the interaction of two fertilizers, for 
example, we should . expect the component A' .B' to be large compared with 
!he ~em.aining coi!lponents, but if the four. ~e~ree~ of freedom are joint!:( tes!ed 
Its sigl)ificance might be obscured. SubdiVISIOn· IS also useful when estunatmg 
the error from interactions, since we .may reasonably expect interactions involving 
a component of curvature to be small even in cases where the component A' .B' 
cannot legitimately be included in error. An example of this is provided by a 
single replication of a 3 x 3 x 3 design. 

I2 •. THE 3 x 3 x 3 DESIGN: SINGLE REPLICATION. 
' . This particular design is of considerable practical importance in agricultural 

fertilizer trials, for it enables the optimal levels of all three standard fertilizers 
to be simultaneously investigated, and is not too large to be undertaken on 
ordinary commercial farms. We will therefore analyse the first replication of the 
sugar beet experiment already given, treating it as if it were the whole experiment. 

zza. · Systematic method of analysis. 
Since experiments of this type are usually undertaken simultaneously at 

a number of centres, it is advisable to adhere to some systematic method of 
analysis and presentation of the results. In practice it has ~een found best in 
fertilizer ti:ials to present the response to the double dressmg of each factor 
(the linear response), the difference of t~e additional response t? the second and 
the response to the first dressing (the curvature), and the hnear component 
of interaction of each pair· of factors, together with their standard errors. 

The calculations proceed as follows : · 
I. Calculate the total sum of squares and the correction for the mean, 

obtaining the block totals at the same time. · · 
2. Set out the yields as in Table 45, and calculate the five two-way tables 

similar to those of Table 46a, .and theGce the totals [WJ, [Xl, [Y] and [ZJ. 
The block totals check one of these sets, here [Y]. The table ford and sand 
the interaction totals are shown in Table 55· 



TABLE 55· CALCULATION_OF MAIN EFFECTS AND INTERACTIONS. 

so " s. W X Y z 

do 144.0 145.2 142.8 432.0 402.6 403.5 439·9 420.3 
d. 143·3 139·1 129.1 411·5 396·5 415·3 425·8 397·4: 
da 128.1 137·5 ns.6 381.2 425·6 405·9 359·0 407.0 

3· Calculate the total sum of squares for each of the first !hree two-way 
tables, obtaining one set of marginal totals for each of these tables m the process, 
and also the sums of squares for [Y] (blocks) and for [W], [X] and [ZJ. These 
sums of squares are shown in Table 56 (blocks in Table 58). 

TABLE 56. AUXILIARY TABLE OF SUMS OF SQUARES. 

D, S and D.S 262.05 S, Nand S.N 250.82 
D, Nand D.N 333·49 W, X and Z 90.36 

4· Calculate the totals for the linear responses and curvatures from the 
main-effect totals, and at the same time check the·totalof each set of main-effect" 
totals. The method of Section I IC may be used. Thus 381.2- 432.0 = - 50.8. 
381.2 + 432.0- 2 x 411.5 = - 9.8, imd the total (which need not be written 
down)= 1224.7· Enter the values obtained in Table 57· Then take the sum 
of squares of the linear response totals, dividing by 18, and the sum of squares 
of the curvature totals, dividing by 54, and enter in Table 58. 

Factor 

D 
s 
N 

St. error 
Divisor 

TABLE 57· MAIN EFFECTS AND INTERACTIONS. 

Totals cwt: per acre Interactions Linear Linear Curvature Curvature Factors 
response response Total cwt. per acre 

- so.8 -9.8 - s.6 -I. I D'.S' 
- 27·9 -4°·7 - 3·1 -4·5 D'.N' 
+45·4 -32.0 +s.o - 3·6 S'.N' 

±14·4 ±25.0 ±1.6 ±2.8 St. error 
18 54 Divisor 

TABLE 58. ANALYSIS OF VARIANCE. 

Blocks 
Linear responses 
Curvatures .. 
Linear interactions .. 
Other interactions (error) 

D.F. 
2 

3 
3 
3 

IS 

Sum of squares 
415.03 
301.12 
51-42 
57·87 

173·79 

Total 26 999.23 

-11.3 -1.9 
- 19·4 -3.2 
+13.8 +2-3 

±11.8 ±z.o 
12 

Mean square 
207·52 

11.59 

If the sum of squares for blocks and those of Table 56 less the sums of 
squares for the linear responses and curvatures, add up to' the total sum of 
squares, the whole computation up to this point may be regarded as checked. 
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5· Ca!culate the totals for the linear components of the interactions from 
!he cross dtfferences of the corner values of the two-way tables, entering these 
10 Table 57· Thus 144·0 + II5.6- 128.1 - 142.8=- 11.3· Divide the sum 
of squares by 12 and enter in Table 58. This calculation must be carefully 
checked. · . 

6.. Calculate the error sum of squares by subtraction, and complete Table 58. 
Enter the standard errors of the totals in Table 57, e.g. -v'18 x 11.59= 14-4-
Then convert the values of Table 57 to the proper units. Here the conversiOn 
factor foJ;" the linear responses and the curvatures is ?f, and for the interactions 
is i, since the yields of the single plots are already in cwt. per acre . 

. This completes the analysis. Tests of significance can be made in the 
ordinary manner by the t test. The linear responses to change of sowing date and 
nitrogen are significant but that to spacing is barely so. The error mean square 
11.59 agrees well with that already found from the analysis of the whole 
experiment. 

I2b. Alternative method. 
An alternative method of analysis is to obtain all the main effects and two

factor interactions as single degrees of freedom by the procedure iJlustrated in 
Table 54· It wiil be noticed that each component of the main effects appears 
in two tables. The computation can therefore be. slightly abbreviated by the 
omission of one set of main effects from each table. The total of each 3 x 3 
table should, however, be checked. 

If this procedure is adopted there is no need to compute the sums of squares 
for the 3 x 3 tables shown in Table 56. The final analysis of variance wiil 
appear in the form shown in Table 59, the whole computatio~ being self-checking. 

TABLE 59· ANALYSIS OF VARIANCE, ALTERNATIYI! METHOD. 

Blocks 

.. 
Linear responses 
Curvatures .. 
Interactions : Linear x linear .. 

Linear x curv. . . 
Curv. x curv. 
W, X, andZ 

Total 

D.F. Sum of squares Mean square 
2 415.03 207-52 
3 301.12 
3 51-42 
3 57·87 
6 68.19} 
3 15.22 173·77 ''·59 
6 90·36 

999·23 

I2c. The linear component of the threefactor interaction. 
The linear component of the three-factor. interacton in 3 x 3 ~ 3 experin;tents 

has a certain interest both because it is more hkely to be of apprectable magmtude 
than any other com'ponent, and also because it repre~ents the correcting term 
to the estimate of the combined responses to the htghest levels of all three 
factors given by the sum of the three linear components of the main effects 
(Section 2e).* 

•There are Blso other correcting terms in the 3 X 3 X 3 system, but these are likely to be small. 
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At first sight its estimation in confounded experiments appears complicated. 
There is, however, no great difficulty, for we have the identity: 

[A'.B'.C']=! { [W2]-[W,]+ [X3 ]-:[X1 ]+ [Y3 ]-[Y1 ]+ [Z3 ]-[Z2 ]}, 

as is easily verified from Table 43, or numerically from Tables 45 and 46b, 
ignoring the confounding. . · 

In partially confounded experiments it is only necessary to substitute the 
corresponding totals, freed from confounding, which are denoted by dashes in 
Table 46, multiplying these by the necessary fraction to make them the equivalent 
of totals over the whole experiment. Thus in the example already given Y and 
Z are partially confounded and the totals [Y'] and [Z'] include only half. the 
plots and must therefore be multiplied by 2. (If there were four replications, 
confounding all three-factor interactions, the multiplier would be t.) Thus in 
our example we have : 

[D'.S'.N]= H694.6-7x5.6+ 721.7-721.2+ 2(317.8-3x6.7) 
+ 2(407.0- 397·4)} = + 0.3 

and the error variance is 

:.{x8+ x8+ x8+ x8+ 22 (9+ 9+ 9+ g)}.,.•= 24.,. 2
• 

Consequently, in units of a single plot yield, here cwt. per acre, 
D'.S'.N'= H+ 0.3)=+ 0.04 + 2.24 

since there are two replications, so that [D' .S' .N] would be the difference of two 
sums of 8 plots each if there were no confounding. The same result may be 
reached (more laboriously) by using the table of adjusted yields (Section xoc). 

If there were no confounding the error variance of [A' .B' .C'] would be 
?r (8 x x8) .,.• = x6.,.• so that i ·of the relative information is retained. (With 
all components. equally confounded ! of the relative information would be 
retained.) · 

If one set· of components of the three-factor interaction is completely 
confounded, as must be the case in· a single replication, clearly no estimate of 
the linear component is possible unless it is assumed that the remaining 
components are negligible. If this is assumed then each of the differences 
[W2]- [W1 ], etc., provides a separate estimate of the linear component. Thus 
with a single replication only,· when Y is confounded, as in the example just 
considered, we have 

A' .B' .C'= H[W.]- [W,] + [X3]- [X1 ] + [Z3]- [Z2 ]}, 

the additional factor ~ being introduced to compensate for the omission of one 
of the four estimates, together with a further factor ! to give A' .B' .C' in terms 
of a single plot yield. Hence 

D' .S' .N' = H396·5- 402.6 + 405·9- 403·5 + 407.0- 397-4} 
= ~(+ s.g)=+ o.66 . 

The error variance of A' .B' .C' is now given by 
Jx (6 x 9) .,.• = j ... • 

so that the· s~ndard error of the estilnate is .here ± 2.78. If there were no 
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conf?un?ing the _erro_r vari~nce would be lrr (8) """ = !""". Consequently i of the 
relative mformatlon iS reta~n~d, but, of course, only on the assumption that the 
other components are neghgible. 

The . SUf!l of squares attributable to the corresponding single degree of 
freedom iS gtven by . 

~ [}. (+ 5-9)]"= l~ (+ 5·9)2 
= o.64 

This can be deducted f7om the sum of. square~ for error in Table 58, leaving 
14 degrees ?f freedom for error. Clearly m a senes of experiments this deduction 
should be either made· or not made consistently : it is not permissible to perform 
the deduction o!lly when ~e erro~ is reduced thereby. 

The followmg alternative senes of expressions (for a single replication 
Y confounded) may be noted. If ' 

Q = [A' .B' .C'.] + t[Y1]- .ft [Ys] 
or 

then 
3Q= 3 [A'.B'.C'] + [Y1 ]- [Y3 ] 

A' .B' .C'= .ftQ = ~ (3Q) 
The error variance of this estimate is 

and the sum of squares is 
lQ" ~ rl~ (JQ)" 

The above expressions are worth careful study. The total [A'.B'.C1, which 
would form the basis of the estimate in an unconfounded experiment, is corrected 
by the requisite fractions of the block totals [Y1 ] and '[Y3 ] to eliminate block 
effects, giving Q. The fractional multipliers can then all be written down, if 
the relative information, here f, is known, by multiplying the fractions that 
would be used in an unconfounded experiment by the reciprocal of this relative 
information. Thus .ft=ff xi, i=i x! and l=i x .g. Note how 3Q is used in 
place of Q in the actual computation. 

This method of adjustment by means of block totals forms the basis of the 
analytical methods applicable to confounded designs involving factors at both 
two and three levels, ·which are described in the following sections. 

IJ •. ·CoNFOtJN'DING WITH SOME FACTORS AT !WO AND SOME AT THREE LEVELS. 

Experiments containing factors at both two and three levels cannot be so 
simply confounded as those containing factors at two or at three levels only, 
because it is impossible to divide the treatment combinat~ons into sets wh!ch 
correspond to the highest order interactions. The best des1gns are those which 
confine the confounding as much as possible to the highest order interactions. 
These designs necessarily involve the partial confounding of the more important 
interactions also, the confounded degree or degrees of freedom in any replication 
bein~ divided between different . sets of treatmeilt d~grees of f~eedom.. T~e 
fract10n of the information sacrificed on the more important mteraction IS, 

however, quite small. 
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Designs of this type are not quite so simple to analyse as designs of the 
2" or 3" types. The designs must be balanced, and therefore the number of 
replications used must be some multiple of the number required for a balanced 
arrangement. The computation is similar for all the different patterns. An 
example is given for the 3 x 2 x 2 design, which will illustrate the use of the 
formulre. 

IJa. Statistical analysis of 3 x 2 x 2 design. 
Denote the three factors by A(o, r, 2), B(o, r), C(o, r). · Since 4 is not 

a factor of 6 it is clear that the interaction B.C cannot be completely uncon
founded if the experiment ·is arranged in blocks of 6 plots. The design of 
Table 6o Confounds B.C as little as possible. 

TABLE 6o, 3 X 2 x 2 DESIGN IN BLOCKS OF 6 PLOTS. 

Ia lb II a lib lila lllb 
a b c a b c a b c a b c a b c a b c 

' 
0 0 I 0 0 0 0 0 0 0 0 I 0 0 0 0 0 I 
0 I 0 0 I I 0 I I 0 I 0 0 I I 0 I 0 
I 0 0 I 0 I I 0 I I 0 0 I 0 0 I 0 I 
I I I I I 0 I I 0 I I I I I I I I 0 
2 0 0 2 0 I 2 0 0 2 0 I 2 0 I 2 0 0 

2 I I 2· I 0 2 I I 2 I 0 2 I 0 2 I I 

The interactions B.C and A.B.C are partially confounded with block 
differences in each replication, since the actual degree of freedom confounded 
lacks orthogonality with 'both these sets. In each replication the confounding 
is different, the three replications ·giving a balanced design which enables the 
treatment degrees of freedom B.C and A.B.C to be estimated without difficulty. 

IJb. Statistical analysis of 3 x 2 x 2 design. 
Since the interaction B.C is partially confounded it is necessary to correct 

the ordinary interaction total [B.C] by means of the block totals [Ia], [Ib], etc. 
If · 

· [Ib]- [la] = g" [lib] -[II a]= g2 , [Illb]- [Ilia]= g3 , 

and if we calculate 
3Q= 3[B.C] + gl + g2 +g. 

it can easily be verified that Q is unaffected by block differences or treatment 
effects other than B.C. . 

The estimate of B.C in units of the yield of a single plot is given by 
. · B.C= ,'. Q= 4\ (3Q) 

when there are 36 plots. The error variance of B.C is lcr2 • Note that in an 
unconfounded experiment the estimate and error variance would be ..!.. [B.C] 
and !cr2

• The corresponding sum of . squares is 
1 8 

:l?EQ· = JZh (3Q) 2 

as compared with .'. [B.C]'' in an unconfounded experiment. The relative 
information is given by the ratio 

~/l= i 
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Thus l of the information is lost by the confounding when there is no reduction 
in the error variance per plot. 

The estimate of A.B.C is obtained in a similar manner. Calculate the 
three quantities 

JR0 = J [B.C.a0 ]- g 1 +g.+ g8 

JR1 = J [B.C.a 1 ] + g1 - g2 + g8 

JR 2 = J [B.C.a.] + g, +g. - g8 

with the check tliat.JR0 + JR1 + JR 2 = JQ. . 
The interaction A.B.C, in units of a single plot yield, is given by 

- A.B.C= lo dev (R0 , R, R 2 ) = lo dev (JR0 , JR1 , JR 2 ) 

as compared with t [B.C.a 0 ], etc., in an unconfounded experiment. The error 
variance applicable to each of these quantities is !o-2 , as compared with t a•. 
The sum of squares is given by 

. . . ,.
3
0 dev" {R0 , R 1 , R2 ) = Tlo dev• {JR0 , JR, JR 2 ) 

The relative information is· given by the ratio 
l. /3- 5 
Ztl>- 1r 

and the relative loss of information on each of the two degrees of freedom is 
therefore~. Note that 1 4 · 

IX·g-+2X1r=I . 
corresponding to the single degree of freedom confounded in each replication. 
This is a property of balanced arrangements. 

The reader will.find it instructive to construct the above formulre by means 
of the rule given at the end of the last section, using only the fractions representing 
the relative information. . 

IJc. Example. · · . 
The plan and yields of the experiment on potatoes already referred to m 

Section 9d (x/65 acre plots) are given in Table 6x. 

TABLE 61. PLAN AND YIELDS (LB.) OF 3 X 2 X 2 EXPERIMENT, 
Ia Ib Ira 

na nop n.p no nomp namp 
172 16I 23I I66 20S I# 

nom n. nap nomp n•m na 
I92 I45 204 253 I90 104 

namp n.mp n.m nam no n.p 
227 232 231 2I4 113 I3I 

n. · nam mm nom ni n.mp 
176 IS6 23S 19S ISS I71 

no mmp nop na nom nap 
I32 242. ISO I75 I71 I35 

nomp nop nomp mp nam nop 
196 I7S 230 2I6 I46 I03 

Ilia , ' IIIb lib 
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Using 'the results already obtained in Table 38 we have 
.3Q. = 3{-6I )+ I70-6+ I27=+I08 
.3R0 = 3{+63 )-I7o·-6+ I27=+I40 
3R1 = 3( -II3)+ I70+ 6+ I27= -36 
3# 2 ~. 3(- II)+ I70 ~ 6

4
- I27= +4 

P.M = +2.25 = +0.07 ~ons per acre ..... 
P.M.N = + I0.4, - 7.2, - 3.2 = +0.30, - 0.20, - o.Io tons per acre. 

The sums of squares are : 
D.F·. Sum of squares Mean square 

P.M I 40·5 40·5 
P.M.N 2 283·7 I4I.9 

Replacing the values already given in· Table 39 by these, we_ can complete 
the analysis as shown_ in Table 62. 

TABLE 62. ANALYSIS OF VARIANCE OF 3 X_ 2 X 2 EXPERIMENT. 

Blocks ..• 
Treatments 
Error 

D.F. Sum of squares Mean square 
5 24938·9 20I7.0 

II 26302.I 2391.I 
I9 6363.8 334-9 

Total 35 57604.8 
Two two-way tables ~11 be required to show the interactions between p and n 

and m and n. Since these interactions are not affected by the confounding the 
tables can be obtained directly from Table 38 in the manner already described. 
If a two-way table .for p and m is. also required it can· best be built up by the 
method of Section 3, using the ·value of P.M calculated above,. These three 
tables are given in Table 63. 

• TABLE 63~ Two-FACTOR TABLES, TONS PER ACRE. 

no n'r "" {I} p 
{I} 4·I4. 5.'II 4.68 4·64 4·4I 4.88 
m 5·89 6.JI .s-55 5-92 5.6I 6.22 . 

" 5-JI ' 5.:i8 5-0I 5-I2 5-0I 5·55 

{I} 4-70 5-5° 4-82 5-0I 
p 5 3 5 9 5 4 5 55 . 2 I . I ' 

Since no one of the interactions between two factors is significant it will 
scarcely be necessary to give a three-way table to exhibit the interactions between 
all three· factors, but if one is required the calculation may be carried out in 
two stllges. as in the 3.x 3 x 3 example (Section Ioc). Thus, neglecting the 
interaction N.M.P, 
. . • n0 mp- 5.89 + 5.32 + 6.22 - 5.oi - 5.92- 5·55 + 5.28 = 6.23 
To include the effect of N.M.P one half the values already obtained for this 
interaction must be added to the lines (I) and mp and subtracted from the 
lines p and ·m, thus 

. · nomP= 6.23 + O.I5= 6.38 
. The full sets~of values are shown in Table 64. 
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TABLE 64. THREE-FACTOR T~LE, TONS PER ACRE: 

(a) Neglecting N.M.P (b) Including.N.M.P 
no nz. na . ' 

no.· n~: •• ~ 

(I) 3.87 4·94 4·42 • 
p 4·42 5·28 4·94 
m 5·54 6.o6 5.2I., 

.mP 6.23 6.54 5.87 

IJd. 3 x 2 x i x 2 design in blocks of 6 plots. • . 
With three factors at two levels (but not with more) there is an arrangement 

in b~ock~ of 6 pl?ts similar t? that 'Yith two factors at two levels, only ~ of the 
rel.attve m~ormatlon on the mteractt~ns between pairs of factors at two levels 
bemg sacnficed. 72 plots are reqmred to provide a balanced design. The 
12 blocks of this design are given in Table 65. 

TABLE 65. 3 X 2 X 2 X 2 DESIGN. ·, ' " 
Lev~! of a I a lb Ic ld II a lib lie lid lila Illb lllc Illd. 

.ao b (I) tl c c d (I) b d c b (I) 
az c. d (I) b d c ,b (I) b. (I) d c 
aa d c b (I) b (I) d c c d (I) b 

In this table only one of the pair of combinations of b, c and d for each level 
of a is shown. When ( 1) occurs bed must. occur also ; similarly cd must 
occur with b, bd with c and be with d. Thus' the block Ib contains the treat-
ments a0 , a

0
bcd, a

1 
d, a, be, a2 c, a2 bd. '' • : ·.· · 

The required formulre are simple extensions pf .those applicable to the 
3 x 2 x ·2 design. Denote the differences between the block total:; in ~g-~!cation I 
by g., g 1 ', and g 1 ", where • · 

g, = [!a]+ [Ib] - [lc] - [Id] 
gi '= [!a]- [Ib] +.[lc]- [Id] 
g," = [!a]- [Ib]- [Ic] t [/d].. 

with similar expressions for replications II and III. . 
. To estimate the interactions C.D, BJJ. and B.C, the quantity Q must be· 

replaced in turn by 
3Q = 3[C.D] + g, +g. + g, 
3Q' = 3[B.D]+ g,, +g.,+ g., 
3Q"= 3[B.C]+g,"+g."+ga" • . 

The three-factor interactions are obtained in 'the same way, the formulre being 
identical with those already given except for the introduction of dashes. ·: 

The remainder of the computation proceeds as before, except that aU 
divisors must be doubled to allow for the increase in .the number of plo~ . . 
IJe. Extension to 3 x 2" in. blocks of 3 x 2"'1 and 3 x 2•·Z. · · 

With blocks of 3 x 2•·1 the methods and equ~tions set out for the 3 x 2 x 2 
design in blocks of 6 plots are immediately apphcable. Take X, to represent 
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the treatment combinations which are taken as positive in the interaction between 
then factors at two levels, and X 0 the combinations which are taken as negative, 
so that with three factors b, e, and d at two levels, X 1 represents the four 
combinations bed, b, e, d, and X 0 the four combinations be, bd, ed, {I). As 
before three complete replications are necessary, the six blocks being those 
shown in Table 66. · 

TABLE 66. 3 X 2" DESIGN IN BLOCKS OF 3 X z•·l PLOTS. . . . 

I a lb II a lib lila Illb 

a.Xo aoXx a.X, aoXo aoXx a.Xo 
atXt azXo axXo azXz a.x. axXo 
a..X, a..Xo a..X, a.x. a..Xo a..X, 

The interaction between all the factors at two levels and the interaction 
between these and the factor at three levels, will be partially confounded. 
The only modification required in the formulre already given is a proportionate 
increase in the numerical divisors to allow for the increased number of plots. 

The extension of the 3 x 2 x 2 x 2 design follows exactly the same lines 
as the extension of the 3 x 2 x 2 design, giving blocks of 3 x 2"·2· If, for 
example, a fourth factor e at two levels is introduced the interactions B.C.E, 
B.D.E and C.D, and tlieir interactions with A, might be chosen for partial 
confounding. The design is given by writing b and e for b, and (I) and be for 
no b, in the 3 x 2 x 2 x 2 design. Thus block Ia will contain the plots 

a0 b, a0 e, a0 ed, a0 bede, a,e, ,a1 bee, a,bd, a,de, a2 d, a2 bde, a2 be, a2 ee. 
It may be noted that there is no 3 x 2 x 2 design in a 6 x 6 quasi-Latin 

square which leaves· the main effects completely unconfounded. A design 
exists which partially confounds the interaction between the two factors at 
two levels and the interactions between all three factors, and in addition slightly 
confounds the main effect of one of the factors at two levels. In view of the 
additional complication in the computations we have omitted this design. 

IJf. 3 X 3 X 2 design. 
Denote the thre~ facto~s by A (o, I, 2), B (o, I, 2), C (o, I). Since 9 is 

not a factor·of 6 the mteract10n A.B cannot be completely unconfounded when 
the experiment is arranged in blocks of 6 plots. Using I and J to indicate the 
different diagonal s~ts of t~e combinations of a and b, as. indicated in Table 40, 
we have the followmg Q.es1gn of 36 plots (Table 67) which partially confounds 
A.B (I) and A.B.C (I). . 

TABLE 67. 3 X 3 X 2 DESIGN IN BLOCKS OF 6 PLOTS. 

Ia 1 lb lc Ila I lib lie 

---;::-J;"~h~~ I, lz 
cz h I, lz 12 h 11 
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The first block, for example, will contain the treatments 
a,boco, a.b,c0 , a0 b2 C 0 , a2 b0 cl> a0 b,cl> a1 b2 c1 • 

A ~imilar design, which confounds A.B (J) and A.B.C (J), is obtained by writing 
J mstead of I. If 72 plots are available both designs should be used so that 
all four degrees of freedom for A.B, ·and also all four for A.B.C, ar~ equally 
confounded. . 

T_he method of analysis is similar to that applicable to the 3 x 2 x 2 design. 
To estimate the I component of A.B when there are 36 plots and the I components 
are c9nfounded the quantity 

. . 2~.' = 2[11]- [Jb]- [Ic] --[lib]- [lie] 
~nd two s1mllar quantities 2Q2 and 2Q3 may be calculated. The sum of these 
1s zero. 

· _The re~ative_ in~ormation i~ !, so that, since t x lz = ?r, the estimate of 
the mteract10ns IS g1ven by 

. A.B (I)= ?i(Q, Q2 , Qs) = lll(2Q" 2Q 2 , 2Q3 ) 

the error variance of each of these quantities being ~ a- 2
• The s1im of squares 

for the two degrees of freedom is 
. · · . ?r S(Q2

) = lrr S(2Q) 2 

The estimates of the confounded components of A.B.C are obtained by 
calculating the three quantities 

· . 2R1 = 2[l1 .C]- [Ib] + [Jc] + [lib]- [lie] 
etc., where (J1 .C] denotes the sum of the 11 components in the table of c1 - c0 • 

The sum of the three quantities is 2[C]. The relative information is !, so that, 
since i x l = j-, the estimate is given by . 

A.B.C (I)= f dev R = t· dev 2R . 
Note the introduction of an extra 2, since one of the factors is at two levels only. 

The error variance of each of these quantities is f x t.,.• = t .,.•. 
-The sum of squares for the two degrees of freedom is · 

t dev 2 R = l 2 dev 2 2R 
The formulre for the design of 36 plots which confounds the J components 

of interaction are obtained from the above· formulre by writing J for I. 
If 72 plots are available and both the I and J components are confounded, 

then to estimate A.B (I) the quantities Q are calcula:ted as above, but each 
total [I] is taken over the whole experiment and therefore includes 24 plots. 
The relative information is now ~. so that the divisor 9 in the above formulre 
must be replaced by 21. Estimates for A.B (J) are similarly obtained. Estima~es 
for·A.B.C (I) are obtained by calculating quantities R as above, but tlli; relative 
information is now~. so that all the divisors given above must be multiphed by 5· 

IJg. 3 x 3 x 3 x 2 design in blocks of 6 plots . 
. There are four designs, each·of 108 plots (two replications), in whi~h the 

interactions of all pairs of factors at three levels are partially confounded m the 
same manner as in the 3 x 3 x 2 design in 36 plots. In each of the designs 
two degrees of freedom of the interaction between all three factors at three 
levels are completely confounded. The actual sets of confounded degrees of 
freedom are given in Table 68. 
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TABLE 68. CONFOUNDED DEGREES OF· ~OM IN 3 X 3 X 3 X 2 DESIGNS. 

Design : · " W" ""X , " Y " " Z " 
Partially ( A'.B ancj A.B.D J . . i I I 
confounded ~ A.C and A.C . .D J J I 

LB.C and B.C.D I ' J · J I 
Completely 
cmifounded A.B.C • W X Y Z 

· From this table it will be seen that if all four designs are used (432 plots) 
the l and J components of all the partially confounded interactions are con
founded equally, so that, as in the 3 x 3 x 2 design in 72 plots, the ·relative· 
information on A.B, A.C and A.D is !, and that on A.B.D, A.C.D and B.C.D 
is j-. In addition all components of A.B.C are equally confounded, the relative 
information being £. · · 

If the 27 combinations of the three-level factors are divided into the 
following 9 sets of three : . .. . 

K,· Ka K, K. K5 K6 K? Ka Ko 
000 100 200 010 110 210 020 120 220 . 
III 211 011 121 221 021 101 201 001 
222 022 122 202 002 102 212 012 112 

' 
then the first 9 blocks of the " Z" design are those given in Table 69, the 
other 9 blocks being obta:ined by interchanging d0 and d1 • 

TABLE 69. FIRST REPLICATION OF THE 3 X 3 x 3 ·x 2 " Z " DESIGN. 
I 

Block Ia Ib Ic Id Ie If I~ Ih Ii 

~ ~ ~ ~ L ~ ~ ~ ~ L 
~ ~- ~ ~ ~ ~ L L L ~ 

·The " W," "·X " and ·" Y " designs are obtained from the " Z " design 
by intercpanging a 1 and a 2 , b1 and b., and c1 and c2 respectively in the expression 

· for Jhe K's. Thus for " W" we take K 1 to represent the combination ooo, 
211 and 122, etc. 

The estimates of the partially. confounded effects are obtained in exactly 
the same manner as in the 3 x 3 x 2 design. · Thus to estimate A.B (I) in the 
" Z " design the quantity 

2 Q1 = 2 [11 ] A.B- [Ia] - [Ic] - [le] -[If] - [Ig] - [Ih] 
- [IIa]- [lie]- [lie]- [!If]- [IIg]- [IIh] 

and two similar quantities are calculated. 

IJh. Extension to 3" x 2 designs in blocks of 3"·1 x 2 ~nd 3•·2 x 2 plots. 
The designs already given can be extended in the same manner as the 

3 x 3 x 3 and 3 x 3 x 3 x 3 designs (Section 10!). · 
. It may be noted here t~at t~ere is no reasonably simple 3 x 3 x 2 x 2 design 
m blocks of 6 plots. A design m blocks of 12 plots (and more generally a design 
for 3 x 3 x 2" in blocks of 3 x 3 x 2".1 plots) may be obtained by extending 
the. 3 x 3 x 2 d~sign in the . sall).e man~e.r as. the extension of the 3 x 2 x 2 
design to 3 x 2" m blocks of 3 x 2•·1. This design confounds A.B and A.B.C.D 

I 
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only, but there are othe~ designs which sacrifice ·less inf~rmation on A.B, at 
the ex:pe~se of confoundmg 4B.C and A.B.D, and generally increasing the 
comphcat10ns of the computations. · We shall not consider them here. . . . . - ) 

I:Ji. 3 x 3 x 2 design in a 6 x 6 quasi-Latin square.· 
It is possible to form a square of which the r,ows are the blocks ()f Table 67 

and thus .confound the I components of the interactions between the two factor~ 
at three. levels,· and the columns are the similar blocks which confound the 
.J compo~ents of these interactions. On.ly one such square exists (except for 
permutatiOns of rows and columns). Th1s square is shown in Table 70 where 
the first figure of each number indicates the combination of the hvo thr~e-level 
factors, and the second figure the leve1 of the factor at two levels. 

TABLE 70. 3 X 3 X 2 DESIGN IN A 6 X 6 QUASI-LATIN SQUARE • . 
20 70 6o 41 31 S1 
40 30 So 91 51 11 
90 so 10 21 71 61 
71 61 21 30 So 40. 
31 Sr 41 so 10 90 
51 II 91 70 60 20 

The estimates of the confounded interactions are computed in. exactly the · 
same manner as in the 3 ic 3 x 2 design in blocks o£ 6 plots, using row and 
column totals instead of bloc}t totals. The relative information on the inter
actions between the two .three-level factors is !, and that on the interactions 
of all three factors is ! . · · · · 

In this design there are only 8 degrees of freedom. for error, but in view 
of the small amount of information available on the three-factor interactions 
these may justifiably be included in the estimate of error, g~ving I2 degrees 
of freedom in all, except in cases in which these interactions are likt;ly to be 
large. . This saves an appreciable amount of computation. 

14. CONFOUNDING WITH ONE OR ~ORE FACTORS AT FOUR LEVELS OR EIGHT LEVELS. 

I4a. General method. 
· · Since 4 and 8 are powers of 2 the possible systems of confounding when 
one or more factors are at four or eight levels and the remainder are at two 
levels .can be derived quite simply by the general rule a4"eady given for factors 
at two levels only. · 

With any factor a at four levels there are associated three degrees of freedom, 
which may, be partitioned into single degrees of freedom as follows : · 

• 
A' = a 3 + a2 - a1 - a0 

A" = a 3 - a2 - a 1 + a0 

A
, 

= a3 -a~+ a 1 - a0 

The dashes are here used in a slightly different sense from those in Section II. 
A" represents the quadratic component of regression, 2A' + A"' represents the 
linear component, and 2A"' - A' represents the cubic component. If A"' is 
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confounded and the cubic component is assumed to b~ negligible then !A ( 
gives an estimate of the linear component of the regresston. . . 

Using this partition, A' and A" may be taken as ~~pre.sentmg t?e _mam 
effects of two different two-level factors, in which case A will be thetr mter
action. A single factor at four levels may thus be formally replaced by two 
factors at two levels. In a similar manner, a factor at eight levels may be 
replaced by three factors at two levels. 

I4b. Example : 4 x 4 designs. 
As an example we may consider the design of a 4 x 4 experiment (factors 

a and b) in blocks of 8 and in blocks of 4 plots. 
A 4 x 4 design is the equivalent of a 2 4 design. With blocks of 8 plots 

any single degree of freedom for interactions between the four two-level factors 
may be confounded. We might, for instance, confound A'.A".B'.B", which. is 
equivalent to A"'.B"'. This would be the best single degree of freedom to 
choose if we wished to keep the linear and quadratic components of interaction 
as free as possible, without resorting to partial confounding. The partition 
of the treatment combinations into the two types of sub-block would then be 
given by the + and - signs in the pro4uct : 

A"'.B"' = (a3 :-a.+ a 1 - 'a0 ) (b 3 - b2 + b1 - bo)· 
A better course, however, would be to confound different interactions in 
different blocks. If four· replications were available, for example, we might 
confound A".B", A".B"', A"'.B" and A"'.B"' once each. 

With blocks of four plots three degrees of freedom will be confounded in 
each replication. With three replications the nine degrees of freedom repre
senting interactions between A and B may be confounded in three -sets. One 
such group of sets is ;. · 

. A' .B'· A' .B" A' .B"' 
A" .B" A" .B"' A" .B' 
A"' .B'" A"' .B' A"' .B" 

The partition of the treatment combinations corresponding to the first set, for 
instance, is given by the four combinations of+ and - signs + + + - - + - - , 
. h d A' B' d A" B" Th h ' ' ' ' ' m t e two pro ucts . . an · . : e t ree sets .correspond to an 
orthogonal set of 4-x 4 Latin squares, wtth the rows and columns representing 
the four levels of the factors a and b respectively. 

A balanced arrangem~nt of tpis t_yp_e is particularly useful when oile of the 
factors represents four dtfferent vanettes, or other treatments for which all 
possible comparisons are of equal interest, for in such a case the interactions 
of A', A" and A"' with B are all of equal importance. 

I4c. Combined varietal and manuring trials- in Latin. squares. 
There. is not spa~e ~ere to give a complete enumeration ~f designs including 

all the v~no~ combmat10ns of factors at 2, 4 and 8 levels, but with the above 
exampl~ m mmd the rea~er should have no difficulty in constructing the design 
he reqmres from the destgns for factors at- two levels given in Sections 5 and 8. 
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In particul~r he shoul~ n?tice 0e P.Qssibilities of arranging· combined varietal 
and manurmg (or cultiv11:t10n) tnals m 8 x 8 Latin squares. . 

T)ms, for .example, if four varieties and three fertilizers n, p, k are to be 
tested, th~ design o~ ~able 32 ~ay be use~, identifying the combinations of 
b and c With the vaneties, and a, d. and e With n, p and k respectively. If V', · 
etc. are defined as A' etc. above, and V' is identified with B and V" with C 
so that .the combination~ (x), b, c, be of b and c are replaced by v., v., 'llo, v: 
respectlvely, the followmg degrees of freedom will be confounded : 

Rows: V'.N.K; V".P.K, V"'.N.P 
Columns: V'.P.K, V".N.P, V"'.N.K 

With 8 varieties and the three standard fertilizers, variants of the design 
of Table 33 may be used. If the combinations of a, b and c are identified with 
the varieties, and d, e and f with n, p and k respectively, we shall then have the 
following degrees of freedom confounded : 
Rows: V 1 .N.K, V•.N.P, V 3 .P.K, V 4 .N.P.K, v•.P, V".K, V•.N. 
C9lumns: V 1 .N.P, v•.N.P.K,. V".K, V1::P.K, V 5 .N.K, V•.N, v•.P. 
V1

, v•, . . . v• being a set of 7· orthogonal varietal degrees of freedom of the 
form y 1 · . 

= v, - 'V• + 'lis - 'l/4 + 'lis - 'llo + v. -'lis 

etc., such that V1
• v• = V", etc. A second square can be formed by making 

the cyclical change of varieties : . 
lH3H{H5H2H6""7""l, . 

8 being left unchanged. The square so formed will confound an entirely 
different set of interactio~. A further application of the same cyclical change 
will confound a further ·set different from the first two, ·but complete balance 
will only be obtained 'by using all the seven squares given by repetition .{)f 
the above cyclical change, when each interaction degree -of freedom between 
manures ·and varieties will be confounded twice, t of the relative information 
being thus retained. . 

The reader who is interested in the structure of these designs will do well 
to determine their connection with an orthogonal set of seven 8 x 8 squares, 

. such as that given in The Design of Experiments (2nd edition), or in Statistical 
·Tables for Biological, Medical and J!.gricult~ral Research. H~ m~y note furth~r 
that the pair of squares proposed m Sect10n 8c for. the design m ~28 p~ots IS 

riot. derivable from four squares of an orthogonal set, and should satisfy himself 
as to the reasons for this. : . 

There Is a set of similar designs for 9 varieties and 9 treatment combinations 
in 9 x 9 squares. One such square is that given i!l Table 51, the fi~st ~umber 
of each pair being now taken to represent the variety. By performmg m turn 
on the original square the following interchanges : 

(x) 2. and J, 4 and 7, 5 and 9, 6 and 8, 
(2). ~6H3 .... 8 ... 2, 4H5""7""9""4• 

: = (3) :z..8 .... 3 .. 6 .... 2, 4H9""7""$ .. 4• 
we generate three new squares .. Balance is attained,. for th~ four squares will 
between them. equally confound a~ c?mpone~ts of ~teract1~n between treat
ments and vaneties, ! of the relative informatiOn bemg retamed. 
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[5. DuMMY TREATMENTs. 

. . .It frequently happens in facto'ria~ experi~~nts that. on~ or mo~e of. the 
factors is .of such a nature that certa1p. treatment combmat10ns are identical. 
Thus i{ one' ·of the factors consists of three different qualities of a fertilizer and 
another consists of three different amounts of the same fertilizer (including no 
fertilizer), there will in fact be no difference between the different qualities at 
zero level of the. fertilizer. H the forma! factorial ·design is followed, three 
identical plots. haying np tertilizer will b¢ included in each replication. There 
will consequently be additional• degrees• ·of freedom for error' arising from 
comparisons between identical combinations, and correspondingly fewer treat
ment degrees of freedom. The partition of the treatment degrees of freedom 
into their separate components will also be different. Confounding, moreoyer, 
introduces further compl~<;ation. . - . . 
· There is not space.here, ~o discuss all the modifications that are required 
in the analysis of variance, if this ;malysis be conducted on stric;tly rigorous lines, 
·but v,.:e will give certain arrangeme~ts of this type which will illustrate the main 
points.. · . ' : · 

Possible types of confounding are derivable from the ordinary factorial 
designs already given, by using du~y treatments where necessary. Other 
types not so derivable may also occasionally be of interest. For an example 
of these latter. see (8),: ,_ . 

: ·• :; 
• 

zsa. Application of fertilizer at two differen~ times. 
··, ·As a first example let us consider the design of an ~xperiment to .determine 
the response of sugar-beet to nitrogen applied at tWo'' different times, in con-
junction with early and late lifting of the crop. . _ · 

A 2 x 2 x 2 design, with factors n, time of application, and time of lifting, 
·. might be adopted. This would give the treatment combinations 

'll' ·'ll' e, e , , , en, .. _et} , n, n ~ . 
where th~ ~ash indicates tJ;e l~ter applica~ion of n,"and e• a.!ld l indicate eady 
and la~e: liftmg .. The combmat10ns e and e , an~ l and 1\ are m reality identicat. 

. It 1s not difficult. to see that the appropnate partition of the degrees of 
· freedom, and the est~teS: of the corresponding effects, :are those given in 

Table 71,-·· ·- · •· • · 
). ~-) 

TABLE 71. PARTITION OF DEGREES OF FREI!DOM. '. 

• Effect . Estii:hate 
Nitrogen (N) . . .. !(en+ en'+ bi+ lni!... e- e' -l-1') 

• Tjme of application (A) !(en- en'+ In·"' ti.') 
' Time of lifting (L) . . !(en+ en' -In.: In'+ e+ e'- 1- I') 

N:L !(en+ en' -In- In'- e-: e' + I+ l') 
A.L !(en- en' -'-;/n",f-'ln') 

These degrees ~f freedom ,are all ort~~go~~l, a~J' the sums of squares, plus 
the sums of square from e - e and l - l , wh1ch are components of error, will 
total to the. sum of squares for the seven degrees of freedom obtained from the 
treatment totals by keeping e ana e' and l and l' separate. 
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If the ·experiment is arranged i~ blocks of 4 plots the confounding of the 
formal three-factor interlacti~n·. will. give the two .block ~ypes 

e:· e' 
t' l , en' en 
In In' . ' ' . . . 

The expression for A.L above fi; l).ow not o"fthogonal with :blocks. It may 
be.replaced by the formal expression fcir the A.L interaction (with the numerical 
factor changed), namely · '• 

!(en- en' -In+ In'+ .e- e' -I+ /') 
which is orthogonal with blocks.. ·The function of the plots without n is to 
act as compensators for any inequali~ies between blocks. It is clear that with: 
t~e saine error variance per plot t_he variance o~ the· es.timate of this interaction 
Will be doubted by the confoundmg; . · . . ~ · 

• • •• •} 4 •• 

There is now one error deg~ee of freed~~··· ·· ... 
e- e' + l-l" 

the other being absorbed by the corifouhding. The ·reader will do well to set 
out the formal expressions derived from' the ordinary 2 x 2 x· 2 design for all 
the degrees of freedom. He will find that the above er;ror degree of freedom 
is twice the difference .·of the formal expressions fot, 4 and N.A, while the 
estimate of A in Table ';x is the ~urn of these expressions. 

'. ··~ . I • 

I5b. Alternative designs; 
It is instructive also to consider alternative designs for the above experiment. 

If the main interest of the experiment is a comparison of the effects of early and 
late application of nitrogen the above dc;.sign may be considered unsuitable in 
that only one half of the plots contribute information on this point. An altet-
native set of treatmeht.s would be · · ..• 
' ·. •: ,;· · e, 1, en, en', In, ln' • ... 

' . ~ 
one of each of the ~uplicates being omitted. . :'" . • . 

The estimates ~f the treatment effects will then' b{those given in:';rable 72 .• 
. . . 

TABLE,#::,,PARTITION OF DEGREES OF FREEDOM. . . 
Effe~·. Estimate 

N" !~+~+•+W-u-~ 
A . . !(en-en'+•-ln') 
E .. · · · !(en+ en'··- • -In'+ e -I) ~ 
N.'f:t:; :: ·) !(en+ et/- •- ••- u+ 2/) 
A.L !(en- en'- l11+ In') ' 

' 

·These estimates are orthogonal. Note, h?wever, th~t if N ~nd L interact, 
L as here defined will be different from the L m the prevrous desrgn. · 
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Another design including the same treatinen!s is that_gi_ven by the 2 x 2 x 2 
design containing factors n early,. n late, and tune of liftmg. The treatment 
combinations will then be 

l ·z I l I I l I e, , en,-" n, en , n , enn , nn 
Here again only half the plots enter into the comparis~ns on ~ime of 

application, but one quarter of the plots receive a double dressmg of rutro~en; 
thus giving an estimate of the curvature of the response curve. The appropnate 
partition of the degrees of freedom is given in Table 73· · 

TABLE 73· PARTITION OF DEGREES OF FREEDOM. 

·Effect 
Response to double dressing (N') 
Curvature (N") .. 
Time of application (A) 
Time of lifting (L) .. 
L.N' .. :~. .: 
L.N" 
L.A 

Estimate 
!(enn' + Inn'- e -I) 
!(enn' +Inn'- en -In- en' -In'+ e+ I)· 
i(en+ In- en' -In') 
!(enn' -Inn'+ en -In+ en' -In'+ e -I) 
i(enn' -Inn'- e+ l) 
!(enn' -Inn'- en+ In- en'+ In'+ e -l) 
!(en -In- en'+ In') 

If the formal three-factor interaction is confounded this is equivalent to 
confounding L.N". If the formal two-factor interactions between time of lifting 
and n early, and time of lifting and n late, are also confounded in their turn, 
each of the three equally frequently, two-thirds the relative information on 
L.N', L.N" and L.A will be obtained. The above two-factor interactions are, 

· in fact, l(L.N1 + L.A) and !(L.N1 
- L.A). ; · · . 

I5c. 3 x 3 x 3 design including quality differences .• 
If we wish to experiment on three forms of nitrogen, each form being at 

three levels, in conjunction with three levels of phosphate, the ordinary 3 x 3 x 3 
design will give three sets of three identical treatment combinations. 

The partition of the treatment degrees of freedom· (including dummies) 
will therefore be as follows : · 

N 2 Q · 2 
P 2 Q.N 2 
N.P 4 Q.P 4 

Q.N.P 4 
Error 6 

N, P and N.P are est~ated in ~he ordinary manner from the 3 x 3 table for 
nand p. Q and Q.N Will be estimated from the 3 x 2 table for q0 , q1 and q2 , 

and n 1 and n 2 (no being omitted). 
· . It may be reasonable to suppose that the differences due to quality at the 
htgher level of n are double those at the lower level. If this is the case the 
efficient estimates of the quality difference~ -in units of the differences at the . 
lower level of ~ will be given by i the differences of 

n1qo + 2n2qo, nlqi + 2n2qu n,q. + 2n2q2 
meaned over all levels of p. Deviations from this supposed type of quality 
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effect, I.e. the interaction Q.N, will be given by the differences of 
2n,qo- n.q0 , 2n1 q1 - n2 qu 2n1 q2 - n2 q

2 

~hich ~re orthogonal to the·. above differences. (The reader will find it 
mstructive to take some numer:Ical example and check that the sums of squares 
for Q and Q.N, calculated from the above expressions, total to the sum of 
squares for the 3 x 2 table less the sum of squares for the n2 - ni component 

. of N.) 

Similarly the interactions fJ.? and Q.N.P will be given by the interactions 
of the two 3 x 3 tables contammg the values of the above expressions for 
all levels of p. 

• 
If the experiment is arranged in blocks of nine. plots the ordinary type of 

~ x 3 x 3 confounding bein~ employed, it will be found _that both Q.P and Q.N.P, 
If calculate_d as above, will be affected by block differences. The .simplest 
procedure IS to construct the standard 3 x 3 table for q and p, including the 

·dummy treatments. The quantities in this table will be free from block effects, 
and consequently the 4 degrees of freedom for interactions will be compounded 

. of Q.P, Q.N.P and certain error components. They will therefore serve to 
test for interaction between q and p. .. . 

: _ We can,_ ~owever, improve on this procedure ·by const~ucting a 3 x 3 table 
of the quantities . ~ . · · . 

[n,poqo] + [~.poqo] + t So(no) 
etc., or better (if the quali~yeffect is of the type considered above) of the quantities 

[n, Po q.;j + 2[n. Po qo] + t So(no)- t. S 2 (n 0 ), 

S 0 (n 0 ) being the sum of the n0 plots in blocks containing neither n1 p 0 q0 nor 
n 2p 0 q0 , and S 2 (n 0 ) being the similar sum in blocks containing n2 p 0 q0 • Both. 
these sets of quantities are orthogonal to blocks and to the main effects and the 
other two-factor interactions, and there is little loss of information. 

It might be thought that the three-factor interaction could be dealt with 
in the same way, but unfortunately the analogous expressions are not orthogonal 
to the above expressiorls for Q.P, owing to the n0 terms. They will, however, 
form estimates of the three-factor interaction, though the tests of significance 
Q.P and N.Q.P will not be independent; and the error sum of squares cannot 
be deduced by subtraction. 

The simplest way of obtaining an estimate for error is.to _include the ~hree
factor interactions iri the error sum of squares. If this IS not considered 
advisable the analytical procedure appropriate to the or~i~ary 3 x 3 x 3 ~~sign 
p1ay be followed, utilizing dummy treatments and omittmg the 6 additional 
degrees of freedom from error. · • : 

The above methods. of procedure, though not exact, will suffice for most 
practical purposes. The reader who is interested in the general problem should 
consult (3) and (8), where exact methods are evolved for some examples of 

'this type. 
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· 16. ARRANGEMENTS WITH SPLIT PLOTS: · -

I6a. Structure and analysis of split-plot designs. 
An experiment of any design• may have its ·plo!S divided i_nto tw.o. or more 

parts for subsidiary treatments. This procedure IS of practical uti.hty when 
treatments are included which are of such a nature that they necessitate large 
plots, as for example may occur in combined varietal and manur!al. trials, in 
which it is often inconvenient to use such small plots for the vaneties as are 
practicable for the fertilizers. · 

The use of split-plots in randomized block experiments, however, results 
in a loss of information on the whole-plot treatments (with a compensating 
gain on the s11b-plot tr~atments. and th~ir ·int<:ractions with the _whol~-plot 
treatments), compared with the mformatlon which would be obtamed m an 
ord~nary factorial ~esign usin~ the same sub-plots, even without confoul_lding, 
and the use of spht-plot· designs should therefore not be resorted to Without 
good practical reasons unless.~he eff~cts of the treatments to be associ~ted with 
the whole plots are not of primary Importance. On the other hand If the use 
of an ordinary factorial design wo.uld necessitate an arrangement in randomized . 
blocks, whereas the use of split-plots enables a Latin-square de$ign to be 
.adopted for the whole-plot treatments, the latter design does not necessarily 
result in any loss of efficiency even on the whole-plot comparisons, owing to 
the generally higher efficiency of the Latin square. 

. The formal analogy between split-plot designs and ordinary confounded 
experiments will be immediately apparent. In split-plot designs main effects 
are confounded, instead of high-order interactions, . the whole plots being 
analogous to the blo·cks ·of an ordinary confounded experiment. Analytically 
the important differerH;e is that whereas in confounded experiments the small 
amount of information on the confounded interactions accruing from inter
block comparisons is ordinarily ignored, in split-plot experiments the information 
from w4ole-plot comparisons is retained, so that in all split-plot designs there 
are two different errors, one relating to the whole-plot comparisons and the 
other to the sub-plot comparisons. 

. The analysis of split-plot experiments is formally simple. . The analysis 
. of variance is· ·divided into two parts. The. first part. is calculated from the 
yields of· the whole plots, . and furnishes errors and tests significance for the 
wh<?le-plot treat~ents, exactly th~ same procedure being followed as in an 
ordmary randomized block or Latm square arrangement. The second part .is 
calculated fro~ the yields of the sub-plots, deducting those parts of the sums 
of squares .w~Ich ha_ve already been ~ccounted fo~ in the analysis of the whole 
plots. This IS eqmvalei).t to analysmg · the deviations of the sub-plots from 
their respective wh.ole-plot means. · 

. . In order to !11;tke the mean square;; of t~e two P!lrts of the analysis comparable 
It IS CIJ$tomary" te work both parts _zn umts of a single sub-plot. The sums of 
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squa~e~ of the first p~r~ {as calculated from the whole-plot totals) will therefore 
be divided by an ~dditiOnal factor equal to the number of sub-plots in a whole 
plot. In calculatmg the standard errors applicable to .the total yields of whole 
plots the whole-plot error mean square must consequently be multiplied by this 
factor. . '· · 

~n the special case in w~ich the whole plots are split into two parts only 
the differences between the pa1rs of sub-plots may be analysed directly in exactly 
the same .manner as the totals of the pairs. The sums of squares from these 
differences will then also be divided by an extra 2. One extra degree of freedom 
representing the mean difference, i.e. the main effect of the treatment for which 
the split is made, and corresponding to the correction for the mean in the 
analysis of the totals, will be included in the ,analysis of the differences. The 
calculation of the total sum of squares of the experiment' g'ives a check on the 
calculation of the totals and differences of the pairs and their sums of. squares . 

. · Many useful extensions of the split-plot type· of .design are available. • In 
general, plots may be split into any number of units, and .the resultant sub-plots 

. may if desired be subjected to a further split, and so<on indefinitely. Correspond
ing to each split a different estimate of error· will appear in the analysis of variance. . . 

The whole plots niay be arranged in either randomized blocks or· Latin 
squares. The treatments of the sub-plots will ordinarily be arranged at random . 
within each whole plot. If confounding is resorted to it is not necessary to 
include all the sub-plot treatments in every whole plot. Designs of this type 
are exactly parallel to the more complex types of confounding already discussed, 
with main effects substituted for one or more of the confounded interactions . 

. Furthermore. in certain cases it is possible to impose L~tin-square restrictions 
on sets .of sub-plots. Such designs are parallel to the designs already given 
under· the name of quasi-Latin squares. By replacing interactions by main 
effects such squares are seen to yield a number of designs in which whole rows 
or both rows and columns are subjected to different treatments, most of the 
interactions of the Latin-square treatments with these being determined with 
full precision. Quasi-Latin squares which have both rows and columns subjected 
to different treatments may conveniently be called plaid squares, while if either 
rows or columns but not both, are so treated they may be called half-plaid 
squares. The u~e of split-plot Latin squares in varietal trials is a further 
important application. 

Examples of the.se extensions will be _given at t.he end of ~he ~e~tion. . F!rst, 
however, we will give an example of a s1mple, split-plot des1gn m randomized 
blocks. · 

I6b. Example : a varietal and manurial trial on oats. : · 
The . results of this experiment have already be~n givc;,n in Section 9~· 

The plan and yields of the individual plots are g1veP m Table 74, the analysiS 
of variance in Table 7S· :if. ' 
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TABLE 74• VARIETAL AND MANURIAL TRIAL: PLAN AND YIELDS IN ! LB. 

n3 IS6 na uS na '109 n3 99 

n, 140 no IOS no .6j n• 70 

no III n, IJO no So na 94 

n3 174 na 157 n3 12.6 nt Sz 

no 117 n •. 114 n. 90 na 100 

na 161 n3 141 n3 u6 no 62. 

na 104 ·no 70 n3 96 no 6o 

n• S9 n3 II7 na S9 n, 102. 

fit { n3 12.2. no 74 

n, S9 na S1 

na 112 n3 S6 

no 6S n, 64 

{ n. IOJ no 64 

na 132. n3 133 

na 132. n3 12.4 

n. 12.9 no S9 

{ 
n, lOS na 126 

n3 149 no 70 
fla 

na uS .flo 53 

n3 113 n. 74 

{ n3 144 n, 124 

na 12.1 no 96 

n3 104 na S6 

no S9 n. Sz 

{ 
no 61 n3 100 

n, 91 na 97 "' 
no 97 n. 99 

na 119 n3 12.1 

---.Rows~ 

Area of each suJ>-plot: 1/So acre. (zS.4 links x 44 link rows.) 

TABLE 75· VARIETAL AND MANURIAL TRIAL: ANALYSIS OF VARIANCE (sUB-PLOT BASIS). . :- D.F. Sum of squares Mean square .'• 

Correction for mean 77SJ36.o6 
Wh I {Blocks s ISS7s-2S 3175-06 lo~ e Varieties 2. 17S6.36 S93 .IS P Error 10 60IJ.30 601.33 

Total 17 2.3674·94 
Sub- {Nitrogen .. 3 2.0020.50 6673-50 
plots N x Varieties 6 321.75 53·63 Error .. 45 796S.76 I77.0S 

· Total 71 519SS·95 
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The sums of squares for varieties, nitrogen, and their interactions are calculated 
from the two-way table (Table 34) in the manner explained in Section 9a. 
The sum of squares for blocks is calculated from the block totals in the ordinary 
manner, div~ding by 12 after squaring, and the total sum of squares between 
whole plots 1s calculated from the whole-plot totals, di1iding by 4 after squaring. 
The t?tal sum of squares for the whole experiment is calculated directly from 
the y1elds of the 72 sub-plots. The whole-plot error is then obtained by 
subtraction. of the sums of squares for blocks and varieties from the total sum 
of squares between whole plots, and the sub-plot. error is obtained by subtraction 
of this total and the sums of squares for nitrogen and the interactions from 
the total sum of squares for the whole experiment. The formal analogy of this 
analysis with that of Table 12 should be noted. 

It is immediately clear that the effect of nitrogen is definitely significant, 
but that the varietal differences do not approach significance. The deceptive 
appearance of the table of the yields of the treatment combinations (Table 76) 
in. this respect should· be noted.· Here, although the differences between the 
varieties are not significant, the varieties fall in the same·order, v 10 v2 , v., at 
each level of n. This is characteristic of split-plot experiments in which the 
whole-plot error is substantially greater than the sub-plot error, being due to 
the fact.that the same whole-plot errors affect all levels .of the sub-plot treatments. 

In the present example the interactions mean square is very decidedly 
below expectation, but not quite significantly so. Had it been significantly 
below expectation, this could of course only have been due to chance, unless 
there were some error or defect in the statistical analysis : for this reason if 
significantly sub-normal results occur repeatedly in any type of. work the statistical 
procedure should be reviewed, both in its numerical and theoretical aspects. 

· I6c. Calculation of standard errors. 
Since there are two different errors applicable to whole-plot and su~-plot 

comparisons respectively, the calculation and _use of the standard er.rors apphcable 
to the yield totals of Table 34 require a httle care. The vanetal totals are 
totals of 6 whole-plots (= 24 sub-plots) and their standard error is therefore 
(fr~m the whole-plot error mean square) 

-v'6 X 4 X 601.33 = .;2-4-x-;6.-0-1-.3-3- 120.1 
The. nitrogen totals are totals of 18 sub-plots, and their standard error is therefore 
(from the sub-plot error mean square) . 

-v'18 x 177.o8- s6.4 . : · · . 
The values in the body of the table are totals .of 6 sub-pl~ts, .and m .any 

comparison which involves the average effects ?f rutr?gen and Its mteract1?ns 
with varieties, but does not involve a mean vanetal difference, the appropnate 
standard error of a single'value is therefore 

-v'6 X 177.08 = 32.6 , . 
Such comparisons include those between two values .m the same .lme of the 
table or between the mean of two sets of values all m t~e same.lme, or any 
comparison made up of components of this type, and any mteracttons between 
varieties and nitrogen. 
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The conversion factor for the body of the table is 8oju2 x 4 x _6 _and tho~e 
for the margins are t and i of this. The final table of results IS shown m 
Table 76. -. · . 

Normally it will not be necessary to make compansons between value.s m 
the body of the table which include any compo~ent. of the mean van~tal 
differences, and therefore in presenting the results 1t will usually be sufficient. 
to give only the above three standard errors. · 

TABLE 76 .. MEAN YIELDS OF VARIETAL TRIAL IN CWT. PER ACRE. 

no n. n. n, Mean 

VI 12.8 I6.o 19.8 21.2 1
7·4} 

V2 14·3 17.6 20._5 22.J 18.7 ± o.894 
v. IS-S 19·4 20.9 22.6 19.6 

Mean 14.2 17.7 20.4 22.Q 18.6 

± o.s6o 
S.E. of body of table (interactions and n effects only) : ± o. 970. 

A comparison of this type may be required, however, when combining the 
results of experiments.· We might, for instance, have a series of smaller trials 
on the same three varieties conducted at only two levels of nitrogenous manuring, 
o and 0.2 cwt. N per acre, and in the interests of uniformity we might then 
desire to abstract the mean of n0 and n, from the results of the experiment under 
consideration. The standard error of these means can be derived as follows. 
Calculate the variance (the square of the standard error) of the mean of each. 
pair of values from the standard error given in Table 76, for the body of the 
table. This is · . t (o.g7o)" = o.470 · 
Also calculate the variance of the varietal means from this standard error, and 
subtract this from the actual variance of the varietal means given in the table. 
This gives (o.8g4)• -! (omo)• = 0.799-0.235 = o.s64 . 

· which is the additional component of error variance due to whole plots. Add 
these two variances together 

0.470 + o.s64 = 1.034 
and take the square root, 1.017, which is the required standard error. The 
point of this calculation is that the additional component of error due to whole 
plots is not increased by. J;lking a mean over some instead of all the sub-plots 
in a whole plot. ' · 

·· :r6d. Efficiency. 
~t is immediately apparent that the whole plot comparisons are less precise 
than the sub-pl~t compar!sons involving the same number of sub-plots, the ratio 
of.~h<; error vanances bemg 601.33 : 177.08 = 3.40 : I. If instead of assigning 
vanetles to whole plots we had completely randomized all 12 combinations of 
varieties and amount of nitrogen there would only be a single error. The 
expected value of this error can be found by th~ method of Section 7b, replacing 
each treatment mean square by the correspondmg error mean square (Table 77). 
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This giyes an error inean· squa.re of 254.22, so that the precision of the varietal 
compansons would have been mcreased by complete randomization in the ratio 
6o~·33 : ~54.22 ::= 7·37• while the precision of the nitrogen effects and its inter
actiOns With vanetres would have been decreased in, the ratio 177.08: 254.22= 0.70. 

TABLE 77· ,CALCULATION OF ERROR WITH COMPLETE RANDOMIZATION. 

D.F. Sum of squares Mean square 
Blocks.. 5 15875.28 

{

Whole plots .. 12 721 s. 96 6o1. 33 
Remainder 811b-plots · · 54 9562 · 32 177 · o8 

. Total within blocks 66 16778.28 254.22 

If the differences between vari~ties and the effects of'nitrogen are of equal 
importance,. then a completely random arrangement will clearly be the better 
if not preduded by practical difficulties of sowing, etc. In certain cases' 
however, it may be that one set of main effects is of less importance than th~ 
other set and the interactions of the two sets. Thus, for example, the. choice 
of variety might be 'dictated by other considerations than those of yield, in 
which case the primary function of the above experiment would be to determine 
the response to nitrogen and its possible variation from variety to. variety. In 
this case the split-plot type of design is most appropriate. Similarly in an 
experiment including artificial fertilizers and dung there may be no particular 
point in determining with high precision the response to the dung (which is 
likely in any case to be of uncertain composition, and will certainly be applied 
in practice if available) though the· variation in response to artificials in the 
presence and absence of dung may be of vital interest. 

z6e. Confounding of interactions in split-plot designs. 
In addition to confounding the main effects of the whole-plot treatments, 

we may confound one or more in~eractions between the sub-pl?t factors with 
whole-plot differences, thus reducmg the num~er of s_ub-plots I~ each .. wh:ole
plot. The possibilities are very numerous, desrgns bemg most srmply denved 
by applying different treatments t? die b_locks (now call~d ":hole plots) of 
ordinary .designs. Thus in a combmed .var~etal and manuna~ tnal the vanetal 
plots may be split into four for all comb matrons of the manunal _factor~ n, p, k, 
the two sets of combinations (I), np, n~, pk and n, p, k! npk bemg assrgned. to 
different whole-plots, so that N.P.K rs confoun.de~ With whole-plots. ~Ith 
6 varieties and 2 complete replications, each n;plicatwn (12 _whole-pl?ts) berr:tg 
arranged in a block, the degrees of freedom m the analysrs of v;anance wrll 
partition as in Table 78. · . 

TABLE 7S. DEGREES OF FREEDOM IN SPLIT-PLOT DESIGN. 

Whole-plots Sub-plots 
Blocks I N, P, K .. .. 3 
Varieties.. 5 N.P, N.K, P.K 3 
N.P.K . . 1 V x manures 30 
V.N.P.K 5 Error 36 
Error . . II 

Total 2J Total .. .. .. 72 
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We may, however, advantageously confound one o(the ·degrees "of freedom 
for V.N.P.K with blocks, thus reducing each block to 6 whole: plots; one for · 
each variety, and three for each of the two groups of manunal treatments. 
There will then be 3 degrees of freedom for blocks and I? for ~hole-plot ~rror. 
In similar designs with fewer varieties and whole-plots, m whrch the avarlal;>le 
degrees of freedom for whole-plot error are small,. N.P.K and V.N.P.K may 
conveniently be included in the estimate of this error. · ::-- , · 

A further and most advantageous alternative is to arrange the whole-plots 
in a 6 X 6 Latin square. To do this, three complete replicates w.ill be req~ire~L 
If one of the degrees of freedom for V.N.P.K rs confounded wrth J;PWS rt wdl 
be found that N.P.K must be confounded with columns. Table 79 ·shows a 
square of this type after randomization, with numbers representing the varieties, 
and a dash the group of treatments {r), np, nk, pk. · , 

TABLE 79. 6 X 6 LATIN SQUARE WITH SPLIT-PLOTS (6 X 2 3 ). 

I 6' 4' s' 2 3 
4 3' I' 2' s 6 
2 4' s' 6' 3 I 

3 s' 6' 4' I 2 
6 2' 3' I' 4 s 
s I' 2' 3' 6 4 

r6f. Half-plaid Latin squares. 
The treatment of whole rows or columns of a Latin square with a set of 

subsidiary treatments is a device which is very frequently useful. It is, however, 
only possible with certain special types of square analogous to the quasi-Latin 
squares already discussed. 

At the outset it should be stressed that rows and columns must be completely 
randomized among themselves, as in quasi-Latin squares with confounded 
interactions. The arrangement of the replicates of the subsidiary treatments 
in blocks is therefore not permissible, but the additional degrees of freedom 
for error are a certain compensation for this disadvantage. 

In order to ascertain if a square of the required type exists it is first necessary 
to see if there is a system of confounding which will give two suitable sets of 
degrees of freedom for confounding with rows and columns. If there is no 
confounding of interactions with the rows {these being subjected to the subsidiary 
treatments), i.e. if the number of treatment combinations of the remaining 
factors is equal to the side of the square, all that is required is an arrangement 
which confounds the whole factorial system (including subsidiary treatments) . 
in randomized blocks of a size equal to the side of the square, i.e. an arrangement 
of the type that has already been enumerated for confounding in randomized 
blocks. 

Thus, for example, in an 8 x 8 square with the rows sown with one or 
other of two varieties any one degree of freedom for the interaction of varieties 
with the other factors may be confounded with the columns. If the other 
factors form a 2 x 2 x 2 system then the interaction chosen will naturally be 
V.A.B.C. 
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. · If four varieties are included the natural system of confounding with the 
columns will be of the type . · 

. - VIA~ ~A.~ ~A~ 
) Partial confounding may' be resorted to if desired, two sets of ihi~ type being 

confounded in a single square. · 
The actual construction of any required square can be easily effected. 

All. that- is necessary is to write down the sets of varietal and treatment 
~ombin;1tions which confound the chosen interaction degrees of freedom 

· rearr~nging these sets so that the cross grouping in rows forms sets which each 
contain. all·•combinations of the other treatments but only one variety. 

Table So shows an 8 x 8 square for four varieties and a 2 x 2 x 2 treatment 
system. The above set of interactions is confounded with the columns. (In 
order to exhibit the structure the rows and columns have not been randomized.) 
Such a square will . not provide a very precise varietal test, but will. furnish 
accurate information on possible interactions between the varieties and the 
oth,er treatments. 

TABLE 80. 8 X 8 HALF-PLAID SQUARE FOR FOUR VARIETiES. ., I 8 3 6 + 5 2 7 

'" 8 I 6' 3 5 + 7 2 

Va · 3 6 8 I· 7 2 + 5 

Va 6 3 I 8 2 7 5 + 
vo + 5 7 2 8 I 6 3 

vo 5 + 2 7 I 8 3 6 

V4 2 7 + 5 3 6 8 I 

V4 7 .2 5 + 6 3 I 8 

Similar squares of othe~ sizes a~e. possible. 'fhus a 6 x 6 squa.re ~ay 
include two or three varieties in. add1t10n to the SIX treatiD:en~ combmat10ns 
forming a 3 x 2 system (factors a and b). _If there are ~o vanetle: ~he arra'?ge
ments of Section 13a will be required, part1ally co~fo~ndmg V.B (rr mformat10n) 
and V.A.B (~information). If th<:re are three vanetles _one of the arrangements 
of Section 13/ will be required, o.r 1f two squares are available both arrangements_ 
may be used, giving ~ informatiOn on V.A. . . - . . 

If there is confounding of interactions as weJl as su?s1d1ary treatments w1th 
the rows, the construction of the squares reqmres a httle m?r~ care. Thus, 
for instance, with a 3 x 3 x 3 system of treatments and 3 subs1d1ary treatments 
applied to the rows one of the sets of confounded degrees of freedom shown 
in Table 43 would have to be adopted for the columns, and a set of the type 

V, A.B.C, V.A.B.C, 
for the rows. 
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TABLE 81. A 9 X 9 HALF-PLAID SQUARE. 

b r8 r3 qi q5 q9 r4 P7 p2 p6 
a r6 ry qS q3 q4 rz P5 P9 PI 

. a qz q6 P4 pS P3 q7 TI T5 '9 
b. q4 q8 P9 pi P5 q3 r6 r7 r2 

. c TI T5 q6 ~ qz T9 P3 P4 p8 
c P5 P9 ry rz r6 PI q4 q8 q3 
a P7 p2 r3 '4 r8 p6 q9 qi• q5 
c q9 qi p2 p6 P7 q5 r8 '3 '4 
b P3 P4. T5 T9 TI pS q2 q6 q7 ·. 

Table 81 shows a square (randomized) of this type. This• design has 
recently been proposed for a ro~~ion experiment on su.gar-cane1 incl~~ing 
3 varieties (p, q and r), 3 quantlt~es. an_d 3 forms of mtro~e~ous fertthzer 
(combinations I--<)) and 3 levels of ungatwn (a, b and c). It 1s mtended that 
two squares should be laid down at each place, in different phases Qf the 
rotation, and that the experiment shoul~ b~. conducted at two or more plac~s. 
The following sets of keys for the combmat10ns I--<) (Table 8~), to~ether wtth 
re-randomization, will serve to generate four squares confoundmg dtfferent sets 
of three-factor interactions. 

. TABLE 82. AMoUNT AND TYPE OF FERTILIZER. 

Amount of I II III IV 
fertilizer : 0 I 2 0 I 2· 0 I 2 0 I 2 

{; I' 4 7 I 7 4 I 3 2 I 2 3 
Type of 2 5 8 3 9 6 4 6 5 7 8 9 
fertilizer 3 6 9 2 8 s 7 9 8 4 5 6 

With equal ·representation and no dummy treatments,. half information would 
be obtained on the three-factor interaction of varieties, type and amount of 
fertilizers and three-quarters information on the other three-factor interactions .. 
The existence of dummy treatments will modify these fractions somewhat. 

The experiment originally suggested was.one involving nitrogenous fertilizers 
only,but enquiry elicited (I) that the chief interest of the station was in varieties, 
(2) that irrigation was likely materially to affect the optimal level of manuring, 
and possibly the response to different forms of manuring, and (3) that varieties 
had already shown differences in their behaviour on good and poor soils and 
therefore might be expected to respond differently to manuring. It is quite 
probable, too, that varieties will behave differently under different conditions 

· of irrigation. A factorial experiment is therefore essential if information of any 
real value is to be obtained. A half-plaid square is eminently suitable, since 
it would be exceedingly difficult to irrigate single plots differently. . 

As a further example the reader may construct an 8 x 8 square with a 
2 x 2 x 2 >s 2 system of treatments and two subsidiary treatments; He may 
also .construct a set of 4 x 4 squares for four varieties, with four trea~ments 
(2 x 2) within the squares, sacrificing one-third the information on interactions 
between· va~ie~ies and. o!her: trea~ments ; . and also a similar set of 4 x 4 squares 
for two va!tetles, retammg full mformatton on all two-factor interactions.· .· 
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r6g. Plaid squares. 
Instead of confining the confounding of main effects to rows only, diffe~ent 

sets of main: effects may be confounded with rows and with columns. Thus 
columns. might be assigned to different varieties and rows to different cultivations. 

,,Upon randomization a typical Scotch plaid pattern will result. . .. 
Table 83 shows an .example (before randomization) of this type of arrange

ment, · comprising three V\lrieties, three cultivations and a 3 x 3 system of 
treatments'within the square. The following degrees of freedom are confounded: 

Rows: · U, A.B.V (Y), A.B.U.V (4 d.f.) 
.Columns: V, A.B.U (X), A.B.U.V (4 d.f.), 

the four-factor interactions being those derived from the int'eraction of the 
other confounded sets. The partition of the degrees of freedom will be that 
shown in Table 84. The remainder terms contain three- and four-factor 
interactions only. 

TABLE 83. A 9 X 9 PLAID SQUARE. 

flO fiJ fla 
.--A---. ,......,._... ,......,._... 

I 6 8 9 2 4 5 7 3 
flo 5 7 3 I 6 8 9 2 4 

9 2 4 5 7 3 I 6 8 
8 I 6 4 9 2 3 5 7 

fll 3 5 7 8 I 6 4 9 2 

4 9 2 3 5 7 8 I 6 
6 8 I 2 4 9 7 3 5 

fla 7 3 5 6 8 I 2 4 9 
2 4 9 7 3 5 6 8 I 

TABLE 84. DEGREES OF FREEDOM IN THE 9 X 9 PLAID SQUARE. 

Rows 
u .. .. 2 

Remainder 6 

Square 
A .......... 2 

B .. .. .. .. .. 2 
Two-factor interactions. . 24 
Remainder . . . . 36 Columns 

v .... 2 
Remainder 6 Total 8o 

As further examples of the plaid square the reader may construct the 8 x 8 . 
square confounding : 

Rows : U, V.A.B, U.V.A.B, 
Columns: V, U.A.B.C, U.V.A.B.C 

and a set of 4 x 4 squares for two varieties, two cultivations, ~nd four treatmen~s . 
within the square. He may.also convince.hi~self that no s1mple 12 x 12 pla1d 
square exists for two varieties, two cultivatiOns, and a 3 x 2 x 2 system of 
treatments within the square. 

r6h. Use of Latin squares with split plots in variet~l trials. 

I d. · t 1 t ·a! which does not mclude any other factors all 
n . an or mary ~ane a. n When the varieties can be sown 

compansons ~re reqmr~d w1th equal a~cu,racy. 11 mbers of varieties (up to 
(or planted) m approximately square pots. sma nu 

. 
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8 or so) can be conveniently arranged in Latin squares, while if the numbers 
are large (25 or over) the quasi-factorial designs described in the next section 
are suitable. In the intermediate range (ro to 24), Latin squares with split 
plots and Graeco-Latin squares (described below) provide a useful set of designs. 

In a split-plot Latin square for 14 varieties, for example, the varieties are' 
divided into 7 pairs, these pairs being arranged in a 7 x 7 Latin square, one of 
each pair being assigned at random to one half of each whole-plot. The analysis 
of variance will, as usual, be divided into two parts, the partition of the degrees 
of freedom being that shown in Table 85. 

TABLE 85. 7 x 7 SPLIT-PLOT LATIN SQUARE: PARTITION OF DEGREES OF FREEDOM. 

Whole plots Sub-plots 
Rows . . . . · 6 Varieties . . 7 
Columns . . 6 Error (b) . . 4Z 
Varieties . . 6 
Error (a) .. 30 Total· . . . . 49 

' 
Total .. .. ·48 

There are two types of varietal comparison, one between varieties forming 
a pair, and the other between varieties not forming a pair. These have different 
errors, that of the former· being calculated from the sub-plot error variance (b), 
and that of the latter from the mean of the two error variances (a) and (b). 
More generally, if each whole-plot is subdivided into k' sub-plots, the error 
variance of any two varieties not occurring in the same set of k is given by the 
weighted mean of the variances (a) and (b), the weights being in the ratio r : k-r. 

I6i. The Graeco-Latin square. 
The main objection to the above type of design is that if the errors (a) 

and (b) are very unequal 'the comparisons between varieties in the same set 
and between varieties in different sets are by no means equal in accuracy. 
An alternative design, which overcomes this disadvantage at the expense of 
certain addition complication in the analysis, can be derived from a Graeco
Latin square. 

A Graeco-Latin square consists of a pair of superimposed Latin squares, 
one formed of Latin, and the other of Greek letters, fulfilling the condition 
that every Latin letter occurs once and once only with every Greek letter, and 
vice versa. The two squares are thus mutually orthogonal, and a Graeco-Latin 
square is consequently derivable from any pair of squares of an orthogonal set. 
Graeco-Latin squares are known to exist for all numbers except even numbers 
which are not a multiple of 4· Of these latter numbers only 6 has been 
exhaustively investigated.. For this number there is no such square. 

If .. we t~ke. the Latm and Greek letters . of a. q.raeco-Latin square to 
represent. vaneti~s (or other treatments) a design su:mlar to that of a Latin 
square w~th spht-plo~s ~esults. The usual randomiZation process must be 
adopted, I.e. randormzation of rows and columns and randomization of the 
Gr~ek and Latin let.te~ within each pair of plots. The letters should also be 
assigne~ t~ the vanebes at random. Table 86 shows a 7 x 7 design after 
randomization. 
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TABLE 86. 7 x 7 GRAECo-LATIN sQt5ARs. 

• j3 ' e f b ·a 
I g d ~ c a y 

--·------------
~ I c d ' f a 
e y ~ .. b a g 
------------

• c g a # • d 
b ' y a I e ~ ----
c f a y • ~ ' b d # b g I e 

--------------
' b b g y d c 
a ~ I f e 8 • --------------
d e b c ~ g I • y 8 • ~ a ' f 

--------------
~ • f ' d y ~ 
g a e I b c b 

.i The analysis can be effected by forming two tables, one of the sums and 
one of the differences of the pairs of plots. These should be set out as in 
Table 87. · 

TABLE 87. ANALYSIS OF A GRABCO-LATIN SQUARB. ' 

Sums of pairs of plots Differences of pairs of plots . 
(Latin minus Greek) 

a b c d .... Total a b c d . . . . Total 

•• 
(:J 

y 
0 ••• 

Total 

TABLE 88. 7 x 7 GRAECO-LATIN SQUARE: PARTITION OF DEGREES 01' FREEDOM. 

Table of sums Table of differences 
Rows of square 6 Total (Latin-Greek) 1 

Columns of square 6 Latin letters . . 6 
Latin letters . . 6 Greek letters . . 6 
Greek letters . . 6 Error (b). . 36 
Error (a) 24 

Total Total . . . . . . . . 49 

The analysis of variance follows the lines indicated in Table 88. Sums 
of squares for the differences of the varieties represented by the Latin letters 
and those represented by the Greek letters appear in both parts of the analysis, 
and are derived from the marginal totals of the tables of sums and differences. 
The " interactions" of both tables give the estimates of error (a) and (b) between 
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"whole plots ,; and" sub.:Cplots" respectively, corresponding to the errors (a~ and. 
(b) of Table.8s. Thus estimates of the two types of error are separa~ely obtamed. 

· If the mean yields of the d~fferent varieti~s are taken as estu:~1a~es ?f the 
varietal differences the error vanance of the difference of two vanetles m the 
same letter group (i.e. both Latin or both Greek) is, as before, derived from 
the mean of the two variances (a) and (b), while the error variance of the difference 
of two varieties in different letter groups is derived from a weighted mean of 
the two variances, the weights beirig in the ratio p - I : p + I. The mean yields 
may be immediately obtained from the sum of the t:wo sets of column totals, · 
and the difference of the two sets of row totals, of Table 87. 

It is worth noting that if the two error variances (a) and (b) are widely 
different more accurate estimates of the varietal differences may be obtained 
by taking a weighted mean of the estimates derived from the sum and difference 
tables of Table 87. 

r6j. The hyper-Graeco-Latin square . . 
Similar designs with the whole plots split into three or more parts may be 

constructed by the use of three or more squares from an orthogonal set. Such 
designs may be called hyper-Graeco-Latin squares. 

The analysis of variance follows lines similar to that of a Graeco-Latin 
· square, but the sums of squares cannot be derived from two-way tables. The 

TABLE 89. ANALYSIS OF A HYPER-GRAECO-LATIN SQUARE. 

Latin letters 
Variety totals : 
Whole plot totals : 

[a] [b] [c] 
[w.] [wb] [we] 

k[a]- [w.] k[b]- [wb] k[c]- [w.] 
simplest procedure is to set out the varietal totals for each group of letters (Latin, 
Gree~, .etc.) as in :r~ble 89, and also the corresponding totals of the whole plots 
contammg t~e vanetles lf• b, etc. ( deno.ted .by [ w.], [ wb], etc.). The· difference of 
the .second lme from k_tJ.mes ~he first hne iS .then taken. The second line (of the 
Latm letter table) provides estimates of the differences of the Latin letters derived 
from differences. of whole plots, while the third line provides estimates derived 
from sub-plot differences. 'fhe sul!ls of squares of the deviations, divided by 
pk and by pk (k- I) respectively, g1ve the two sums of squares corresponding 
to the two sets of p - I degrees of freedom for the Latin letters in the whole-plot 
and sub-plot parts of the. analy~is. respectively. The sums of squares for the 
Greek, etc., letters are denved Similarly. The k- I degrees of freedom for the 
contrasts of the k groups of letters are derived from the contrasts of the total 
of the firl\t line of Table 89 and the corresponding totals for the Greek, etc. 
letters. . · , 

The error v.arian~e of the differ~nce of the mean yields of two varieties in 
the same group iS denved from a weighted mean of the variances of whole and 
~ub-plots, the weig~ts be~ng in the ~atio I : k- I, and that 'of two varieties not 
~n the sa~e group iS denved from a second weighted mean, the weights being 
m the ratJ.Op-I :p(k-I)+ I. 
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17. VARIETAL TRIALS-QUASI-FACTORIAL DESIGNS. 

Plant breeders frequently wish to compare a large number of new strains
numbers such as 100 to rooo are by no means uncommon. With such a large 
number of varieties arrangements in randomized blocks including all the varieties 
will usually be ineffective in eliminating fertility differences, while Latin squares 
are clearly impossible. The classical way of arranging such trials is by the use 
of • "-controls," i.e. plots growing a standard variety. These may be arranged 
either systematically or at random. Recently, however, new methods of 
arranging such trials have been devised, which make possible the use of blocks 
containing only a few plots, or, what is even more useful in many cases, the 
use of Latin squares. Most of these designs may be classified as " quasi
factorial,"* since their structure can be derived from confounded factorial 
designs. Such designs are always more efficient than designs involving controls, 
and will also be more efficient than designs in ordinary randomized blocks when 
there are any considerable inequalities of fertility. · 

It would take us too far afield to describe all these designs in detail.. We 
shall therefore merely give an outline of the more useful types, without any 
attempt to describe the methods of computation. The reader who wishes to 
utilize the designs should refer to the original papers, (u), (12) and (13), where 
he will find a full description, together with numerical examples of the 
computations. · 

I7a. The lattipe. t · 
This is the simplest of the quasi-factorial designs in randomized blocks. 

If we have, say, go varieties,.numbered 1-go, the rows and columns of the 
two-way table (Table go) : 

TABLE 90. SI!TS FOR LATTICE DESIGN. 

~ 2 3 4 5 6 7 8 9 10 
II 12 13 14 15 16 17 18 19 20 
21 22 23 24 25 26 27 28 29 30 
31 32 33 34 35 36 37 38 39 40 
~ ~ ~ # ~ ¢.~ ~ ~ ~ 
51 52 53 54 55 56 57 58 59 6o 
61 62 63 64 65 66 67 68 69 70 
71 72 73 74 75 76 77 78 79 So 
s, Sz 83 84 85 86 87 88 89 90 

divide the varieties into two. groups of sets containing 10 and 9 varieties each 
respectively. I!l a lattice design the varieties in. each s~t are arranged in the 
field in randomized blocks, each group of sets bemg replicated equally. Thus, 
for example, with 6 replications, each grour of .sets will be. replicat~d 3 t!m~s, 
there being 27 blocks of 10 plots each; o wh1ch three will contam vanetles 
I-Io, and 30 blocks of 9 plots each, of which three will contain varieties I, II, 

21, J,I, 41, 51, 61, 71, 81. 

•1 have previously used the tenn 11 pseudo-factorial," but " quasi-factorial " seems preferable both descriptively 
and etymologically. 

fThe name is new. 
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The design is parallel to a factorial design, each variety bein$ represent
able by a combination of two factors, one at 9 levels correspondmg to rows, 
and the other at xo levels corresponding to columns. In the replicat~ons of th~ 
first grouping the main effects of the first factor. are confounded wtth blocks, 
in the replications of the second grouping the mam effects of !he secon~ factor 
are confounded. The main effects of one or both factors wdl enter mto the 
comparison of any pair of varieties, and therefore there is some loss of information 
on all such coml?arisons, comparisons between va~ieties w~ch have a set !n 
common being shghtly more accurate than compansons whtch have no set m 
common. This loss of information must be taken into account when assessing 
.the efficiency of the design. The efficiency factor• for a p x. q lattice is 

pq-x 
pq+p+q-3 

In the most useful case, when p = q, i.e. when the sets form the rows and 
columns of a square, it is • 

P+ I 

P+ 3 
It may be noted that in any case q should not differ widely from p. 

If p and q are small the efficiency factor becomes somewhat small. For 
2 5 varieties, for example, it is li = ! . This means that if there were no reduction 
in error variance per plot by reduction of block si2e from 25 to 5 plots, a lattice 
design would only give ! of the information that would be given by an ordinary 
arrangement in randomi2ed blocks of 25 plots. Of course it rarely happens 
that there is no reduction in error variance, though "the reduction is sometimes 
small. Moreover there is no reason why the information accruing from the 
block comparisons should not be taken into account, provided that the experiment 
has sufficient replications to give an adequate estimate of error for the inter
block as well as the intra-block comparisons. This procedure will recover most 
of the lost information and makes the design much more attractive for a moderate 
number of varieties. t · 

In order to utili2e the information from inter-block comparisons, and to 
make these as accurate as possible, all the blocks forming a complete replication 
should themselves be arranged in a compact block on the ground. Pairs of 
these replica~ions ~hould contaifl o~e .replicati~n in each grouping, assignment 
of the groupmg bemg at random wtthm the patr. The sets should be assigned 
at random to the blocks of each replication. t Moreover the numbers of Table 
90 (or the position within the table) should be assigned at random to the varieties. 

•Defined as the .ratio ?f the v_aJiancc: of a varie~al comparison in a design in ordinary randomized blocks to the 
average vanance m a lattice des1gn occupymg the same number of plotS and having the same error variance 
prr plot. 

tThis procedure is not discu~ed in the papers ref~~ed ~ above, but it is hoped to publish something on the 
. matter shortly. In the sunplest cases the addit10nal computation required appears to be very small. 

+This method of a~rangcment is somt:what different from that of the example of (n), in which the use of inter
. block compansons 'Ya& not envisaged. 
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z7b. Triple and balanced lattices. 
If the number of. v~rieties. is a ~erfect square, and a !!quare lattice is 

co~structed as above, It Is alw~ys p~ss1ble to superimpose a Latin square on 
~ th1s square. The letters of th1s Latm square may be used to denote· a third 
group of sets, which may be arranged in randomized blocks in the same manner 
as the other two groups. We thus arrive at what may be called a triple lattice 
It w~ll be. noted ~hat all three groups of sets bear exactly t~~ same orthogonai 
relat10n~h1p to one another, every set of each group contammg one and only 
one vanety from every set of the other two groups. 

The advantage of introducing a third grouping is that the efficiency factor 
· · d b · P + I · d fP + I Is mcrease , emg p ~ Ins tea o p--

+ 2~ + 3· 
If the number p is such that a full set of orthogonal Latin squares exists, 

further groupings corresponding to. these squares may be made. When all the 
p- I squares are used (giving p + I groupings) complete balance is attained, 
comparisons between every pair of varieties being of equal precision. The 

efficiency factor of a balanced lattice is _p_ This corresponds to the fact P+ I. . 
that in each replication p - I degrees of freedom out of the total of p• - I are 
confounded, so that the loss of information (blocks being completely ineffective) is 

p -I I 
=--

I p•- I p + I. 
This is a property of balanced arrangements, which has already been referred to. 

Full sets of orthogonal squares are known to exists .for all prime number 
and for P'= 4, 8 and 9· No such set exists for P= 6. For prime numbe~s the 
method of construction is very simple, each line of the first square being derived 
from the previous line by moving the letters one column to the right, each line 
of the second square by moving the letters two columns to the right, and so on. 
Sets of 8 x 8 and 9 x 9 squares are given in The Design of Experiments (2nd 
edition). The IO groups for 8I varieties may also be derived by the successive 
transformation given in Section I4C of the square of Table SI. The first and 
second numbers of the treatment combinations and the rows and columns of 
each square give the Io different groupings. The transformation given in 
Section I4C for' the 8 x 8 square of Table 33 generates the groupings for 64 
varieties in a similar manner, except that in the fourth square only the grouping 
given by the columns is required. 

In all these lattice designs only a single replication of each grouping .is 
necessary for the statistical reduction of the results, provided that information 
from inter-block comparisons is not required, but the actual number of 
~eplications will depend on the degree of precision desired, and will usually 
exceed these minimal requirements except in the case of balanced lattices. 

IJC. Lattice squares. . 
instead of arranging the sets of a balanced lattice in randomized blocks, 

the groups of sets may be taken in pairs, and for each pair a square may be 
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constructed having its rows formed of the sets of one group and its columns 
of the sets of the other group.' If p is odd, t (p +. I) squares _will be. required 
for balance, .but if p is even each group must be mcluded twtce to gtv_e p + I 

squares. If the rows and columns of each of these squares be rearranged amongst 
1 themselves in random order, and the resultant squares set out on the ground, 

we shall have an arrangement which is in essence a set of Latin squares with the 
quasi-factors confounded with rows and columns. 

There is, of course, no absolute necessity for designs of this type to be 
·balanced, but the attainment of balance, at any rate when p is odd, does not 
demand an excessive number of replications, and simplifies the computations 
and the interpretation of the results. 

Table 9I shows a balanced set of three lattice squares for 25 varieties (before 
randomization of rows and columns). 

TABLE 91. BALANCED SET OF LATTICE SQUARES FOR 25 VARIETIES. 

Square I Square II Square III 
I 2 3 4 S I I3 2S 7 I9 I IS 24 8 I7 
6 7 8 9 IO 20 2 I4 2I 8 I8 2 II 2S 9 

II I2 I3 I4 IS 9 I6 3 IS 22 IO I9 3 I2 2I 
I6 I7 I8 I9 20 23 IO I7 4 II 22 6 20 4 I3 
2I 22 23 24 2S I2 24 6 I8 S I4 23 7 I6 S 

The method of construction of similar sets for other prime numbers should 
be' apparent from a study of this table. Sets of squares for 64 and 8I varieties~ 
are provided by the transformation given in Section I4C of the squares of 
Tables 33 and 5I, together with the square formed by arranging the varietal 
numbers in systematic order, as in the first square of Table 9I. 

These lattice squares are particularly attractive, since they enable the 
advantages of Latin square 'design to be utilized, whereas the comparisons 
within the ·sets of an ordinary lattice by means of Latin squares instead of 
randomized blocks would require more replications than are usually available. 
The efficiency factor is, however, somewhat low, being 

P-I 
P+ I' 

as is easily verified from the property referred to above. With 25 varieties it 
has the value of j. The average increase in precision with 5 x 5 Latin squares 
in the ~o!hamste_d_ experim~n~s has been found to be 2.5 :. I, so that the average 
. net. gam m prec~s10n on stmtlar land_ by the use of latt1ce squares instead of 
ordmary" rand~mtzed block~ for _25 vanettes may be expected to be 1.67 : I or 67 
per cent. Thts ave~age g;am w1ll be SO!fiewhat. incre_ased by utilizing inter-row 
and column compansons m those expenments m whtch the land is found to be 
very uniform. · 

I7d. Three-dimensional lattices. 

Instead of arrangin_g the varietal number~ in a two-way table, as in Table 2I, 
they may be arranged m a three-.way table, 1.e. spatially' in the form of a cube 
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or cuboid. A three-di~ens~onal lattice, defining three groups of sets, may then 
be constructed by takmg hnes parallel to the edges of this cube or cuboid. 
Thus if ~h~re are p x q x r varieties there will be pq sets of r varieties, pr sets 
of q van~tles, and qr sets of p varieties. With p = q = r there. will be three 
)~roups of p• sets of p varieties. Thus an arrangement for p x q x r varieties 
.m blocks.of p, q and.~ plots, or for p 8 varieties in blocks of p plots, is provided. 
The efficiency factor m the latter case is 

z(p 2 +P+I) 
zp• + sP+ n 

Using a three-dimensional arrangement of p• varieties in the form of a 
cube, we· may also obtain three groups of p sets of p• varieties by taking layers 
of this cube parallel to each of the faces' in turn. The p 2 varieties of each set 
may be compared by means of a set of lattice squares, the use of two of the 
three groups being all that is really necessary. We thus arrive at an arrange
ment for p• varieties in p x p lattice squares. The efficiency factors are 

p-I P2 + P+ I ~ p• + P+ I 
p + I • p• + P+ 3 and P+ I • p• + P + z! 

respectively, according as two or three groupings in sets of p• are taken, the 
total number of replications required (p odd) being (p+ I) and ~(p+ 1) 
respectively. 

I7e. Non-factorial designs : ·balanced incomplete blocks. • 
In all the de~igns so far considered the number of treatment. combinations . 

is some multiple of the number of plots in a block or in a row or column of a 
Latin square, and moreover each replication of the design falls wholly in one 
set of blocks or rows or columns. There is a further useful family of designs 
in randomized blocks which does not in general fulfil these conditions. This 
is the family conforming to the condition that every pair of treatment combinations 
shall occur together in the same number of blocks. These designs are balanced, 
all treatment comparisons being of equal accuracy. Balanced lattices are 
members of this family, and other members are derivable from certain of the 
confounded designs already discussed. There are, however, many other members 
of the family which are not so derivable. The series of chief interest to the 
agronomist is a set of designs for p• + p + I varieties in blocks of P + I plots, 
with p + I replications. The structure of this set of designs is dependent on 
that of the orthogonal sets of p x p squares. They can be derived from the, 
corresponding balanced lattices by adding one new variety to each block (the 
same variety being added to all the blocks of one grouping), and forming an 
additional block from all the p + 1 new varieties. 
' Balanced incomplete blocks are described in (5) and (Iz), and we shall not 
discuss them further here. 

•Previously called symmetrical incomplete randomized blocks. 



90 

IJf. The introduction of additional treatments in quasi-factorial designs. 
The designs described in this section require a large number of blocks, 

-and the possibilities of using these blocks as plots for additional treatments 
should not be lost sight of. If,- for instance, there are six replicates of a simple 
lattice design, there will be sets of three blocks containing identical varieties,~ 
and these migl)t be used as plots to compare three additional treatments and 
to ascertain whether the varieties interacted with· these treatments. It will be 
noted that interactions between the additional treatments and the sets of varieties 
will inflate the inter-block error. This source of disturbance can be allowed 
for if necessary, but frequently it will not be sufficiently large to be of any 
moment. 
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NOTES 

NOTE I, NUMBER OF FIGURES REQUIRED IN THE COMPUTATIONS AND RESULTS. 

It is a common fault in numerical work to retain too ~any figures both in the results and the 
intermediate calculations. On the other hand certain calculations require considerably greater 
accuracy than others, e.g. in the correction for the mean ·in the analysis of variance a large number 

-of figures must be retained. There is not space here to give any detailed discussion of the matter, 
but the following hints may be of assistance. 

{t) Significant figures. 
' The number of significant figures is the number of figures counting from the first figure not 

zero and excluding terminal zeros. Thus 237, 0.00237• 23700 all contain three significant figures. 

(ii) Observed yields, etc. 
Only .three significant figures need be retained if the standard error of a ·single observation 

is not less than 3-5 per cent. of the mean (as in the yields of field plots). It pays to ro_und off 
if the field results are given to greater accuracy. Fractions are- best decimalized, as working in 
units of a quarter or a half of the ordinary units of measurement introduces dangerous possibilities 
of error. When a computing machine is used working means are best avoided, especially if they 
are such as to introduce negative numbers. 

(iii) AnalysiS of fJariance. 
Sufficient figures should be retained in the sums of squares to give four significant figures· in 

the error sum of squares. In cases of doubt the retention of an extra figu~e or two does not seriously 
increase the work. 

(ifl) Presentation of results. 
Three significant figures are normally sufficient in agricultural field experiments. In· general 

the number of figures required depends on the accuracy of the final results. 

(fl) Standard errors. 
A good Io inch slide rule (three significant figures) will give all necessary accuracy, and is 

very convenient, since square roots may be read directly. 

NOTE 2. NUMERICAL DIVISORS IN THE ANALYSIS OF V,\RIANCE, ETC. 

The sum of squares corresponding to any single degree of freedom is obtained by squaring 
some quantity Q which is the sum of certain multiples (positive, negative and zero) of the plot 
yields. The divisor d by which Q" must be divided is equal to the sum of the squares of these 
multipliers. In the special but common case in which the multipliers are all + I, - I or o the 
divisor is equal to the number of plot yields going to make up Q. 

Technically Q is said to be a linear function of the plot yields yz, Y•• • • • •• i.e.· 

Q= lz Y•+ Ia ya+ · · · · · · · · 
where lz, Ia, ..•••• are numerical quantities (the above multipliers), so that 

d= lz1 + la2+ ..... . 
If more than one degree of freedom is. involved there are several Q, and dev• Q must be divided 

by a divisor d, which is calculated as above, prooided no plot y!e~d enters into more ~ha~ one Q. 
If this occurs the difference of any two Q must be taken and a diVIsor calculated for thiS d1fference 
by the above rule. d is equal to one half of this divisor. 
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The estimates of the corresponding effects are obtained by _dividing the fJ by s~me divisor Ad 
which depends on the conventions adopted. In the case of mam effects an_d mteracttons _of factors 
at two levels A is equal to a half. With factors at more than two le~els A ts equal to umty unless 
one or more of the interacting factors is at two levels only (see Sectton 13c for an example). 

The error variance of Q is equal to d times the error variance of a single plot, and consequent! y 

· the error variance of the estimate is ~ times the error variance of a single plot. 

NOTE 3· ORTHOGONAL FUNCTIONS. 

If the effects cortesponding to two degrees of freedom are estimated from two quantities 
Q and Q' such that 

Q = z, Y•+la Y•+ ······ 
Q'= 1', Y•+ l'a yo+ ..... . 

as in Note 2, the two degrees of freedom are orthogonal if 

z, 1'1+ la l'a+ . ..... = o 

i.e. if the sum of the products of the oorresponding multipliers of the plot yields is zero. With 
three degrees of freedom there are three such sums of products, which must all be zero, and so on. 

Similarly two seu of degrees of freedom are orthogonal if the corresponding pairs of Q's and 
Q"s are orthogonal, provided that no plot yield enters into more than one such pair. . . 

NoTE 4• HINTS ON THE USE OF CALCULATING MACHINES. 

(x) Arrange the computations so as to avoid having to write down intermediate steps: the 
transfer of numbers from the machine to paper, and back again to the machine, consumes a large 
amount of time, and introduces possibilities of error. · 

(2) Always compute sufficiently carefully to avoid mistakes .. Checking should be regarded 
as an assurance that no e~rors exist, not as a method of correcting errors. 

(3) In long computations, such as extensive sums of squares, record the value attained at 
sui~ble intervals, so as to facilitate the location of possible errors, but do not clear the machine. 

(4) In calculating sums ·of squares or products accumulate the suin .of the multipliers whenever 
possible, even if this sum is already known, either by means of a I on the right of the keyboard, 
or by means of the. register provided on some machines for this purpose. 

(5) Partial sums of the multipliers (such as block totals) may be obtained by recording the 
~urn of th_e multipliers at the appropriate intervals, clearing this sum (but not the sum of squares) 
tf convement. · 

. (6) In a sum of squares in which the sum is also being accumulated an occasional negative 
value (say- 123) may be treated by the process: ... 

1229999999 
123 

151289999877 
the top line of figures being written on the keyboard. If there are a considerable number of 
negative numbers it is best'to square all the positive numbers, record and clear their sum (but not 
the sum of squares), and then square all the negative numbers. Sums of products can be dealt 
with similarly. . 
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(7) In covariance work with two variables the two sums of squares and tfiJU:e the sum of 
products can be obtained simultaneously ·by the process : 

IZJ00004S6 
IZJ00004S6 

OISIZ90IIZI760Z07936 

(A 10 x 10 x zo machine is required for three-figure ni.unbers). If the sums of squares (together 
with the sums) are also calculated separately the sum of products will also be checked (but beware 
of negative numbers and errors of copying from the machine). 

(8) In covariance work with more than two variables one sum of squares and one sum of 
products (or two sums of products) can be obtained simultaneously by writing two variables at 
opposite ends of the keyboard. · 

(9)· In covariance work with more than two variables the most effective method of checking 
in many types of analysis is to construct an identical table of the sums (s) of the corresponding 
values of each variable. The various sums of squares of the s table provide a complete check, 
by reason of the identity 

s•= (a+ b+ c)'= a•+ b2+ c1+ zab+ zac+ zbc. 

More detailed checks are provided by the identities 

as= a'+ ab+ ac 
etc. 

(1o) If several divisions by the same divisor have to be performed it is best to multiply by 
the reciprocal of the divisor. 
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