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.\~TOINE AuGUST!~ CouRNOT was born at Gray, in Haute­
SJ.one, France, on Aug. 28, I 8o1. He received his early 
schooling in his native town, and his first special discipline 
in mathematics at the Lycee de Besanr;:on. In r821 he 
entered the f:cole Normale at Paris, where he continued his 
mathematical studies. He became Professor of Mathematics 
at Lyons in I8Jt, and the year following Rector of the 
.\cademy at Grenoble. In I838 appeared his Redzercltej' 
mr k~·prindpes mathemat/ques de Ia tlirtwie des ndussN, of 
which the present work is a translation. In the same year 
Cournot was called to Paris as Inspecteur General des 
Etudes. He was made Knight of the Legion of Honour in 
1 8 38, and O~cer in 1845. He became Rector of the 
Academy at Dijon in I 854, but in I 862 retired from actire 
teaching. From this time to the end of his life he was 
lmsily engaged in writing. His Principes mat!trmatiquu 
luring met with little or no success, in I 863 he paraphrased 
it in popular language t!nder the title Principn de Ia t/ieorie 
dn ni:/uues, which was further amplified in 1876 as Rez'lle 
sommaire du doctrinN economiques. He died in the follow­
ing year, on ~larch 3 I, in Paris. 

Among Cournot's mathematical writings may be mentioned 
his Traite Hcmmtain de Ia tlzeorie du fcnrtions et du 
calm! infinitesimal, 18.p; De l'or(l{ine et des limites de Ia 
<orrtspondence aztre l'algebre et Ia gtomhrie, I 84 7; and 
Expoj·ition d( Ia tlzforie du chances et des jrilbabilith, I843· 
In the last-named work he showed how to apply the theory 
of chances to Statistics. 
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Cournot also produced several philosophical works, e.g. 
Traite de l'enclwinement des idl:es _fo11damentales dans !es 
stiences et dans 1'/u'stoire, r86r; and Considerations sur la 
marcke des idees et de.~· h1enements dans !es temps modernes, 
r872. He also translated some English mathematical books, 
including Sir John Herschel's Astro710111J', and edited in two 
volumes Euler's celebrated Letters ttl a Princess, etc. 

For the facts of Cournot's life see Liard, Rezlf(e des Deux 
JJfondes, July, r877; and iVozmel!e Biograp!tt"e (;hzera!e. 
For criticisms of his work in economics see Palgrave's 
Dzdionm:r t!f Political Economy; and the prefaces of 
J evans's TlteOlJ' o_f Political EcoJWlll)" (second edition), 
\Valras's Elements d'economie po!itique pure, .·\uspitz and 
Lieben's Untersuclumgen iiber die Tkeorie des Preises, and 
:Vfarshall's Principles of Economics; also an article by 
Vilfredo Pareto, Di un errorr del Counwt ne! trattare 
l'economia politit·a colla matematica, in the .Gionmle de.gli 
economisti, January, r89z, and one by Edgeworth, La koria 
pura delmonopolio, ibid., July, r897· The present writer will 
shortly publish in the Quarkrly Journal tif Economics an ar­
ticle critical and explanatory of the Prindpes matllhna!t'ques, 
and intended especially for the use of those who may wish 
to follow the reasoning of the work in detail, but lack the 
requisite farniliarity with mathematics. He is also preparing 
a brief Introduction to the Calculus for a similar purpose. 

In rendering the book into English, the translator (Mr. 
Nathaniel T. Bacon, of Peacedale, R.I._; Ph.B., Yale, r879) 
has tried to be as literal as possible, and to retain the slight 
archaism of the Fren'ch. He has also followed out the 
mathematical operations with great care, and in so doing 
discovered a surprisingly large number of errors. Most of 
these were misprints ; others were due to obvious careless-
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ness of the author, while still others were doubtful as to their 
ongm. All have been corrected except two, which were the 
only ones seriously affecting the argument. These are for­
mulre ( 6) on page I zz, and the next but last inequality on 
page 158. The true formulre may be transcribed from 
(~),page 122, by substituting zero for£; and the inequality 
on page I 58 may be corrected by reversing the sign of 
inequality. The conclusions which follow each passage 
must be materially modified. 

For nearly forty years the Pri11cz'pes matlzematiques was 
completely ignored by economists. The writers chiefly 
instrumental in reviving the work were Jevons, \Yalras, and 
Boccardo. At present, though mathematico-economic 
works are not yet widely read, Cournot's treatise is diligently 
studied by a few, and exercises a very definite and powerful 
i~fluence on economic thought. Professor Edgeworth says 
of it in Palgrave's Dictionary, that it " is still the best 
statement in mathematical form of some of the highest 
generalisations in economic science " ; while Professor Mar­
shall, in the preface to his Principles, declares that " Cour­
not's genius must give a new mental activity to every one 
who passes through his hands." 

. The bibliography of mathematical-economics is, of course, 
founded on that appended to J evans's Theory of Political 
Economy. A number of writings in the latter list have been 
omitted, as they did not make use of symbols. Even the 
VolkswirthschaftJ-!ehre of Menger, who shares with Jevons 
and Walras the honour of independently developing the 
theory of marginal utility, has not been int...~uded, as it must 
properly be credited to the literary and not the mathematicai 
method. Jevons's list has also been carefully revised and 
corrected, as well as continued to I So 7. 
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The bibliography. divides itself very naturaliy into four 
periods, beginning respectively with the treatises of Cel'a, 
Cournot, Jevons, and Mimhall. Ceva enjoys the distinction 
of being the first known writer to apply mathematical method 
to economic .problems; Cournot was apparently the first to 
apply it with any great degree of success; Jevons (and 
aln10st simultaneously Walras) attracted the serious attention 
of economists to this method ; and Marshall brought it (or 
at any rate its simpler diagrams) into general use. . The four 
periods are of 'constantly decreasing length, being respec­
tively 127,33, 19, and 8 years, but the number of titles grows 
greater in each succeeding period. It will also be observed 
that the·variety of subjects to which the mathematical method 
is being applied shows a rapid increase, that the number of 
complete economic treatises has grown relatively less, and 
that the mass of literature on transportation has first risen 
and then fallen relatively to the total writing. 

In preparing the work for the press, important aid has 
been. rendered by Mr. John M. Gaines, of the graduate 
department of Yale University. Mr. Thomas G. Barnes, 
Mr. James 0. Moore, and especially Mr. William B. Bailey, 
also students at Yale, have contributed materially in the 
formation of the bibliography. Grateful acknowledgments 
are due to the many other persons who have supplied biblio­
graphical data, and in particular to Professors Pantaleoni, 
Walras, Pareto, and Edgeworth. 

I. F. 
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PREFACE 

THE science known as Political Economy, which for a 
century has so much interested thinkers, is to-day more 

generally diffused than ever before. It shares with politics 
proper the attention of the great journals, which are to-day 
the most important means of spreading information; but 
the public is so tired of theories and systems that now the 
demand is ior so-called "positive" matter, i.e. in political 
economy, custom-house abstracts, statistical documents, and 
government reports, such as will throw the light of experi­
ence on the important questions which are being agitated 
before the country, and which so greatly interest all classes 

of society. 
I make no objection to this tendency; it is good, and 

in accord with the laws which govern the development of 
all branches of science. I will only observe that theory• 
ought not to be confounded with systems, although in 

the infancy of all sciences the instinct of system neces­
sarily attempts to outline theories. I will add that theory 

should always have some part, small though it may be, 
in the development of a science; and that, to a man of my 
profession in particular, more than to any other, it should 
be permiss~l>le to consider from an exclusively theoretical 
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standpoint, a subject of general interest which has so many 
different sides. 

But the title of this work sets forth not only theoretical 
researches; it shows also that I intend to apply to them the 
forms and symbols of mathematical analysis. This is a plan 
likely, I confess, to draw on me at the outset the condem­
nation of theorists of repute. With one accord they have 
set themselves against the use of mathematical forms, and it 
will doubtless be difficult to· overcome to-day a prejudice 
which thinkers, like Smith and other more modern writers, 
have contributed to strengthen. The .reasons for this preju­
dice seem to be, on the one hand, the false point of view 
from which theory has been regarded by the small number 
of those who have thought of applying mathematics to it; 
and, on the other hand, the false notion which has been 
formed of this analysis by men otherwise judicious and well 
versed in the subject of Political Economy, but to whom the 
mathematical sciences are unfamiliar. -

The attempts which have been made in this direction have 
remained very little known, and I have been able to learn 
only the titles of them, except one, Les Princijm de l'Econ­
omie Politique, by Canard, a small work published in the 
year X [of the French Republic, A.D. I 8or ]; and crowned 
by the Institut. These pretended principles . are so radi­
cally at fault, and the application of them is so erroneous, 

-that the approval of a distinguished body of men was un­
able to preserve the work from oblivion. It is easy to see 
why essays of this nature should not incline such econo­
mists as Say and Ricardo to algebra. 

I have said that most authors who. have de~oted them-
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:dl'es to political economy seem also to have had a wrong 
iriea of the nature of the applications of mathematical 
analysis to the theory of wealth. They imagined that the 
use of symbols and formulas could only lead to numerical 
calculations, and as it was clearly perceived that the sub· 
ject was not suited to such a numerical determination of 
values by means of theory alone, the conclusion was drawn 
that the mathematical apparatus, if not liable to lead to 
erroneous results, was at least idle and pedantic. But those 
skilled in mathematical analysis know that its object is not 
simply to calculate numbers, but that it is also employed to 
find the relations between magnitudes which cannot be ex­
pressed in numbers and between functions whose law is not 
capable of algebraic expression. Thus the theory of prob­
abilities furnishes a demonstration of very important propo­
sitions, although, without the help of experience, it is 
1mpossible to give numerical values for contingent e\'ents, 
except in questions of mere curiosity, such as arise from 
certain games of chance. Thus, also, theoretical Mechanics 
furnishes to practical :'IIechanics general theorems of most 
useful application, although in almost all cases recourse to 
experience is necessary for the numerical results which 
practice requires. 

The employment of mathematical symbols is perfectly 
natural when the relations between magnitudes are under 
discussion; and even if they are not rigorously necessary, it 
would hardly be reasonable to reject them, because they 
are not equally familiar to all readers and because they have 
sometimes been wrongly used, if they are able to facilitate 
the exposition of problems, to render it more concise, to 
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open the way to more extended developments, and to avoid 
the digressions of vague argumentation. 

There are authors, like Smith and Say, who, in writing on 
Political Economy, have preserved all the beauties of 'a 
purely lit~rary style ; but there are others, like Ricardo, who, 
when treating the most abstract questions, or when seeking 
great accuracy, have not been able to avoid· algebra, and 
have only disguised it under arithmetical calculations of 
tiresome length. Any one who understands algebraic nota­
tion, reads at a glance in an equation results reached arith­
metically only with great labour and pains. 

I propose to show in this essay that the solution of the 
general questions which arise from the theory of wealth, 
depends essentially not on elementary algebra, but on that 
branch .of analysis which comprises arbitrary functions, 
which are merely restricted to satisfying certain conditions. 
As only very simple· conditions will be considered, the first 
principles of the differential and integral calculus suffice for 
understanding this little treatise. Also, although I fear that 
it may appear too abstruse to most people who have a liking 
for these topics, I hardly dare to hope that it will deserve 
the attention of professional mathematicians, except as they 
111ay discover in it the germ of questions more worthy of 
their powers. 

But there is a large class of men, and, thanks· to a famous 
school, especially in France, who, after thorough mathe­
matical training, have directed their attention to applica­
tions of those sciences which particularly interest society. 
Theories of the wealth of the community must attract their 
attention; and in considering them they are surf to feel, ·as 
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I have felt, the need of rendering determinate by symbols 
familiar to them, an analysis which is generally indetermi­
nate and often obscure, in authors who have thought fit to 
confine themselves to the resources of ordinary language. 
In thinking that they may be led by their reflexions to enter 
upon this path, I hope that my book may be of some use to 
them, and may lessen their labour. 

In the remarks on the first notions of competition and 
the mutual relations of producers, they may possibly 
notice certain relations, which are very curious from a 
purely abstract standpoint, without reference to proposed 
applications. 

I have not set out to make a complete and dogmatic 
treatise on Political Economy; I have put aside questions, 
to which mathematical analysis cannot apply, and those 
which seem to me entirely cleared up already. I have 
assumed that this book will only fall into the hands of 
readers who are familiar with what is found in the most 
ordinary books on these topics. 

I am far from ha\·ing thought of writing in support of any 
system, and from joining the banners of any party; I 
believe that there is an immense step in passing from 
theory to governmental applications; I believe that theory 
loses none of its value in thus remaining preserved from 
contact with impassioned polemics; and I believe, if this 
essay is of any practical value, it will be chiefly in making 
clear how far we are from being able to soke, with full 
knowledge of the case, a multitude of questions which are 
boldly decided every day. 



RESEARCHES 

INTO 

THE ~IA THEI\IA TICAL PRINCIPLES 

OF 

THE THEORY OF \VEAL TH 

CHAPTER I 

OF VALUE IN EXCHANGE OR OF WEALTH IN GENERAL 

1. The Teutonic root Rik or Reich, which has passed 
into all the Romance languages, vaguely expressed a rela­
tion of superiority, of strength, or of power. Los ricos 
/zombm is still used in Spain for distinguished noblemen 
and eminent men, and such is also the force of the words 
riches /zommu in the French of de Joinville. The idea 
which the word wealtlt presents to us to-day, and which 
is relative to our state of civilization, could not have been 
grasped by men of Teutonic st;ck, either at the epoch of 
the Conquest, or even at much later periods, when the 
feudal law existed in full vigour. Property, power, the dis­
tinctions between masters, servants and slaves, abundance, 
and poverty, rights and privileges, all these are found 
among the most savage tribes, and seem to flow necessa­
rily from th; natural laws which preside over aggregations 

7 
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of individuals and of families ; but such an idea of wealth 
as we draw from our advanced state of civilization, and such 
is is necessary to give rise to a theory, can only be slowly 
developed as a consequence of the progress of commercial 
relations, and of the gradual reaction of those relations on 
civil institutions. 

A shepherd is in possession of a vast pasture ground, and 
no one can disturb him with impunity; but it would be vain 
for him to think of· exchanging it for something which he 
might prefer; there is nothing in existing habits and cus­
toms to make such an exc;hange possible; this man is a 
landholder, but he is not rich. 

The same shepherd has cattle and milk in abundance; 
he can provide for a numerous retinue of servants and 
slaves ; he maintains a generous hospitality towards poor 
dependents; but he is neither able to accumulate his prod­
ucts, nor to exchange them ·for ·objects of luxury which do 
not exist; this man has power, authority, the· enjoyments 
which belong to his position, but he has not wealth. 

z. It is inconceivable that men should live for a consid­
erable time near together without effecting an exchange of 
goods and services ; but from this natur.al, and we may even 
say instinctive, action, it i~ a long step to the abstract idea 
of 11alue i11 exc!ta11ge, which. supposes that the objects to 
which such value is attributed ar~ in commercial circulation; 
i.e. that it is always possible to find means to exchange, 
them for other objects of equal value. The things, then, to 
which the state of commercial relations and civil institutions 
permits a value in exchange to be attached, are those which 
in the language of to-day are characterized rby the word 



OF THE THEORY OF WEALTH 9 

wtaltlt: and to form an intelligible theory we ought to 
absolutely identify the sense of the word wealtlz with th<tt 
which is presented to us by the words exchangeablt values. 

Cnder this conception, wealtlz has doubtless only an ab­
stract existence ; for, strictly speaking, of all the things on 
which we set a price, or. to which we attribute a value in ex­
change, there are none always exchangeable at will for any 
other commodity of equal price or value. In the act of ex­
change, as in the transmission of power by machinery, there is 
friction to be 0\·ercome, losses which must be borne, and 
limits which cannot be exceeded. The proprietor of a great 
forest is only rich on condition of managing his lumbering 
with prudence, and of not glutting the market with his lum­
ber; the owner of a valuable picture gallery may spend his life 
in the vain attempt to find purchasers; while, on the other 
hand, in the neighbourhood of a city the conversion of a sack 
of grain into money will only require the time necessary to 
carry it to the grain market; and at great commercial cen­
tres a stock of coffee can always be sold on the exchange~ 

The extension of commerce and the development of com­
mercial facilities tend to bring the actual condition of affairs 
nearer and nearer to "this order of abstract conceptions, on 
which alone theoretical calculatio~s can be based, in the 
same way as the skilful engineer approaches nearer to theo­
retical conditions by diminishing friction through polished 
bearings and accurate gearing. In this way nations are said 
to make progress in the commercial or mercantile system. 
These two expressions are etymologically equivalent, but one 
is now taken in a good and the other in a bad sense, as is 
generally the c'ltse, according to Bentham, with the na>nes of 
things that involve advantage~ and evils of a moral order. 
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We will not take up either these advantages or these evils: 
'fhe progress of nations in the commercial system is a fact 
in the face of which all discussion of its desirability becomes 
idle; our part is, to observe, and not to criticise, the irre­
sistible laws of nature. Whatever man can measure, calcu­
late, and systematize, ultimately becomes the object of meas­
urement, ·calculation, and system. \Vherever fixed relations 
can replace indeterminate, the substitutipn finally takes place. 
It is thus that the sciences and all human institutions are 
organized. The use of coin, which has been handed down 
to us from remote antiquity, has powerfully aided the 
progress of commercial organization, as the art of making 
glass helped many discoveries in astronomy and physics ; 
but commercial organization is not essentially bound to the 
use of the monetary metals. All means are good which 
tend to facilitate exchange, to fix value in exchange; and 
there is reason to believe that in the further development 
of this organization the monetary metals wili play a part of 
gradually diminishing importance. 

3· The abstract idea of wealth or of value in exchange, a 
definite idea,· and consequently susceptible of rig'->rous treat­
ment in combinations, must be carefully distinguished from 
the accessory ideas of utility, scarcity, and suitability to the 
needs and enjoyments of mankind, which the word wtaltlt 
still suggests in common speech. These ideas are variable, 
and by nature indeterminate, and consequently ill suited for 
the foundation of a scientific theory. The division of econ­
omists into schools, and the war waged between practical 
men and theorists, have arisen in large measure from the 
ambiguity of the word wealth in ordinary speech, and the 
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confusion which has continued to obtain between the fixed, 
definite idea of mlue in e.whange, and the ideas of utility 
which every one estimates in his own way, because there is 
no fixed standard for the utility of things.* 

It has sometimes happened that a publisher, having in 
store an unsalable stock of some work, useful and sought 
after by connoisseurs, ·but of which too many copies were 
originally printed in view of the class of readers for whom 
it was intended, has sacrificed and destroyed two-thirds 
of the number, expecting to deri\·e more profit from the 
remainder than from the entire edition.t 

There is no doubt that there might be a book of which 
it would be easier to sell a thousand copies at sixty francs, 
than three thousand at twenty francs. Calculating in this 
way, the Dutch Company is said to have caused the destruc­
tion in the islands of the Sound of a part of the precious 
spices of which it had a monopoly. Here is a complete 
destruction of objects to which the word wtalth is applied 
because they are both sought after, and not easily obtain­
able. Here is a miserly, selfish act, evidently opposed to 
the interests of society; and yet it is nevertheless evident 
that this sordid act, this actual destruction, is a real crea­
tion of wealtlz in the commercial sense of the word. The 

• By this we do not intend that there is neither truth nor error in opin­
IOns on the utility of things; we only mean that generally neither the truth 
nor the error is capaL;e of proof; that these are questions of valuation, and 
not soluble by calculation, nor by logical argument. 

t I have heard it said by a very respectable surveyor, that one of the 
greatest griefs which he had felt in his youth had been to learn that the pub­
lisher Dupont had done thus with the valuable collection of the ~femoirs of 
the o'.d Ac3dem~ of Sciences, 
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publisher's inventory will rightly show_ a greater value for 
his assets; and after the copies have left his hands, either 
wholly or in part, if each individual should draw up his 
inventory in commercial fashion, and if all these partial 
inventories could be collated to form a general inventory 
or balance sheet of the wealth in circulation, an increase 
would be found in the sum of these items of wealth. 

On the contrary, suppose that only fifty copies exist of a 
curious book, and that this scarcity carries up the price at 
auction to three hundred francs a copy. A publisher re­
prints this book in an edition of a thousand copies, of which 
each will be worth five francs, and which will bring down 
the other copies to the same price from the exaggerated 
value which their extreme scarcity had caused. The roso 
copies will therefore only enter for 52 so francs into the sum 

of wealth which can be inventoried, and this sum will thus 
have suffered a loss of 9750 francs. The decrease will be 
even more considerable if (as should be the case) the value 
of the raw materials is considered, from which the reprints 
were made, and which existed prior to the reprinting. 
Here is an industrial operation, a material production, use­
ful to the publisher who undertook it, useful to those whose 
products and labour it employed, useful even to the public 
if the book contains valuable information, and which is 
nevertheless a real destruction-of wealth, in the abstract and 
commercial meaning of the term. 

The rise and fall of exchange show perpetual oscillations 
in values, or in the abstract wealth in circulation, without 
intervention of actual production or destruction of the phys­
ical objects to which, in the concrete sense, the•term wea!tlt 

is applicable. 
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It has been long remarked, and justly, that commerce, 

properly so called, i.e. the transportation of raw materials or 

finished products, from one market to another, by adding 

to the worth of the objects transported, creates value or 

wealth in just the same way as the labour of the miner 

who extracts metals from the bowels of the earth, or the 

workman who adapts them to our needs. What ought 

to have been added, and what we shall have occasion to 

develop, is that commerce may also be a cause of destruc­

tion of values, even while making profits for the merchants 
who carry it on, and even when in every one's eyes it is 

a benefit to the countries which it connects in commercial 

intercourse. 
A fashion, a whim, or a chance occurrence may cause a 

creation or annihilation of values without notable influence 

on what is regarded as public utility or the general welfare; 

it can even come about that a destruction of wealth may be 

salutary, and an increase detrimental. If chemists should 

solve the problem of making diamonds, jewellers and the 

ladies who own sets of jewellery would suffer heavy losses ; 

·the general mass of wealth capable of circulation would 

experience a notable decrease, and yet I can hardly think 

than any sensible man would be tempted to consider it a 

public calamity, even though he might regret the individual 

losses involved. On the contrary, if the taste for diamonds 

should decline, if wealthy people should stop devoting an 

important part of their fortunes to this idle vanity, and if, in 

consequence, the value of diamonds in commerce should 
decrease, wise men would gladly commend this new depart-· 

ure of fashion. 
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4· When any event, accounted .favourable to a country, 
as improving the condition of the majority of its inhabitants 
(for what other basis can be taken to estimate utility?); has 
nevertheless for its first effect the diminution of the mass 
of values in circulation, we are tempted to suppose that 
this event conceals the germ of an increase in the general 
wealth by means of its remote consequences, and that it 
will in this way turn out to the advantage of the country. 
Experience unquestionably shows that this is true in most 
cases, since, in .general, an incontestable improvement in 
the condition of the people has kept pace with an equally 
incontestable increase in the sum total of wealth in circulll.­
tion. But in consequence of the impossibility of following 
up analytically all the consequences of such complex rela­
tions, theory is unable to explain why this usually happens 
and is still less able to demoJ;J.strate that it must always con­
tinue to occur. Let us avoid confounding what is in the 
domain of accurate reasoning with what is the object of a 
more or less happy guess; what is rational with what is 
empirical. It is enough to have to guard against errors in 
logic on the first score ; let us avoid encountering passionate 
declamations and insoluble questions on the other. 

5. From a standpoint of mere etymology, whatever apper­
tains to the organization of society belongs to the field of 
Political Economy ;·but it has become customary to use this 
last term in a sense much more restricted and by so much 
less precise. The Political Economist, being occupied prin­
cipally with the material wants of mankind, only considers 
social institutions as far a,;, they . favour or interfere with 
labour, thrift, commerce, and population; and !is far as they 
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affect the subdivision between the members of society of 
the gifts of nature and the rewards of labour. 

This subject is still far too vast to be properly grasped by 

any one man. It affords inexhaustible material for unripe 
systems and slow investigations. How can we abstract the 

moral influences which enter into all these questions and 
which are entirely incapable of measurement? How are we 
to compare what may be called the material welfare of the 

Alpine shepherd with that of the Spanish idler or of the Man­
chester workingman ; the com·ent alms with the poor-rates ; 

the drudgery of the farm with that of the workshop ; the 
pleasures and expenditures of a Norman noble in his feudal 
manor, with the pleasures and expenditures of his far-away de­
scendant in a house in London or on a tour through Europe? 

If we compare one nation with another, by what invaria­
ble tokens shall we determine the progress or decay of their 

prosperity? Shall it be according to population? In that 
case China would far excel Europe. According to the 

abundance of coin? The example of Spain, mistress of the 
Peruvian mines, turned the world away from this gross error 

long ago, and, in fact, before even the first crude notions of 
the true role of coin were developed. According to busi­
ness activity? Then inland peoples would be very unfortu­
nate compared with those whom proximity to the sea invites 
to a mercantile career. According to the high price of 
goods or of wages? Then some miserable island would 

surpass the most smiling and fertile countries. According 
to the pecuniary value of what economists call the annual 
product? A year when this value increases greatly may 
ea~ily be tne of great distress for the greatest number. 
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According to the actual quantity of this product reckoned 
in the appropriate unit for each kind of goods? But the 
kinds of goods produced and the relative proportions are 
different for each country. How can comparisons. be made 
in this respect? According to the rate of movement up 
or down whether of population or of annual product? Pro­
vided that the reckoning covers a sufficient time this is, to 
be sure, the least .equivocal symptom of the welfare or 
misery of society; but how can this symptom help us except 
to recognize accomplished facts, and facts which have been 
produced, not only by economic causes in the ordinary 
meaning of the words, but aiso by the simultaneous coopera­
tion of a multitude of moral causes. 

We are far from wishing to depreciate the philanthropic 
efforts of those who seek to throw some light on soci.al 
economy. It is characteristic only of narrow minds to 

·decry medical science because physiological phenomena 
cannot be calculated as accurately as the planetary move­
ments. Political Economy is the hygiene and pathology of 
the social system. It recognizes.as its guide experience or 
rather observation; but sometimes the sagacity of a supe~ 
rior n1ind can even anticipate the results of experienc~. 
We only seek to make clear, that Political Economy fails 
to make progress by theory, towards its noble object of the 
improvement of the lot of mankind, either because the 
relations which it has to deal with are not reducible to 
fixed terms, or because these relations are much too com­
plicated for our powers of c~mbination and analysis. 

6. On the other hand, as the abstract idea of wealth 
according to our conception constitutes a perfectly deter· 
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minate relation, like all precise conceptions it can become 
the object of theoretical deductions, and if these deductions 
are sufficiently numerous and seem important enough to be 
collected into a system, it will presumably be advantageous 
to pre:;ent this system by itself, except for such applications 
:.h it may seem proper to make to those branches of Political 
Economy with which the theory of wealth is ultimately con­
nected. It will be useful to distinguish what admits of abstract 
demonstration from what :1llows only of a questionable opinion. 

The Theory of \\'ealth, :1ccording to the idea we are try­
ing to give, would doubtless only be an idle speculation, if 
the :1bstract idea of wea/t!t or z·alue in exclwnge, on which it 
is founded, were too far from corresponding with the actual 
objects which make up wealth in the existing social status. 
The s:1me would be true of hydrostatics if the character of 
ordinary fluids should be too far removed from the hypothe­
sis of perfect fluidity. However, as we have already said, 
the influence of a progressi\·e civilization constantly tend,; 
to bring actual and \'ariable relations nearer and nearer to 
the absolute relation, which we attain to from abstract con­
siJerations. In such matters everything becomes more and 
more easily \'alued, and consequently more easily measured. 
The steps towards finding a market resolve themselves 
into brokerage, losses of time into discounts, chances of loss 
into insurance charges, and so on. The progress of the 
gregarious tendency and of the institutions related to it, 
and the modifications which have taken place in our civil 
institutions, all cooperate· towards this mobility, which we 
would neither apologize for nor detract from, but on which 
the applica•ion of theory to social facts is founded. 

c 
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CHAPTER II 

OF CHANGES IN VALUE, ABSOLUTE AND RELATIVE 

7· Whenever there is occasion to go back to the funda­
mental 'conceptions on which any science rests, and to 
formulate them with accuracy, we almost always encounter 
difficulties, which come, sometimes from the very nature of 
these conceptions, but more often from the imperfections 
of language. For instance, in the writings of economists, 
the definition of value, and the distincti_on between absolute 
and relative value, are rather obscure : a very simple and 
strikingly exact comparison will serve to throw light on this. 

We conceive that a body moves when its situation changes 
with reference to other bodies which we look upon as fixed. 
If we observe a system of material points at two different 
times, and find that the respective situations of these points 
are not the same at both times, we necessarily conclude that 
some, if not all, of these points have moved ; but if besides 
this we are unable to refer them to points of the fixity of 
which we can be sure, it is, in the first instance, impossible 
to draw any conclusions as to the motion or rest of each of 
the points in the system. 

However, if all of the points, in the system, except one, 
had preserved their relative situation, we should consider it 
very probable that this single point was the on!)" one which 
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had moved, unless, indeed, all the other points were so con­
nected that the movement of one would involve the move­
ment of all. 

We have just pointed out an extreme case, viz., that in 
which all except one had kept their relative positions; but, 
without entering into details, it is easy to see that among 
all the possible ways of explaining the change in the state 
of the system there may be some much simpler than others, 
and which without hesitation we regard as much more 
probable. 

If, without being limited to two distinct times, observa­
tion should follow the system through its successive states, 
there would be hypotheses as to the absolute movements of 
the different points of the system, which would be consid­
ered preferable for the explanation of their relative move­
ments. Thus, without reference to the relative size of the 
heavenly bodies and to knowledge of the laws of gravitation, 
the hypothesis of Copernicus would explain the apparent 
motions of the planetary system more simply and plausibly 
than those of Ptolemy or Tycho. 

In the preceding paragraph we have only looked on 
motion as a geometric relation, a change of position, with­
out reference to any idea of cause or motive power or any 
knowledge of the laws which govern the movements of mat­
ter. From this new point of view other considerations 'of 
probability will arise. If, for instance, the mass of the body 
A is considerably greater than that of the body B, we judge 
that the change in the relative situation of the bodies A and 
B is more probably due to the displacement of B than 
of A. 
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Finally, there are some circumstances which may make it 
certain that relative or apparent movements come from the 
displacement of one body and not· of another.* Thus the 
appearance of an animal will show by unmistakable signs 
whether it is stopping or starting. Thus, to return to the 
preceding example, experiments "rith the pendulum, taken 
in connection with the known laws of mechanics, will prove 
the diurnal motion of the earth; the phenomenon of the 
aberration of light will prove its annual motion; and the 
hypothesis of Copernicus will take its place among estab­
lished truths. 

8. Let us now examine how some considerations per­
fectly analogous to those which we have just considered, 
spring from the idea of exchangeable values. 

Just as we can only assign situation to a point by refer­
ence to other points, so we can only assign value to a 
commodity t by reference to other commodities. In this 
sense there are only relative values. But when these rela­
tive values change, we perceiYe platnly that the reason of the 
variation may lie in the change of one term of the relation 
or of the other or of both at once; just as when the distance 
varies between two points, the reason for the change may 
lie in the displacement of one or the other or both of the 

*See Newton, Princiji<>, Book I, at the end of the preliminary defi­
nitioBs. 

t It is almost needless to observe that for conciseness the word COlli· 

11UJdiiy is used in its most general sense, and that it includes the rendering 
of valuable services, which can he exchanged either for other sen-ices or 
for commodities proper, and which, like such commodities, have a definite 
price or a value in exchange. We shall not repeat this remark in the future, 
as it can easily be supplied from the context. 1 
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two points. Thus again when two violin strings have had 

between them a definite musical interval, and when after a 
certain time they cease to give this interval, the question 
is whether one has gone up or the other gone down, or 
whether both of these effects have joined ta cause the varia­
tion of the interval. 

\re can therefore readily distinguish the relati\·e changes 
of value manifested by the changes of relati\·e values from 
the absolute changes of value of one or another of the com­
modities between which commerce has established relations. 

Just as it is possible to make an indefinite number of 
hypotheses as to the absolute motion which causes the 
observed relative motion in a system of points, so it is 
also possible to multiply indefinitely hypotheses as to the 
absolute variations which cause the relative variations ob­
>erved in the values of a system of commodities. 

However, if all but one of the commodities preserved the 
same relative values, we should consider by far the most 
probable hypothe5is, the one which would assign the abso­
lute change to this single article; unless there should be 
manifest such a connection between all the others, that one 
cannot \·ary without im·olving proportional variations in the 
values of those which depend on it. 

For instance, an observer who should see by inspection 
of a table of statistics of values from century to century, 
that the value of money fell about four-fifths towards the 
end of the sixteenth century, while other commodities pre­
served practically the same relative values, would consider 
it very probable that an absolute change had taken place 
in the value of money, even if he were ignoran~ of the 
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discovery of mines in America. On the other hand, if he 
should see the price of \vheat double from one year to the 
next without any remarkable variation in the price of most 
other articles or in their relative values, he would attribute 
it to an absolute change in the value of wheat, even if he 
did not know that a bad grain harvest had preceded the 
high price. 

Withqut reference to this extreme cas.e, where the disturb­
ance of the system of relative values is explained by the 
movement of a single article, it is evident that among all 
the possible hypotheses on absolute variations some explain 
the relative variations more simply and more probably than 
others. 
· If, without being limited to consideration of the system 

of relati~e values at two distinct periods, observation follows 
it through its intermediate states, a new set of data will be 
provided to determine the most probable law of absolute 
variations, from all possibilities for satisfying the observed 
law of relative variations. 

9· Let 
Pll b, Ps, etc., 

be the values of certain articles, with reference to a· gram of 
silver; if the standard of value is changed and a rnyriagram 
of wheat is substituted for the gram of silver, the values of 
the same articles will be given by the expressions 

a being the price of the rnyriagrarn of wheat, or its value 
with reference to a gram of silver. In genera~ whenever it 
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is desired to change the standard of value, it will suffice to 
multiply the numerical expressions of individual values by a 
constant factor, greater or less than unity; just as with a 
system of points conditioned to remain in a straight line, it 
would suffice to know the distances from these points to any 
one of their number, to determine by the addition of a con­
stant number, positi\·e or negative, their distances referred 
to another point of the system, taken as the new origin. 

From this there results a very simple method of express­
ing by a mathematical illustration the variations which occur 
in the relative values of a system of articles. It is suffi­
cient to conceive of a system composed of as many points 
arranged in a straight line as there are articles to be com­
pared, so that the distances from one of these points to all 
the others constantly remain proportional to the logarithms 
of the numbers which measure the \·alues of all these arti- · 
cles with reference to one of their number. All the changes 
of distance which occur by means of addition and subtrac­
tion, from the relati,·e and absolute motions of such a system 
of movable points, will correspond perfectly to the changes 
by means of multiplication and division in the system of 
values which is being compared: from which it follows that 
the calculations for determining the most probable hypothe­
sis as to the absolute movements of a system of points, can 
be applied, by going from logarithms back to numbers, to 
the determination of the most probable hypothesis for the 
absolute variations of a system of values. 

But, in general, such calculations of probability, in view of 
the absolute ignorance in which we would be of the causes 
of variation. of values, would be of very slight interest. 
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What is really important is to know the laws which govern 
the variation of values, or, in other words, the theory of 
\Vealth. This theory alone can make it possible to prove 
to what absolute variations ·are due the relative variations 
which colne into the field of observation; in the same 
manner (if it is permissible to compare the most exact of 
sciences with the une nearest its cradle) as the theory of 
the laws of motion, begun by Galileo and completed by 
Newton, alone makes it possible to prove to what real and 
absolute motions are due the relative and apparent motions 
of the solar system. 

10. To sum up, there are only relative values; to seek for 
others is to fall· into a contradiction with the very idea of 
value in exchange, which necessarily implies the idea of a 
ratio between two terms.. But also an accomplished change 

• in this ratio is a relative effect, which can and should be 
explained by absolute changes in the terms of the ratio. 
There are no absolute values, but there are movements of 
absolute rise and fall in values. 

Among the possible hypotheses on the absolute changes 
which produce the observed relative changes, there are 
some which the general laws of probability indicate as most 
probable. Only knowledge of the special laws of the matter 
in question can lead to the substitution of an assured deci· 
sion for an opinion as to probability. 

n. 'If theory should indicate one article incapable of 
absolute variation in its value, and should refer to it all 
others, it would be possible to immediately deduce their 
absolute variations from their relative variations ; but very 
slight attention is sufficient to prove that such a fixed term 

t 
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does not exist, although certain articles approach much 
more nearly than others to the necessary conditions for the 
existence of such a term. 

The monetary metals are among the things which, under 
ordinary circumstances and provided that too long a period 
is not considered, only experience slight absolute variations 
in their value. If it were not so, all transactions would be 
disturbed, as they are by paper money subject to sudden 
depreciation.* 

On the other hand, articles such as wheat, which form 
the basis of the food supply, are subject to violent dis­
turbances ; but, if a sufficient period is considered, these 
disturbances balance each other, and the average value ap­
proaches fixed conditions, perhaps even more closely than 
the monetary metals. This will not make it impossible for 

the value so determined to vary, nor prevent it from actually 
experiencing absolute variations on a still greater scale of 
time. Here, as in astronomy, it is necessary to recog­
nize ucular variations, which are independent of periodic 
variations. 

Eren the wages of that lowest grade of labour, which is 
only considered as a kind of mechanical agent, the element 
often proposed as the standard of value, is subject like 
wheat to periodic as well as secular ,·ariations; and, if the 
periodic oscillations of this element have generally been less 

• What characterizes a contract of sale, and distinguishes it essentialiy 
from a contract of exchange, is the inYariability of the absolute Yalue of 
the monetary metals, at least for the lapse of time covered by an ordinary 
business transaction. In a country where the absolute value of the mone­
tary tokens is perceptibly variable, there are, properly speaking, no con­
tracts of sale .• This disunction should affect some legal questi.ons. 
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wide than those of wheat, on the other hand we may sus­
pect that in future the progressive changes in the social 
status will ·cause ' it to suffer much more rapid secular 
variations. 

But if no article exists having the necessary conditions for 
perfect fixity, we can and ought to imagine one, which, to 
be sure, will only have an abstract existence.* It will 
only appear as an auxiliary term of comparison to facilitate 
conception of the theory, and will disappear in the final 
applications. 

In like manner, astronomers imagine a mean sun endowed 
with a uniform motion, and to this imaginary star they refer, 
as well the real sun as the other heavenly bodies, and so 
finally determine the actual situation of these stars with 
reference to the real sun. 

12. It would perhaps seem proper to first investigate the 
causes which produce absolute variations in the value of 
the monetary metals, and, when these are accounted for, .to 
reduce to the corrected value of money the variations which 

, occur in the value of other articles. T!tis' corrected money 
would be the equivalent of the mean sun of astronomers. 

But, on one hand, one of the most delicate points in the 
theory of wealth is just this analysis of the causes of varia­
tion of the value of the monetary metals used as means of 
circulation, and on the other hand it is legitimate to admit, 
as has been already said, that the monetary metals do not 
suffer notable variations in their values except as we com­
pare very distant periods, or else in case of sudden revolu­
tions, now very i~probable,' which would be caused by the 

• Montesquieu, Esprit des Lois, Book XXII, Ch~. 8. 
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discovery of new metallurgical processes, or of new mineral 
deposits. It is, to be sure, a common saying, that the 

J'rice of money is steadily diminishing, and fast enough 
fur the depreciation of value of coin to be very perceptible 
in the course of a generation; but by going back to the 
cause of this phenomenon, as we have shown how to do in 
this chapter, it is plain that the relative change is chiefly 
due to an absolute upward movement of the prices of most 
of the articles which go directly for the needs or pleasures 
of mankind, an ascending mm·ement produced by the in­
crease in population and by the progressive developments 
of industry and labour. Sufficient explanations on this doc­
trinal point can be found in the 'IITitings of most modem 
economists. 

Finally, in what follows, it will be the more legitimate to 
neglect the absolute variations which affect the value of the 
monetary metals, as we do not have numerical applications 
directly in view. If the theory were sufficiently developed, 
and the data sufficiently accurate, it would be easy to go 
from the value of an article in terms of a fictitious and inva­
riable modulus, to its monetary value. If the value of an 
:uticle, in terms of this fictitious modulus, was p, at a time 
when that of the monetary metal was 1r1 and if at another 
time these quantities had taken other values, p' and 1r', it is 
el'ident that the monetary value of the article would have 
Vlried in the ratio of 

p p' 
-; to -:;;:;· 

If the absolute value of the monetary metals during long 
periorls only suffers slow variations, which are hardly per· 
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ceptible throughout the commercial world, the relative 
values of these very metals -suffer- slight variations from 
one commercial centre to another, which constitute what 
is known as the rate of excha11$e, and of which the mathe­
matical formula is very simple, as will be seen ,in the next 
chapter. 
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CHAPTER III 

OF THE EXCHA.'<GES 

13. The time will doubtless come when all civilized 
J:ieoples will appreciate the benefit of uniformity of meas­
ures. One of the titles of the French Revolution to the 
gratitude of future generations, is that it initiated this great 
social improvement; and, in spite of national and political 
prejudices, this example has not lacked imitators. 

The uniformity and stability of measures acquire a still 
greater importance when we have to do with the mone­
tary system, so often turned upside down by the selfish­
ness and bad faith of governments. Moreover, the state 
of society in the different countries of Europe makes im­
possible the return to the disorder in which so simple a 
thing in itself as the monetary system remained for so 
long a time and among almost all peoples. It would be 
superfluous to repeat observations on this subject, which 
have become perfectly familiar. 

Let us suppose then that all commercial peoples have 
adopted the same monetary unit, for instance, one gram of 
fine silver, or, what amounts to the same thing, that the 
ratio of each monetary unit to a gram of fine silver be per­
manently established. Knowledge of these ratios forms a 
large part 'bf what is known among those engaged in the 
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business as the science of exchange. This science, which 
can be summed up in a table found everywhere, should not 
distract our attention. In other words, we have nothing to 
do with nominal exchange, but only with actual exchange, 
i.e. the ratio between the values in exchange of the same 
weight of fine silver according as it is payable in different 
places. It is plain also that the cost of exchange, or the dif­
ference of the ratio of exchange from unity, cannot exceed 
the co~t of transportation of -this weight of fine silver from 
one place 'to the other, when free trade in the precious 
metals is allowed between the two places, or the cost of 
transportation plus the expense of smuggling when this 
trade is embarrassed by prohibitory laws. To find the 
equations of exchange, we will suppose, to begin with, that 
the cost of exchange is less than the cost of transportation, 
or that the exchange takes place without any real transpor­
tation of money, without any change in the distribution 

· of the precious metals between the two commercial centres. 
I4. Let us suppose at first only two centres of ex­

change. Let us designate by m1, 2 the total of the sums 
for which the centre ( r) is annually indebted to the centre 
( 2) ; and by m2, 1 the total of the sums for which the place 
( 2) is annually indebted to. the place (I) ; by c1, 2 the rate 
of exchange at the place (I) on the place ( 2), or the 
amount .of silver given at the place ( 2) in exchange for a 
weight of silver expressed by x and payable at the place 
(r). 

Adopting this notation, and starting from the hypothesis 
that the two places balance their account without transport­
ing money in either direction, it is plain that we•shall have 
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\re hare in general 
1 

C:t.I=-, 
C1.2 

.md in this particular case ( 4 1 = fll1. 
2

• 
1112.1 

\\'henerer, therefore, the ratio 
111 ~. 1 only differs from unitr 
flit= • 

by a quantity less than the cost of transportation of a mone-
tary unit from one place to the other, the balance between 
the two places will be settled without actual transportation 
of money and by the mere effect of the rate of exchange. 

Let us now suppose any number of places in correspond­
ence, and let m,. 1 express generally the total of the sums 
annn:dly due from the place (i) to the place ( k), and c0 the 
coefficient of exchange from (i) to (k). The number of 
these cotfticients for a number of places (r) will be r(r-1); 

but, as in general, C;. t = 1 
the number of coefficients to 

Ct.i r(r- I) 
he determined i> reduced at the outset to---. 

2 

:\or are all these coefficients mutually independent; for 

if, for instance, 

any one having to convey money from (k) to (r), instead 
of getting a draft from (k) on (i), will find it cheaper to 
get one from (k) on (/) which he can exchange for one 
from (!) on (i). For the same reason it is impossiule to 
h:we 
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for this is equivalent to 

or 

which has just beep. proved impossible, whatever the letters 
i, k, l ma,y be. 

Thus we have in general 

(a) 

or at least, if this relation temporarily ceases to be satisfied, 
banking transactions continually tend to reestablish it. But 
our analysis only considers that state of equilibrium about 
which commercial changes cause the rates of exchange to 
oscillate continually. 

The relation (a) can be represented geometrically by 
imagining a series of points (i), (k), (!), ... so placed that 
the distan-ce between each two points, such as (i), (k) is 
measured ·by the logarithm of the number ci,k· By means 
of this convention the relation (a) expresses that the points 
(i), (k), (!), and in general all the points of the series, 
equal in number to the centres of exchange, must be sit· 
uated in the same straight line. · 

From this it results that it is enough to know the coeffi· 
cients of exchange from one centre to all the others, to 
deduce the rates for all the centres from one to the other. 
On this account there only remains a number of unknown 
coefficients expressed by r- x, r being the number of the 
centres of exchange. 

15. Now it is easy to find as many equations as there are 
centres in .correspondence, starting always from the hypothe· 
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sis that there is no actual transportation of money from 
one centre to another, and that thus what one centre owes 
to all the others is, at this first centre, of precisely the same 
value as what all the others owe to it. 

From this consideration the following equations are ob­
tained: 

1

1111.2 + 1111,3 + ... + ml,r = m2, 1c2,1 + ma,1C3.1 + "' 

+m,,!cr,ll 

m2.1 + 11/;,s + ··• + lll2,r = m1,2c1, 2 + m,,2c3,z+ ••• 

+m,,2cr,21 

(II) 1113,1 + IIIJ,2 + "' + llla,r = 111t,:sCJ,S + lll2,ac2,3 + '" 

+m,,3Cr,31 

111,,1 + tfl,,2+ "' + m,,r-1= ml.,cl,r+ 1!12,rC2,r+ "' 

+ 111r-l,rCr-l,r• 

These equations are in number r, while, by what has just 
been said, all the unknown coefficients can be expressed in 
functions of the coefficients c1, 2, c1, 3, .. • c1, ,, which are only 
r- r in number. It must therefore be that one of the 
~bove equations is involved in the others; and, in fact, if 
we put 

I I 

CJ,2=~' Cl,s=ca,/'*•Cl,r=c,,l' 

Cg, 1 

(c) Cs,2=cs,IXct,2=c2,1' 
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the equations (b) become: 

m1,z+mJ,a+ ... +ml,r=m2,1c2,1 +ms,Icu + ... 
+m,,lcr,l> 

(m2,1 + nt2,s + ··· + m2,r)c2,1 = 111I,2-f:11ts,zCs,l + ··· 
+ m,,2cr,I> 

(d) (m3,1 + 1113,2 + ... + ms,r)ca,l = m1,3 +m2,ac2,1 + "' 

+111,, 8c,,!, 

(mr,l + 111r,2 + "' + 11Zr,r-l)c,,1 = 1JI1,r + 1112,rC2,1 + "' 
+mr-J,rCr-1,1• 

Adding all these equations together except the first, and 
eliminating from each member the terms which· cancel, we 
obtain again the. first equation. Thus there are only just as 
many distinct equations as there are independent variables. 

Where only three. centres are considered, the equations 
(-d) would become 

m1,2+ m1,s = 11lz,IC2,1 +ms,lCa,l, 

(1112, 1 + nt2,s)c2,1 = 1111,2 + mucs,l• 

(ms,I + ms,2)cs,l= m1,s + 11lz,sCz,1• 

From this can be obtained: 

mz,1m1,s + m1,2m2,s + m1,sm2,s
1 ts,1 

11lz, 1 ms, 1 + 1!12, i ms, 2 + 111s, 1 m2,s 

and consequently 

Cs,2 
m2,1m1,3 + m1,21112,3 + m1,8tll2,s 

m3,1m1,2 + m1,2m3,2 + m1,sms.f 
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The t'J:nposition of the ,.,1lues of'::.~> .-,_I! and (1• ~. in this 
rarticular case. shows clearly enough how the ratio of m1. ~to 

m~, can ,·ary considerably, without causing great \'atiations 
in the \'alue of.-~ 1 ; or, in other words, how the interconnec­
ti,•n of centres of exchange diminishes the variations in the 

r:tte of exchan;::e from one place to another. 
16. The precerling analysis assumes that the ,·aJue of 

each coefficient, such as .-~ 1 • does not fall below a certain 
limit "fc_ 1, which depends on the cost of actual transportation 

oi the monetary unit from the centre ( 2) to the centre (I), 

including the premium for smuggling if the laws interfere 
with exportation of the precious metals. Thus if A 1 indi­

cates this cost of transportation, the superior limit of c1• ~ 

will be 
t+b,h 

and for the inferior limit of<"-:. 1 we shall have 

I 

{!.t=t+b,t. 

If on the other hand the equations (<) and (d) gi,·e 

c~.l < '"· h 

it w1ll be concluded that the hypothesis which excludes 
actual transportation of money from the centre ( 2) to the 

centre ( 1) is imdmissible, and that consequently the two 

tim equations (d), 

11!1: +mi.~ + ... ..:...m~., =m-:. lei 1 +m,.J(;.t +···+m,.l.-r.l• 

(Ill;_ 1 + m;;..~ +···+m::.,)<":!.t =11/1.: + m:;.~'s. 1+ .. ·+ m,.~.-•. 1, 

ce.1se to hold true, since they express that the centres ( 1) 

and 1 z 1 ba.1.ince their debits and credits by the compen:>a-
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tion of exchange alone, without either exportation or im­
portation of money. It will be necessary to replace the 
unknown quantity c2, 1 by the constant '/2, 1 in the other 
equations (d); and as these equations number r- z, they 
will be just enough to determine the r 2 remaining 

unknown quantities, i.e. c3, 1 , c,, 1 ••• c,, I'· 

Reverting to . the meaning of ·the first two equations of 
(b), which cease ·to be true under the present hypothesis, 
i! is evident that the net sum imported at the centre ( r), 
~fter dedy.cting the .cost of transportation, will be 

f;;:m2,I'/2,t+ms,ICs,l+··· 
+m,,lcr,I -(m1,2+ 1!11,3+ ••• + tlli,r), 

and that the sum exported from the centre· ( 2), including 
the cost of transportation, is expressed by 

E~m2,1tm2,s+··· 
+ 1!12,, -(mi,2'/I,2 + llls,2Cs,2+ •·• + m,,2cr,2)• 

Furthermore, we will have 

(e) 

since the difference between E and I ~rises only from the 
cost of transportation from ( 2) to ( 1). This equation of 
condition must therefore reduce to an identity by means of 
the valueS Of Ca, 11 ... C,, 11 derived from the equations (d) 
after substituting for c2, 1 its real value of Yn If, now, we 
add the equations (d) except the first two, which are no 
longer true in this case, and if we cross out the terms which 
cancel, we shall come to an equation of condition precisely 
identical with equation (e),' 
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1 i. It is noteworthy that the relation 

(<1) 

runtmues to hold eren when the coefficients c attain their 

l1mits y in consequence of actual transportation of specie 
from one place to the other. The former argument for this 
equation is as applicable to the present case. If we have, 

for in~tance, 
'lu > 'I•. I X Cu, 

arw one wishing to send funds fro111 (k) to (i), instead of 
paying the actual cost of this transportation, would get a 
d uft at ( k) on (/), and with the proceeds of the draft 

would have specie shipped from(/) to (i). If, on the other 
h.llld, 

y,,t < y,,l X ct,t• 

the deduction would be 

Yo. I> y,, l X Ct,h 

and any one ha,·ing funds to send from (/) to (i) would get 
a draft at(/) on (k) and ship the proceeds to (i). In con­
sequence, even if we suppose the ratio 

'/;,t =(;.I X c,,t 

to be temporarily disturbed, bJ.nking operations constantly 
tend to reestablish it. 

A singular consequence of this, and ne\·ertheless a very 
strict one, at least in theory, is, that if three banking centres 
are considered, (i), U·), and (/), there will always be at 

le.tst two be~ween which there will be no direct shipments 
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of specie, or· between which exchange will be effected by 
simple shifting of values, without actual transportation of 
money and without the rate of exchange touching the limit 
which it would reach if the rate were fixed by the actual 
cost of transportation from one of these centres to the other. 
In fact, if there .could be an actual transportation of specie 
from (i) to (k), from (i) to (l), and from (k) to (l), as the 
ca~ses which fix the cost of actual transportation from (i) to 
(k) are independent of those which fix the cost between (i) 
and (l), and as neither depend in any way on those which 
fix· the price between (k) and (l), it would be infinitely 
improbable, or physically impossible, that the coefficients y1, k> 

y;,o and Yr,k should exactly satisfy the equation of condition· 

y;,k=y;,z X Y•k· 

It is easy to see that this principle is not one of rigorous 
application in practice, for the rate of exchange is not fixed 
with mathematical accuracy, and there may be also special 
reasons for coin shipments when the cost of transportation 
does not too far exceed the loss in buying exchange. In 
this question, as in all which arise under the theory of 
wealth, the principles deduced from theory are of general 
applicability, but must not be rigorously applied to each 
individual case. 

r8. What has just been said of three centres of exchange 
is equally true of any number of centres. If this number 
is designated by r, the number of coefficients of exchange 
\\ill be r(r- r), but by virtue of the equations (c) it is 
enough to know r- I of these coefficients to determine 
all the others. Supposing, then, that r- I.· coefficients, 
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such as ci, kl reach their [lower] limiting values as Yi, ., be­
cause there is an actual movement of specie between the 
centres, as between (i) and (k); the inverse coefficients, 
such as ck.. ;, will also reach their [upper J limiting values; 
but there will be r(r- 1) 2 (r- I)=(r- 1)(r- 2) co­
efficients, such as c •. 1, which will not reach their limiting 
values; so that the equalization of credits between ,the 
centres (k) and (/) will take place by banking transfers, 
without actual transportation of coin. 

In other words, by the present hypothesis, all the centres 
which form a part of the system will import or export 
money, but there will not be import or export between every 
pair of centres. Of the total number of combinations 

r (,.- 1
) between the centres, there will be r- 1 which 

2 

will correspond to actual transportation of specie, and 

(Y- 1 
)( r- 2

) which will correspond to simple banking 
2 

transfers. 
l\Ioreover, this must necessarily be so ; for otherwise the 

amounts which must flow annually from one place to the 
other would be indeterminate ; which cannot be accepted 
as true. And, in fact, if we extend to any number of 
places the reasoning which we have employed above to 
determine the amount imported and exported when there is 
actual transportation of specie between two places only, it 
will be recognized that, to determine the total of each 
import or export, there cannot be more than r equations, 
which are easily deduced from the equations (b) or (d), 
and which even reduce to r- I distinct equations. The 
number of ~uantities to be determined, therefore, is also 
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reduced to r -, r, and consequently there can only be 
between the centres r- r combinations which correspond ' 

to real movements of specie. 
·But if it could be admitted that for a particular case 

as this equation would mean that it costs exactly as much to 
tra~sport a sum of money from (k) to (z) as to s~nd it first 
from (k) to(!) and then from (l) to (i), there woul,d then be 
no method, according to the data, to determine completely 
what would be the sums transported from one of these places 
to the other, and also, !n this case, there would .be more 
unknown quantities than equations. It is evident, therefore, 
that all the results of this analysis are intimately connected. 

rg. All commercial nati9ns employ simultaneously gold 
and silver as monetary metals,* and hence arise certain rela­
tions between the ·COlJ.TSe of exchange and the comparative 
prices of gold and silver in different commercial centres. 
As before, let us call c1,• the coefficient ?f exchange from 

*The Russian gov~rnment has struck some platinum coins; but, as 
Babbag:e very well observes in his book on manufacturing industry, plati­
num so far lacks one of the essential qualities of a money metal: an ingot 
of platinum is worth much more in a single mass then when cut up, on 
account of the <;lifficulty and expense pf all processes for obtaining platinum 
in large masses. As foreign coins have only the value of the precious metal 
contained in them, it follows that in foreign parts platinum money would 
be worth much less than the ingots used in making it. For a like reason 
subsidi~ry coinage is worth less in foreign parts than the silver contained in 
it was worth in ingots, on account of the expense necessary for purifying 
the metal for conversion into ingots. Consequently any government would 
be unwise to make subsidiary coinage beyond the requirements for small 
change in its own jurisdiction. · 
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tile centre (i) to the centre (k), or the amount of silver 
gi\·en at ( k) in exchan;e for a weight of sih-er expressed 

hy 1, and payable at (i) ; let us also designate by p; the 
ratio of the price of gold to the price of silver at (i), or 

the number of grams of sih·er gh·en at {i) for one gram 

of gold. and by p, the ratio of the price of gold to the 
price of silrer at (k). Let us also suppose that if an amount 
;, in gold coin is transported from (i) to ( k), this su'm 

will he red11ced to t, 1 lt, after subtracting the cost of actual 
tran-portation an•i the cost of smuggling, in case prohibi­

tory laws embarrass the export of gold from (r) to (k). 

\rith a weight of gol<i expressed by lz, a weight of 

~ilrer can he bou;;ht at (i) expressed by p,lt, and payable 
.lt the same pLlce; with this same weight of sih·er, or with 
the e•1Ili\·alent weight of gold, a weight of sih·er can be 

bout:ht expre,,ed by p,t,Jz. and payable at (k). But the 
weight oi gol•l e\pres:;ed by II, if it were actually trans­
ported t<) the centre (k), would be reduced to £ulz, after 

subtractin,; the cost of transportation, and would buy at 
this latter pl.lr:e a weight of sih·er expressed by p1e,. ,It; 
hence actual transportation will take place if we have 

P1 c,t 
p1t,. 1 lt >pl,. 1 1z, or->-· 

P; ti.t 

.\s long as this inequality holds, there will be a flow of 
guld from ( r) to ( k) ; as gold becomes scarcer at ( i), it 
will be more sought after; the ratio of the ,·alue of gold to 

sih'er will rise at (i), and, for the same reason, this ratio 
will fall at (k) until we reach 

P< c,,, 
=or<-· 

Pi ti.t 



42 THE MATHElffATICAL PRINCIPLES 

Repetition of the same argument, or mere permutation of 
the subscript letters, shows that after equilibrium k estab· 
lished we must have · 

that is to say, 

on account of the ratio 

I . . 

moreover, the determination of the number ~k,l follows 
by permutation of subscripts from that of the number E;,k· 

The more the values E;, k' Ek, 1 approach to unity, the nar· 
ro~er the limits between which is restricted the value of the 

coefficient c;,., when the ratio f!1: is given, or reciprocally 
Pi 

the value· of the ratio f!1:, when the coefficient of exchange 
Pt . • 

ci,k is given. If these numbers differ only slightly from unity, 
as will ordinarily be the. case, on account of the ease of 
exporting gold at ~light ·expense, and of eluding, 'if necessary, 

prohibitory laws, we shall practically have 
P1 

In this case the price of gold at one centre and the 
. coefficients of exchange' are data enough to deduce the 
value of gold at all the other centres with which the first 

• has banking relations. It is vain for gQvernrnents in insti­
tuting their mon~tary syst~m to fix a legal »atio for the 
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value of gold and that of siker (as in France, where the 

law assigns to this ratio the value I 5 ·5) ; if the value of gold, 
resulting from the conditions giren above, is greater, gold 
will command a premium with dealers in exchange, and will 
thus recorer its true commercial value. 
~o change would be caused in the foregoing argument 

by the supposition that the coefficient of exchange 'c1, t 

reaches its limiting value, which value has been termed 

preriously 'Y..t· 
The cost of coinage and the seigniorage which most go\'­

ernments charge for the making of coin raises the price of 
a gram of silrer or a gram of gold coined abo1e the price 
of a gram of sih·er or gold uncoined or in ingots throughout 
the national domain. 

This added \'alue disappears whenerer the coin goes 
abroad, where it is only \'alued for its fineness and weight; 
it is as if the cost of transportation were increased by the 
amount of this loss which exportation causes for the money 
of any nation, and by this means it can be considered with­
out moLlifying the preceding analysis. 

Coinage gi\·es to copper pieces a value far above the 
intrinsic value of the metal. For this reason copper pieces 
are not exported, and constitute a conventional coinage 
which only circulates in its national domain. 

The wear of coin, or the loss of weight which coins suf­
fer by long use, is another consideration which influences 
banking operations. For these technical details the works 
may be consulted of those authors who have gone into • 
the questio~ in detail, and particularly the treatise of 
Smith. 
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CHAPTER IV 

OF THE LAW OF DE~!M.'D 

zo. To lay the foundations of the theory pf exchangeable 
values, we shall not accompany most speculative writers 
back to the cradle of the human race; we shall undertake 
to explain neither the origin of property nor that of exchange 
or division of labour. All this doubtless belongs to the his­
tory of mankind, but it has no influence on a theory which 
could only become applicable at a very advanced state of 
civilization, at a period when (to use the language of mathe­
maticians) the influence of the initial conditions is entirely 
gone. 

We shall invoke but a single axiom, or, if you prefer, 
make but a single hypothesis, i.e. that each one seeks to 
derive the greatest possible value from his goods or his 
labour. But to deduce the rational consequences of this 
principle, we shall endeavour to establish better than has 
.been the case the elements of the data which observation 
alone can furnish. Unfortunately, this fundamental point is 
one which theorists, almost with one accord, have presented 
to us, we will not say falsely, but in a manner which is 
really meaningless. 

It has been said almost unanimously that " the price of 
goods is in the inverse ratio of the quantity offered, and in 
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the direct ratio of the quantity demanded." It has ne\·er 
been considered that the statistics necessary for accurate 

numerical estimation might be lacking, whether of the 
quantity offered or of the quantity demanded, and that this 
might prevent deducing from this principle general conse-

4uences capable of useful application. But wherein does 
the principle itself consist? Does it mean that in c~se a 
double quantity of any article is offered for sale, the price 

''ill iall one-half? Then it should be more simply expressed, 
anti it should only be said that the price is in the inverse 
Lltiv oi the quantity oficred. But the principle thus made 

intdligible would be false; for, in general, that 100 units of 
an article hare been sold at 20 francs is no reason that zoo 
units would sell at 10 francs in the same lapse of time and 
under the same circumstances. Sometimes less would be 
marketed ; often much more. 

Furthermore, what is meant by the quantity demanded? 
r ndou btedly it is not that which is actually marketed at the 
demand of buyers, for then the generally absurd conse­

quence would result from the pretended principle, that 
the more of an article is marketed the dearer it is. If by 
demand only a vJgue desire of possession of the article is 
umlerstood, without reference to the limitt!d pritt which 
every buyer supposes in his demand, there is scarcely 

an article for which the demand cannot be considered 
indefinite; but if the price is to be considered at which 
eJ.ch buyer is willing to buy, and the price at which each 
seller is willing to sell, what becomes of the pretended prin­
ciple? It is not. we repeat. an erroneous proposition- it is 
a propvsirion devoid of meaning. Consequently all those 
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who have united to proclaim it have likewise united to make 
no use of it. Let us try to adhere to less sterile pririciples. 

The cheaper an article is, the greater ordinarily is the 
demand for it. The sales or the demand (for to us. these 
two words are. synonymous, and we do not see for what 
reason theory need take account of any demand which 
does not result in a sale)- the sales or the demand gener· 
ally, we say, increases when the price decreases. 

We add the word generally as a corrective; there are, in 
fact, some objects of whim· and luxury which are only 
desirable on account of their rarity and of the high price 
which is the consequence thereof. If any one should suc­
ceed in carrying out cheaply the crystallization of carbon, 
a~d in producing for one franc the diamond which to-day 
is worth a thousand, it would not be astonishing if diamonds 
should cease to be used in sets of jewellery, and should dis· 
appear as articles of commerce.. In th!s case a great fall in 
price would almost annihilate the demand. But objects of this 
nature play so unimportant a part in social economy that it is 
not necessary t6 bear in mind the restriction ofwhich we speak. 

The demand might be in the inverse ratio o( the price; 
ordinarily it increases or decreases in much more rapid 
proportion- an observation especially applic;1ble to most 
manufactured products. On the contrary, at other times 
the variation of the demand is less rapid; which appears 
(a very singular thing) to be equally applicable both to the 
most necessary things and to the most superfluous. The 
price of violins or of astronomical telescopes might fall one· 
half and yet probably the demand would not double; for 
this demand is fixed by th~ number of those wh(l cultivate 
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the art or science to which these instruments belong; who 
have the disposition requisite and the leisure to cultivate 
them and the means to pay teachers and to meet the other 
necessary expenses, in consequence of which the price of 
the instruments is only a secondary question. On the con­
trary, firewood, which is one of the most useful articles, could 
probably double in price, from the progress of clearing laqd 
or increase in population, long before the annual consump­
tion of fuel would be hail'ed; as a large number of con­
sumers are disposed to cut down other expenses rather than 
get along without firewood. 

2 1. Let us admit therefore that the sales or the annual 
demand Dis, for each article, a particular function F(p) of 
the price p of such article. , To know the form of this func­
tion would be to know what we call the law of demand or of 

Nlu. It depends e\'idently on the kind of utility of the · 
article, on the nature of the serYices it can render or the 
enjoyments it can procure, on the habits and customs of 
the people, on the average wealth, and on the scale on 
11 hich wealth is distributed. 

Since so many moral causes capable of neither enumera­
tion nor measurement affect the law of demand, it is plain 
that we should no more expect this law to be expressible 
uy an algebraic formula than the law of mortality, and 
J.ll the laws whose determination enters into the field of 
statistics, or what is called social arithmetic. Observation 
must therefore be depended on for furnishing the means 
of drawing up between proper limits a table of the corre­
;ponding values of D and p; after which, by the well-known 
method• of ititerpolation or by graphic processes, an empiric 
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formula or ~ curve can be made to represent the function 
in question; and the solution of problems can be pushed as 
far as numerical applications. 

But even if this object were unattainable (on account of the 
difficulty of obtaining observations of sufficient number and 
accuracy, and also on account of the progressive variations 
which the law of demand must undergoin a country which 
has not yet reached a practically stationary condition)' it 
wo~ld be nevertheless not improper to introduce the un­
known law of demand into analytical combinations, by means 
of an indet~rminate symbof; for it is well knmvn that one 
of the most important functions of analysis consists precisely 
in assigning determinate relations between quantities to 
which numerical values and even algebraic forms are abso· 
lutely unassignable. 

Unknown functions may none the less possess properties 
or general characteristics which are known; as, for instance, 
to be indefinitely increasing or decreasing, or periodical, 
or only real between certain limits. Nevertheless such data, 
however imperfect they may seem, by reason of their very 
generality and by means of analytical symbols, may lead 
up to relations equally general which would have been 
difficult to discover without this help. Thus without know­
ing the law of decrease of the capillary forces, and starting 
solely from the principle that these forces are inappreciable 
at appreciable distances,·mathematicians have demonstrated 
the. general 'laws of the phenomena of capillarity, and these 
laws have been confirmed by observation. 

On the other hand, by showing what determinate rela· 
tions exist between unknown quantities, analysis reduces 
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these unknown quantities to the smallest possible number, 
and guides the obsen·er to the best obsen•ations for dis­
em ering their values. It reduces and coordinates statistical 
ctocuments; and it diminishes the labour of statisticians at 
the same time that it throws light on them. 

For in~tance, it is impossible a pn'ori to assign an alge­
braic form to the law of mortality; it is equally impossible 
to formulate the function expressing the subdi,·ision of 
po1;ub.tion by ages in a stationary population ; but these 
two functions are connected by so simple a relation, that, 
as soon as ~tatistics hare permitted the construction of a 
table of mortality, it will be possible, without recourse to 
new observations, to deduce from this table one expressing 
the proportion of the various ages in the midst of a station­
ary population, or even of a population for which the annual 
excess of deaths over births is known.* 

\\'ho doubts that in the field of social economy there is 
a mass of figures thus mutually connected by assignable 
relations, by means of which the easiest to determine empiri­
ully might be chosen, so as to deduce all the others from it 
by means of theory? 

22. We will assume that the function F(p), which ex­
presses the Jaw of demand or of the market, is a continuoto· 
function, i.(. a function which does not pass suddenly from 
one value to another, but which takes in passing all inter-

• The Annuain du Burtau do Longitudes contains these two tables, the 

second deduced from the first, as abol'e, and ca'culated on the hypothesis 

of a station.uy population. 

The work by Duvillard, entitled Dt I' injlumct dt Ia pttitt vtrolt sur 
/J mortalitd, c1111tains many good examples of mathematical connections 
between essentially empirical functions. 

[ 
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mediate values. It might be ·otherwise if the number_ of 
consumers were very limited : thus in a certain household 
the same quantity of firewood will possibly be used whether 
wood costs ro francs or 15 francs the stere,* and the 
consumption may suddenly be diminished if the price 
of the stere rises above the latter figure. But the wider 
the market extends, and the more the combinations of 
needs, of fortunes, or even of caprices, are varied among 
consumers, the closer the function F(p) will come to vary-

·- ing with p in a continuous manner. However little may be 
the variation of p, there will be some consumers so placed 
that the slight rise or fall of t~e article will affect their con­
sumptions, and will lead them to deprive themselves in some 
way or to reduce their manufacturing output, or to substitute 
something else for the article that has grown dearer, as, for 
instance, coal for wood or anthracite for soft coal. Thus the 
" exchange" is a thermometer which shows by very slight 
variations of rates the fleeting variations in the estimate 
of the chances which affect government bonds, variations 
which are not a sufficient motive for buying . or selling to 
most of those who hav~ their fortunes invested in such bonds. 

If the function F(p) is continuous, it will have the prop­
erty common to all functions of this nature, and on which 
so many important applications of mathemat{cal analysis are 
based ; tlu variations of the demand will be sensibly propor­
tional to tlu variations in price so long as tlzese ·last art 
small fractions of tile original price. Moreover, these varia· 
tions will be of opposite signs, i.e. an increase in price will 
correspond with a diminution of the demand. 

• 
[• I stere = 1 MS = 35·3 cu. ft.= t. cord.-TRANS.L.ATOR,] 
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Suppose that in a country like France the consumption 
of sugar is roo million kilograms when the price is 2 

francs a kilogram, and that i~ has been observed to 
drop to 99 millions when the price reached 2 francs 10 

centimes. Without considerable error, the consumption 
which would correspond to a price of 2 francs 20 centimes 
can be valued at 98 millions, and the consumption corr,e­
sponding to a price of 1 franc 90 centimes at ror millions. 
It is plain how much this principle, which is only the math­
ematical consequence of the continuity of functions, can 
facilitate applications of theory, either by simplifying ana­
lytical expressions of the laws which govern the movement 
of values, or in reducing the number of data to be borrowed 
from experience, if the theory becomes sufficiently developed 
to lend itself to numerical determinations. 

Let us not forget that, strictly speaking, the principle just 
enunciated admits of exceptions, because a continuous func­
tion may have interruptions of continuity in some points of 
its course ; but just as friction wears down roughnesses and 
softens outlines, so the wear of commerce tends to suppress 
these exceptional cases, at the same time that 'commercial 
machinery moderates variations in prices and tends to main­
tain them between limits which facilitate the application of 
theory. 

23. To define with accuracy the quantity D, or the func­
tion F(p) which is the expression of it, we have supposed 
that D represented the quantity sold annua/6· throughout 
the extent of the country or of the market • under consider-

• It is well known that by markd economists mean, not a certain place 
where p~~rchue\ and iales are carried on, but the entire territory of which 
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ation. In fact, the year is the natural unit of time, espe­
cially for researches ha~ing any connection with social 
economy. All the 'wants of mankind are reproduced 
during this term, and all the resources which mankind 
obtains from nature and by labour. Nevertheless, the price 
of an article may vary notably in the course of a year, and, 
strictly speaking, the law of demand may also vary in the 
saf'ne interval, if the country experiences a movement of 
progress or decadence. ,for greater accuracy, therefore, in 
the expression F(p), p must be held to denote the annual 
average price, and the curve which represents function F to 
be in itself an average of all the curves which would repre­
sent this function at different times of the year. But this 
extreme accuracy is only necessary in case it is proposed to 
go on to numerical applicatidns, and it is superfluous for 
researches which only seek to obtain a general expression 
of average results, independent ,of periodical oscillations. 

24. Since the function F(p) is continuous, the function 
pF(p), which expresses the total value of the quantity 
annually sold, must be continuous also. This function would 
equal zero if p equals zero, since the consumption of any 
article remains finite even on the hypothesis that it is abso­
lutely free; or, in other words, it is theoretically always 
possible to assign to the symbol p a value so small that the 
product pF(p) will vary imperceptibly from zero. The 
function pF(p) dis~ppears also when p becomes infinite, or, 
in other words, theoretically a value can always be assigned 
to p so great that the demand for the article and the pro-

the parts are so united by the relations of unrestricted commerce that prices 
there take the same level throughout, with ease and rapidity. 
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durtion of it would cease. Since t~e function pF(p) at first 

increases, and then decreases as p increases, there is there­
fore a value of p which makes this function a maximum, and 

which is given by the equation, 

(I) F(p)+pF'(p)== o, 

in which F', according to Lagrange's notation, denotes the 
• differential coefficient of function F. 

If we lay out the curve anh (Fig. r), of which the abscissas 

or; and the ordinates qn represent the variables p and D, the 
1oot of equation ( 1) will be the abscissa of the point n from 

which the triangle ont, formed by the tangent nt and the 
radius vector on, is isosceles, so that we have oq =qt. 

\re may admit that it is impossible to determine the func­
tion F(p) empirically for each article, but it is by no means 
the case that the same obstacles prevent the approximate 

determination of the value of p which satisfies equation ( 1) 
or which renders the product pF(p) a maximum. The 
constrnrtion of a table, where these values could be found, 
would be the work best calculated for preparing for the 
prartical and rigorous solution of questions relating to the 
theory of wealth. 

But even if it were impossible to obtain from statistics 
the value of p which should render the product pF(p) a 
maximum, it would be easy to learn, at least for all articles 
to which the attempt has been made to extend commercial 
statistics, whether current prices are above or below this 
value. Suppose that when the price becomes p + t:.p, the 
annual consumption as shown by statistics, such as custom­

house record1, becomes D- ::.D. According as 
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AD< or >!2., 
t:.p p 

the increase in price, t:.p, will increase or diminish the prod­
uct pF(p); and, consequently, ~it will be known whether 
the two values p and p + t:.p (assuming t:.p to pe a small 
fraction ofp) fall above or below the value which makes the 
product under consideration a. maximum. 

Commercial statistics sho'-'ld therefore be required to 
separate articles of high ~S.onomic-( importance into two 
categories, according as thtir current prices are above or 
below the value which makes a maximum of pF(p). We 
shall see that many esonomic problems have different solu­
tions, according as the· article in question belongs to one 
or the other-of these two categories. 

25. We know by the theory of maxima and minima that 
equation ( r) is satisfied 'as well.by the values of p which 
render pF(p) a minimum as by those which render this 
product'a maximum. Thfarguinent used at the beginning 
of the preceding article shows, indeed, that the function 
pF(p) necessarily ha~ a maximum, but it might have sev­
eral and· pass through minimum values between. A root 
of equatio11 ( r) corresponds to a maximum or ;~. minimum 
according as .. , . * 

2 F'(p) + pF"(P)< or> o, 

or, substituting for p its value and considering the essentially 
negative sign of F'(p), 

2 [F'(p)JZ-F(p) x F"(P)>or<o. 

In consequence, whenever F"(p) is negative/or when. the 
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cun·e D::::: F(/') turns its concave side to the axis of the 
.1lmis,as, it is impossible that there should be a minimum, 

n•H mnre than one maximum. In the contrary case, the 

e\iotence of se1·eral ~;ill~ or minima is not prored to be 

illlpo,sihle. r· . ' 
1\ut if we cease q:m)tlleritlg the question from an exclu· 

,i1-ely abstract stan~· 1 .;jnt, \t will be Instantly recognized 

huw improbable it i~ tf"t. the function pF(p) should pass 
through se1·eral intermd, ~~;!uaxima and minima inside of 
the limits between wrjl.:h 'It '~lue of p can vary j and as it 

• •e \·;~ 

is unnecessary to con~der · . ma which fall beyond these 
limits, if any such exi;,(, all

11
,l'I:':Jlems are the same as if the 

, · ~ r (, 
function pF(f) only adn; .. ~ ·l a single ma:ximum. The 

essential question ·;s ai••,, ,, \hether, for the extent of 

the limits of oscilbti01. 6f ra'therunctio~}F(p) is increas· 
ing or decreasing for inn a.;.., i ~ ~·~It.es~df ji':'-. 

. \ny demonstration ought :.r: prbce'ect frot~)e simple to 

the complex: the simplest h'1 1·nthesis f,.'the purr·;~e of 
inrestigating by what laws pr ce~ are ~d, is that (of mo­
nopoly, taking this word iu ib 1l(J<.t a\riolute meaning, which 

:,upposes that the pro?11ctiot\ ,f ~article is in one man's 
h.111ds. This hypo~i~ i~ r . purely fictitious: it is realizer! 
in certain case>) ~nd. mme01·er, when we have studied it, 

we can analyze mor7ac rately the effects of competition 
of producc.."S. 
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CHAPTER V 

, OF [IIIMIIOPOLY ~ 
~- .. 

~ l\i- ~--. ,. : ·. ·-··-:(" . 
26. For conveniei~fi.~ dif .~n, suppose. th'' man • 

finds h. imself proprietlr c)f a f ~ .. · !1 . ;· 1ch has just 
.. ltt•illf(il" 

been found to poss · Ff · • properties possessed by 
no other. He could do~bf"'~x the price of a liter of 
this water at 100 francs; ~t': essi;;uld soon see by the scant 
demand, that this is not ~-· v;;~.j, to m~ke the most of his 
property. He will there~·~ st' c(tssivelY reduce the price of 
the liter to the point whi wru ~v· him the greatest possi­
ble profit; i.e. if F( p) o1 es me law of demand, he will 
end, after various trials, • ~o~ing the value of p which 1 
rem.l2;"J the product pF( j l8 ru¥-imum, or which is, deter-J 
mined by the equation J : 1 ~ . ~ ' 

(1) F(pi / '•i)=o. i . 
1 • 

The product pF( = fl(flJ 
will be the annual reyenue of the owner of the 'spring, and· 

this revenue will only depend on the nature of function F. J 
To make equation (1) applicable, it must be suppose 

that for the value of p obtained from it, there will be ~ 
corresponding yaJue of .D which the owner ~f t~ sprini 
can delirer, or which does not exceed the aJfnual tlow oJ , 

• 
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tim spring; other"ise the owner could not, without damage 
to hinmlf, reduce the price per liter as low as would be for 

his interest were the spring more abundant. If the spring 
prorluces annually a number of liters expressed by .l, by 

derlncing p from the relation F( P! = .l, we necessarily obtain 
the price per liter which must finally be fixed by the com-

petition of customers. ., • , 
2 7. In this simplest ca~e, chosen for a type, the pro­

durer has no cost of production to bear, or the cost can 

be considered insignificant._ J-ft us go on to that of a 
man who possesses the secret of a medical preparation or 

an artificial mineral water, for which the materials and bhour 
must be paid for. It will n J longer be the function pF(p), 
or the annual gr(Jss rueip.'· .vhich the producer should strive 

to carry to its maximum Jue, but the net receipts, or the 
fqn<l!~n pFr f)- lj>(Dl, iu .rhich !J> ( Dl denotes the cost of 
nnk.ng a number of liters ~(jttal to D. Since D is con­
nc• ted with p by the relation D=FI p), the complex function 
pF /'1

1
- iJ> I D1 can be regarded as depending implicitly 

,-,n tlw <>ingle variable p, a1though generally the cost of pro­

d 'I· t1"n is an explicit function, not of the price of the arti-
' cle }H~iuced, but of the quantity produced. Consequently 
'tl1r pnre to which the producer should bring his article will 
>e dt>tttmined by the equation 
I 1 

i 

(:) ; D+ dD[p- d[!J>(D)]]=o 
dp dD ' 

l:11' price will fix in turn the annual net receipts or the 
.rr.,,.,J,Ie of the inventor, and the capital value of his secret, 

()I L s /'r(ldtlctiz•t propaty, the ownership of which is gnar-
l ' 
I 
l 
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I 

anteed by law a11d call- have commercial circulation as well 
as that of ~ piece of land or any miterial property. If this 
value is nil or insignificant, the owner of the property will 
obtain no pecuniary profit from it; he will abandon it gratis, 
or for a ve7 small payment, to the first comer ..,-v:bo,seeks to 
develop it. The value of a liter will only fepr~~~nt,.the value 
of the raw materials, the wages, o~- profit~ of the agents who 
co6perate in making and mark~ing it, and the interest on 
the capital necessary for deYelopment. 

28. The terms of our example prevent our admitting in 
this case a limitation of the productive forces, which would 
hinder the producer from lowering the price to the rate 
which would give the maximum net receipts, according to 
the law of demand. But in a great many other cases there 
may be such a limitation, and if A expresses the limit which 
the production or the demand cannot exceed, the price will 
be fixed by the relation F~p) =A, as if there were no cpst of 
production. The .~ost, in this case, is not borne by th~ con­
sumers at all ; it mily diminishes the income of the prodrucer. 
It falls not exactly on the propr_ietor (who, unless the inv~ntor 
or first holder.- a question of briginal conditions with ihich 

' ' l 
theory has nothing to do,- acquired the property, himstlf or 
through his agents, for~ value proportioned to its rev!. ue), 
but on the property itself. A decrease o( this cost wil only 
be to the advantage ~f the producer, so far as it dof not 
result in the possibility ?f inpreasing his producing po er. 

29. ·Let us return to the case where this possibility . ists, 
and where the price p is det¥rmined according to 

tion (z). We shall obse~ve th~t the coefficient d[<f>d( 
' . 
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though it may increlse or decrease as D increases, 
must be supposed to be positive, for it would be absurd 

that the abs(l/utt expense of production should de~ase as 

J•roduction increases. \re shall call attention a)so~ t~ 
tJrt that necessarily p > '1 ~~~)], for tiD b~~g the /1-
crease of production, d[ 4>(D)] is the increasi in the /ost, 

. ~ . 
f.ID is the increase of the gross receipts, an~ whate''f may 
l>e the al>uncbnce of the source of productivn, the pruducer 
will always stop when the increase in exJ~nse exrjeds the 

increase in receipb. Thi:; is also abundantly el·ifent from 
the form of equation ( 2), since D is ah\.1m a po,ltire quan-

. d dD . . I I tl!y, an tij a negattre quantity. 
1
, .. 

In the course of our inrestigatioq~ we shall seldom ha\·e 

occ:~~iun to consider 4> (D) directhj but only its differential 

coefficient~[ <h( ~.which we will de/JOt/by q,'(D). This 
dD ~· 

differentiJI coefficient is a new functior.i of D, the form of 
· which exerts very gre:~t influen~e on tht principal problems 
of economic science. / 

The function 4>' (D) is capable of 'increasing or decreas­
ing Js D increases, according to th~nature of the producing 
f.>rce~ and of the articles producei 

For what are properlf called filllliUj<Jcturd artidts, it is 
;:enerJlly the case that14he cost/oecomes proportionally less 
as production increas~, or, in other words, when D increases 
cp' (D) is a decrea,ihg function. This comes from better 

orgJnization of tho/ work, from discounts on the price of 
I ' 

rJw · nuterials fur !Jrge purchlses, and finally from the 
rt:'oi'!Ction nr wh.>t i'i knvWJl tO producers as fOUr<J/ rxpti/S(, 

I : 
I 
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It may happen, however, e\·en in exploiting products of this 
nature, that when the ~xploitation is carried beyond certain 
limits, it induces higher prices for raw materials and labour, 
to the point where cp'(D) again begins to increase with D. 

Whenever it is a question of working agricultural lands, 
of mines, or of quarries, i.e. of what is essentially real 

. est~te, the function 4>' (D) increases with D; and, as we 
shall soon see, it is in consequence of this fact alone that 
farms, mines, and quarries }ield a net revenue to their 
owners, long before all has been extracted from the soil 
which it is physically able to produce, and notwithstand­
ing the great subdhision of these properties, which causes 
between producers a competition which can be considered 
as unlimited. On the contrary, investments made under 
the condition that as D increases </>'(D) decreases, 
can only }ield a net income or a rent in the case of a 
monopoly properly s::~-called, or of a competition suffi­
ciently limited to allow the effects of a monopoly collec­
tively maintained to b~. still perceptible. 

30. Between the two '.cases where the function cp'(D) is 
- increasing and decreasin~, there falls naturally the one where 

this function reduces to ~ constant, the cost being constantly 
proportional to the production, and where equation ( 2) takes 
the form 

D+dn,"' -g)=o. dp V' . 

The case must also be pointed out where rp(D) is a con­
stant, and cjl'(D) = o, so that the price is the same as if 
there were no cost. This case occurs more frequently than 
\\'•~'1lll be ~nspected at, first glance, especia!ly wh!re we have 
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to do with production under a monopoly, and where the 

value of the number D receives the extension of which it 
admits. For instance, in a theatrical enterprise D denotes 

the number of tickets sold, and the cost of the enterprise 
remains practically the same, withO\lt reference to the num­
ber of spectators. For the tolls of a bridge, which is another 
monopolistic investment, D denotes the number of passen­

gers ; and the costs for repairs, watching, and bookkeep"ing 
will be the same, whether the crossing is much or little used. 
In such cases the constant g disappears, equation (2) be­
comes the same as equation ( r ), and the price p is deter­

mined in the same mannt:,r as if there were no costs. 
31. It seems a matter of course that when the cost 'of 

production increases, the price fixed by the monopolist, 
according to equation ( 2 ), will increase likewise; but, on 
consideration, it will appear that so important a proposition 
should be supported by a rational demonstration; and fur­
thermore, this demonstration will lead us to an equally 
important observation, which only mathematics can incon­
testably establish. 

Let .Po be the root of equation (21 which we will put in 
the form 

C1) F(p) + F'(p) [P- if(p)] = o, 

as ¢'(D)=¢'[F(p)] can be more simply replaced by !f(Pl; 
:md ~uppose that, as the function 1/i(P) varies by a quantity 

II, and becomes if(p) + u, p becomes Po+ a. If we neglect 
the squares and higher powers of the increments u and a, 
equation l 31 will establish the following relation between 
these two ~ncrements : 
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(4) l F'(Po)[z- o/'(Pu)] + F"(}u)[Pu- o/(PI))] Fl 
-uF'(jJ0) o; 

the coefficient of o jn this expression being the derivative 
with respect to p of the .first member of equation \3), in 
which derivative the value Po has been given top. 

But this coefficient of S is necessarily negative, according 
to '!he well-known theory of maxima and minima; for if it 
were positive, the root Po of equation (3) would correspond 
to the minimum of the function pF(p)- cf>(D), and not to 
the_ maximum of this function, as it should. Moreover 
F(p) is by its nature a negative quantity. In general, there­
fore, the increment S is of the same sign as the incre­
ment tt. 

· 32. This result has been demonstrated on the suppo­
sition that the variation~ u, o are very small quantities, of 
which the squares and products can be neglected without 
sensible error, but by a very simple argument this restriction 
can be removed. In fact, whatever the increase of cost 
denoted by u, it can be supposed that the function o/(P) 
passes from the value o/(P) to the value !f(P) + 11 by a 
series of very small increments, u1, tt2, u3, etc., all of the 
same sign. At the same time p will pass from the value Po 
to the value Po+ S by a series of corresponding increments, 
also very small, 81, 82, 88, etc.; 81 will be (according to the 
preceding paragraph) of the same sign as 1111 o2 as 112, etc. 
Ther_efore, 

8 = o1 + 8.2 + 83 + etc., 

will be of tlie same sign as 
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Tilis method of demonstration should be borne in mind, as 
it will be frequently recurred to. 

33· From equation (4) we obtain 

0 F'(pl)) 
II F' (pi)) [ 2- 1/t' (Po)]+ F"~u) [Po- 1/t(A,) ]' 

:llld since both terms of the fraction in the second mem~er 
are negati\'e, we conclude that ll will be numerically grez.ter 
ur less than u according as we have 

- F'(Pu) ~- F'(Pu)[2- 1/t'(Pu)]- P'(Pu)[Pu- ifi{Pu)], 

or, in other words, 

F'(PoJ[r- 1/t'(Pu)]+F"(Pu)[Pu- ifi(Pu)]~o, 

which, by replacing Pu- if!(Pu) by its value as deduced . 
from equation (3), becomes 

[F'(p,))Tr 1/t'(AJ]- F(p,) X F"(p,)'f; o. 

H· To make this more obvious by numerical applica­
tions, let U> take a fictitious case. Suppose that the func­
tion 4>' (D) were at first = o, and that it subsequently 
reduces to a constant g. The first value of p ur Pu will be 
gi1·en !Jy the equation 

F(p) + pF'(p) = o; 

the second value of p, which we will call p', will be given by 
another equation 

<sl F(P)+(p-g)F'(P)=o. 

Suppose, i~ the fir,;t place, that F(p) __ a_ ; the values 
h+l 
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of Po and p', according to the preceding equations, will be 
respectively 

Po~vb, and P'=g+vb +g2=g+vPo2+i 

(the root of equation (s) which would give a negative value 
for p' must necessarily be excluded). In this case we see 
that P' is greater than Po by a quantity greater than g, i.e. 

~ ~~~~t.er than the amount of the new cost imposed on the 
produ~tion. If; for. instance, the new cost is one-tenth of 
the original price, or if g=l0 p0, we shall have !'=Po 1.1488; 

the increase iii pri~e will be very nearly one and one-half 
tenths; the old price being 20 francs and . the cost 2 

francs, the new price will be 23 francs, or, more exactly, 
22 francs 97 centimes:* 

Suppose, in the second place, F(p) =A' we shall 
3/b . . +P 

have Po=~;; and equation (5) will become 

2 f- 3 gf - b = o, 

or 

which by the ordinary method of solution will give 

P' ==t 

In this case the excess of p' over Po will be less than g. 

*NoTE BY THE TRANSLATOR.-The figures given above are as they 
appear in the original French, but there was evidently a mistake in arith­
metic made' by the author, who used under the radical Pp2 + 1 instead of 

p02+ g2. The figures should bei=;ox ,,toso,and the n~'fprice 22 francs 
and IO centimes. \' 
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If g= 1\5p,, we shall have p' =p,, x 1.0505. Thus if the 
new cost is one-tenth of the original price, the increase in 

price will only be one-half of one-tenth of that price. The 

old price being 20 francs, and the added cost 2 francs, the 
new price will be only 2 1 francs, or, more exactly, 21 francs 
.01 centime. 

35· The result which we have just reached is well worth 
~tttention: it 5hows us that, according to the form of t~e 
ftmction F(p), or according to the law of demand, an in­
crease in the cost of production augments the price of a 
commodity, for which there exists a monopoly, sometimes 

much more and sometimes much less than the increase in 
co-;t ; and that, in the same manner, there is no equality 
between the reduction of cost and f11l in the price of the 
commodity. 

It results from this, that if the new cost were not met by 
the producer himself, but by the consumer, or by an inter­
mediate agent, n ho would be reimbursed by the consumer, 
this increase in cost, which would always make the article 
Jearer for the consumer, and which would always diminish 
the net income of the producer, might, according to cir­

cumstances, produce an ad,'ance or a decline in the price 
p.1id to the producer. 

Reciprocally, a fall in The co~ of transmission, or in that 
uf [Jassing the commodity from the possession of the pro­
ducer to that of the consumer, may have the effect at one 
time of increasing the price paid to the producer, and at 
another time of diminishing it; but in all cases it will 
diminish the final price paid by the consumer, and will 
cause an imzrease in the net income of the producer. 

f 
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All those expenses which are incurred mth a view to pre­
paring for final consumption the crude commodity as it 
leaves the producers' hands, must in this respect be con­
sidered in the same light as costs of transmission. 

However, this calculation is only applicable in the case 
where the producer can meet the demand which gi,·es him 

~, th; greatest net return, and reduce his price as, much as is 
necessary to attain this ma:dmum return. In other cases, 
he will produce all he can, before as well as after the change 
in the cost, whether of production or of transmission, and 
the cost price to the consumer will remain im·ariable, be­
cause in a condition of equilibrium, and on a large scale, 
there cannot be two different prices for the same quantity 
marketed. The increase of cost, therefore, from whatever 
source, must finally be wholly borne by the producer. 
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CHAPTER VI 

; lf THE l~FLVE~CE OF TAXATIO~ ON COMMODITIES PRODUC~D 

L'NDER A ~IONOPOLY 

36. The considerations developed at the close of the 
preceding chapter are of course applicable to the theory of 
taxation. The burden of taxation makes what might be 
called an artificial cost, adjusted according to a more or less 
systematic plan, and of which at least the distribution, if 
not the general rate, is within the power of the legislator to 
determine; and consequently the theory of the incidence 
of taxation is one of the great objects of investigations in 
Political Economy. 

The forms of taxation may vary widely. At the time 
11 hen public affairs were conducted in secret, it was consid­
ered a great art to be able so to diversify forms as, it was 
thought, to increase the supplies to the treasury without 
nnking its exactions felt. Later, according to a half-under­
stoorl theory, it was considered desirable to make taxation 
as uniform as possible; but the financial legislation which 
stands to-day in France is equally removed from both these 
extremes and recognizes forms of taxation essentially dis· 
tinct, though quite limited in number, which, from practi­
cal rather than theoretical considerations, it classes in two 
main catego}ies of direct and indirect taxes. The levy 
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assessed according to the assumed net income of a land­
owner or of a producer is a direct· tax. The excise which 
must be paid on an article before it. reaches the consumer's 
hands is an indirect tax; and we intend to consider only 
these two kinds of taxation. It should be borne in mind, 
that in this chapter only those articles are considered of 
w)lich the production is controlled by a monopoly. 

If a tax, either fixed or proportional to his net income, 
is laid upon a monopolist producer, it is plain, according to 
explanations in the two preceding chapters, that this tax 
will have no direct influence on the price of the article 
which he produces, and consequently none on the quantity 
produced, and that it will not be a burden to the consumer 
in any way. Its only immediate result is to diminish the 
incomeand the capitalized wealth of the producer. 

It can even b~ said that this tax only injures first holders, 
inventors, and, in general, those who were profiting by the 
property at the time when the tax was laid, and such of 
their successors as have obtained the property gratuitously. 
For successors who have to pay regulate their purchase 
price according to the net returns, after deduction of the 
tax. If the capitalized value is reduced while the property 
is in their hands, it is a real disaster for them. 

Even though this tax does not affect consumers it. may 
be nevertheless very prejudicial to public interests, not prin­
cipally because, by reducing the wealth of the producer so 
taxed, it reduces his means as a consumer and affects the 
law of demand for other articles ; but especially because the 
part withdrawn by the tax from the income of the producer 
is ordinarily employed in a manner less adv:ntageous for 
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the increase of the annual product, the national wealth, and 
the comfort of the people, than if it had remained at the 
disposal of the producer himself. We will not consider here 
the effects on the distribution of the products of nature 

an'! of labour of such a levy, although this is undoubtedly 
the final object of all problems connected with the theory 

of wealth. 
But it is possible to say, in agreement with all authorities, 

that even though it does not pre\'ent invested capital from 

prociucing as much as before its taxation, a tax on the 
income of the prociucer is an obstacle to the creation of 
new investments and even to the improvement of existing 
ones, if a proportional tax is to be considered. No one \vill 

embark his capital in new investments, nor in the improve­
ment of existing im·estments, if he can no longer obtain the 

ordinary interest brought in by capital in enterprises of the 
'>a me kind, on account of the tax imposeci on the net income 
from his im·estment. It is by closing an avenue of employ­
ment for labour and industry, that such a tax, when exagger­
ated, has its most ciisastrous effect. 

Bounties, an im·ention of mociern times, are the opposite 
of taxes. To use an algebraic expression, they are a 

n<::;ati1·e tax, so that the same analytical formulas are appli­
cable to taxation and bounties. But bounties differ from 
taxes in being reckoned on the gross product ; it has nerer 
!,ecn proposed to grant a bounty on the net product, so 
that it is only for the sake of system that we mention boun­
ties at all here in connection with taxation on income or 

net product. 
37· The lax may and generally does consist in a fixed 
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charge levied on each unit of. a commodity, or one of which 
the product is proportional to D. Its effects are the same 
as if the function ¢'(D) were increased by a constant i. 
An increase in cost to the consumer must always result 
from it, and a decrease of consumption or production ; but, 
according to circumstances, the increase of cost to the con­
sumer may be greater or less than i. It makes no difference 
in 'the absolute effects of ta:'i:ation to producer or consumers, 
from whom the tax is collected, or at what period the reve­
nue collector reaches the commodity; only the apparent 
effects will vary according as. the producer does or does not 
pay the tax in advance ; i.e. if he advances it, the price 
of the commodity as it leaves his hands will always be in­
creased by taxation; in the opposite case this price may 
rise in some cases a11d fali in others. 

However, in saying. that the absolute effects of taxation 
are the same, whether the producer does or does not pay 
the tax in advance, we ·mean to restrict this . proposition 
to the case in which only the principal is considered, and 
where the additional charges aristng frotn interest on this 
principal are neglected. When the commodity must pass 
through many hands before reaching consumers, as each 
intermediate agent· must employ additional capital, if the 
article has already paid its tribute, so evidently the com­
modity will be sold at a higher price to consumers just 
in proportion as the tax is prematurely collected; and the 
consumption will be. further reduced correspondingly. It i11 

important, therefore, to consumers, to producers, and even 
to the treasury, that the. tax should be paid late, and, if 
possible, by the consumer himself; although, on the other 
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l1and, the collection of a tax. becomes more expensive by 
~ubdi1·isions, and tends more to excite complaints by the 

massb, i.t. the consumers, because it makes the operation 
of the revenue department more evident to them. 

38. Let us call p,, the price of the commodity before the 
tax, and p' the price which follows imposition of the tax. 
p,, will be the root of the equation 

F(p) +[P- I{I(P)]F'(P)= o; 

and p' that of the equation 

F(p) + [P- 1/t(P)- i]F'(p) = o. 

\\"ith an approximation proportionally greater as i be­
comes smaller relati1·ely to p0, we shall have 

The pecuniary loss borne by consumers, who continue to 
buy the commodity notwithstanding the increased price, 
will be 

(p'- p,)F(p') ; 

the grMs profit of the treasury will be 

iF(p'); 

so that the loss of consumers alone will exceed this gross 

profit in all cases where we have 

p' -p,, >i; 

i.t. in the same cases where imposition of the tax would 
increase the price on learing the producer's hands when 
he does not pay the tax in ad1·ance. 
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The loss of net income borne by the monopolist will be 

PoF(Po)- <f>[F(po)]- IP'F(p') -</>[F(j')J- iF(p')l 

=PoF(Po)- ¢[F(po)]- !P'F(j') </>[F(p')Jl+iF(p'). 

But, since Po is the value of p which renders the function 

pF(p) -</>[F(p)J 

a maximum, we must necessarily have 

PoFCPo)- </>[F(Po)] > p'F(p')- <!>[F(p')J, 

and therefore the loss to the monopolist alone will exceed 
the gross profit of the treasury. The loss borne. by con­
sumers will-therefore remain without any compensation, and 
there is no doubt that the doctrine of Quesnay's school is 
perfec.tly applicable to the products of monopoly ; namely, 
that it is better to levy a direct tax on the net income of 
the monopolist than to lay a specific tax on the commodity. 

The amount spent in consumption of the article before 
the tax was p0F(Po) ; after the tax it becomes p'F(p') and 
we must necessarily have 

PoF(Jo) > p'F(p'). 

This results from the inequality just proved 

PaF'(Po) -<I>[F(po)] > p'F(p') -<P[F(p')] 

and from this other inequality . 

</>[F(Po)] > <t>[F(p')], 

which is self-evident, since the absolute amount of the cost 
of production cannot change except by decreasing when 
the quantity produced decreases. ' 
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The ralue of i, or the rate of tax. which will make the 

gros, profit of the treasury a maximum, can be obtained 
from the following equation : 

d[iFtf)] F , F , dp' 
--,/~~-= (j) + l If )11/ = O, 

and p' is furthermore a function of i which is gi\·en by the 
equation 

Ftf') + [p'- tf;(J')- i]F(p') = o. 

39· If the law of demand and the producti,·e property 
are such that the producer, "·hether before or after imposi­
tiOn of the ta.x, is unable to supply the demand which would 
produce the greatest profit, he will sell all his product, as 
well aiter as before imposition of the tax, and will sell it 

at the same price, because, in a stable condition of things, 
there cannot he two prices corresponding to the same out­
put. The tax will therefore fall entirely on the producer. 

From this it seems as if, in fixing the amount of this tax, 
the treasury would only be limited by the condition of not 
ent1rely ab>orbing the net income of the producer. But 
tim consequence would be inexact, and the error can be 
pr01·ed at least in one case; namely, that where !fl\D) in­
creases with D, and where we ha\·e at the same time 

/ -f., > i, p,, and p' being respecti,·ely the roots of the 
equations 

p) F(p)+[P-<P'(DJ]F'(P)=o, 

and F\f) + [.P- <P' (D)- i]F' (p) = o. 

In fact, if .l is the necessary limit of production, and 11' 

the ralue of p derived from the relation F(p) = .l, it would 
be necessart for the hypothesis that 11' > p', and a fortiori 
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1r > p0 + i, i beii1g equal to 1r-~. .We should there-, A 
fore have 

1r>Po+7r-~, or Po<±@· 
A A 

But this last inequality certainly cannot hold true if <j>'(D) 
is (according to the hypothesis) a function which increases 
with D ; for then, Po being smaller than 1r, the demand Do 

corresponding to Po is greater than A, and cp (Do) is greater 
Do 

than P..@; Po would therefore be less than cp (Do). This 
A ~ 

value of Po would therefore cause a loss to the producer and 
consequently could n__?t be the root of equation (x). 

40. If the government, instead of imposing a tax, grants 
a bounty ito the producer under a monopoly, the price, which 
was Po before the bounty, will fall, and will become p'. 
According to circumstances, w·e shall have Po-p' ~ i. The 
loss to the public treasury will be z'fl(p'); the gain to 
such consumers as were buyirig before the bounty will be 
(Po-P')F(p0), and will have no necessary relation to iF(p'). 
As for the consumers who only buy after the fall in price 
resulting from the bounty, it is impossible to assert that 
the premium has benefited them pecuniarily; it has only 
diverted their money from one line of use to apply it to the 
line thus favoured.· 

The change in the net income of the producer which 
occurs as a consequence of the bounty is : 

p'F(p')- !f>[F(p')]+ tF(P') -[poFCPo)- cf>[F(Po)]] 

= iF(p')- fPoF<Po)- </>[F(Po)] -[p'F(p')-~[F(jl')]] l· 
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But, since p" is the ra!ue of p which renders a maximum the 
function 

pF(p) ¢[F(p)], 

it always follows that 

p,,F\p .. J- ¢[F(Pv)] > p'F(p') ¢[F(p')J, 

so that the gain resulting from the premium to the producer 
• ( :md in general it is the interest of the producer, and not 

that of the consumers, which is considered in establishing a 
bounty) is essentially less than the public sacrifice at the 
cu,t of which this gain is attained. 

41. Taxation may be imposed according to a rate not 
specitic but proportional to the selling price; in other 
\\Ords, the tax, instead of being expressed by the constant i, 
is ex1Jressed by the term np. • In this case, if the com­
modity were produced and delirered without appreciable 
cost between producer and consumers, the price being 
uetermined Ly the condition that the producer shall deri,·e 
~he greatest possible profit, or that (1 11)}F(p) shall be 
a maximum, the presence of the constant factor ( 1 - 11) 

''ill not alter the ralue of p in the least; the tax will fall 
wholly on the producer, and might go so far as to absorb 
all his net income. 

In the opposite case, the only one which can ordinarily 
Le realized, the condition would be that the function 

• There is a ponion of the cost which may be considered to act as such 

a tax, u. as being proponional to the cost of the commodity. This is the 
ponion 11 hie~ plys the interest on the capital employed in marketing the 

commodity. 
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should attain a maximum, or that we should have 

F(f!)+ {f!~--1-1/>'[F(p)] lF'(P)=o; 
I-1Z J 

so that imposition of the tll.x would have absolutely the 
same effects as if all the items of cost requisite for the pro­
duc,tion of-the commodity and its distribution to the con­

sumers were increased in the proportion of 1 a 
1-11 

very simple result, and one which merits attention. 
Thus a tax of this nature, circumstances being otherwise 

unchanged, will be the heavier the higher the costs of pro­
duction an~ distribution already are, or the smaller the 
proportion of the price of the commodity represented by 
the profit of the monopolis,t. 

The gross profit of the treasury is np'F(p'). The value 
of n which makes it a maximum is given by the equation 

d[nP'F(p') J 
dn 

o, 

or p'F(p') + t!£ n [F(p') + p'F'(p') J = o: . 

The loss borne by consumers who continue to buy the 
commodity will be (p'-p0)F(p'); so that this loss will be 
greater or less than the gross profit to the treasury accord-

ing asp' -Po~ nP', or asP' (1- n) ~Po· 
The loss borne by the producer will be 

poF(Po)- </>[F(Po)] -!(r -11)p'F(p')- q,(F(p')]l 

~ PoF(Po)-</>[F(Po)]-! p'F(p')-</>[F(p')]! .f- nj'F(p'). 
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This loss alone will therefore exceed the gross profit of the 
treasury, as in the other kind of taxation . 

. p. There remains for discussion the effect of taxation 

in kind on the price of an article under a monopoly. We 
will take this up only ,·ery briefly, as this form of taxation 
ererywhere tends to disappear, owing to the industrial 
del'elopment of nations. We will distinguish here /WO 

di!Terent cases. 
It is possible that the product of a tax in kind may be 

:~pplied to a consumption which would not take place if it 
were not for the tax, and to one which has no influence on 
the demand which other consumers make on the producer. 

Let us first suppose the amount paid in kind equal to a con­
stant K. The equation for the maximum, from which the 
value of p is to be deduced, instead of 

F(p) + lP- !f>'[F(p)] !F'(p) = o, 

will become 

(3) Fip)+~p-q/[F(p)+KJlF'(P)=o, 

so that such a tax will raise or lower the price of the article, 
according as the function 4>' (D) increases or decreases for 
increasing v:~lues of D. 

Let us next suppose the amount paid in kind to be pro­
portional to the gross production, and to be in the ratio of 
11 + 1 to this gross production. The function which it is 
the producer's interest to render a maximum will be 

pF(p)- 1/>[F(p)], 
l-11 
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and equation (3) will be replaced by . 

F(P)+{~- cpf~(~n} F' (p) = o. 

If,· on the other hand, the law of the consumption of the 
commodity is supposed to remain the same before as after 
the taxation in kind, we shall have for the function which 
mu~t be a maximum in case of a fixed paymentK, 

p[F(p)- K]- cp[F(p)], . 

and for its differential which determines the value of p, 

F(p)- K + 1P- cp'[ F(p)] l F'(p) o. 

An exaction proportional to the gross product, or a titlte, 
would give for the function for the maximum 

(r n)pF(p)- cp[F(p)], 

of which the differential would be ·the same as the first 
member of equation ( 2 ). Thus the price of the com­
modity, the profit to the treasury, the burden on consumers, 
and the loss to the producer would be absolutely the same 
as if the commodity had had imposed on it a tax propor­
tional to the. price in the ratio of n + I. 
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CH..-\PTER YII 

OF THE Cm!PITITIO.S OF PRODl"CERS 

43· En~ry one h:J.S a vague idea of the effects of compe­
tn:un. Theory should ha,·e atte!l'pted to render this idea 
more precise; :md yet, for bck of reg:trding the question 
irom the proper point of ,-iew, and for want of recou-rse to 
;;ym1!ob , of which the use in this connection becomes indis­

ptns.1Lle.', economic writers have not in the least improved 
on popu!Jr notions in this respect. These notions ha\·e 
renuined as ill-defined and ill-applied in their works, as in 
popul.lr Lmguage. 

To make the abstract idea of monopoly comprehensible, 
we inugined one spring and one proprietor. Let us now 
inugine two proprietors and two ~prings of \\hich the quali­
ties are identical, and which, on account of their similar 
I •(h~tiom, supply the same market in competition. In this 
.:.1se the price is necessarily the same for each proprietor. 
lip is this price, D=F, fi the total sales, D1 the sales 
rrom the spring ( r 1 and D, the sales from the spring (2"!, 

then D1 + D: =D. If. to begin \\ith, we neglect the cost 
oi production, t\,e respective incomes of the proprietors 
w~ll be pD1 and fD:; and ud1 t~f tlim1 ind~pmJmt~r will 
~eti to nuke this income as b.rge as possible. 

\\'e SJ.Y ;.z;lz inl<jtnJ,nt~r, and this restriction is very 
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essential, as will soon appear; for if they should COfl\e to 
an agreement so as to obtain for e.ach the greatest po~sible 
income, the results would be entirely different, and would 
not differ, so far as consumers are concerned, from those 
obtained in treating of a monopoly. 

Instead of adopting D = F(p) as before, in this case it 
wiU be convenient to adopt the inverse notation p =F f(D) ; 
and then the profits of proprietors (t) and (z) will be re­
spectively expressed by 

D1 x/(D1.+ D2), and D~ xj(D1 + D2), 

i.e. by. functions into each of which enter two -variables, D1 

and D2• 

Proprietor (r) can have no direct influence on the de­
termination of D2 : all that he can do, when D2 has been 
determined by proprietor (2), is to choose for JJ1 the value 
which is best .for him. This he will be able to accomplish 
by properly adjusting his price, except as proprietor (2), 
who, seeing himself forced to accepf this price and this 
value of D1, may adopt a new value for D2, more favourable 
to his interests than the preceding one. 

Analytically this is equivalent to saying that D1 will be 
determined in terms of D2 by the condition 

d[Dd(DI +D2)) 
dJJ1 

o, 

and that JJ2 will he determined in terms of D1 by the 
analogous condition 

d[DJ(Di + D2)] _ 
d.D~ o, 
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whence it follows that the final values of D1 and D 2, and 

consequently of D and of p, will be determined by the sys­

tem of equations 

(r) /(D1 +DJ +DJ'(D1 +D2) =o, 

(2) /(D1 + D2) + DJ'(D1 + D2) = o. 

Let us suppose the cun·e 1111111 (Fig. 2) to be the plot pf 

equ:Jtion (r), and the curve lll/1~ that of equation (z), the 
variables D 1 and D 2 being represented by rectangular co­
ordinates. If proprietor (I) should adopt for D1 a value 

re~resented by o.r1, proprietor ( 2) would adopt for Dt the 
1 alue 11_1'11 which, for the supposed value of D 11 would give 
him the greatest profit. But then, for the same reason, 
producer ( r) ought to adopt for D1 the value ox11, which 
gives the maximum profit when D2 has the 1·alue ~r1 • This 
would bring producer ( 2) to the value oy11 for D 2, and so 

forth ; from which it is evident that an equilibrium can only 
be established where the coordinates ox and OJ of the point 
of intersection i represent the 1·alues of D 1 and D 2• The 
same construction repeated on a point of the figure on the 
other side of the point i leads to symmetrical results. 

The state of equilibrium corresponding to the system of 
r:IIues ox and (I)' is therefore stab/~; i.e. if either of the pro­

ducers. misled as to his true interest, leaves it temporarily, 
he will be brought back to it by a series of reactions, con­
stantly declining in amplitude, and of which the dotted lines 
of the figure give a representation by their arrangement in 
steps. 

The preceding construction assumes that om1 > om2 and 
11111 <on~: the results would be diametrically opposite if 

G 
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these inequalities should change sign, and if the curves 
m1u1 and m2n2 should assume the disposition represented 
by Fig. 3· The coordinates of the point i, where the two 
curves intersect, would then cease to correspond to a 'state 
of stable equilibrium. But it is easy to prove that such a 
disposition of the curves is inadmissible. In fact, if D1 o, 
equationp ( 1) and (2) reduce, the first to 

f(Dz)=o, 
and the second to 

/(D2) + DJ'(D2) = o. 

The value of D2 derived from the first would correspond 
to p = o; the value of D2 derived from the second corre­
sponds to a value of p. which would make the product pD2 a 
maximum. Therefore the first fOOt is ·necessarily greater 
than the second, or IJ/It1 > om2, and for . the same reason 
on2 >o111. 

44· From equations (I) and ( 2) we derive first D1 = D~ 
(which ought to he the case, as the springs are supposed to 
be similar and similarly situated),·aD.d then by addition: 

2j(D) + Dj'(D) = o, 

an equation which can be transformed into 

(3) 

whereas, if the two springs had belonged to the same prop· 
erty, or if the two proprietors liad ,come to an understand· 
ing, the value of p would have been determined by the 
equation 

(4) 
dD D+p-=o, 
dp 
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and would hare rendered the total income Dp a maximum, 

and consequently would hare assigned to each of the pro­
ducers a greater income than what they can obtain with the 
value of p deri\·ed from equation (3). 

\\"hy is it then that, for want of an understanding, the 
producers do not stop, as in the case of a monopoly or of 
an association, at the ralue of p derived from equ!ltion (.fl), 

which would really give them the greatest income? 
The reason is that, producer ( r) having fixed his produc­

tion at what it should be according to equation (4) and the 
condition D1 = D2, the other will be able to fix his own 
production at a higher or lower rate with a kmpora'J 

/>mrjit. To be sure, he will soon be punished for his mis­
take, because he will force the first producer to adopt a 
new scale of production which will react unfavourably on 
producer p) himself. But these successive reactions, far 
from bringing both producers nearer to the original con­
dition [of monopoly], will separate them further and further 
from it. In other words, this condition is not one of stable 
equilibrium; and, although the most fa\·ourable for both pro­
ducers, it can only be maintained by means of a formal en­
;:agement ; for in the moral sphere men cannot be supposed 
to be free from error and lack of forethought any more than 
in the physical world bodies can be considered perfectly 
rigid, or supports perfectly solid, etc. 

45· The root of equation (3) is graphically determined 
by the intersection of the line ;· = 2 x with the curve 

) =- f 1 
x) ,· while that of equatiun (4) is graphically shown 

· F'(x) 
by the inte·rsection of the same curve with the line y = x. 
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· But, if it is possible to assign a real and positive value to 

the function y =- F(x) for every real and positive value of 
1 • ~~ • I 

x, then the abscissa x of the first point of intersection will 
be smaller than that 'of the second, as is sufficiently proved 
simply by the plot of Fig. 4· It is easily proved also that 
the condition for this result ·is always realized by the very 
mtiure of the law of demand. In consequence the root 
of equation (3) is always smaller than that of equation (4); 
or (as every one believes without any analysis) the result of 
competition is to reduce prices. 

46. If there we:e 3, 4, ... , 11 producers in competition, 
all their conditions being the same, equation (3) would be 
successively replaced by the following : 

d.D dD dD 
D + 3P- = o, .D + 4 p- = o, • · · D + np- = o; dp dp dp 

and the value of p which results would diminish indefinitely 
with the indefinite increase of the number n. 

In all the preceding, the supposition has been th;J.t natural 
limitation of their productive powers has not prevented pro­
·ducers from choosing each 'the most advantageous rate of 
production. Let us now admit, besides the n producers, 
who are in this condition, that there are others who reach 
the limit. of their productive capacity, and that the total 
production of this class is·~ ; we shall continue to have 
the 11 equations 

/(.D) + Dtf (.D) = o, 

(s) J(.D) + Dd' (.D)= o, 

/(D)+ D,f(.D) = o, 
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11 htch wtll gn·e D1 = D2 = ... =D., and by addition, 

nj1D1 + nD.J'(D) =o. 

But D = nD1 + ~. whence 

nftD) + \D- .l)j' \D' = o, 

or D , . tiD 
-~-r-np-=o. 

dp 
., 

This last equation will now replace equation U) and 
determine the value of p and consequently of D. 

~i· Each producer being subject to a co5t of production 
exprmed b~· the functions $ 11 D11, <P~ (D~1, ... , t/>.lp.), the 
equations of \5) will become 

lj1D1 +D1j' 1D1- $1'(D1) =o, 
l61 jf(DI+Dd'IP;-$,'1D~·I=o, I· ......... . 

I /iDI + DJ' (Di- $ . .' ID.) = o. 

If any two of these equations are combined by subtrac­
tion. for instance if the second is subtracted from the first, 

we shall obtain 

D1 - D, =j' ~~) [ $,' tD11 <P::'1.D2)] 

=: [ <Pt' (.D,) - c/1/ \D2)]. 

:\s dJ? is essentially negative, we shall therefore have at 
ap 

the same time 

'"D1 ~D~ and cpl'\Dtl~cp,' 1D21· 
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Thus the production of plant A will be greater than that 
of plant B, whenever it will require greater expense to 
increase the production of B than to increase the produc­
tion of A by the same amount. 

For a concrete example, let us imagine th!! case of a 
number of coal mines supplying the same market in· com­
pet-ition one with another, and that, in a state of stable 
equilibrium,· mine A markets annually 2o,ooo hectoliters 
and mine B, rs,ooo. We Cal} be sure that a greater addi­
tion to the cost would be necessary to produce and bring to 
market from mine B an additiona) xooo hectoliters than 
to. produce the same increase of xooo hectoliters in the 
yield of mine A. 

This does not make it impossible that the costs at mine A 
should exceed those at mine B at a lower limit of produc­
tion. For instance, if the production of each were reduced 
to xo,ooo hectoliters, the costs of production at B might be 
smaller than at A. 

48. By addition of equations (6), we obtain· 

or (7) 

nj(D) + Dj' (D) - ~ cp11
1 (D,.) = o, 

D+ ~~[np- ~ c/>,.'(D11)] = o. 

If we compare this equation with the one which would 
determine the value of p in case all the plants were de­
pendent on a monopolist, viz. 

(8) D+~~[p-cf>'(D)]=o, 

we shall recognize that on the one hand substit~tion of th~ 
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term 11p for the term p tends to diminish the nlue of p; 
ll'tt on the other hand substitution of the term lcp,.' (D.,J 

fur the term cf>' iDJ tends to increase it, for the reason that 
we shall always hare 

l c/J.' (D,.) > cp' (D) ; 

and, in fact, not only is the sum of the terms cfl.' (D.,) 
greater than cp' (Dl, but even the average of these terms is 

gre.1ter than cp' (D), i.t. we shall have the inequality 

n 
>cp'(D). 

To satisfy one's self of this, it is only necessary to con­

sider that any capitalist, holding a monopoly of produc­
tire property, would oper.lte by preference the plants of 

which the operation is the least costly, leaving the others 
idle if necessary; while the lea.~t favoured competitor will 

not make up his mind to close his works so long as he can 
oht.1in any profit from them, however modest. Conse­
rtnently, for a gi,·en ralue of p, or for the same total produc­
tion, the costs will always be greater for competing producers 
than they would be under a monopoly. 

It now remains to be proved that the value of p derived 

from equation (8) is always greater than the value of p 
derired from equation ( 7). 

For this we can see at once that if in the expression 
cp'(D) we substitute the value D=F(p), we can change 

cp'(D) into a function ~(p); and each of the terms which 
enter into the summational expression l cfJ .. '(D .. ), can also 
be regardeJ as an implicit function of p, in \'irtue of the 
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relation D = F(p) and of the system of equations ( 6). In 
consequence the root of equation ( 7) will be the abscissa of 
the point of intersection of the curve 

(a) 

with the curve 

y=- F(~.r..l 
F'(x)' 

"(b)_ y IIX [1/!t(x)+l/lz(x)+ .. ·+Mx)]; 

while the root of equation (8) will be the abscissa of the 
point of intersection of the curve (a) with one which has 
for its equation 

(b') 

As has .been already noted, equation (a) is represented 
by the cunre JlfN (Fig. 5), of which the ordinates are 
always w11 and positive; we can represent equation (b) by 
the curve PQ, and equation (b') by the curve P'Q'. In 
consequence of the relation just proved, viz., 

~1/f.(x)>l/f(x), 

we find for the value X= o, OP> OP'. It remains to be 
proved that the curve P' Q' cuts the curve PQ at a point I 
situated below .MN, so that the abscissa of the point Q' will 
be greater than that of the point Q. 

This amounts to proving that at the points Q and Q', the 
ordipate of the curve (b) is greater than the ordinate of the 
curve (b') corresponding to the same abscissa. 

Suppose that it were not so, and that we should have 

x -1/J(x) > nx- [!ft(x) + I/J2(x) + ... + 1/J.(x)], 

or (n- r)x < if1(.x) + I/J2(x) + ... + .P.(x)..! !f(x). 
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y( r) is an intermediate quantity between the greatest and 
:--m,dbt of the tcnm lft1(.r), ¢,(.r), ... , if;.,_1(.r), if; .. (x) ; if we 

suppose that if;.(x) denotes the smallest term of this series, 
the preceding inequality will involve the following inequality: 

Therefore x will be smaller than the average of the n -;,r 
terms of which the sum forms the second member ·of the 

ine•!nality; and among these terms there will be some which 
are gre.lter thJn x. But this is impossible, because pro­
ducer (k). for in~tance, will stop producing as soon as p 
becomes le~s th:m r/>1'(D1) or if;,(f). 

49· Therefore if it should happen that the value off 
derire•l from equations ( 6), combined with the relations 

shoul1i inroh·e the inequality 

it would be necessary to remo"e the equation 

from the list of equations ( 6 ), and to substitute for it 

which would determine Dt as a function of f. The remain­
ing equations of (6), combined with equations (g), will de­
termine all the other unknown quantities of the problem. 
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CHAPTER VIII 

OF UNLIMITED COMPETITlON 

so. The, effects of competition have reached their limit, 
when each of the partial productions Dk is inappreciable, 
not only with reference to the total production D = F(p), 
but also with reference to the derivative F'(p), so that -the 
partial production Dk co~ld be subtracted from D without 
any appreciable variation resulting in the price of the com­
modity. This hypothesis is the one which is realized, in 
social economy, for a multitude of products, and, among 
them, for the most important products. It introduces a 
great simplification into the calculations, and this chapter is 
meant to develop the consequences of it 

According to this hypothesis, in the equation 

the term Dk can be neglected without sensible error, which 
reduces the equation to 

P- cp/(Dk) = o. 

In consequence, the sy$tem of equations (6) of the pre." 

ceding chapter will be replaced by 

(x) p- c/>1'(D1) = o, p ;_ ci>2'(D2)= o, ... p-~ .. '(D") = o .. 
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These 11 equations, together with 

1rill determine all the unknown quantities p and D1, D~, 

... ,D •. 
If we conceive of all the equations of (1) as solved with 

reference to D11 D~, ... , D .. , the first member of equati9-n 
( 2) will become a function of p, which we can represent by 
!1 (p ), so that this equation can he wri'tten in the very sim­

!Jle furm 

(3) !1(p)- F(p) = o. 

In the hypothesis under consideration, all the functions 

4>.'\D.! must be considered to increase with D.. Other­
wise the gruss 1·alue of the product 

would be Jess than the costs of production, which are 

It is, moreorer, plain under the hypothesis of unlimited 
cumpetition, and where, at the same time, the function 
cp,'(D.) should be a decreasing one, that nothing would limit 
the production of the article. Thus, whererer there is a 
return on property, or a rent payable for a plant of which 
the operation inroh·es expenses of such a kind that the 
function ¢.'(Dl) is a decreasing one, it proves that the e11'ect 
of monopoly is not wholly extinct, or that competition is 

• not so great but that the variation of the amount produced 
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by each individual producer affects the total production of 
the article, and its price, to a perceptible extent. 

As all the functions <Pk'(Dk) are supposed to increase 
with Dk, the expression . for Dk derived from the equation 
p = <Pk'(Dk) is itself_ a function of p, increasing with p; the 

-function which we have denoted by 0 (P) therefore must 
al5,2 necessarily increase with i 

5 r. This being established, if we conceive of all of the 
functions <P/(Dk) as· being increased by the quantity u, as 
would take place in consequence of the establishment of a 
specific tax on the article, equation (3) would be replaced by 

(4) O(p-tt)=F(p). 

Let MN (Fig. 6) be the curve of which the equation is 
y = F(p), a curve of which the chara<Jteristic feature is 
that its tangent always makes an obtuse angle with the posi­
tive axis o( abscissas, p, or, in other words, that the deriva­
tive F'.(p) is always negative. · Let PQ be the curve of 
which the equation is y = 0 (p), a curve of which the char­
acte'ristic feature is, on the contrary, as we have just seen, 
that its tangent always forms an acute angle with the positive 
axis of abscissas.. Finally, let P' Q' be the curve of which 
the equation is 

y=O(p- u), 

which is related to the curve PQ by the condition that the 
portions intercepted between these two curves, of all lines 
parallel to the axis of the abscissas, such as VS', are equal 
to u. The abscissas OTand OT,-will denote, respectively, 
the roots of equations (3) and (4), roots which we can 
express by Po and p'. But it is evident from th~ shape of 
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the curre J/X, th:~t 0 T' > 0 T, or that p' >f.,, and, there­

fure, an incre:~se in the cost of production will always be 

folioll'ed by an increase in the price of the article. It is 

equally apparent from the shape of the cun·es PQ and 

P' Q', that TT' will always be smaller than VS, or 

p' -f,, < u, i.t. that in all ttUU the riJe in pria will be 
ku tlt<111 til,· iMrr:ase in t"t>st. ,., 

In the figure the suppo,;1tion was that the cur\"es PQ and 

P' Q' turned their conrex sides towards the axis of y, but 

the result of the construction would be the same if the 

cun es turned their concare side tow.uds this axis . 

. \n a1ulytical iorm can be gi1·en to the demonstration of 

the theorem in question, but then, for ease in demonstra­

tion, it is necessary to con,ider the increase u and the 

Jiti'erence p' -p .. = o both a.> rery small quantities, of which 

the squares and higher pol\·ers can be neglected. In this 

way equ.Hion (.~) will reduce to 

But !l\ f,, l is greater than o, and F' t p, 1 is less than o ; 

whereiore o is of the opposite sign to ii 11, which im·oives 

the t\IO conditions, 

0 > 0 :llld o< /1, 

)lureowr, this demonstution can be extended to any values 

ui 11 and of o, according to the remarks in Article 3!. 

The more the curve J/J' approaches a straight line pJ.I­
J.ilel to the axis of abscissa~, or the bs consumption varic:~ 

with the crice, the more, it is plain, the differt"nre p' -tv 
• will appro:1ch to eqllJ!itv with 11. 
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It further follows from this that the charges which fall on 
the article, even after leaving the producers' hands, will 
always diminish the price received by the producers. 

5~· To calculate the influence of this variation on the 
interests of producers and consumers, it is necessary to note 
that we shall have 

"< [</>/(D~:}]o=Po and [cf>~:'(D~:)]'=p'-tt 

if we designate by [ </>/ (D,) ]o and [ </>~:' (D,,)]' the values 
of</>/ (Dk) which correspond to the value of n. before and 
after the increase in cost tt. But we have 

and, therefore, since </>/ (D~:) is a function of D~:, which 
increases with the variable D," we have 

and, therefore, a fortiori, the product (P' -tt)[D,J' is 

smaller than PQ[ D~:]o· 
As a result of the increase in cost tt, the producer (k) will 

lose: 
r. The difference between the price Po and the price 

p' 11, on the quantity produced [D.]'! or 

2. The net profit which he was receiving on the quantity 
[D,J1 - [D,] ', by which the increase in cost diminished 
the production, or 
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The total loss which he will suffer is therefore 

This loss will become smaller as the function cf>.'(D,), of 
which rp, (D.) denotes the integral, increases more rapidly 
!Jet ween the limits of Jefinite integration. 

The total loss borne by the mass of producers will ther~­

fure be 

p.,D"- (j'- 11)D'- ~ ([ rp,(D,) ]u -[ r/>1.(D,) ]'), 

the charJcteristic ~ denoting a summation with respect to 
the inJex k. 

The sJme expression can Le put in the form 

uD' + p,D0 - p'D' I ([rp,(D,J]u- [ rp,(D,)]'): 

but it cannot be proved, as in the analogous case in Arti­
<.:le 3i>, that this quantity is greater than uD', which expresses 
the receivts from the tax, when u is a specific tax assessed 
un the article. On the contrary, as we always have 

since ( Dd., > ( D,)'; if we have furthermore p'D' > p.,D0 , 

i.t. if the ralue of p,. is less than that which renders pD a 
rn:.tximum (see Article ;q), the total loss suffered by pro­
thicers will necessarily be less than uD'. 

The lu~s borne by consumers, who buy the article regard­
less of the increase in price, will be equal to 

(p' -Pu)D'. 

Thi;; loss alone will be less than the receipts from the tn 

• uD', since "·e h:.t\·e always p'-Pu < u. 
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53·. If the article were charged with a tax np, not specific, 
but proportional to the selling price, or burdened with new 
items of cost which operate· as such a tax (see Article 41), 
the equation 

1vould be replaced by 

' (5) P-1>k'(Dk)-~~,--'""- o. 

When the diff~rentiation indicated is carried out, this equa-
tion becomes 

np- ;rDk·!!t=o, 
_dDk 

or more. simply 
p(r _n)-1>k'(Dk)=o; 

inasmuch as, according to the hypothesis of indefinite com­
petition, Dk b~ing an inappreciable fraction of the total 

production n, !!t is a quantity likewise inappreciable and 
dDk 

negligible. Instead of equation (3) we shall therefore 
have 

(6) O[(r-n)p]'-F(p)=o; 

i.e. the price is increased by such a tax just as it would be if 
all the J'lecessa,ry-expenses for production and distribution of 

the a~ticle were themselves increased in the ratio of r : - 1
-; 

I-11 

a result absolutely similar to that which we obtained for the 
case of a monopoly. Thus a tax of this nature will affect 
each of the producers the more, the greater the expenses of 
production which he must bear . 
. The same observation 1vould hold good, whether the , 
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article were charged with a tithe or with a tax in kind pro­
portional to the production, such as was the tax assessed by 
the Spanish government on the gold and silver mines of 
.\merica. For, if we calln the ratio of the quantity levied 
by the government to the total production, and if we sup­
pose, as it is natural to do, that the tax does not alter the 
bw of consumption of the article, equations (5) and ~~) 

will be applicable to this hypothesis also. 
54· Let us consider in particular one of these producers, 

whose production is expressed by D.. The net revenue of 
this producer, or the income from his investment (the profit 
to the manager being included in the operating expenses), 
will have the value 

or, if we substitute for p its value cpk' (D,), 

This is the expression for the net return or income in 
JJIOIII')'; but if it were desired to have an expression of the 
return in kind, or the quantity of the article produced, the 
v~due of which represents the net return of the owner or 
producer (k), the preceding expression should be divided 
by p = cp/ ( D,), and then we should have 

It must not be forgotten that the essential characteristic 

9 of the function cp.'(D.) is that it increases with Dk. 
ll 
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If it happens that the price p, and consequently Dk, 
increase, all other circumstances remaining the same, it is 
evident that the rent in money will increase, but this is not 
so manifest and it has even been denied by economists as to 
rent in kind. But if we differentiate expression (9) with 
reference to D,. and if we make the differential coefficient 
eq\i,;<l to zero, so as to determine the value of Dk which 
renders this expression a maximum or a minimum, we shall 
find after reduction 

or more simply 

a condition which cannot be satisfied, since the function cp/, 
from its nature, increases constantly with Dk. Therefore 
expression (9) is incapable of any [maximum ·or] minimum 
value ; and since it evidently begins by being an increasing 
function, it must also constantly increase "'ith Dk. 

The rent will increase if all items of cost happen to fall 
for the individual producer (k) without any perceptible 
influence of this circumstance on the total quantity pro­
duced and on the price of the article ; but in case the 
decrease in cost affects all producers, the resulting fall in 
the price of the article may be so great that the income or 
rent of each individual producer may be diminished. 
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CH:\PTER L\: 

OF THE ~lt'TI'AL RELUIO:\"S OF PRODCCERS 

55· Yery kw commodities are consumed in just the form 
in which they left the hands of the first producer. Ordi­
n.mly the sJme raw materiJI enters into the manufacture of 
several different products, which are more directly adapter! 

t•J consumption; ami reciprocally several raw materials are 
f!Cnerally brought together in the manufacture of each of 
the~e products. It is e1·ident that each producer of raw 
m.lteriab must try to obtain the greatest possible profit 

from his business. Hence it is necessary to inquire ac­
cording to what laws the profits, which are made by all 

the prodnrers as a whole. are distributed among the 
indi1·iduals in con~equence of the law of comumption for 
tina] products. This short summary will suftice to make 
known what we mean by the influence of the mutual 

rd,rti,•ns of producers of ditTerent articles, an influence 

'' hich must not be confounded with that of the Cc1111f!!litian 

of producers of the same article, which has been analyzed 
in the preceding chapters. 

To proceed systematically, from the simple to the com­

plex. we will imagine two commociities, (a) anci (li), which 
ha1·e no other use beyond that oi being jointly consumed in 

, the prOdu~tion of the c,':l1f!Osite commodity (ab); to begin 
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with, we will omit from consideration the expenses caused 
by tl;e production of each of these raw materials taken 
separately, and of the costs of making them effective, .or 
of the formation of the composite commodity. 

Simply for convenience of expression we can take for 
examples copper, zinc, and brass tinder the fictitious hy­
l~thesis that copper and zinc have no other use than that 
of being jointly used to form brass by their alloy/ and that 
the cost of production of copper and zinc can be neglected, 
as well as the cost of making the alloy .. 

Let p be the price of a kilogram of brass, b that of a 
kilogram of copper, and Pz that of a, kilogram of zinc; and 
m1 : m2 the proportion of copper to zinc in the brass, so that 
we should have, according to the hypothesis, 

(a) 

In general, let p, } 1, and Pz denote the price of the unit 
of the commodity for the composite article (ab) and for 
the component commodities (a) and (b); and 1111 and m2 

the numbers of units, or of fractions of the unit, of each 
component commodity which enter into the fmmation of 
the unit of the composite commodity. 

Furthermore, let 

D =:;; F(mtPI + m2Pz) 

be the demand for the composite commodity, and 

{ 
D1 == mrF(mtPr + 11tzf2), 

(b) 
D2 == m2F(m1Pr + m2f2), 

the demand for each of the component commodities ; if we 
suppose each of these to be handled by a monqJim'st, and 4 
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if we apply to the theory of the mutual relations of pro­
ducers the same method of reasoning which sen·ed for 
analyzing the effects of competition, we shall recognize that 

the values of /'J and f'z are determined by the two equations 

of which the development gi,·es 

( F1m1p1 + m2f12) + 111J/J1F'(m1p1 + nt2}2) = o, 

l Ftm1f'1 + 1112/'z) + 111dzF'(mJpl + 1112!2) = o; 

(I) 

(2) 

no other system of values but the one resulting from these 
ei]uations being compatible "·ith a state of stable equilibrium. 

56. To prove this proposition, it is sufficient to show that 

the cun·es 1111111 and m,n2 (which would be the plots of equa­
tions ( 1) and I 2), under the hypothesis that the rariables Pr 
and f 2 represent rectangular coordinates) assume one or the 
other of the dispositions shown by Figs. 7 and 8; for, if 
that is admitted, we can show, as in Chapter YIJ, and, by 
the same construction, sufficiently indicated by the dotted 
lines of either figure, that the coordinates of the point of 
intersection i (or the roots of equations (I) and (21) are the 
only ralues of p1 and p2 compatible with stable equilibrium. 

"'e obsen·e that when b is equal to zero, PI has a 
t1nite ralue Om1• i.t. the one which renders the product 
f 1F(m1j>1) a maximum. Thereupon, as b increases, the 

value of /'JJ which "ill procure the greatest profit for pro­
ducer I I), may continue to increase (as is the case in 
Fig. jl, or to decrea:-.e 1 as is the case in Fig. 81; but, even 

, under r!i~1atter hypothesis, it can never become absolutely 
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equal to zero. The one case or the other will occur accord. 
ing to the form of the functio? F, and according as we find 

[F'(p)]2
- F(p) · F"(p) < 

2 [F'(p)]2
-;- F(p). F"(P) > 0 ' 

In this inequality p denotes a function of PI and /2, de­
ter.11ined by equation (a). 

But since equations (I) and ( 2) .and the preceding in· 
equality are symmetrical with r~ference to m1Pt and m2h, 
it will result that, whenever the form of the function F is 
such that the ordinates b of the curve m1n1 . continue to 
increase for increasing values of p11 then the abscissas P1 of 
the curve man2 will go on increasing for increasing values 
of p2, so that the two curves will assume the disposition rep­
resented by Fig. 7· On the contrary, whenever the ordi­
nates h of the curve 1111111 decre<J:se for increasing values of 
p1, the abscissas Pt of the curve .1112112 will likewise go· on 
decreasing for increasing values of /J2, and then the two 
curves will assume the disposition represented by Fig. 8 . 
. 57. As equations ( 1) and ( 2) can be considered as 

determined, in consequence of the previous discussion, we 
will remark that they yield at once 

that is to say, that by the purely abstract hypothesis under 
consideration, the profits would be equally divided between 
the two monopolists; and, in fact, there would be no reason 
why the division should be unequal, and to the profit of one 
rather than of the other. ~ 
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By add1tion of equations ( 1) and ( 2), we can deduce 

F(p) + !PF'(p) = o, 

while, if the interests of the two prorincers had remained 
undistinguished, p would have been determined by the 
condition that pF(p) should be a maximum, i.e. ·by the 
equation 

(c') F(p) + pF'(p) == o. 

To prore the accuracy of this distinction, exactly the same 
method of reasoning should be used that we took in treating 
of the competition of producers. 

But there is this ·essential and very remarkable difference, 
th.lt the root of equation (c) is always greater than that of 
equation (c'), so that the composite commodity will always 
be made more expensive, by reason of separation of inter­
ests than by reason of the fusion of monopolies~ An asso­
ciation of monopolists, working for their own interest, in 
this instance will also work for the interest of consumers, 
which is exactly the opposite of what happens with com­
peting producers. 

Furthermore, the higher value of the root of equation (c) 
than of that of equation (c') can be shown by the same 
graphical construction which served to establish the oppo· 
site result in the chapter in which we treated of competition. 

If we had supposed 11 commodities thus related, instead 
of only two, equation (c) would e\'idently have been 
replaced by 

,from \\nich...,we should conclude, that the more there are of 
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articles thus related, the higher the price determined by 
the division of monopolies will be, than that which would 
result from the fusion or association of the monopolists. 

58. Such a form might be given to the function F that 
. the curves represented by equations ( 1) and ( 2) would not 
intersect; for instance, if it were 

F(p) 

equations(~) and (2) would becom~ 

b - m/:N + m2"f;l = o, and b + m1~2 
- m2"f;l === o, 

and would represent two conjugate hyperbolas (Fig. 9), of 
which the limbs 1111n1 and m210, have a common asymptote 
and cannot meet. 

A passing note is sufficient for these peculiarities of 
analysis, which cannot have any application to actual events. 

Another peculiarity of the same kind would appear if we 
· suppose that the roots of equations ( r) and ( 2) establish a 

value of p, and, consequently, a value of D ~vhich exceeds 
the quantity which one or other of the pro~ucers can fur­
nish. Let ~ be the limit which D cannot exceed, because 
of a necessary limitation in the production of one of the 
component articles, and 1r the .corresponding limit of p 
according to the relation D = F(p). We shall therefore 
have 

m1jJ1 + m2p2 > 1r; 

i.e. the variables jJ1 and 12 can be the coordinates only of a 
point situated above the line h1h2 (Fig. 10), which would 
have for its equation 

"hf1 + md2 =- 11'; 



OF THE THEORV OF WEALTH 105 

and consequently, if the point z; where the two curves m1n1 

and m,nz intersect, falls below the line lt/zz, its coordinates 
cannot be taken for the values of p1 and A From this the 
conclusion can be drawn, if necessary by aid of the 
graphical construction indicated above, that the values of 
f' 1 and p2 are indeterminate, being subject only to this con­
dition, that the points which would have the values of the~e 
variables for coordinates fall on the part klk~ of the line, 
which is intercepted between the curves m1n1 and m2n2• 

This singular result springs from an abstract hypothesis 
of the nature of those which we can discuss in this essay. 
It is very plain that in the order of actual facts, and where 
all the conditions of an economic system are accounted for, 
there is no article of which the price is not completely 
determined. 

59· \\'e will now take into consideration the costs of 
production of the two component articles, which we will 
represent by the functions op1(D1) and op2(D2). The values 
of p1 and b will now result from the two equations 

[ d[p1D 1 - .P1(D!)] 

(d) I d}I 
d [p~D,- tP2 ( D2)] 

tlpz 

o, 

o, 

which will become, by reason of equations (a) and (b), 

( ~"1) F( mtPl + mzPz) + mtF'( mi/1 + mzp2) {p~- ¢1' ( D1)] = o, 

( ec) F( ml}1 + m~b) + m,F'( m1P1 + m2P2) {b- op2' ( D2)] =o. 

From the,e we derive 

• ·m~[P:- ¢/(D!)] = m2[P2- ¢,'(D2)), 



106 THE Jl!AT11EJ1/ATICAL PRINCIPLES 

or, by reason of the condition 

"' From this it follows that if the functions ¢1' (D1) and 
¢~' (D2) reduce to constants, the net profits of the two 
cooperating producers will be equal. But this will no 
longer be so in the more general case where the functions 
tPt' (D1) and ¢2'(D2) vary respectively with D1 and D2• The 
net profits of the. two producers will then be expressed by 

so that if we have, for instance, 

,~.'(D)> <bJ<DI) and ,~. '(D)< ¢2(D2) 
't't 1 DI '1'2 2 D2' 

the net profit of producer ( 1) will be greater than that of 
producer ( 2). From equation (a) and equations (e1) and 
(e2) there can further be deduced 

and 

But if there had been a fusion of monopolies, equation (j) 
would have been replaced by 

(!') F(j) + F'(p) [p- m1cp1'(.D1)- m~¢7llf~)J = o .• 
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By recourse to the graphic representation which has 
served us for similar cases, it will easily be recognized that 
the root of equation (f) is greater than that of equation 
(/'), and, therefore, that an increase in price is the result 
of separation of the monopolies. 

6o. lJp to this point we have neglected to account for 
the expenses invoked in putting the raw materials to us~ in 
the formation of the resultant article, as well as the trans­
purtation of this resultant commodity to the market where it 
is consumed, the taxes which may be imposed on it, etc. 

But if we suppose that these expenses are proportional to 
the quantity turned out, which is ordinarily the case, and 
that the sum of these expenses, for each unit of the result­
ant article, is expressed by the constant lz, equation (a) will 
be repb.ced by 

t=m1p1+m2f2+h, 

and instead of equation (/) we shall have 

2 F(p) +F'(p)[p-lz m1cp1'(D1) -m2cp/(D2 )] = o. 

Thus the result will be the same as if the expenses had 
been borne directly by producers ( 1) and ( 2 ), and as if the 
burden of these expenses had been divided between them 
in the ratio of m1 to m2• 

61. By a less restricted hypothesis than the one which we 
lm·e considered till now, each of the component articles is 
susceptible of various uses besides that of cooperating in the 
form:ltion of the composite article. Let F(p) be, as before, 
the demand for the composite article, and F1(f1) and F/Pti 

the demand for article (t) and that for article (z), for other 
, uses tlt.m that of cooperating in the production of the com-
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posite article. The values of /Jl and fi2 will still be given by 
the equations (d), but we shall have 

D1 = fi:.(/11) + m1F(md1 + 11t2b), 

and . D2 = ~(Pz) + mzF(mdt + m2Pz), 

'by reason of which the equations (d) become 

• Ft(Pt) + mtF(mtPt + m2:h) 

+ [Ft'(h) + m1
2F'(m!}1 + 11lah)] [h- ch'(Dt)] = o, 

F2(h) + m2F(md1 + 1!12/2) 

+[F21(b),+mlF'(mdt + m2P2)] [P2- cf>/(D2)] = o. 

These expressions thus become too complicated to make 
it easy to derive any general consequences from them. 
Without f?rther delay we will therefore pass on to a case 
farr' more important, and which can easily be treated in as 
general a manner as is desired. This is the case where 
each of the two articles concurrently used js produced under 
the influence of unlimited competition. 

62. According to the theory developed in Chapter VIII, 
we now obtain two series of equations : 

( Pt- ~1,151 = o, 

!
Pz = o, 

(a2) ~2 ~ :/:2 ~ 0: 
lb-·cp/IJ,. = o. 

Ov.er the letters cf> and D we set one or two horizontal 
lines according as they relate to art(cle (1) O! article (z). 
The subscripts to these letters serve to distinguish the pro-
ducers in each of the two series. """"' 
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Together v.ith the equations of ~a1) and (a2) the two fol­

Io'' ing equations should be considered: 

lbd D1 + D, + ... + 15. = F/_A) + m1F(Ill 1} 1 + m2}2 l. 

(b, l D,. + 15! + · · · + 15. = Flp,) + 111~l111!}1 + m2}2). 

Ii we deduce from the equations of (a 1) and (a2) tl:W 

, alues of l5h ... and 131. n~ ... as functions of p. equa-
tions (bd and (b2 ) will assume the forms 

in which 0 1( p1 l denote5 a function of b which increases 

with f't, and 0/ PJ another function of p, which increases 

withf':. 
Suppose that the production of article ( 1) is subjected 

tu an increase of expense u, such as would result from a 

sj;ecific ta..x ; the nlues of p1 and h which before the 
increase in expense were detennined by equations (3) and 

141, v.ill become p1 + ~ and b + ~. and we shall have, to 
determine ol and ~ the equations 

~s• n,, p1 + ~- u) 

=F1(P1 +~)+mlF(md)1+m2p;+m1~+m.fi.J), 

161 O,(p;+~) 

=F:(p;+0;l+m~lm1P1 +md!+mlol+mA). 

If we :admit that in comparison v.ith PI and P:.. u, ~. and 
• 6_ .lrr•,,.u:tll fractions, of which the powers higher than the 
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first can be omitted in our calculations, then equations (5) 
andJ6) will become, in virtue of equations (3) and (4), 

8d0'1 (h)- F/(h)- mNi''(m!pJ + m2bJl 

- 0.2m1m2F'(m1p1 + m2h) = u01'(P1), 

a,2cl - o1m1m2F'(mth + m2b) 

+ od o;'(h) ~ F/ (h) ~ m~2F' (m!/J.J. + m2b) l = o. 

To simplify the n~tation, we will write 0/ instead of 
O/(P1), F' instead of F'(mJ'I1 + m2}2), and. so on through-
out. Finally, let us put · 

. Q = 01'021 
:- 01

1F2' _: Oz'F1'-'- ml F'01' - m1
2F 10 2

1 

+F1'F2' + m1
2F'P2' + m/F'F{ 

From· this and from the two preceding equations we. can 
derive 

(7) ~~ = ~ · (OJ'021
- Ot'£;'- m2

2F'fJ1'), 

and (8) ~z=~ · m1m2rJJ'F'. 

If we observe that the quantities 01
1 and 02

1 are essen­
tially positive, whereas the quantities F', F1

1
, and £;1 are 

essentially neg·ative, inspection· of the values of 81 and oj 
will now perm:it us to observe the following results : 

. 1. 81 is of the same sign as 11; for~ is equal to a fraction, u . 
of which both numerator and denominator have all their 
terms positive. 

2. 81 is smaller than u i ·for the denominator of the'" afore- , 
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said fraction contains all the terms of the numerator, and 
besides them a number of terms which are all positive. 

3· 82 is of opposite sign to 81 ; for the denominator of the 

fraction ~ is the same as that of the fraction ~~ and the 
tl tt 

numerator of this latter fraction is a negative quantity. 
Although we only obtained these results by supposing rl, 

81 and &1 very small with reference to b and h, it is easy to 
see that this restriction can be removed by supposing that 
any increase of expense, of whatever kind, takes place by 
a succession of very small increments. As the signs of the 
quantities n' and F' do not change in the passage from one 
state to the other, the relations which we have just found 
between the elementary variations tt, sh and 82 will also 
hold between the sums of these elements (Article 32). 

In consequence, any increase in expense in the produc­
tion of article (I) will increase the price of that article, but, 
nevertheless, so that the rise is less than the increase in ex­
pense; and at the same time the price of article (z) will fall. 

It would be easy to show the necessity of all these results 
by methods of reasoning, independent of the preceding 
calculations. If article ( 1) did not rise in price when 
affected by an increase in cost, the producers of it would be 
obliged to restrict their output to avoid a loss, and it is 
impossible that the price should fail to increase when the 
quantity delivered diminishes. The article must rise there­
fore, and must rise less than the increase in cost, as other­
wise the producers would have no reason for restricting their 
output. Finally, since there results a smaller consumption 

, of article ( 1 ), as well for the manufacture of the compo~ite 
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article as for all other uses, there must .also result a ,smaller 
consumption or production of article (z); and, as this article 
is not subjected to an increase in the cost of production, 
the restriction of production for this article can only be 
caused by a decrease in the price. 

The variation in the price of the composite article, result­
il'ig• from the opposite variations 81 and 82 in the prices of 
the component articles, is equal to m181 + m2B2, and from 
equations (7) and (8) we obtain 

. ~ ~ .Ch'(O/- R/) 
:m1o1 + 1/l2ot= lli1U • Q • 

It results from this expression that the variation in the 
price of the composite article is of the same sign as u and 
81, and that it is less than m1u, which is as it should be, on 
account of the fall in the price of article (2 ). 

If we suppose any number of articles used concurrently, 
·it could be demonstrated in the same manner, and by cal­
culations which would offer no other difficulty than their 
length, (1) that an increase in cost occurring in the pro­
duction of one of the articles, r~ises the price of t4is article 
and that of the composite article, and causes a fall in. the 
prices of all the other component articles; (2) that the 
increase in the price of the article affected is less than 
the increase in cost or than the tax laid upon it. 

63. Let us now consider the case where 'the increase in 
cost u falls directly on the composite article, whether it is 
a specific tax imposed on this article, on an increase occur­
ring in the cost of distribution of the article to consumers. · 
Equations (3) and (4) will be replaced by 
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IJII}I+ili):::=FJ(fi+ilJ)+mJF(mJ~1+md2+mlil1+m2il2 +u), 
and 

!llPz+O,i=F;(p,+ilz)+m2F(m1p1+m2}2+m1B1+m2o2+u); 

and these, when treated as were equations (5) and (6), will 
give 

ll1f2t' :::= ll1F1' + mt61F' + m1m]J2F' + m1uF', 

and oJJ2'::::: o"F2' + m1m281F' + m/0.~' + m"uF'; 

from which we deri,,e 

um1F(f2/ -F2'J 
Q ' 

and um,F(f2/ - Ft') 
Q ' 

in which the pol)110mial represented by Q is composed of 
the same terms as in the preceding article. 

From these expressions we easily conclude, in virtue of 
the signs of the quantities Q' and F' : · 

1. That both o1 and ll2 are of the opposite sign to u. 

2. That the quantity m181 + m!J~ is numerically less 
than u. 

:\Ioreover, the variations 81 and ll2 in the prices of the 
component articles are mutually connected by this very 
simple relation : 

~ m1(02' -F/) 
il2 m2(0/- F1')' 

which is independent of the function F. Consequently, 
any increase of expense, or any tax which affects the com· 
pusite article, will lower the prices of the component com-

• modit'fes, and at the same time will raise the price of the 
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composite article, but by a quantity less than !I• since this 
rise in price will be expressed by 

u + 1/l101 + 11~02, 
and since m1o1 + ml>2 is, as we have just seen, numerically 
less than u, and of opposite sign . 
.. .These results can readily be generalized, whatever the 

nun;ber and kind of the component commodities, so long as 
·they are produced under the influence of unlimited com­
petition. They are worthy of serious consideration, as they 
have all ·the certainty of mathematical theorems, without 
being such as must, on that account, be excluded from the 
number of practical truths. 

64. Letus go on to the case where article (2) bas a limit 
, to its production, so that the value of h derived from equa­

tions (3) and (4) would correspond to a demand for this 
articie which its producers co~ld not satisfy. If we denote 
by ~2 this limit of production, the values of j 1 and j 2 will 
be determined by the system of equations 

ni(PI) = FJ(p1) + miF(mJ/1 + m2}2), 

and ~z= F2(h) +m2F(mJ/;+ m2}2).' 

Under these circumstances there will be no change in the 
equations which determine the values of b and. }2, if we 
suppose that there falls on article (2) a tax, or an increase 
in the cost of production, denoted by u.; consequently these 
values will remain the same, and the entire increase in the 
cost will be borne by the producers of (2), without any loss 
resulting to the consumers of the component commodities, 
or of the composite article. 
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If the tax u falls on article ( 1), both of the old price5 PI 
and 12 will vary, and may be represented by PI+ o1 and 
h + o2• Equations (5) and (6) are applicable to this case 
by replacing the function 02(}2 + o2) in the second of these 
equations by the constant .l2, which amounts to supposing 
the derivative 02' equal to zero in the formulas derived from 
these equations. 

Thus, under the hypothesis that the variations u, o11 and o2 

can be treated as very small quantities, we shall have : 

01 
- uOI'(F2' + m2

2F') 
R 

, 

and 02 
ttm1m:PI'F' 

' R 

o) Fz'+mz2F' 
02 m1m2F' ' 

mJill+mz'f,z 
- um101'F2'. 

R ' 

in which the composition of the polynomial R is given by 

the auxiliary equation 

R =- 01'(F/ + mlF') + F1'F/ + m12F'F/ + mlF'F1'· 

From these equations are derived the following conse­
quences, which are applicable to all values of the variations 

u, 811 and o2 : 

I. o1 is of the same sign as u, arid numerically smaller; 
the article affected by the tax increases in price, but by an 
amount less than the tax, so that there will be a diminution 
in the quantity produced and in the income of its pro· 

duc~rs; 
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z. o2 is of opposite ·sign· to u, so that the article which is 
not directly affected by the tax falls in price, to the disad­
vantage of the producers of this article, even though the 
quantity produced does not vary; . 

3· m181 + mlJ2 is of the same sign as u; thus the com­
posite article will rise in price, the rise of the taxed article 
d\o~e than compensating for the fall of the other article. 

It would be found in the same way that the prices of both 
component articles would fall if the tax or the increase in 
cost bears dire~ctly on the resultant article. 

65. Let us now suppose that for some reason the limit A~ 
changes and becomes ~2 + v2 without the occurrence of any 
change in· the cost of production. Treating, according to 
our method, the variation v2 and the resulting variations 81 

and 82 to begin. with as very small, we shall have : 

~ -m~'m,P 
o1 =.v2 • --R---· 

- (01' '- F1' mlF') 
82=V2· R ' 

From these expressions we conclude that whatever the 
extent of the variations, raising the limit A2 "depresses the 
price of article (2 ), and raises the price of article ( 1 ), but 
in a less degree, so that it brings about a fall in the price of 
the resultant article. 
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CHAPTER X 

OF THE COMMUNICATION OF MARKETS 

66. The perfecting of commerce and of means of trans­
portation, and the abolition of prohibitory laws or restrictive 
taxes, may put into communication markets which were pre­
viously isolated fro~ each other, either wholly or only with 
reference to certain commodities. The object of this chap­
ter is to study the principal consequences which the estab­
lishment of such communication may involve. 

It is evident that an article capable of transportation 
must flow from the market where its value is less to the 
market where its value is greater, until this difference in 
value, from one market to the other, represents no more 
than the cost of transportation. 

By cost of transportation must be understood, not only 
the price of necessaries and the wages of the agents by 
whom the transportation is mechanically carried on, but also 
insurance premiums, and the profits of the merchant, who 
ought to obtain in his business the interest on the capital 
employed and a proper return for his industry. 

To compare the values of the commodity in the two 
markets, it is necessary to consider not only the prices of 
this article in money, but also the rate of exchange between 

..the h~o markets, or, in technical terms, between the two 
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places, which may be respectively regarded as the commer-. 
cia! centres of the markets in question. For instance, if 
we take for our unit of value the value of one gram of ~silver 
in market A, the value of the commodity in market B, 
expr~s~ed in· grams of silver, xnust be multiplied by the 
coefficient of exchange from A to B (Chapter III) ; and if 

't!Vs reduced value, added to the cost of· transportation, 
gives a smaller sum than the value of the commodity i11 
grams of silver in market A, then only will the transporta­
tion of the commodity from B to A take place. 

67. It would be a complicated problem, and at the same 
time . one of very little interest for economic theory, to 
determine the influence of the communication of markets" 
on the price of an article which is the subject of-a monopoly, 
as well in the importing as in the exporting market. It is 
easy to see that under .any such hypothesis the effects of 
competition would be combined with those which result 
properly from the communication. of markets; and it is 
simpler, as well as more important, to consider directly the 
case where the effects of monopoly are extinguished, i.e. 
where the production of the article in both markets is ruled 
by the laws of unlimited com11etition. 

It is manifest in this case, as the production must always 
increase in the exporting market, that the price of the com­
modity will be higher there than before the outflow; and 
reciprocally, as the price must· fall in the impor.ting" market, 
the quantity produced there will be smaller. 

Before communication, the p:ices jJA and A in the two 
markets A and B were determined by equations of the 
form 
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(r) J n.(P.) =F.(P.), 
L nb(pb) ::::: Fb (h), 

in which the characteristics F and 0 have the signification 
which was attributed to them in Chapter VIII, and letters 
placed as indices at the foot of these characteristics serve 
to distinguish the functions which refer to market A from~ 

those which are relative to market B. 
After communication, these two equations are to be 

replaced by the following, 

in which p.' represents the price in the exporting market 
A, and ( the cost of transportation from A to B. 

68. One of the interesting questions which can be pro­
posed is to know whether the communication of markets 
always increases the total production, or, in other words 
analytically, whether we shall find in all cases 

To settle this question in the negative, we have only to 
consider a particular case, which renders comparison of 
equations (r) and (2) more easy; namely, the case where 
the quantities p., pb, and p.' only vary by quantities so small 
that, for an approximate calculation, it is possible to neglect 
the squares and higher powers of these differences. 

Let 
p.'=p.+o and p6 =P.+w, 

whence, therefore, 
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We must suppose w > e, as otherwise the establishrnenL 
of communication would i:tot determine a flow from A to B. 

By applying to equation ( 2) the method of substitution, 
development, and reduction, of ·which we have already 
given many examples, this equation will become 

< 
0

(4) o{O.'(p.)-F/(p.)l=(o+e-w)jF,'(p,)-Oo'(p,)l; 

and from the signs which are the essentiatcharacteristics·of 
the. functions F' and O' it is easy hence to deduce : 

r. That o is of the same sign as w - €, and· consequently 
positive; 

z. That we have o< w- (; which otherwise very evi­
dently results from the fact that communication must raise 
the price of the commodity in the exporting market and 
depress it in the importing market. 

Substituting now their values for f.' and P.' + e in in­
equality (3), this, becomes, after rnaking the reductions, 

If from equation (4) we deriverthe value of (8+e-w), 
and cancel the common factor o, which is positive, the pre­
ceding inequality will become 

or more simply, by eliminating the denominator, and chang­
ing the sigh of the inequality because the denominator is 
negative, 
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It is evident that this inequality. and consequently ine­
quality ( 3 l, may or may not be satisfied according to the 
numerical relations of the functions F' and 0'. 

There is therefore no contradiction involved in admitting 
that the communication of markets diminishes the total pro-
duction. . 

And, reciprocally, the isolation of markets may br., ;i 

cause which increases the quantity of an article delivered 
for consumption. \re intend here only to determine this 
fact, without pretending, which would be absurd, to con­
tradict the opinion which has been very generally formed, 
of the ad,·antages for the community procured by improve­
ments in the means of communication or by the extension 
of markets. This question will be the subject of a thorough 
discussion further on. 

It is well to remark that to ·make applicable the approxi­
mate formulas which we ha,·e just been using, it is not 
necessary that the quantities w and ( should be very small 
with reference to the original prices p. and b: it is enough 
that the differences o and w- ( should be very small with 

reference to p •. 
69. :\'ot only the quantity produced, but also the total 

Yalue of the quantity produced, may, according to circum­
stances, increase or diminish in consequence of communi­
cation of markets. In fact, if we admit, what implies no 
contradiction, that the value of p. is greater than the ,·alue 
of p, which would render the function pF.(p) £ ma.ximum, 
and, on the other hand, that the value of b is less than that 
which wo~ld render the function pF,(p) a maximum, then, 

1 since•we ha,·e 
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A'>P., and A'+ E 

we shall also have, according to the tendency of these func~ 
tions, 

p.'F. (p.') <jJ.F. (p.), 
and (p.'+E)Fb(A'+E)<p,F,(p,), 

.and a fortiori 

'p.'F.(p.') +(A'+ E)F,(p.' +e) <P.F.(p.) +f;F.(p,). 
- ., 

In general, the preceding inequality will or will not be 
satisfied, according to the numerical relations of the quan· 
tities which enter into the inequality. 

70. ·A tax on exportation or on importation will produce 
the same effects as an increase in the cost of transportation, 
equal to the amo_unt' of the tax.' Let us denote simply by p 
the price of the commodity which was established in the 
exporting market before the tax, or the root of the equation · 

o.(P) + o.(p +E)= F.(p) +F.(p +E). 

Let u be the tax, which we will at first suppose to be a 
very small number with reference to p and p + e; then 
p' = p + B will. be the value of p which results as a con­
sequence of the tax, while the development of the equation 

o.(p +B)+ C4(P +8 + E+ u) 
='F.(p +B)+ F,(p + 8 + f + u), 

in which we only retain the first powers of the variations 
8 and u, wjll give us 

r 
o,'(P)- F.'(P) 

6 8 =- (E + u) a.'(p)- F.'(p) + f4'(p)- F,'(p)' 

( ) j 
8 
+ u[O.'(P)- F}(p)]- E[O.'(P) ~ F.'(p)]. 

[ u o.'(p) - F.'(p) + o.'(p) - F,'(p) r 
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From these expressions the following conclusions are 
derived: 

I. o will be a negati1·e quantity, and numerically smaller 
than e + u; i.e. the tax will always cause the commodity to 
fall in the exporting market, !Jy a quantity which may be 
greater than the tax itself, but will always be smaller than 
the sum of the cost of transportation and the tax. All Cin-' 
ditions being otherwise the same, the more considerable the 
cost of transportation, the more the tax will affect the price 
in the exporting market. 

2. o + u will be a positive or a negative quantity accord­
ing as 

F;,'(p) 
F.'(p)' 

and consequently may increase or diminish the price, ac­
cording to circumstances, in the importing market. 

In the ignorance in which we ordinarily are as to the 
numerical relations which exist between the quantities 
n.', 0/, F.', and F6', the chances will be in favour of an 
increase if the tax exceeds the cost of transportation, and, 
on the contrary, they will be in favour of a decrease if the 
cost of transportation exceeds t,he tax. 

To pass from the hypothesis of a tax to that of a bounty 
granted, whether on exportation or on importation, we 
have only to consider u as negative in the . equations of 
( 6) ; and then it is necessary to distinguish two cases, 
according as u is a quantity numerically smaller or greater 
than e, i.e. according as the rate of the bounty is below or 
above the cost of transportation. 

• In the first case o remains a negative quantity, numerically 



124 THE Jl1ATf!EilfATICAL PRINCIPLES 

smaller than the difference between the cost of transpor- . 
tation and the bounty. The article falls as well in_ the 
exporting as in the importing market. 

In the second ·case the bounty raises the commodity in 
the exporting market by an amount less than ·the difference 
between the bounty and the cost of transportation, and it 
'hh~.ys lowers the commodity in the importing market. 

71. In short; a duty always lowers the price in the 
exporting market, and, according to circumstances, may 
lower or raise it in the importing. market. On the con­
trary, a bounty always lowers the price in the importing 
market, and, according to circumstances, may lower or raise 
it in the exporting market. 

Within the limits here expressed, this proposition holds 
good for any values of p, f, and u whatsoever, without any 
necessity of a restriction, to a very small quantity in con­
sidering the variation u. The same method of reasoning 
which we made use ofin Article 32 suffices to prove this .. 
·It is, moreover, indifferent as to the determination of 

prices, and for the interests of producers and consumers in 
both markets, whether collection of the tax, or payment of 
the bounty, takes place at the departure of the commodity 
from the territory of A or at its entrance into the territory 

' of B, although this is of great importance to the financial 
interests of the countries to which these territories be­
long. 

It is needless to mention that any increase in the cost of 
transportation would act in the same way as a tax, and any 
decrease as a bounty. 

72. It sometimes happens, when an internal revenfie tax, 
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is imposed on a commodity in the country of its ongm, 
that in order to favour its exportation, the government 
reimburses or restores the amount of the impost to the 
merchant who exports the commodity. To estimate the 
results of this combination, let us observe that if the price 
p of the article in the exporting market were determined 
before imposition of the tax by the equation 

n.(p) + n,(p +f)= F.(p) + F.(p + £), 

then imposition of the tax u, without restitution of the im­
post when the commodity is exported, would involve a new 

price p', given by the equation 

n.(p' u) + n,(p' + £) = F.(j') + F,(p' + £); 

and finally, if p" is the price which is fixed in the exporting 
market, after reimbursement of the impost, p" will be the 

root of the equation 

n.(p"- u) + n,(p" + f u) =F. (p") + F;, (p" + f -u). 

Let p" = p + o. If we neglect the squares of o and u, 

this last equation "ill give 

n; (p) + n: (p + £)- F,' (P+ f) 
(7) o=u·n.'(PJ+O,'(P+£)-f.'(p) ;:'(p+f). 

It follows from this that o is of the same sign as u, and 
numerically smaller, so that the combination of an internal 
revenue tax with restitution of the impost raises the com· 
modity in the exporting market and Jowers it in the 
importing market. This double effect can only be attained 
lw• an increase in the amount exported. and, in fact, as 
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it is easy to see, the quantity €;Xported, which has for its 
expression 

n. (p)- F. (f>), 

will becoQle, after~the variation in price caused by the 
above-~entioned. combination, 

n.(P+ o -u)- Fa(P+ o). 

It remains, therefore, to be proved that 

n.(p+o- u) -F. (f>+o) >O.(p) -F.(p), 

or, by developing and neglecting the squares ofO and u, 

(S- u) . n.' (f>) - o. F;,' (p) > o. 

By substituting for o its value in terms of u, as given by 
equation (7), and suppressing the common factors, and 
ca~efully changing the sign of the inequality, when the fac~ 
tors suppressed are negative, this inequality becomes 

which is evidently satisfied; on. account of the signs of 0' 
audF'. 

These results may be extended·to all values of o and u. 
· 73· In all the formulas of this chapter it would only be 

necessary to make 0.' = o or nb' = o, if the quantity pro­
duced in market A or market B should remain constant 
owing to the conditions of production. 



OF THE TlfEURY OF WEALTH 127 

CHAPTER XI 

OF THE SOCIAL INCOME 

74· So far we have studied how, for each commodity by 

itself, the law of demand in connection with the conditions of 
production of that commodity, determines the price of it 
and regulates the incomes of its producers. We considered 
as given and invariable the prices of other commodities and 
the incomes of other producers; but in reality the economic 
sy:>tem is a whole of which all the parts are connected and 
react on each other. An increase in the income of the pro­
ducers of commodity A will affect the demand- for com­
modities B, C, etc., and the incomes of their producers, and, 
by its reaction, will involve a change in the demand for 
commodity A. It seems, therefore, as if, for a complete 
ami rigorous solution of the problems relative to some parts 
of the economic system, it were indispensable to take the 
entire system into consideration. But this would surpass 
the powers of mathematical analysis and of our practical 
methods of calculation, even if the values of all the con­
stants could be assigned to them numerically. The object 
of this chapter and of the following one is to show how far it 
is possible to avoid this difficulty, while maintaining a cer­
Jain !rind of approximation, and to carry on, by the aid of 
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mathematical symbols, a useful analysis of the most general 
questions which this subject brings up. 

We will denote by social income the sum, not only of 
incomes properly so called, whiCh belong to members of 
society in their quality of real estate owners or capitalists, 
but also the wages and annual profits which come to them 

.in their capacity of workers and industrial agents. We will 
als'o include in it the annual amount of the stipends by 
means of which individuals ~r the state sustain those classes 
of men which economic writers have characterized as unpro­
ductive, because the product of their labour is not anything 
material or salable. Usage would doubtless permit the use 
of these words in a different acceptation; but we think that 
the definition which ·has just been given is better qualified 
than any other for directing the line of argument toward 
accurate deductions and consequences' capable of appli­

.cation. 
Whenever a commodity is supplied for consumption, in 

the price for which it is sold there should be found shares 
pertaining to thejncomes oflandlords and of capitalists who 
furnished the raw materials and the instruments for utilizing 
them, and the profits and wages of the variOUS industFiaJ 
agents who have cooperated in producing the commodity 
and in bringing it to market. All the elements into which 
this price can be decomposed are distributed into various 
branches of the social income. In consequence, if p de­
notes the price of the unit of the commodity, and JJ the 
number of un\ts annually supplied for consumption, the 
product pJJ will\express the sum to the extent of which this 
commodity coi:ip~rates in making up the social income:< 
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This part of the income, therefore, will increase or 
diminish in consequence of variations occurring in the 
price and consumption of the commodity, according as the 
product pD increases or diminishes ; and it will be at its 
highest possible point when the product pD or pF(p) 
attains its maximum value. 

75· Let us denote by Po and p1 two different values of· 
p, and by Do and D1 the corresponding values of D. Let 
us further suppose, to make these ideas more precise, that 

so that an increase in price of the commodity involves a 
decrease in the social income, or at least in' the portion of 
it pD. 

This diminution of income will be differently subdivided, 
according to circumstances, between the various producers. 
who cooperate in the creation of the commodity, whether 
by the use of their property or by personal work. 

For the very reason that they have less income, they will 
have less money available for their own consumptions, which 
mtJ.y affect the demand for other commodities, diminish the 
incomes of many other classes of producers, and cause br 
its reaction a new diminution in the social income. It is 
important to obtain an accurate idea of this reaction, which, 
vaguely considered, would seem to have no limit. 

In consequence of the rise of the commodity, of which 
the price has passed from the value Po to the value }I, those 
consumers who have continued to buy the commodity not-

• witholtanoing the rise ha1·e been obliged to withor~w from 
K 
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the consumption of other commodities, for application to 
the demand fo~ the commodity which has 
risen, a sum equal to 

On the other hand, those consumers whom 
the rise, has deterred from demanding the 
commodity which they previously ·consumed 
tlav,e had at their disposal for other demands 
a portion of their incomes equal to Pu ~Do- D1) 

Subtracting the first of these values from 
the second, we find for the remainder 
i.e. a sum exactly equal, as should be the case, 
to that by which the income of the producers of the com­
modity was diminished by the rise i1i price. 

Thus, when we consider the producers and consumers 
of the commodity in question throughout the world, we find 
that the same annual amount remains available for the 
sum total of other commodities. The possibility then 
becomes apparent, that this amount may be so distributed 
that the demand for each of these commodities will remain 
the same as before; and consequently so that no change 
will occur in the system of prices (except in the price of the 
commodity which has risen), nor in the system of incom~s 
(except in the incomes of the pr~ducers who cooperate by 
the use of their property or by the personal industry in the 
production of the commodity which has risen). 

76. As a matter of fact, of course this exact distribution 
is not admissible, and in general, on the contrary, it must 
be the case, that a perturbation experienced by one element 
of the system makes itself felt from that to the next, and by 
reaction throughout the entire system. Nevertheless, ~nee ( 



OF THE THEORY OF WEALTH 131 

the vanJtion occurring in the price of commodity A, and 
in the income of its producers, leaves intact the sum total 
of the funds applicable to the demand for the other com­
modities B, C. D, E, etc.,· it is evident that the sum 
diverted, by hypothesis, from commodity B, by reason of 
the new direction of demands, will necessarily be applied to 
the demand for one or ~everal of the commodities C, p, • 
E, etc. Strictly speaking, this perturbation of the second 
degree, which occurs in the incomes of the producers of 
B, C, D, etc., would react on the system in turn until a new 
equilibrium is established; but, although we are unable to 
calculate this series of reactions, the general principles of 
analysis will show us that they must go on with gradually 
decreasing amplitude, so that it may be admitted, as an 
approximation, that. a variation occurring in the incomes of 
the producers of A, while modifying the distribution of the 
remainder of the social income among the producers of 
B, C, D, E, etc., does not alter the total value of it, or 
only alters it by a quantity which is negligible in comparison 
with the variation f'nD11 - p1Dh which is experienced by the 
incomes of the producers of A. The variation of the 
so~ial income is thus reduced to p"D11- p1D1, 1eitlz an error 
111>! exceeding quantitie.r of the second degree, to use the lan­
gnage of mathematicians. 

~ot only do the preceding considerations justify this 
simplification, which is strictly admissible whenever very 
small variations in the system of values are to be discussed, 
and without which it would be impossible to carry deduc­
tions any further, but admitting even that compensation 

,does'"not take place in a particular case, i.(. that the varia-
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tion p0D0 -::-p1D1 caused in the incomes of ~he producers of 
A differs sensibly from the resulting variation in the soda! 
income. As no reason appears why one rather than the 
other should be the greater or the smaller, it would still be 
permissible to suppose that compensation takes place when­
ever these considerations are not applied to a particular 

• caje, and whe~1, on the contrary, only the average results, 
the general Jaws of the ·distribution of wealth, are under 
discussion .. 

Some readers will possibly object to the preceding argu­
ments, that we have distinguished the consumers who cease 

· to buy the commodity which rises from those who continue 
to buy in spite of the increase, in price, without considering 
the. consumers who only reduce the .demand which they 
made ·for the commodity. But it is evident that for each 
consumer in this third category it is possible, theoretically, 
to substitute two others, w}lo will be one in the first category, 
and the othe~ in the second. The simplification which we 
·have adopted, therefore, makes no real difference in the 
discussion. 

77- According to the explanations which have just been 
given, and to which, all analogous cases can be referred, \ve 
will suppose that the variation in the price of commodity A 
Ius dhp.inished the social income by a value expressed by 
foD0 - !JD1• Room must be made here for an essential 
observation, without which it would be impossible to give 
a• suitable interpretation of the abstract theory of wealth, 
and one which gives the clue to many misunderstandings 
between speculative writers. · 

The consumers who dem~nd' commodity A,,after ag well< 
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as before the variation in price, who pay p1D1 for the same 
quantity of the commodity for which they only paid p,.JJ1 

before, are really in just the same situation as to fortune as 
if the commodity had not risen and their in-

comes had been diminished by (b-Po) D1 

If, then, to this expression we add the 
quaotity which expresses the decrease in the 

income of the producers of the commodity, i.e. p0D0 - JID1 

the sum Pn(D0 - D1) 

will express the real diminution of the social 
income, of which the quantity p0Dn-p1D1 only expresses 
the nominal diminution. 

Let us note that this result coincides with that which 
can be obtained directly, and in the simplest manner, by 
considering that the rise in price has reduced from D" to 
D1 the annual production of the commodity, and by this 
alone has destroyed annually a value equal to Pn(Do D1), 

so that, in fact, the quantity D1 which continues to be pro­
r}ll(·ed has increased in value, which reduces the loss borne 
J,,. the producers ; but that the benefit, which for them is to 
he subtracted from the loss P,/Do- D,), is exactly balanced 
by •the loss which this rise causes to the consumers who 
bear it, so that finally the Joss for society must always be 

valued at Pn (Do- DI)· 
It must also be observed that the consumers who cease 

buying commodity A after the advance, and who transfer to 
commodities B, C, D, etc., a value exactly equal to the one 
which has just been found, i.e. p,,( D"- D,), experience a 
loss in consequence of the variation in the price of A, by 
~eing> Jed to make a different use of this portion of their 
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incomes than the one which they preferred under the old 
system of prices. But this kind of damage cannot be esti­
mated numerically, as can that which the producers bear 
through diminution of their incomes, or the consumers by 
the increase of the sum which they expend to buy the same 
quantity of the commodity. Here comes in one of those 

'reJ.ations of order and not of size, which numbers can indi­
cate indeed, but cannot measure. As our discussions only 
consider measurable things, the product p.,( D0 - D 1) will 
be, for the case in point, the measure of what we will call 
the actual diminution of the social income, in contrast with 
what .we have called the nominal diminution. 

78. If PoDo <PtD1, Po remaining always smaller than )t, 
and consequently Do greater than Dh the same considera­
tions as those discussed above will prove that the social 
income has nominally increased in consequence of the rise -
of the comm~dity, and that it has increased by a quantity 
set~sibly equal to ftD1 -p0D0, or to the increase which 
occurs in the incomes of the producers of the commodity 
which has ris~n. But if, then, from the loss bome by the con­
sumers, a loss equivalent to a diminution of in-
come, and of which, as before, the expression is (b-Pn)D1 

we subtract the nominal increase of the social 
income .PiJ1 -}oDn 

the difference j 0(D0-Dtl 
will give, as before, the measure of the real 
diminution of the social income, although this income has 
received a nominal increase. 

It is plain that this nominal increase is very real for the 
producers, among whom the value j 1D1 is divided ; but they( 
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only obtain this advantage at the expense of consumers, 
whose losses more than compensate for the benefit received 
by the producers; so that, for society considered through­
out the world, there is an increase in the nominal income 
and a decrease in the actual income. 

If, therefore, the question is of a commodity for which the 
cost of production is either nothing or insensible, the most 
favourable condition for a· nominal increase in the soclal 
income would be for this commodity to fall into the hands 
of a monopolist, since the product pD would then reach its 
maximum value; but whatever there is of paradox in such 
a proposition, vanishes when attention is paid to the distinc­
tion which has just been made between the nominal and the 
real variations of income. Evidently, as the monopoly of 
such a commodity is divided between two, three, or more 
producers, the commodity will gradually fall in price, accord­
ing to the formulas given in Chapter VII; the consumption 
will go on increasing, and the social income, although nomi­
nally decreasing, will experience an actual increase; as, in 
fact, common sense teaches that society can only gain by 
the weakening or extinction of such a monopoly. 

79· Whenever a commodity, besides being subject to a 
cost of production, is under a monopoly, we can be sure 
that any tax or any increase of cost, by raising the price 
and reducing the consumption of the commodity, will cause 
to the social income, not only an actual, but also a nominal 
diminution. In fact, if f/>(D) is the function which measured 
the cost borne by the monopolist, and to which new ex­
penses are now added, fo being the value which renders the 

function pD- 4>(D) a maximum, we shall have 
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and since q,(D0) is greater than .P(D1), because D0 is greater , 
than Db therefore a fortiori p0Do > hD1: 

But when a commodity, subject to a cost of production, 
is at the same time free ,from monopoly, a rise in pries:, due 

• to. an increase in the cost of production, while always dimin­
ishing the real value of the social income, ·may increase or 
diminish its nominal value, according as the initial value Po 
falls below or above the value 1r, which renders the product 
pD a maximum, and which would be, in fact, the price of 
the commodity if there were no cost of production, and 
if the commodity were under a monopoly. Liberation from 
monopoly ·tends to make Po smaller than 1r; but, on the 
other hand, the cost of production· tends to raise Po above 
r.. It is evident that, according to circumstances, one or 
the other of these causes which act in opposite directions 

will prevail; so both hypotheses Po > 1r and Po< 1r are 
equally admissible a priori (Article 24). 

8o. It is evident from the preceding, how it is possible 
that a tax on consumption nominally increases the social 
income, while it diminishes its actuar value. When iiD?o­
sition of a tax i renders positive the quantity P1D1 - p0D0, 

which then expresses the nominal increase in income, the 
treasury collects a portion iD1 of the value produced, p1D1 ; 

but this part, which in our day no longer accumulates in the 
coffers of the treasury, whether it serv.es to pay the interest 
on the public debt, or whether it is spent in salaries or 
largesses, ~r whether it is used to buy finished products' for 
the public service, still goes to create the incomes of stveralt 
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classes of consumers. As regards taxes levied directly on 
income, the treasury, supposing that it has no foreign tributes 
to pay, only acts as an intermediate machine designed to 
change (to be sure, often in an oppressive and unjust man­
ner) the distribution of the social income, without imme­
diately changing the total value of it. With reference to 
taxes on consumption, the treasury plays this part of an int~r-' 
mediate machine for the portion iD1 of the total value pro­
duced, which is destined to pay the tax, and besides this 
the tax causes a diminution expressed by p0(D0 - D,) in the 
real value of the social income. 

8 r. For the same reason that an increase in the cost of 
production diminishes the real \·alue of the social income, 
while diminishing or increasing the nominal income ac­
cording to circumstances, a decrease in cost will always 
increase the real value of this income, while increasing or 
diminishing the nominal income, according to circum­
stances. Let us suppose that, in consequence of a reduc­
tion in the cost of production of commodity A, and of the 
fall in price which followed, the social income 
has nominally decreased by p.,Do-p,Dl 

The consumers, who made the demand for 
this commodity before the fall, will be in the 
same position as if the commodity had not 
changed in price, and the sum of their in-
comes had been increased by (p.,- /'1) D., 

Subtracting the first expression from the 
second, we shall find for remainder the po,;i­

tive quantity 
whica will express the real increase in social 

' 
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income. The result would evidently have been the same 
if the fall in price had raised the nominal value of the 
social income, or if we had had .ftD1 > p0D0 ; for then it 
would have been necessary to add to (Po-p1) D0 the posi­
tive quantity PrD1 -poD0, which amounts to subtracting 
PoDo -p1D1 as before. . 

' ,Moreover, this result can be reached directly by an argu­
ment similar to that of Article 77- The fall in the price 
has raised the annual production of the commodity from 
D0 to Db and by this alone has annually created a value 
equal to j 1(D1- D0). To be sure, the quantity D0, which 
had already been produced previously, has fallen· in price, 
to the disadvantage of producers ; but this loss, which for 
them is to be subtracted from the profit p1(D1 - D0), is 
exactly balanced by the profit which the fall grants to those 
consumers who were buying and continue to buy the quan­
tity D0 , so that, in the end .• the real gain for society must 
always be valued atPt(D1 - D0). 

In . estimating the real increase in the social income 
caused by a fall in price, no account is made of the advan­
tage for the ne"' consumers of the commodity, which con­
sists in employing a part of their incomes in a manner nnre 
to their taste ; for this advantage is not capable of numerical 
appreciation, and is not a new source of wealth in itself, 
although it may finally lead to an increase in wealth, if the 
commodity A is the raw material of other products, or an 
instrument which serves for other products. 

82. Hitherto we have supposed that a rise or fall in the 
cost of production, or imposition or remission of a 'tax, 
caused an increase or diminution of the price and eonse( 
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quently a reduction or expansion of production, whereas the 
law of demand, i.e. the relation which exists between the 
quantities D and p, remained the same. But the direct 
argument, employed in Articles 77 and 8r, would be equally 
applicable if the variations in the price and in the quantity 
produced resulted in a variation in the form of the function 
F(p), which expresses the law of demand, -a chlljlge 
which might also result from an alteration in the tastes and 
nt:ed:; of consumers, as well as from an alteration in the 
method of distribution of the social wealth. Let us admit, 
therefore, that in consequence of such an alteration, a por­
tion h of the social income has been di1'erted from the 
demand for commodity A, and applied in a single lump to 
commodity B, so that the incomes of the producers of the 
other commoctities C, D, E, etc., will not experience any 
alteration, or will only suffer negligible variations. Calling 
Po and D" the price and the demand for commodity A 
before the variation occurred, and p1 and D1 what these 
quantities become after the variation, we shall have 

I1~ the same way, if we distinguish by primes the quantities 
relating to commodity B analogous to those relating to com­

modity A, we shall have 

h'D/-Po' Do'= h, 
and consequently 

•( I) PvfJu-P1DJ = P1'D/-Pu'Do'· 

'rhe social income will have experienced neither an in· 
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crease nor a diminution in its nominal value ; but on one 
side there will be a loss in its' actual value expressed by 

Po(Do-Di); 

and, on the other hand, an actual gain expressed by 

P/(D1'- Do'); 

so rt1at the actual balance will be favourable or unfavourable 
according as we have 

and proportionally more favourable or unfavourable accord­
ing as the first member of the inequality varies further from 
the second member, while equation (I) continues to remain 
satisfied. -

In virtue of equation ( 1), we can replace inequality ( 2) 
by the following : 

(Po'-h')Do' ~ (Pl-Po)Dl. 

It is easy to conceive that articles of luxury, of which the 
consumption is reserved to the wealthy classes of society, 
are generally characterized in the economic system by thi~ 
property, that slight variations in the demand, or in tlfe 
competition of purchasers, may cause very considerable 
variations in prices, because the wealthy man can readily 
triple or double the price which he sets on an article which 
strikes his fancy. On the other hand, it is observed that 
for articles of general consumption, but which nevertheless 
are not considered of prime necessity, slight variations in 
price correspond to considerable variations in the demands 
or in the quantities produced. 
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In' consequence, the causes which tend to reduce the 
great inequalities in the distribution of wealth will tend to 
cause variations in the economic system, of which the 
average and general effect will be to increase the a~tual 
value of the social income. 

This increase in actual value may be accompanied by an 
increase in nominal value, if commodity B, in favour of which• 
the change in the direction of the demand takes pl;ce, 
is the raw material or an instrument in the production 
of new commodities. From this point of view, modifica­
tions in the economic system which favour increase of the 
labouring classes, by inducing more abundant production of 
the commodities necessary for them, tend also to an in­
crease in the actual value of the social income, as we 
defined it- an income of which the wages of workingmen 
form an integral and most important part. 

The commodities of prime necessity, which are the staples 
of food, seem to have this in common with objects of luxury, 
that enormous variations in price correspond to slight varia­
tions in the quantities produced, because the poorer classes 
find themselves forced to sacrifice all other demands to those 
frx these commodities. But such sacrifices cannot be pro­
longed without causing violent disturbances in the constitu­
tion of the economic system and of the population; and, 
therefore, when only average values are considered, inde­
pendently of temporary disturbances, it is found, even for 
the commodities of prime necessity, that great differences 
in the quantities produced correspond to slight variations 
• in prices. 
]'l.lst because a considerable temporary increase in the 
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prices of these commodities corresponds to slight differ­
ences in consumption, it results from our theory, as from 
the plain admonitions of common sense, that such an in­
crease causes a real reduction of the. social income, 'even 
when it nominally increases the value of it. But our theory, 
which is always in agree.ment with common sense, shows 
,that a very different verdict must be given concerning any 
pr6gressive and secular advance which might· affect the 
commodities in question. 

~3· The same principles bring us to an analysis of what 
happens when a new commodity, a new exchangeable value 
rises, so . to speak, to the surface of the economic sys­
tem. A commodity N, which hitherto did not appear in 
the circulation of wealth, is now created in all its parts, and 
the quantity annually n1ade or sold is valued at ft. Buyers 
of this commodity therefore direct from the demand for 
the other c?mmodities A, B, C, etc., a sum It drawn from 
their incomes; but this. sum is returned by the producers 
of commodity N to the total of the demands for com­
mo_dities A, B, C, etc. There is therefore no reason why 
the former econo1~ic system, taken as a whole, should fee~ 
any perturbations ; it is a simple juxtaposition, so· to spea!, 
which occurs; the social income, nominally and actually, 
is increased by the sum h, which constitutes the income of 
the producers ofthe new commodity. 

It should be carefully noted under what conditions such 
a result occurs, for it would be easy to imagine an hypothesis 
which would lead .to very different results. Supposing, fqr 
instance, that an exchange occurs between producers of N 
and JJJ, so that the former, who enjoy an income /1 arisrng 
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from purchases by the latter of the new commodity, employ 
exactly this income in purchasing commodity M, and thus 
give rise to an increase corresponding with the value It in 
the production of this commodity; all the other elements 
of the economic system may have remained unchanged; 
but the social income will have increa~ed, as well in nominal 
as in actual value, by twice the amount /z; namely, by ~e' 
entirely new income of the producers of N and by the 
increase in the income of the producers of M. 

By thus giving attention to peculiar and, morep\·er, im­
probable hypotheses, which can be infinitely varied, the 
problem under consideration in this article would become 
entirely indeterminate. To make it admit of a determinate 
solution, it is necessary to start from the only probable 
hypothesis of the condition of commercial relations; it must 
be supposed that producers of the new commodity sell to 
any consumers, and spend the incomes which this market 
gives them, in purchases from any other producers, without 
intervention of any such conventions as those by which the 
craftsmen of a small town give their custom to each other, 
3J1d without natural occurrence of results similar to those 
wl1ich would arise from such a convention. 

But results of this kind may occur whenever producers 
are divided into great categories; as, for instance, when 
the class of landlords or managers of real estate is opposed 
to that of labourers dependent on their wages; and espe­
cially whenever the manner of distribution of wealth estab­
lis~es a sharply defined distinction between these two classes. 
If the hbouring population increases, or becomes more 

• indJ~trious, the pruducts of its industry will be almost 
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entirely consumed by the landowning class, and the re;vard 
of this industry will be almost wholly employed in making 
an outlet for. tl1e products of the earth and in encourag­
ing and extending agricultural ·industry. The rich will 
see their wealth· increase at the san1e time as, and even 
by reason of the fact that, they find means to satisfy ne~v 
•tas~es. The social income, in which we include the wages 
of all workers as well as the incomes of all capitalists, will 
therefore increase in a more rapid progression on account 
of this particular, but this does not mean that the manner 
of distribution of wealth, by reason of which this particular 
is true, is preferable to others for the ultimate interest of 
the body politic. 

If we on1it the.se pi;culiar cases the discussion of which 
eludes our theory, and which, so to speak, disturb the foun­
dations of the economic s}'stem, and if we consider what 
occurs in a state which approaches equilibrium, we find 
that putting in circulation a new commodity should have 
for a mean result to increase the social income by an 
amount just equal to the value of the quantity of this com-
modity annually produced. , 

84. Whether man seeks to create new products wh~h 
shall render life pleasanter and lighten its burdens, or 
whether the refinements of social. life by exciting new 
desires give value to articles not previously in request, the 
result will be the same from the standpoint of economic 
science, although· the moralist and the statesman may give 
very different opinions as to the fate of a people, accord~ng 
as they observe luxury or 'industrious activity to prevail 
among them.. It has been truly said that luxury enriclfes a • 
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nation, in this sense that the social income is increased by 
putting in circulation new products which would not have 
come into use without luxury and the refinements of social 
life. It has also been said, with not less of truth, that luxury 
induces the ruin of a nation, not only in the moral and 
political sense, but also in the commercial acceptation of 
the word, when the production of articles of luxury cap • 
only take place at the expense of the production of other 
commodities which are the intermediate or direct instru­
ments for further products. 

Here should be introduced the distinction between un­
producti\·e and reproducti\·e consumptions, if this distinc­
tion had not been made with all the clearness and all the 

developments desirable by Smith, anq especially by J. B. 
Say. The man who economizes or capitalizes a portion h 
of his income diverts the sum /1 from the demand for com­
modities A, B, C, etc., which only offer him the enjoyment 
of an unproductive consumption, to apply it to the demand 
for commodities L, 1lf, N, etc., which will be converted 
into instruments of production. The result of this new 
di\ection given to the demand will be to encourage certain 
callrngs and to discourage others, to increase the income of 
certain classes of producers at the expense of other pro­
ducers; but, in virtue of the principles already explained, 
when account is taken only of the average and general 
effects, the social income will remain the same. Later, 
and when the new productive property, which was created 
by ~e saving. begins to bear fruit, the former income will 
be increased by the income of the capital /z. Of course, 
.,a1·in~ or capitalization cannot exceed certain limits, and 

L 
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finally, the consumption known as unproductive is the 
· regulator and object of the so-called productive con­

sumption. ·What are the insuperable limits? What are 
the relations of unproductive to productive consumption? 
Theory cannot determine this a priori; but in practice, just 
because capital finds profitable investment, we know that a 
ll(ttion still remains where saving contributes to the progress 
of the public wealth at the same time that it satisfies indi­
vid_ual inclinations to prudence or cupidity. 

85. The social incmne may be nominally increased, both 
by the creation of new productive property, or' the manu­
facture of a new circulating value ; and by a change in con­
ditions which gives a small value to ~ome article useful, but 
previously enjoyed gratuitously, and which therefore could 
have no value in exchange. Thus, there is no contradiction 
in supposing that the nominal value of the social income· 
would increase, if substances with which nature has abun­
dantly endowed us in quantities beyond our requirements, 
such as water, should become rare or should require expense 
for production ; or if the natural forces which every one 
freely uses, such as the motive power of the wind, shovld 
become susceptible of appropriation and a rent should \{aye 
to be paid for them to the landlord. But whatever paradox 
exists in this statement disappears when the distinction is 
considered which we have made in this chapter between real 
and nominal value; It is unnecessary for us to enter into 
further developments for the s'ake of an objection which is 
purely speculative and to some extent scholastic. , f 

86. We have to answer a much more specious objection 
which applies to wha:t precedes. It will be said that'whe~ 
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the p;oduction of commodity A decreases, and falls for 
instance from D0 to D1, the value of the quantity D0 ....., D1 

is not on that account wholly withdrawn from circulation; 
that the raw materials which went to its manufacture find 
another use at the expense of a reduction in price to find 
this use ; that the workmen whose labour was employed in 
this occupation will lend their hands to other producers :t • 
the expense of a more or less important reduction in the rate 

of their wages; and finally that the capital employed in this 
operation will find another field, at the expense to the capi­
talists of reducing if necessary the rate of interest which 
they demand. At the first sight it may seem that we have 
not considered this essential condition, and that we have 
reasoned as if the reduction in the production of com­
modity A withdrew from circulation a value exactly equal 
to that of the quantity by which the production is reduced. 

To show that we have not fallen into this error, let us 
suppose that one commodity ill plays the part of raw mate­
rial with reference to several commodities A, B, C, etc., 
which go directly into consumption. In the number of the 
producers of A should be included those of the producers of 
Ji,vho furnish one of the raw materials used in the manu­
facture of A (Article 74), to an extent corresponding with the 
amount which they furnish for this use. The same can be 
said concerning commodities B, C, etc. In consequence, 
the income of any producer of ill may be decomposed 
into several parts, for the first of which he is ranked among 
the producers of A, for the next among the producers of . . 
B, and so on. If the reduction in the consumptiOn of 
,coml'nodity A induces a greater production of commodity 
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B, the producer of Jvf may find in the increased outlet for 
the manufacture of the composite commodity B, compen­
sation for the loss w)1ich he ·suffers by the decrease in the 
outlet for the, manufacture of the composite commodity A; 

but there is nothing to prevent an imaginary substitution, · 
for convenience in argument, for this producer of Jvf of two 

• P[oducers 1l1; and J11;, of. whom the one furnishes only the 
raw material for the manufacture of commodity A, and the 
other for commodity B, so that 111; is cou_nted· only among 
the producers of A, and 111; among the producers of B. 

_But .in estimating the average results, we considered the 
transfer of the .funds withdrawn from the demand for com­
modity A, to the demand for commodities B, C, etc.; so 
that we have implicitly considered the essential condition, 
neglect of which would have given rise· to the objection 
which we are endeavouring _to refute in this a~ticle. 

The remark just made concerning commodities, properly 
so called, which act as raw materials, is equally applicable to 
labourers' wages, and to the return on the capital which co­
operates in the preparation of the composite commodities 
which are the final object of productive industry. Wh,en 
a labourer works first at the prod_uction of commodit1 A, 

and then at that of commodity B, after the reduction which 
occurs in the production of A, he should be ranked in the 
first place among the producers of A, and in the second 
among the producers of B; the income of group A, which 
includes labourers' wages, is diminished, an4 that of group 
B increase? ; with reference to the calculations under ~on· 
sideration, it is e){actly as if the demand for labo.ur increased 
for the labourers on B and diminished for the labourers OJt 
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• A, without its being possible for the same workman to pass 
from the one employment to the other. 

Finally, although we make continuous and almost exclu­
sive use of the word commodity, it must not be lost sight of 
(Article 8) that in this work we assimilate to commodities 
the rendering of services which have for their object the 
satisfaction of wants or the procuring of enjoyment. T~us • 
when we say that funds are diverted from the demand for 
commodity A to be applied to the de1~1and for commodity B, 
it may be meant by this expression, that the funds diverted 
from the demand for a commodity properly so called, are 
employed to pay for services or vice versa. When the popu­
lation of a great city loses its taste for taverns and takes 
up that for theatrical representations, the funds which 
were used in the demand for alcoholic beverages go to 
pay actors, authors, and musicians, whose annual income, 
according to our definition, appears on the balance sheet 
of the social income, as well as the rent of the vineyard 
owner, the vine-dresser's wages, and the tavern-keeper's 

profits. 
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CHAPTER XII 

'oFWARIATIONS IN THE SOCIAL INCOME, RESULTING FROM THE 

COMMUNICATION OF MARKETS 

87. In Chapte/X we investigated the effects of the com­
munication of markets on the determination of prices and 
the incomes of producers ; we now mean to take up, ac­
cording to the same principles which underlay the theory 

·developed in the preceding chapter, how communication, 
how commerce between. t\vo markets, or, if it is preferred, 
the exportation of commodities from one market to another; 
causes the value of the soc'ial income to vary, as well in the 
importing as in the exporting market. 

This question derives an especially strong interest when 
commercial relations between different peoples are con­
sidered, as being essentially subject to the regulating actio,n 
of governments. For the term social income there ntay 
then be substituted national income, which, however, will 

· not denote the income which the government of a nation 
derives from taxation, and which serves to pay public ex­
penses, but the sum total of individual incomes, of rents, of 
profits, and of wages of every kind, in the whole extent of 
the national territory. ( 

Here we are evidently approaching the question, with a 
view to which all systems of political economy have, sb tot 
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spe,lt been constructed; the question which for two cen­
turies has been discussed by theorists and by statesmen. 
\\' e have not the temerity to approach it frorri the states­
man's standpoint; but, on the other hand, we believe that 
this question, when considered in its theoretical aspect, can 
be reduced to very simple terms, of which the mere state­
ment, by overthrowing false systems, opens the way to ~he • 
practical knowledge which essentially concerns the destiny 
of nations. It is on this account that the considerations 
which we are here examining appear to us something more 
than mere intellectual exercises or chimerical abstractions. 

It will always be advantageous, by means of precise sym­
bols and a more rigorous method of demonstration, to ex­
plain, in a few words, the difficulties raised by volumes of 
controversy. 

88. Let us call A and B the exporting and importing 
markets ; Af the commodity which is exported from A to B; 

j>. and D. the price and the demand for the commodity in 
market A, at the time when for some cause, for instance on 
account of a prohibition, exportation of the commodity 
could not take place; p, and D6 the price and the demand 
in .market B at the same time; p; and D.' the price and 
the quantity produced at A after establishment of communi­
cation ; j>6' and Db' the price and the quantity produced at 
B; ~ the quantity consumed at A afte~ communication, or 
the demand of consumers at A corresponding to the price 

P.'; and E the quantity exported, so that D.'=~+ E. 
The producers at A obtain an increase in income equal 

to p.'D.'-p.D.. We must suppose p.' > p., D.'> D., and 

11 
a fo,·tiori, p.'D.' > p.D.. In fact, the case where1 in conse-
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quence of a monopoly, communication of markets ~auses 
the price to fall, even in the exporting market, is too pecul­
iar for us to delay over, and, moreover; nothing is easier 
than to modify the arguments which follow, so as to meet 
this special hypothesis. 

The consumers of market A, who continue to buy com~ 
' n~odity Jlf, will withdraw from the portion of their incomes 

formerly devoted to the other commodi-
ties N, P, Q, etc., a value equal to (p.'- }.)~ (1) 

On the other hand, those whom the in­
crease in price prevents from buying can 
add to the funds which "they previously 
devoted to the demand for the com-
modities 1\~ P, Q, etc., a value equal to P. (D. -11) (2) 

Finally, since market A disposes by 
export of a value equal to p.'E, it will 
receive in return an equal value in some 
commodity, whatever it may be.. By, the 
fact of exportation, therefore, a value p_'E (3) 
is withdrawn-from the demand for com· 
modities N, P, Q, etc., on the home market, to be applied 
to the demand for commodities of foreign origin, and ~oes 

_to make up the income of foreign producers. But, by 
adding quantities (r) and (3), and subtracting from the 
sum quantity (2 ), ·we obtain for result p.'D.'-p.D. (on 
account of the relation D.' = 11 +E), i.e. a value exactly 
equal to that by which the income of the producers of com­
modity M has increased. Therefore the sum total of the 
funds available ,for the dethand for commodities N, l Q, 
etc., remains unchanged. We can therefore admit, thanki 
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• 
to the hypothesis for simplification which has been suffi-
ciently explained, that the national income at A, or the 
sum total of the incomes of the producers at A, has 
increased, in consequence of the exportation of com­
modity M, by a value exactly 

equal to f 4

1D4

1
- p.Da 

But this is only a nominal in­
crease in income. The con­
sumers who have paid at the 
rate p.' for the quantity of the 
commodity denoted by ~. in­
stead of paying at the rate p., 
are precisely in the same posi­
tion as if, without any change 
in the price of this commodity, 
their incomes had been re-
rluced by 

Subtracting this last amount 
from the former, we have for 
remainder P.'(D.'- .l)-P. (D.-~) 

=P.'E-p,W.-J.); 

and consequently. according to our fundamental principles, 
this expression will be that of the actual increase of the 
national income. We have p.' > p., and, on the other 
h'and, E >D. J. ; therefore this increase is always posi­
ti,·e and can never turn into a real decrease. 

1fe increase would be exactly p.'E, or the value ex­
ported, if exportation had not increased the price of the 
r_omt~odity, and had not reduced the consumption in the 
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« 
home market. This may happen with manufactured arti-
cles, and in this case the real increase would be .indistin­
guishable from the nominal increase. 
~ In deducing the real increase in income due to exporta:­
tion of commodity 'JJf, we have not considered the .loss 
experienced by that class of home consumers who stop 
~1ying the dearer commodity, and who thus make a use 
less to their liking ~fa part of their incomes. This ·loss, 
as has been explained, is not capable of· measurement, and 
does not directly affect the national wealth in the com­
mercial and mathematical sense of this term. No doubt it 

· may affect it indirectly, if want of the dearer commodity 
·· hinders production of some other commodity, of which it 

is one of the raw materials; but for the simplification and 
general applicability of theory, it is proper to eliminate this 
secondary effect to begin with, reserving for it such attention 
as it deserves, when we pass on to applications and to par­
ticular cases. 

Moreover, by a direct and very simple method we can 
~ find this expression (4), which has just been given as that 

for the real increase of the national revenue due to ~he 
exportation of commodity M. • 

This exportation has placed. market A in the enjoyment 
of commodities of foreign origin, of which the value is p.' E. 
In exchange it has dispossessed it of the quantity D.- A 

of commodity M, of which the value was p.(D.- A); the 
profit is;P.'E-A(D.-A). 

As to the increase in value acquired by the quantilY of 
commodity Llf which continues to be consumed at A, if any 
advant.age results from it to' the producers of that nfark~, 
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• this advantage will be exactly balanced by the loss experi-
enced by consumers of the same market, so that expression 
( 4) remains as the mea~ure of the real value of the increase 
in the income of the exporting country. 

89. Let us pass on to the effects of shipment of the com­
modity on the importing market B. The producers of 
commodity M on this market will experience a decrease • 
in income expressed by p,D,-p,'D,'. We shall ha~e 
b>f,', D,>D,', and afortiorip.D;>f;'D,'. 

The consumers who were buying before the fall will transfer 
to the demand for other com modi-
ties R, S, T, etc., a value equal to 
while consumers, whom the re-
duction induces to buy, will with-
rlraw from the portion of their 
incomes devoted to the demand 

for those commodities a value 
Finally, since an equivalent of 

the value p.'E must be withdrawn 
from market B in some form or 
other of commodity, it should be 
c~nsidered that a foreign sum 
amounting to f;'E (7) 

is added to the funds previously 
devoted to the demand for commodities R, S, T, etc., other 
than M, in the market at B. Now, if we add quantities 
(5) and ( 7), and from their sum subtract quantity ( 6 ), we 
shall find for result p,D;-p.'D,', a value precisely equal 
to rhat by which the incomes of the producers of commodity 

1
1! ion market B has been decreased. Therefore, unless it 



156 THE il!ATHEJIATJCAL PRINCIPLES 

t 
is necessary, to repeat a demonstration of which the prin-
ciple should have been understood, it 
will be recognized that this same value pbDb- pb'.Db' 
expresses at the same tiine the nominal 
diminution of the· national income of 
B, resulting from importation of com-

•modity Jlf from A to B. 
it must be observed that in reality 

the consumers, who were buying be~ 
fore the fall, are in exactly the same 
condition, after the decrease, as if 
their incomes had risen by the value (ph-b').Db 

Taking the difference, we find the 
expression pb'(Db-Db') (8) 
which is that for the actual decrease 
of the national income Qf /3, owing to the importation. 

We do not consider, as an amount to be deducted from 
this actual diminutio? of income, the advantage resulting 
to consumers, who buy as a consequence of the reduction, 
from their thus being able to use a part of their incomes 
more to their liking. This advantage is incapable of valua­
tion, and can only increase the mass of wealth indirecMy, 
in case the article which falls in price is the raw material 
or the instrument for further products, a condition which 

· must be independently considered for each particular 
application. 

Moreover, direct considerations bring us again to expres­
sion (8), which we have given as that for the decrease 

1
in 

the national income of B, in consequence of the importa­
tion of commodity ill. In fact, market B obtains the "Use • 
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• of the value of the imported commodity, a value e)(pressed 
by p.'E, but for this it parts with a precisely equal value of 
commodities of local origin. The quantity D.', which was 
being produced and consumed in market B, and which so 
continues after importation, falls in value, but the resulting 
loss to home producers is just balanced by the advantage 
experienced by home consumers, who buy the commodity • 
at a lower price. As the quantity D,- D.' ceases to ~e 
vroduced at B after importation, there results for home pro­
ducers a loss equal to p.(D, D,r) ; but this loss is com­

J;ensated for up to the point of (b-P,'l (D,- D,) by the 
adl'antage to home consumers who, in consequence of 
importation, are able to procure for the price b' the same 
quantity which they formerly paid p, for. Therefore, finally, 
the real Joss caused by importation to the national income 

of B is equal to N\D, D.'). 
It is very essential to notice that where the question is 

of an exotic commodity, or o( one for which the natural 
conditions of production do not exist at B, on account of 
the climate, the soil, or the degree of wealth or intelligence 
of its inhabitants, the quantities D, and Db' become equal 
t~ !ero or insignificant. In this case the national income 
of B does not experience either a nominal or an actual 
diminution in consequence of importation, while in the 
exporting market there is always both a nominal and an 

actual increase. 
90. In the preceding formulas and in the accompanying 

ex~lanations, it was useless to consider the cost. of transpor­
tation, including wages of the agents employed 111 the opera-
1tio~ necessitated by the actual tran~fer, merchants' profits, 
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and inter~st on the capital employed in the business.~ As 
a general rule, the transportation business may be carried on 
by nations, foreign ~o both of .the. markets A and B, and 
with foreign capital. The sum total of the expenses or of 
the profits of transportation, equal to (N-p.')E, is .then 

:a source of income for a foreign nation, and is distributed 
.among the agents and capitalists, who cooperate to carry 
on 'the transportation. If the operation \vere carried out 
by. industrial agents of A, and with capital belonging to 
that nation, it would be necessary to add this quantity 

(:h'-p.')E to the value p.'D.'-p~D. which expresses the 
nominal increase in the national income, whi~h arises from 
the sole fact of exportation; and to expression (4), which is 
the actual increase. This last expression would th~s become 

b'E-P.(D. 6.). 

On the other hand, if the operations of transfer were 
carried out by industrial age11ts and with capital belonging 
to nation B, the ,;alue CN - p.')E should be subtracted · 
from ji;D, - p;'Db', which expresses the nominal decrease 
in the national income of B, which results from the · facl 
of importatiqn; or from quantity (8), which expresses tl'le 
real decrease of the same income. We therefore have in 
the same way 

A'(Db-D.')- CN-P.')E=p.'E -N jE- (D,-D/)l· 

We have also the two inequalities 

p.' <Pb'. and E <E- (D,- Db'), 

whence a fortiori, P.'E <Po' lE- (D1 -:"' Db')!. 
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It i~ worthy of p:uticubr attention, that in consequence 
of these inequalities, under the present hypothesis, ·the 

wages and profits provided by the carrying on of transpor­

tation will more than compensate nation B for the real 
diminution of the national income which results from im­
portation. 

On this follows the far more important corollary, tha.t a• 
transportation business between two fractions of the same 
territory, if carried on, as is usually the case, by industrial 

agents and by capital, both belonging to the country, neces­
s:trily increases the real value of the national income; for 
this increase in income is expressed by the formula, 

of which both of the two principal parts into which the 
large brackets divide the formula must necessarily be posi­

tive, according to what we have seen. This formula can be 

further simplified and reduced to 

Thus it may happen that the free passage of a commodity 

fto1n one part of a country to another, as we have seen in 
Chapter X, may fail to increase or may even diminish the 
total quantity produced; it may fail to increase or may even 
diminish the nominal value of the national income; but 
it must necessarily increase the real value of this income, 

as we have determined it according to conditions which 
have nothing arbitrary about them, and which, on the con­
tra~y, are derived naturally, in the course of the argument, 

from the data of the question. 
I 
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In consequence, to generalize the proposition, the highe~t 
development of communications between fractions of the 
same territory does not necessarily raise the nominal value 
of the national income to a maximum, neither does it 
necessarily bring about the greatest possible production or 
operation at the fullest capacity of the nationaL resources ; 

-li>ut, conditions remaining otherwise the same, it does neces­
sarify raise the real value of the national income to a ma:l.i­
mum, and brings about the most advantageous working. 

So far as I know, this fundamental principle of political 
economy, though always vaguely understood, has never been 
demonstrated by strict reasoning or deduced from its real 
pret~ises. This is shown by the fact that the school of 
Adam Smith, with a view to removing the barriers between 
nation and nation, has always argued from the incontestable 
increase in wealth, which has been the invariable result of 
removal of barriers and extension of ways of communication 
jn the interior of any single territory ; although there is a 
fundamental disparity between the example offered as proof 
and the case to which it is desired to apply it ; as results 
from ~he preceding calculations and as we will shortly furthe~ 
explam. • 

Between parts of the same territory the business of trans­
portation produces an increase of national, wealth which is 
the more apparent when the commodities in point cannot 
be produced or can only be produced with difficulty on the 
importing market; for then the term pb' (Db- D6 ~' which 
enters negatively into expression (9), becomes equal to o, 
or has a value wh~ch is very small in comparison with ~e 
positive terms. 
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9 f. Let us return to the case where commerce goes on 
Ln~tween one nation and another; and, as before, let us omit 
from consideration the profits of transportation which may 
inure to the credit of the exporting nation, or to the one 
which imports, or to a third nation. 

Let us fix our attention solely on the variations in national 
income which result for market A from the fact of exporta-. 
tion and for market B from the fact of importation. 'fhe 
resu)ts hare been clearly demonstrated, but there are some 
explanations to be added to prevent specious objections. 

It will be said that it is impossible for exportation of a 
commodity to fail to involve importation on the exporting 
market of a precisely equal value; and reciprocally, impor­

tation on a market involves exportation of an equal value. 
Each of the markets A and B should therefore be consid­
ered as importing and exporting at the same time, and then 
there is no apparent reason why the wealth of the former 
should be affected by the establishment of communication, 
in any way differently from the wealth of the latter. The 
formulas which we have found are therefore faulty or 
incomplete, and the consequences deduced from them are 

iiwxact. 
:\loreover (and this is the favourite argument of writers of 

the school of Adam Smith), it should be inferred from the 
asserted advantage assigned to the exporting market, and 
the asserted disadvantage suffered by the importing market, 
that a nation should so arrange as always to export and 
never to import, which is evidently absurd, as it can only 
elport on condition of importing, and even the sum of the 

1 

val'ies exported, calculated at the moment of leavino; the 

M 
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national market, must necessarily be equal to the sm~ of 
the values imported, calculated at the moment of arrival on 
the national market. 

All this argumentation disappears before a few considera­
tions, which are abstract to be sure, but which are essentially 
related to this subject. 
' If we should imagine two markets, perfectly isolated at 
first:· and between which the barriers should be suddenly · 
removed, it would probably happen -that the removal of 
the barriers, by causing exportation of certain commodities 
A1, N, P, . . · . from A to B, would. cause the exportation 
of certain commodities of a Q.ifferent kind· R, S, T, ... 

from B to A. In order, then, to appreciate the effect of 
removal of tl1e barriers on the national income of A and on 
the national income of iJ, it would be necessary to cohsider 
each of these nations as acting simultaneously the part of 
an importing nation and that of an exporting nation, which 
would greatly complicate the question and lead to a com­
plex result. 

The hypothesis which we have been discussing hith~rto 
was not of this kind; our suppositioi1 was that there was no 
change in the facility of communications between marke.ts' 
A and B, except with reference to commodity M. It might 
have been assumed, in fact, that .Af was the only commodity 
of which exportation was prohibited, and that the prohibi­
tion had just bee11 removed. What will be the effect of this 
removal of barriers which affects only a single commodity? 

Doubtless the quantity E of commodity M cannot pass 
from A to B, without having an equal value importe~, 
directly or in some roundabout way, from B to A ; but INe 
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have con~idered thi:; foreign demand which the act of 
importation necessitates on market B, and we have shown 
that this increase in the foreign demand was more than 
offset by the impoverishment of the home producers of 
rommodity Jf in consequence of importation, and by the 
reduction of the total fund which home consumers could 
apply to the collective demand for commodities R, S, ~ .. : 
other than Jl!. \\'e have likewise considered the withdrawal 
of a portion of the funds previously devoted to the demand 
for home products, which occurs on market A, for the 
benefit of the demand for commodities of foreign origin; 
showing that this diversion to the account of foreign coun­
tries was more than offset by the gain in wealth of home 
producers of commodity Af in consequence of exportation, 
and by the increase in the total sum which home consumers 
could apply to the demand for commodities N, P, Q ... 
other than ~.11. We have therefore accounted for all the 
data of the problem; and as, according to these data, 
markets A and B are not placed under symmetrical condi­
tions, it is not surprising that we find formulas for the two 

,markets which are unsymmetrical, and which even give 

r~sults of opposite tendencies. 
In consequence, absurd as it would be for a nation to 

export continually without ever importing; contradictory in 
terms as this attempt would be, since an equivalent of the 
value exported is always imported, whether in precious 
metals or otherwise, and the form is of no importance in 
!fis respect; nevertheless this theory explains the action 
of a government, which, in a given system of communica-

• tions and business relations, raises a barrier against exporta-
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I 

tion, or opposes one to importation of- a certain com-

. modity. 
The question would no longer be the same if establish­

ment of a barrier for the benefit of A producers might 
provoke, by way of retaliation, the establishment of another 
barrier for the benefit of B producers, against whom the 

first barrier was raised. The government of A would then 
ha~e to weigh the advantage resulting from the first measure 

to the citizens of A against the drawbacks caused by the 
retaliation. The two markets A and B would thus again be 

placed in symmetrical conditions, and each should be con­
sidered as acting the double part ·of an exporting and 

importing market. 
92. It is evident that in all these disc~ssions no attention 

has been paid for a single moment to the peculiar. role of 
the monetary metals ; and the theory would be the same if 
the use of money did not exist, because the role of money 
is an accidental phenomenon in the theory of wealth. We 

will not review what has been so thoroughly developed on 
this point and in so many forms by Smith and writers of his 
school. The object of this essay is rather to present a fe'y 
riew views than to arrange truths already sufficiently knm1n. 
By an admirable p.iece of dialectics full of vigour and flexi­

bility, Smith utterly ruined the system known as tlze balance 

of trade, whi~h can no longer be sustained. His own error, 
which was p~hed much f\lrther by his disciples, was to 
identify with th~, system the theory of barriers, which does 

not depend on it \~ny way; and this en-or arose naturally 
because the parties interested in maintainin.g the barrie~s 
were compelled to ntrench themselves behmd the syst.tm 
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whic~ was credited at that time, and this was that of the 
balance of trade. 

All the objections which Smith raises, not against the 

system of the balance of trade, but against the theory of 
barriers as related to the national wealth, find an answer in 
the principles which we ha\'e discussed. We will quote a 
comparison which has become a kind of a classic among his· 
disciples. " By means of glasses, hot-beds, and hot-wa~ls, 
very good grapes can be raised in Scotland, and very good 
wine, too, can be made of them." Therefore he suggests, 
according to the theory of barriers, to encourage the pro­
duction of wine in Scotland, and to raise the rate of its 
national income, importation of French and Portuguese 

wines ought to be prohibited. 
The answer is that wine thus produced in Scotland, sup­

posing it to be drinkable, would be held at so high a price 
that there would be no demand for it, or practically none. 
\\' e should, therefore, fall into the case developed in Article 
R9, where importation of the foreign commodity does not 
affect the national income at all. By prohibiting foreign 
wines, Scotland would deprive itself gratuitously of the en­
jdy;nents connected with the consumption of these wines. It 

would even deprive itself of an appreciable profit, inasmuch 
as Scotch industry and capital participate in the commercial 
circulation which brings French and Portuguese wines to 
the Scotch market. The case would be more complicated 
if importation of foreign wines caused a considerable 
diminution in the consumption of other spirits of home 
prt>duction, such as the Scotch use; but it is probable that, 
on account of the high price of wine in Scotland, which is 
• 
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so high as to confine its use to the wealthy classes of sotiety, 
the demand and the price of spirits of home production do 
not experience any very sensible reduction owing to impor~ 
tation of these wines. r 

93• It is further objected that when a commodity ceases 
to be produced in a given territory, in consequence of im-

• portation, or is only produced in smaller quantities, the raw 
m~terials of this commodity, the capital engaged i~ its pro· 
duction, and tl1e hands employed in its manufacture, find 
other employment; and that, reciprocally, when exportation 
encourages production of a commodity, the increase in pro­
duction cannot occur without diverting hands, capital, and 
raw materials from other uses. But by only a casual glance 
at this discussion, it appears that we ~re arguing as if the 
redu~tion in the production of ~ommodity M would.involve 
suppression of the income of all those who cooperated, 
either ·by furnishing raw materials or otherwise, in the prep­
aration of the commodity of which production ceases ; or 
as if increase in the production of this same commodity jj;f, 

created out of whole cloth ·an· increase for all those who 
contribute by furnishing raw materials.· or otherwise, in the 
preparation of the commodity now newly produced. ' 

We have replied to this objection in advance, by the ex­
. planations given in Article 86, and we have shown how this 
circumstance of substitution of employment has been im· 
plicitly considered,-a very important matter, doubtless, for 
the. producers immediately concerned, and even for society 
at large, in the sense that it renders less painful the transi­
tion from one commercial policy to another, but a matter 
of entire indifference when there is only under considerntio? 
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• the mathematical appreciation of the influence of the change 
in policy on the social income, after the suffering insepa~ 

rable from a state of transition has been eliminated. 
94· Let us borrow another example from a celebrated 

author of the school of Adam Smith, to show more plainly 
the disparity between our principles and the theoretical 
error which we are opposing. 11 The transportation of hemp' 
from Riga to Havre," says J. B. Say,* "costs a Dutch ship­
owner thirty-five francs a ton. No one else could do it so 
cheaply; but I assume that the Dutchman can. He pro­
poses to the French government, which is a consumer of 
Russian hemp, to take charge of this transportation for forty 
francs a ton. He thus evidently reserves a profit of five 
francs. I further suppose that the French government, 
from a desire to favour French ship-brokers, prefers to 
employ French vessels, in which the same transportation 
will cost fifty francs, and which would have to charge fifty­
five francs to provide the same profit. What will happen? 
The government will have spent fifteen francs a ton to pro­
vide a profit of five for its citizens; and as it is the citizens 
"'ho also pay the taxes, from which the public expenses are 
mc't, this operation will have cost Frenchmen fifteen francs 
to provide a profit of five francs for other Frenchmen." 

This reasoning would be unanswerable if the French ship­
broker should charter a foreign vessel, for instance an 
American ship, manned by American seamen, and victualled 
with American supplies, to go to Riga for Russian hemp 
to• carry to Havre ; in fact, then, to provide a profit of five 
francs a ton for the French ship-broker, or to increase the 

• Traite d'Economie Politique, Book I, Chapter 9· 
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c 
national income. by the income which this profit would annu-
ally furnish the French ship-broker, the country would dis­
possess itself, in some form or other, for the benefit of foreign 
workmen and producers, of a sum of fifteen francs a ton, over 
and above what- it would have dispossessed i~self of by em­
ploying the Dutch ship-broker and the Dutcli crew instead 

•of taking the French ship-broker and the American crew. 
But the loss 'which such a combination would cost the 

country is too evident for this to be what Say proposed to 
discuss. On the contrary, he expressly admits that the 
French broker employs cre\ys of his own nationality; that 
the hull and tackle of his vessels are of French manufact­
ure ; that their provisions are articles of home production; 
and, starting from this hypothesis, he reasons as if the 
national income had only been increased to the extent of 

, the broker's profits by the operation under consideration. 
But of the fifty-five francs per ton which are to be divided 

between various French manufacturers and producers, why 
should the part of the broker be picked out rather than 
those of the captain, of the mate, of the steersman, or of 
the sailors who make up the crew? Or again than those 
of the carpenter or the rope-maker who worked on '•he 
building and tackle of the vessel in French shipyards ; or 
rather than those of the· French landlords whose products 
were used in the equipment and victualling of the ship? 
Where is the. essential characteristic which distinguishes the 
business of the broker and the interest on his capital from 
the business of other agents and the return from ot?er 
investments, which cooperate in the same enterprise ? 

This difference can only be explained by tacitly suppos- ( 
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ing that the French ship-broker would be unable to find 
employment either for his skill or his capital, in case the 
government should award the freight to the Dutch broker 
for forty francs ; and by supposing, on the other hand, that 
the members of the crew would find employment on other 
vessels, or that other trades would ~ffer them equivalent 
wages; by making a similar supposition for the ship-• 
builders; and, finally, by admitting that other outlets wo~ld 
be found for the commodities which entered into the con­
stmction, the gear, and victualling of the French vessels 
which the government ceases to charter. 

But the supposition made concerning the ship-broker is 
qnite as gratuitous as the opposite supposition, which con­
cerns the other home producers or agents; and, moreover, 
this circumstance that for certain agents or producers, other 
employments and other outlets may be substituted for the 
employment and outlet which are cut off,- this circum­
stance, we say, really has nothing to do with the question. 
France dispossesses itself, in one form or another, of the 
value of forty francs per ton to pay the Dutch charter. This 
value stops providing the income of certain French workmen 
aM producers. If as many vessels are to continue to be 
built, equipped, and victualled, it will be necessary for funds 
to be diverted, up to due competition, from other demands. 
The loss will be thrown back on other classes of workmen 
and producers, but the fall in the national income will be 
the same, with reservation always of the reactions and per­
turbations of tlze second on/(r, which are too involved for 

geteral consideration. 
Under the present hypothesis, the government will have 

• 
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two things to consider, for it evidently cannot prefer its own 
citizens to foreigners at any price, unless interest in the pub-_ 
lie safety enters into the question, as; for instance (as J. B. 
~ay very well observes), if encouragement of merchant ship­
ping '~ere indispensable to the maintenance of the navy, 
which itself could not· be abandoned without detriment to 

• serurity and 'political power of the State. Except for this 
major consideration, which is beyond our_ province, the 
administration will have to consider whether the encourage­
ment given to national merchant shipping is not excessive: 
( 1) because it consumes commodities and services which 
might be used in a more remunerative way, i.e. more 
usefully for an ultimate increase of the national wealth; 
( 2) because it unjustly burdens the public treasury, i.e._ the 
citizens at large, in order to increase the income of ·certain 
special classes of producers ; for it is not enough that the 
national inco\ne increases, and that thus these gain m~re than 
the others lose: the principles·of equity which belong to all 
countries and all times; the principles of equity which more 
particularly rule the 'country and the time in which we live, do 
not permit that acts of the public authority should have f~r 
their tendency to increase the natural inequality of conditibns. 

95· We have just laid a linger on the" question which is 
at the bottom of all discussions on measures which prohibit 
or restrict freedom of trade. It is not enough to accurately 
analyze the influence of such measures on the national 
income; their tendency as to the distribution of the wealth 
of society should also be looked into. We have no int(n­
tion of taking up here this delicate question, which would 
carry us too far away from' the purely abstract discuslion~ 
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' with which this essay has to do. If we have tried to 

overthrow the doctrine of Smith's school as to barriers, 
it was only from theoretical considerations, and not in the 
least to make ourselves the advocates of prohibitory and 
restrictive laws. Moreover, it must be recognized that such 
questions as that of commercial liberty are not settled either 

by the arguments of scientific men or even by the wis~orn 
of statesmen. A higher power drives nations in this direc· 
tion or that, and when the day of a system is past, good 
reasons cannot restore its lost vitality any more than 
sophisms. The skill of statesmen, then, consists in temper­

ing the ardour of the spirit of innovation, without attempt· 
ing an impossible struggle against the laws of Providence. 
Possession of a sound theory may help in this labour of 
resistance to abrupt changes and assist in easing the transi· 
tion from one system to another. By giving more light on 
a debated point, it soothes the passions which are aroused. 
Systems have their fanatics, but the science which succeeds 
to systems never has them. Finally, even if theories re­
lating to social organization do not guide the doings of 

1
the day, they at least throw light on the history of accom­
p!ished facts. Up to a certain point it is possible to com­
pare the influence of economic theories on society to that 
of grammarians on language. Languages are formed with­
out the consent of grammarians, and are corrupted in 
spite of them ; but their works throw light on the laws 
of the formation and decadence of languages ; and their 
rules hasten the time when a language attains its per· 
• . l 
fcction, and delay a little the invasions of barb1nsm am 

• bad taste which corrupt it. 
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industrielle Produktionsgruppen. Vierte!jahncllr. 
Volkswirtlts., Po lit. und Kulturgescli. (Berlin), 
27. Jahrg., Ed. III, pp. 46-84, xs8-96. 



198 BIBLIOGRAPHY OF 
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nach den neueren natioualoekonomischen Thea· 
rien. Jena (Fischer), xvi, 143 pp. 
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PARETO, Vilfredo. Teoria matematica del com­
mercia internazionale. Giom. dl'gli econ., Apr., 
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vol. V, pp. 258-7r. [Slightly math.] 

rll96 WICKSELL, Knut. Finanztheoretische Untersu-
chungen nebst Darstellung und Kritik des Steuer­
wesens Schwedens. Jena (Fischer), xii, 352 pp. 
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100 pp. [Part I math.] 
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matica dell' economia politica con riguardo speciale 
ai Principi di economia di Alfredo Marshall. Gio1'11. 
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Anonymous, 174 (4), s (3), So, 201. 

Antonelli, rSs. 
Ausp!lz, rBs. 

A vigdor, 193· 

Barone, 199 ( 2), 200, 2, 8, 9· 
Beardsley, 202, 
Beccana. 174. 
Bentni, 203. 

Benner, 178. 
Bernouillt, 173. 
Berry, 198, 201. 

Btlgram, 2o8. 
,Btng, 187. 
• !;)irck, 20Q. 

~occardo, 179, 88. 
Bcihm-Bawcrk, 195· 
Bowley, 2o6. 
Brentano, 179. 
Buquoy, 175. 

Canard, 174. 
CarYer, 201, 2 (2), 8. 
Cazaux, 176. 
Ceva, 173· 
j:heysson, 194 
Cl~rk 198, 201. s. 8 (2), 9· 

Cohen Stuart, 187. 
Colson, 206. 
Commons, 201. 

Condorcet, 17 4· 
Cooley, 206. 

Courcelle SeneUII, 178. 
Cournot, 177. 
Cugin, 207. 
Cunynghame, 1g8. 

D'Aulnis de BouroUIII, 187. 
De Benedetti, 207. 
Des Essars, 205. 
Devine, r¢. 
Dormoy, 193. 
Du l\Iesml-l\larigny, 178 (2). 
Dupuit, 178 lz). 

Edgeworth, rBs. 9 f3l. 90 fsl. 4. 5· 
8, 9 (2), 200, I, J, 4 (7), 5 (3). 7, 8. 

Effertz, 184, g6, 203. 
Ellet, rSo. 
Esmenard du "l.lazet, 177. g. 

I 
Falck, 187. 
Farr, 179· 
Fauveau, 179 (2), 86, g, 94 (21. 

Fetter, 199. 
Fisher, 198, 205 (2), g. 
Fleischhauer, 193-
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Flux, 204. 
Fontaneau, 184, 93· 
Forbonnais, 174. 
Francke, rg6. 
Fucco, 176. 

Giddings, 187. 
Gossen, 177· 
Gray, IBI. 

Grohmann, 200. 

Grossmann, 194, 204. 
eo-'J!C ' 

Hadley, 192, 7. 
Hagen, 177, So. 
Hardy, 179· 
Haynes, 209. 
Helm, rBg, 208. 

Hobson, 201. 
Hourwich, 202, 

Hoxie, 205. 

lsnard, I74· 

Janson-Durville, 195· 
jay, rgr. 
Jellicoe, 179, 181 (2). 
Jenkin, r8o, 1, 6. 
Jennings, 178, 
Jevons, r8r, 2, 8, g. 
Johnson, E. R.; 200. 

johnson, W. E., 201, 2. 

.Juriscb, r¢, 207· 

Knapp, 179. 
Komoryyuski, 202. 

KOrner, 200, 

Kr<lncke, 174 (2), 5· 

Lang, 175 (2). 
Lardner, 181. · 
Launhardt, 183, go, I, 2 (2). 4, 5, 206 

(2). 
Laurent, 194· 
Lef6vre, 181 (2), 193 (2). 
Lehr, IB5(2),6,7,g2(2),4(2),5 (2), 

6, 201. ' 

! Lewis, 208. 

Lexis, 202. 

Lieben, rBs. 
Lill, 206. 
Lindsay, 205. 

Lloyd, 174. 
· Lubbock, r8o. 

Lube, 176. 

MacLeod, r8r, 3. gr. 
Madsen, 191 (2), 2 (2). 
Mandella, r8g. 
Mangold!, q8. 
Marchand, 188, 93· 
Marie, 207. 

Mariette, I73· . 
Marshall, 183,5 (2), g, 93, 6. 
Marx, r8o, 
Mees, r87. 
Mill, 177. 
Moll, rBs. 

' Monte!, 209. 

Moore, 202. 

Munro, r88. 

Newcomb, 184. 
Nicholson, r85, go (2), 205. 

Pantaleoni, 186 (2), 7, 96. 
Pareto, i96, 7, 8, 9 (4), '2o3 (3), 4, 6, 

8 (3). 
Patten. 196, 8 ( 2), 204, 9· 
Perazzo. 206. 
Petersen, 187. 
Picard, 192. 
Pierson, r83. 
Poche!, 193· 
Poynting, 194· 

Rau, 176. 
Ross, 198, 205. 
Rossi, 185. 

Sacher, I83. 
Sanger, 202, 9 (a). 
Schiiftler, t86. 
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' Schmidt, 188. 
Schroder, E. A., 187. 
Schroder, H., 199. 
Schullern-Schrattenhoten, 207. 
Schumacher, I8C1 
Seligman, 200. 

Silio, 174. 
Simon, 197 (under Walras), 
Simonde, 174· 
Solvay, 206, 

Taylor, 199, 200. 

Thompson, 175, 6, 
Thiinen, 176. 
Tozer, I78. 

Valenani, 175 (2). 
Van den Berg, 187. 
Van Dorsten, 184. 
Van Houten, r81. 
Vauthier, 20'7· 
V01gt, 2e4. 

Walker, r88. 
Walras, 182, 3. 4, 8, 97, 2e3. 
Weichs, 206. 

Wernicke, 200. 

West, 200. 

Westergaard, 184 (2). 92 (2), 6, 207. 
Whewell, r76. 
Wicksell, 198, 201 (2), 6, 9· 
Wicksteed. r84, 95, g, 200, 2, 8. 
Wieser, 185. 6. 
Wittstein, 18r, 93· 
Wolkoff. 177.9 (2), 81. 
Wood, r88. 
Wulff, 209. 

X., 207. 

Yule, 209, 

Zagnoni. 2C6. 
Zambelli, rSs. 

· Zanon, 184. 
Zuckerkandl, 198. 


