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PREFACE 

THE task which is attempted in this book is a restate­
ment of the theory of wages in a form which shall be 
reasonably abreast of modern economic knowledge. It 
is thus an undertaking which seems to need little 
apology. Periodical reconsiderations of each of the 
main departments of economic theory are an important 
part of the duty of economists; since, for one thing, OJ!-e 
field is often illuminated by advances which have been 
made in others, and for another, the events of con­
temporary history make it necessary to examine 
possibilities, of which earlier writers IIlIIy have been 
aware; .but which they naturally regarded as not 
worthy of special attention. Such a reconsideration of 
wage theory seems long overdue. For the most recent 
comprehensive statements of a positive theory of wages 
in English-of anything more than an elementary 
character-are now thirty or forty years old. We have 
to go back for them to Marshall'sPrinciples and Clark's 
Distribution of Wealth. Since that time important work 
on the subject has indeed been done, but it is nearly 
all special studies; even Professor Pigou's treatment of 
Labour, in the Economics of Welfare, ought probably 
so to be reckoned for our purposes. Of these works 
much use has been made in the following pages: to them 

v 
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this book owes a great debt; but "they have not re­
moved the need for some undertaking like the present. 

The historical fact which dominates the wage, 
history of the present century-both in Britain and in 
other countries-is the growth of Trade Union power 
and the development of State Regulation of Wages. 
This fact, which is due to a complex of causes, and 
which could not have been wholly foreseen by econO:­
mists thirty years ago, alters very considerably the 
range of problems with which we have to deal. It 
might even appear at first sight as if it ought to change 
the whole structure of·our theory-that ~lllLhl,.!"o 
ueat the regulation of..lyages as the normal case, and 
take its consideration first: But this c"Oiirse--does not 

. -prove satisfactory. The same forces which <l~termine1 
: wages in a free market are still present under regula.! 
. tion;..they only work rather differently. It is. therefore 
best for us to begin in the traditional manner with the 
determination of wages under competition; though at 
a later stage we must examine regulation in more detail 
than the traditional theories do. 

By proceeding in this way, we secure the great 
advantage of being able to build directly upon familiar 
doctrines; and we naturally start with a consideration 
of that principle which was fE'garded by the economists' 
of Marshall's generation as the basis of their theory of 
wages-the principle of Marginal Productivity. The 
validity and the importance of this principle we shall 
see no reason to question; but its very importance has 
one awkward consequence. For we shall get into end­
less difficulties if we allow any obscurity about EO 
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essential a principle to persist; and it is unfortunately 
the case that its original propounders did lea ve it~r 
at'east its application-in some obscurity. We are 
therefore faced at the start with the hard task of trying 
to make clear something which Marshall and J. B. 
C1a.rk did not make altogether clear; and we cannot 
hope to do this if we shirk difficulties. The reader must 
therefore be asked to follo:W Chapter 1. with attention 
and some patience; but he may be assured that rela­
tively smooth waters lie beyond. 

One very important aspect of the theory of wages it 
has unfortunately been necessary to leave undiscussed 
-the relation of wages to general industrial fluctua­
tions or trade cycles. In this branch of econQmics 
recent years have certainly seen striking advances; it 
does seem probable that in a few years' time we shall 
possess the main lines of an established theory of 
fluctuations; but that time is not yet. Thus to discuss 
trade fluctuations from any angle is hazardous, since 
nothing useful can be said unless one is prepared to 
take sides on the critical issues. And most of these lie 
altogether outside the theo;y of w~ges, although they 
have a direct bearing upon it. 

Thus I must confine myself here to stating a 
personal opinion. It is my own belief that some parts 
of this book-particularly the last chapters-have 
considerable relevance to the theory of fluctuations,,,; 
although they are not stated with that particular 
reference. But I shall make no attempt to defend 
this view at present. 

I have to acknowledge a great debt of gratitude for 
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the help I have received in the preparation of this 
book. I work in an atmosphere which is very con­
ducive to the making of such studies as the present, 
and I know what lowe to it. Professor Lionel Robbins, 
Professor Arnold Plant, and Dr. F. C. Benham, of the 
London School of Economics, and also Professor W. H. 
Hutt of the University of Cape Town, have all read 
the whole, or large parts, of my manuscript, and made 
most valuable suggestions-which I fear I have not 
always accepted. I have also to acknowledge the 
valuable criticisms which, at more than one stage in 
the development of my ideas, I have received from 
Mr. D. H. Robertson; and the generous assistance ot 
Professor F. A. Hayek, in connection with those 
difficult points where the present enquiry b~gins to 
abut on the theory of Capita\. 
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APPENDIX 

THE principal object of this appendix is the construction of 
a mathematical proof of the conclusions about absolute -and 
relative shares in the Social Dividend put forward in 
Chapter VI; but eince the chief value of such a mathematical 
proof must lie in the disclosure of the exact &B8umptions and 
the precise limitation. under which the propositions are true, 
it is convenient to begin with a consideration of oertain problems 
whose connection with these proposi,tions may appear at first 

sight a little remote. PtJ"'l.~ ~ ~-'" 
0/ (i.) THE CO-ORDINATION OF THE LA WB OF DIBTRmUTloN 

Ever eince the early days of the lI\arginal p~ductivity theory 
in the eighteeJ>.nineties, the mathematical application of the 
theory has been greatly hampered by the difficulty which W&8 

raised by P. H. Wicksteed, in his e8S1\Y, "The Co-ordination 
of the Laws of Distribution" (1894). ~If each factor is paid 
according to ita marginal product, is the total product ex­
hausted, or is there a surplus or deficit1~1 Clearly{Jt is most 
oonsonant with the conditions of eqUilibrium that each factor 
should. be remunerated according to its marginal product, 
including the factor which "employs" the others, and takes 
the surplus for ita share. But will there be enough residue 
to pay the employing factor ita marginal produot1 j 

The solution which Wicksteed himself offered to his own 
problem is unsatisfactory, &8, indeed, he admitted on subse­
quent occasions.' But it is not true, &8 most English and 
American economists seem still to imagine, that the problem 
remained unsolved. Within a few months of the publication of 

1 Corll,** StlfWh!I oJ Political Eronomy. p. 373. Tht" argument in the te.zt 
of th8 Conamon StmMJ, while pp'rfectly 'V&lid, dON not meet the mathematieal 
dlftilJult.y. &"t' also Robbins. "The Economio Worb of Philip Wicks~" 
(ECQ'LOmi~. November, 1930). 

233 
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Wicksteed's Essay, Loon Walras put forward a solution which 
is altogether free from the objections to which Wicksteed's own 

. 8olution is liable.' But, unfortunately, Walras expreased him· 
self in so crabbed and obscure a manner that it is doubtful if 
he conveyed his point to anyone who did not po ..... some 
further aSBistance. Anyone who knows the answer can see that 
Walras has got it; but anyone who does not must find it almost 
impossible to get it from Walras. 

A perfectly intelligible solution did, however, appear a few 
years later in the Vor/esungen of Knut Wic~.· With Wick­
sell's aid it is not difficult to clear up this matter; after which 
we shall be in a position'to proceed with our principal enquiry. 

~' 

',.The first thing on which we have to be clear, if we want to 
see our way towards a solution of this question, is that we are 
concerned solely with the internal coherence of the !X!IIditions -
of economic _equilibri~'Otir pr';hle-;" is pUiely~ne of the 
conditionS of equilibrium, and therefore it is extremely unwise 
to complicate our discU88ions with the consideration of pheno­
mena which ouly arise in the, real world because the economic 
system is not in equilibrium; and among these fall the greater 
part of the activities of enterprise and management. If we 
persist in thinking of the factor which receives the residue as 
the "entrepreneur", we shall get into endless difficulties; but 
fortunately, without any serious departure from reality, we can 
think of our typical firm as 'a Joint Stock Company, and 
8UpPOse the residue to fall to the capitalist as capitalist, 
management (so far as management is required) being hired 
like labour of other grades. Or, alternatively, we can follow 
Wicksell's example, and suppose the landlord or the labourer 
to take the residue, hiring other factol'8. 

Once we adopt this .... umption, the most ordinary non-1 
mathematical analysis shows that every factor must get ite 
marginal product. For every him!. factor must get its marginal 

I ".Not(l8ur 180 I'Ofutation do 10. Thoorie anglaisedu fcrma~ de M. Wick· 
steed," This was republished M an appendix to tbe third edition of Walraa' 
EldfMn.l8 (1896). 'IWa omitted. in 8ubsequent editiona. 

I Vol. 1.. pp. 186-101. 
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product, since otherwise the demand for it would expand or 
contract; and every ""hired factor (which is "acting as entre­
preneur") must get its marginal product, since if it got leBS, its 
owners would prefer to hire it out; and if it got more, some· 
would he transferred from the hired to the unhired cl&ee. 

This is a perfectly satisfactory line of argument, and it is 
evidently reasoning of this kind which has generally persuaded 
non-mathematical economists (for example, J. B. Clark and 
his followers) that the "adding-up" di.fficulty i8&derti8io~ And 
we sha.ll see tha.t they are right. 

The trouble is that the ~lternative mathematical line of 
approach did not appear to lead to the same conclusion . 

../ Let Z= the amount of product, and a, b, o . •.• the quanti­
ties of factors required to make that product z. In order that 
the marginal productivity law should be fuJfiJ\ed, the share of 

the product which goes to the £8.ctor a must be a ~,and simi-

"" larly for the· other factorY.' If the product is to be exactly 
divided among the factors, leaving no residue, positive or 
negative, then 

JZ JZ 
z=a - + 6 -6- + .... 

Ja • . . -­
Wirksteed's explanation was based u\j; the well-known 
;;;atbem~t~rproposition; due to E~ler. °!i!-i(ziS a homo­
geneous function of the first degree in a, 6, 0 • • • so that it 
can be written 

af(~,;' . ... ) 
this relation 

JZ JZ 
z=a.;a + b .iii + .... 

will always he satisfied. 
It was this that drew the scathing remark of ]':<!gewor~: 

"There is a magnificence in this genera1isation which recalls the 
youth of philosophy ."J ustice is a perfect cube, said the ancient I 
sage; and rational conduct is a homogeneouB fundio!!., adds 
the modern savant.'" - . 

• to Tbeory of Distribution," in Paptn, vol. i., p. 31. 
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But when it is expressed in economic language, the Wick­
steed-Euler proposition appears much less ridiculous than it 
Beems to nave appeared to Edgeworth. It means simply that 
there will be no residue, positive or negative, if the commodity 
in question is produced under conditions of "constant retnrns" 
-using that ill-treated expression in yet anoth~ unfamiliar, 
but nevertheless highly convenient, sense. The production 
function will have the reqnieite form if .. proportional increase 
in aU the quantities of factors employed will increase the 
quantity of product in the same proportion in which the 
factors were increased; that is to say, if,the amounts of factors 
reqnired per unit of product (the "coefficients of production") 
are independent of the amount of prodnct. 

Put in this way, the condition appears much less startling; 
yet it is doubtful if it can be considered to be generally satis-

. fied. So long as all the factors are increased in the same pro­
portion, the general condition of diminishing return8--the dis­
proportionate increase of some factors-is .absent. But the 
condition of increasing returns--economies ot <q>eeialisation 
and co-operation due to siz~ma y be present. It does seem 
p09Bible that "increasing retnrns" (used here in a special sense, 
but one that has many of the implications of the ordinary 
meaning) may_ OOJPe in tn umet the masgin,! productivity' 
theory, as they are inclined ~ upset, uuleSB we are very care luI, 

p • -;-0_---. . -".-. - .--..--
so many econoDllc generalisatIOns. 

We may now turn to the solution of WaIras and Wicksell. 
We are concerned here solely with one p;;n ·of the general 

equilibrium system, the conditions that a particular firm should 
be in eqnilibrium~e assume perfect competition, both in the 
market where the firm sells its products, and in the market 
where it buys its factors. Thus, so far as the action of this par­
ticular firm is concerned, we can aSBurne all the prices with 
which it deals to be given; for the influence of its individual 
action on prices, whether of product or of factors, will be negli-

• gible. In order that the firm should be in eqnilibrium, two con­
<!itions have to be satisfied: ~ihe unit cost of production of 
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its product must be a minimum;i~ that unit cost must equal 
, the selling price of the product. The first condition must be 

fulfilled, since otherwise the owners of that mctor which is 
"acting as entrepreneur" could increase their profits by a 

v' change in methods. The second condition must be fulfilled", 
since otherwise the owners of that mctor would be receiving 
a return either higher or lower than was being earned by / 
simi1ar aervices elsewhere in the market, and someone would 
therefore have an incentive to act difierently. In order ~to 
m~.imise its ?lsts of production, the firm can vary indefinitely 
the quantities of factors which it Ul!es, and therefore, of course, 

v 
the quantity of product it turns out. The l'~uction function 
(the relation hetween the quantities of mctors and the quantity • 
of. product) is naturally given by technical considerations.'../ 
The.coefficients of production do not ouly have to be chosen so 
that the unit cost of production for a given output is a mini· 
mnm; the out.put has also to be chosen so that the unit cost of 
production is a minimum. 

We have then 

z=! (a, b, c .••• ) (production function). 

Total cost of production = ape + bp. + . . . . 
where P., P. are the prices of the factors. 

Cost of production per unit=n.=! (ap. +bp. + .... )--(1) 
z 

n.=p .. i .•. cost of production=selling price. 

In order that n. should be a minimum 

Now 

.m • .m. 11 0 --;at JIJ' •••. must a = . 

m. ~(1 l -=-1- (ap.+bp.+ ••. . ), 
fIG JQZ . 

• I Once we grant the uniYeaAli.yof Inbatitution. &8 we haft teen CIUlM 
to do, .... NIIUU of tho dlecU&llionll of Chapter I .. the existence of a produc­
tion IWl\ltion folloW'll D8C8U6ri1y. 
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1 1 J(1; 

= ,.P.- .,.;;.;.=. 
= l (p.-n. :). 

Then, since »r. = 0, P. = n. J(1; = P. n, and aimilarly for 
J(J Ja Ja 

the other factors. 
This is the marginal productivity law, and by substituting 

in (1) we have 
n dX z=a-+b-b+··· . 
Ja J 

, proved independently of anr. 8S8'W'Pllon about "constant 
returns " 

The ~~i;w.tion which lies ... hind this proof lies in the 
essential hypothesis that each finn is producing at that scale.,j 

- of output which makes ita unit cost a minimum. If, as before, 
we assume that the prices of the factors are constant, and if we 
assume further that the proportions in which the factors are 
employed remain unchanged as output varies, we can con· 
strtrot a (very specialised) cost curve for the finn, giving the 
cost per unit of producing various outputs. Wicksteed thought 
he had proved that it was a necessary condition for the truth 
of the marginal productivity theory that this curve should be 
a horizontal straight line. Walras and Wicksell showed that it 
was ouly necessary that the curve should have a minimum' 
point, and that in equilibrium output must be at that poiDt. 

Now it is clear that in the neighbourhood of the minimorn 
point, where the tangent to the curve must be horizontsl, the 
curve will approximate very closely to the straight line.' It 
is not surprising that, at this point, Wicksteed's condition 
should be satisfied, Where Wicksteed went wrong was in his 
888umption that he could argue from the shape of the curve 
at one particular point to the general shape of the curve. 

Wicksteed's difficulty can therefore be overcome by sub. 
stituting for his untenable condition of "constant returns" the~ 
condition of "minimum cost" which appears, on the surface 
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at l .... t. more in keeping with the fundamental .... umptiolL'5 on 
which it is reasonable to base an equilibrium theory. But. as 
Mr. Sraffa has pointed out. i the condition of minimum cost is 
not Without ite difficulties. We are excluded from the .... ump-
tion of diminishing returns in the usual sense; but if we .... ume 
no tendency to diminishing retul'lllr-that a simultaneous in­
crease in all the factors in the &Bme proportion will never 
increase the product le88 than proportionately-th"n.either 
competitive equilibrium is impossible (which will be the case if 
increasing returns go on indefinitely) 0." ,alternatively th~dis-

";;ribution output among the different firms in an industry will 
be altogether indeterminate.{if increasing returns give way to 
constant returns). Neither of th."e conclusions ill welcome; but 
if we are to avoid them. we are driven to &88ume that "tech­
nical diseconomies" will, after a. certain point, induce djmjnjsh .. 

ing returns. There can be little question that in fact there is 
generally a limit to the extent to which any firm can grow under 
given conditions. independently of the limitation of the market_ 
But a doubt must remain how far the limitations which we do 
find in experience have not been .... umed away on the level of 
abstraction on which we are now working. , 

Further consideration of this point would lead us too far 
into the more arid regions of higher general theory; its relevance 
to the theory of distribution is remote. 

(ii.) INCREABING RETURNS 

.' The marginal product which measures the actual return 
which a factor of production must get in a state of equilibrium. 
is the addition which is made to the product of a firm when 
a small unit is added to the supply of the factor ava.ilable to 
that firm. when the organisation of the firm is adjusted to the 
new supply (so that it is used in the most economical way). but 

[
when the rest of the organisation of industry. including the 

- general system of prices. remains unchanged. Now there is ~ 

I "The Law. of RoturD.l under Competitive Conditciona" (ECOIt . .lour., 
19261_ 
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reason why this increment should be the 8alIle as the increment 
of production which would accrue if the additIonal unit were 
made available to the whole of industry, and the whole organi. 
sation of industry, including the general price-system, were 
adjusted to the new supply) 

If a\l the firms were operating in accordanC<! with Wick· 
steed's law, under conditions of "constant cost"; and if we 
leave out of account the fact that the a\location of the increase 
in resources to one firm only would mean lin uneconomic dis· 
tributioll of production; then there can be no question that 
these two "marginal proQ.ucte" would be equal. But in fact an 
increase in the supply of one factor genera\ly involves a com· 
plicated redistribntion of production between firms and 
between industries, and in consequence of these changes it is 
quite likely that the marginal product of .. factor in the second 
sense will be greater than the marginal product in the first 
sense. The division of labour progresses as the supply of the 
factors increases, and the advantages of tbe division of labour 
are gained al much, or more, throngh an increase in specialisa­
tion between firms and between industries, as through an 
increase in the size of firms., 

Thus we have to distinguish between(the "private" marginal 
product, which does, in equilibrium, equaiothe wage of labour; 
and the "social" marginaI product, which results from an 
increase in the supply of labour, when we suppose that increase 
to have worked out its fnll effect. And in general it is safe to 
assume that the latter will exceed the former) 

This divergence has"Swkward consequences for the applica­
tion of the general marginal productivity theory. ~If we can 
assume "const&nt;"tUriiB"· and a consequent equality of 

'''social'' and "private" marginal products, it is possible to 
~I deduce certain not uninteresting results about the effect of 

increases in the factors on the distribution of the product. But 
in so far as we have to a\low for increasing returns, the .. reo 

I OJ. Allyn Young. OIJnoreuing Returns and Economic PNgres8" (EW1II. 
J"....., 1928), Sho .... "Varying Coo,," and Margin&! Net Prodoeta" (E"",. 
J01lr.,lij28j. 
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1 
suits are surrounded by a margin of doubt. Yet it does not 

~ seem probable tbat the divergence would be very great] 
Nevertheless, the reader is asked to bear in mind that fte 

exact conclusions of the following pages depend for their ~t 

r.
a~iditY upo~ the assumption of "COnstMt retJJr~B" ~n the 

Wlckstsed·WlCksell sense; and tthus upon the IdentIty of' 
~ (private" and "social" marginal uroducta,l 

(iii.) THE ELASTICITY OF DERIVED DEMAND 

In examining the effects on Distribution of cbanges in the 
supply of the factors of production, it is convenient to begin 
with tbe special case of a cbange in the supply of a factor which 
is specialised to some particular purpoee, and can only be used 
in one industry. The problem which is then raised within that 
industry is then simply a probl~1!l of the elasticity. of derived 
d~mand-the problem which was studied by Marshall in his 
well· known example of plasterers' wage.( Marsball gave fOUI 
rules for the things on which the elasticity of derived demand 
depends; land in their discussions of this matter, economist! 
have generally been content to URe Marshall's rules, without 
making them the subject of any further investigation. ,Thes. 
rules are an excellent example of the convenience of the elasti. 
city conoept, in enabling essentially mathematical notions to 
be used in formally non.mathematical arguments. Bnt such 
procedure, although convenient, is dangerous; it will enable 
us to proceed more securely, if, instead of merely aooepting 
Marshall's conclusions, we examine their mathematical founda· 
tiona 

M .. rshall himself no doubt derived his rules from mathe· 
matics; Note XV. in the mathema~ical appendix to the Frin-

I Of the two rul81 about absolute and relative sh&J'8S in the Dividend 
put. forward in Chapter VI. a.nd to whose oonsideration this discuuion is 
wtimately leading. it seems extremely improbable that tht' rule about 
.be.olute shafl'r8 (loilid po8l!ibJy be affected by inoreasing returns. The rule 
about relative aha.l"e!!I. on tho other hand, &imollt oerto.inly must be a.fJected 
to some f'xt6llt, althougb it is Wl1ilrely that the difT~ronoe would be very 
serious unless it oou..ld be IIhown that a.n increatle in one pnrt,icnlar faoOOr 
would be much more likely to oall forth a strong developm(\Dt of..tl'OIe ten. 
dOlloiea muing for inol't'lUillg returus tha.n IlQ increase in the otbe~ 

16 
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ciple8 is enough to .... ure us of that. But he does not there give 
the full mathematical derivation {he confines himself to a \ 
simplified case, that in which the Proportions of factors em- . 
ployed (the "coefficients of production") remain constsnt~ 
A more extended enquiry, he assures U8, would lead to "sub-
8tantially'the same results." But we may as well see for our­
selves. 

The four rules (in Professor Pigou'8 more convenient 
formulation) are: 

L "The demand for anything is likely to be more elastic, 
the more readily substitutes for that thing can be obtained." 

II. "The demand for anything is likely to be less elastic, 
the less important is the part played by the cost of that thing 

'v in the total cost of some other thing, in the production of which 
it is employed." 

III. "The demand for anything is likely to be more elastic, 
the more elastic ia the supply of co-operant agents of pro­
duction." 

IV. "The demand for anything is likely to be more elastic, 
the more elastic is the demand for any further thing which it 
contributes to produce.'" .-We may now proceed to our mathematical enquiry. 

A product is being made by the co-operation of two factors, 
a and b, which are remunerated according to the value of their 
marginal products. Let x be the quantity of product (x is 
thus a fwiction of a and b), p. its price; p. and P. the prices of 
the factors a and brespectively. tfjJ is the elasticity of 
demand for the product, and e the elasticity of 8upply of b, 
how is A, the elasticity of demand for 4, determined ! 

We have P. = P. ~,P. = p. ~ (marginal products). 

Also 

I .H&rehall, Prirtdplu, hk. v, ' ch. vi.; Pignu. ECQIWfItuof Jrel/cve, bk. iv .. 
t"h. v. 
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Since t.he total expenditure of the firm equals total receipts, 

p"x = p.a + p.b. 

This can also be written 

Z = a"'; + b "Z • 
• a .b 

Since we are 8.SSuming "constant returns" we can treat this 
last equation as an identity, and differentiate it partially with 
respect to b, 

Further, the total differential of z, 

dx=JZda+""'-db .a .b 

. . . . (1). 

.'. p.dx = P.da + p,db . . . . . (2). 

Since the condition of equality of receipts and expenditure 
must still be satisfied after we have made our small change in a, 

p,dx + xdp. = P.da + ~ + p.db + bdp •• 
"--- 1. I 

But from (2) this becomes 
. / 

rr.dp. = adp. + bdp,. 

And by the elasticity formulle, 

p ftc Pada p.db 
-,,- = A· --,;- . . . . . . (3). 

Now the change in b, which results from the change in a a. 
independent variable, 

be be ( .") =db=-dp.=·-d P'-b' • P. P. J 

By expansion and application of (I), this becomes 

db=bel_p.d",+ J~ (da-"db)l. 
P. I ""I P. JaJb b I 
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Now write a = PaP, and • .rx 
P. x JaJb 

" = p,a and simplify • 
p.x' 

Then p,d:c =l'!;da _pih (1 + IC) (4) 
r, a 1-1C ea· . .. . 

Eliminating d:c, 00, db between (2), (3) and (4), we get 

A-a " e+a 
r,-A =f -IC .• +~ 

.1 = aIr, + e) + lCe('L - a) 
r, + e - K(r, - a) • 

This gives us a value for the elasticity of demand for a, in 
terms of fj, e, K, and a.1 

These are in fact the four Marshallian variables. ", e, r, 
correspond to the rules (II), (III), and (IV) quoted above. a is 
a suitable measure for (I); it is the "elasticity of substitution". 

Its principal component, :b' gives the rate of change of the 

marginal product of one factor for a change in the other factor. 

If ~ is infinite, a = 0, and there is no substitution possible at 

all; the coefficients of production are strictly proportional. If 

-~ = 0, a is infinite, the factors are perfectly rival or their 

use is indifferent. If we had a third factor, or· more, then Z 
might- bc negative, and the factors would be rival in the more 
ordinary sense of the term; an increase in one would diminish 
the marginal product of the other. But with ouly two factors, 
and under the assumption that there can be no "diminishing 
returns" to ,ill the factors together, this is impoesible . 

• ·x 
But although ..ii.i6 is thus to some extent a test of the 

amount of substitution poesible, it is not a suitable measure of 

I When 0=0. tbi. reduces to Mal'9haJl's formula (Pnnciplu. Mathe­
matical Appendix. Nnte XV.). 
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the "elasticity of substitution". For its magnitude depends on 
the units in which.:, a, and b are measured. Just as we have to _ 

multiply d
ik 

by 1! ~ order to get the elasticity of demand, 80 
p .: 

• tJIX 
we must multiply .a.ib by a further factor in order to get the 

, 
elasticity of substitution. p~ ~ is a suitable multiplier. But I 

p..p. 
have taken the reciprocal of this expression, in order to have 
a measure increasing with the facility of substitution. 

nn 

Since --p..pt- =.a ~ , a could also have beeD written 
'J tJZ iZ 

p. '" JaJb .: .a.b 
in this latter form. 

So far we have ouly shown that the elasticity of derived 
demand depends upon Marshall's four variables. We have still 
to examine how it moves with the four variables~.e., to test 
the rules. 

Ta.king the formula for '" and differentiating it partially 
by pach in turn of the four variables on which it depends, we 
get: 

J" (1)- = (1 - Ie) X a square. 
Ja 

J" (2) = (1) - a) (1) + e) (e + 0") X a square . 
." 

J" (3) = IC (1 - IC) X a square. 
Je 

J" (4) -- = Ie X a square. 
J1) 

The first, third, and fourth of these expressions are always 
positive. The first, third, and fourth rules are univeraally true. 
But the second rule is not universally true. Even if we concern 
ourselves only with oases where. is positive (1) and a must be 
positive) the second rule is ouly true 80 long as1)>a;-80 long 
as the elasticity of demand for the final produot is greater thaD 
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the elasticity of substitution./Of C01ll"8e, in the usual caae8 
taken for illustration of this rule, the condition for its validity 
is fulfilled. It is supposed that the demand for the product i. 
fairly elastic, while substitution is difficult. But if technical 
change ~ easy, while the product has an inelastic demand, the 
rule works the other way. For example, a factor may find it 
easier to benefit itself by a reetriction in supply if it plays a 
large part in the process of production than if it plays a small 
part. It is "imporl<lrll to be .. nimportant' only when 1M C<m8"1Lmer 
can B!lb8titute more easily !1wtn the tmlTepreneuT~ Further even 
if'1>a, but if the difference is small, the importance of this 
second rule will be negligible. 

(iv.) THE DISTRIBUTION OF THE NATIONAL DrvrnEND 

The last part of our enquiry-the application of these re­
sults to the wider problem discussed in Chapter VI.-now 
presents little difficulty. We are now concerned no longer with 
the money demand for a factor of production engaged in the 
making of a particular product, but with the real demand for 
a general group of factors of the traditional kind "labour" or 
"capital"j To this we can still apply our formula, but in .. con­
siderably simplified form. Since the total produot of a closed 
community does not need to be sold outside that community, 
we can write p. = 1, and '1 = infinity .. The elasticity of de­
mand for one of these groups of factors is therefore given by 
the following formula, derived from the formula of the last 
section: 

A=U+Ke 
1 - K • 

From this formula' the second and third of the rules given 
above in Chapter VI. can be directly derived. 

1 It may be intel'Ulting to iUtl8trate the significance of this formula by 
an arithmetical example. If we suppose 0'=1, the el&!lticity of supply of 
the factors to be zero, and the dividend to be divided betwet'n labour and 
capital in the proportiona of 76 per cent. to 26 per cent., tben the elaaticity 
of demand for labour (measured in terms of I't"AI goods) will be 4; and the 
eluticity of demand for capita-IIi. 
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fa (bp,) = J!.(\ + e) 

a;" (a~") = K(<1 ;~. 
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The rules are therefore valid 80 long as A is positive; that is 
to say, in practically every conceivable case. (It was shown 
above on p. 98, footnote, that e may always be taken to be 
greater than - 1). 

It only remains for us now to make a few remarks on the 
reason which led Dr. Dalton 1 ,to arrive at a conclusion 80 

different from that which is evidently.to be derived from the 
last of the above formnllll. Dr. Dalton coustructed a formula 
giving a test for the contlitions under which an increase in a 
would increase ita relative share. In our notation, his formula 

is A> 11-;--. It is e~dent that this formula is correct, 80 long 
-/C 

as e can be neglected. He then proceeded to apply to this 
formula estimates for the elasticities of demand for labour and 
capital-<l8timates derived from Marshall's rnles, but not from 
any formula. He thus naturally overlooked the precise way in 
which A increases with /c. The larger /C is, the higher is the 
obstacle that has to be jumped before a mctor can increase ita 
l'€lativc share; but since the jumper increases in strength at 
exactly the same rate, the obstacle is irrelevant. The condition 
fur incre8sed relative sh&l'€ depends on <1, and on <1 alone • 

• See .bo.., p. 119. 
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no guarantee that those men whose efficiency he has 
improved will stay with him\ The terms he is offering 
to his employees are better than those offered by his 
rivals; at least, they are better to a man in ordinary 
circumstances/~But a man's relative valuation of in­
come and leis1lre may change; and if he is faced with 
misfortnne (for example, an illness in his family) it 
often does change. Although under normal circum­
stances he may prefer the shorter hours to a rise in 
wages, he may not always prefer them. If he is in 
difficulties the temptation to go elsewhere, to work 
longer hours, but to offer his improved efficiency as a 
claim to higher wages than are generally being paid; 
may be irresistible. The first employer must then re­
place him with another man, whose efficiency has to be 
worked up; and instead of reaping his expected profits, 
he is faced with another period of IOS8. 

In spite of all these difficulties, it must not be 
assumed that a purely competitive system is powerless 
to reduce the hours of labour, so as to give the labourer 
some of the fruits of industrial progress in the form of 
increased leisure. Even the darkest days of the In­
dustrial Revolution had their Robert Owen; and there 
Can be little doubt that since that time the number.of 
employers who are highly competent and adventurous 
and at the same time sympathetic· to the needs of 
labour, has been on the increase. They can be relied 
upon to do something to mitigate excessive hours; an. 
their success must induce others to follow their ex­
ample. However, the struggle is not an easy one. It 
does seem probable that there are occasions when 
interference to reduce hours may secure to large 
numbers of workmen an increase in leisure at the cost 
of a fall in wages; which, nevertheless, seems to most 


